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A New Way of Computing Rate in Cellular
Networks

Radha Krishna Ganti, François Baccelli and Jeffrey G. Andrews

Abstract—It is common practice to model the base station
(BS) locations in a cellular system by a grid, such as a hexagonal
or square lattice. This model is usually analytically intractable
as well as quite idealized. Therefore, system designers resort to
complex simulations to evaluate network performance. In this
paper, we introduce a new model for the base station locations
based on a homogeneous Poisson point process (PPP), whereby
the mobiles communicate with their nearest base stations. We
obtain the distribution of the signal-to-interference-noise ratio
(SINR), compute the average ergodic rate, and analytically verify
the trade-off between coverage and rate with frequency reuse.
We compare our results with actual BS locations as well as the
grid model. In addition to being tractable, we also observe that
the performance predicted by the PPP model lower bounds the
actual performance, and is about as predictive as the grid model
which provides upper bounds.

I. I NTRODUCTION

Other-cell interference (OCI) is a major impediment to
achieving higher spectral efficiency in cellular networks,and
innovative techniques to combat OCI are an important topic
for such networks. The commonly used grid model for BS
locations – which is the default in virtually all wireless
textbooks – is not very amenable to analysis, particularly when
random channel effects such as fading and shadowing are
introduced to the model. System engineers typically use the
grid model as a basis for complex system-level simulations
in order to compare candidate techniques and to quantify
statistical metrics of interest such as outage or rate. In this
paper, we propose a new model for the base station placement
based on random base station locations. Surprisingly – because
of the familiarity of the grid model, and the fact that our
model introducesadditional randomness – we see that such
an approach is in fact more tractable and at least as accurate
as the grid model in many scenarios of interest.

It is important to point out that grid models are themselves
idealized relative to actual BS deployments, and in realityBSs
form an organic pattern based on the availability of tower sites,
geographic features, and/or population density. Fig.1 shows
actual BSs locations for a 4G urban network, and we can
observe that the actual locations do not very closely resemble a
regular grid. An even more dubious but more tractable model,
often used by information theorists, is the Wyner model [1]–
[3], wherein the OCI is distilled to a single fixed scalar. While
this model offers analytical tractability, it is a very simplistic
model of interference, and generally inaccurate except when
interference is highly averaged over space and mean-based
metrics are considered, e.g. average rate in a heavily-loaded
CDMA system [4]. That such a simplistic approach to other-
cell interference modelling is still considered state-of-the-art
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Fig. 1. Left: A 40 × 40 km view of a current base station deployment by
a major service provider in a relatively flat urban area, with cell boundaries
corresponding to a Voronoi tessellation. Right: Illustration of BSs distributed
as a spatial Poisson point process and the corresponding Voronoi cells.

for analysis speaks to the difficulty in finding more realistic
tractable approaches.

In this paper we address the problem of tractability and
accuracy by modeling the BSs using a random spatial point
process. The locations of the BSs are modeled by a homo-
geneous PPP of densityλ, wherein a mobile associates to its
closest BS, as shown in Fig. 2. This additional randomness and
independence of the BS locations aids in obtaining analytical
results, by allowing us to use the rich set of mathematical tools
from stochastic geometry [5]–[7]. Such an approach for BS
modelling has been considered as early as 1997 [8]–[10] but
the key metrics of SINR distribution and rate have never been
determined. In parallel to this work, the authors just learned
of a paper [11] in which a PPP model for BSs was used to
determine coverage when a mobile connects to the BS with
the strongest signal, but it is limited to Rayleigh fast fading.

Using the PPP model, this paper provides the distribution
of SINR for arbitrary fading between the interferer’s and the
tagged MS, and for an exponential family (see (1)) of fading
distributions between the tagged MS and its associated BS.
While the generalSINR distribution is not closed-form, and
requires evaluation of a few integrals using numerical tech-
niques, complex simulations can be avoided. Using theSINR

distribution, the average rate can be computed, and simple
analytical expressions for average rate can be obtained in many
cases of interest. Utilizing random frequency planning, we
show the trade-off between rate and coverage: increasing one
decreases the other. In this paper we focus on the average
ergodic rate and frequency reuse, and the reader is referred
to [12], [13] for detailed and general results on coverage and
SINR distribution over a cell.

A particular contribution of this paper is a comparison
between our analytical results based on a PPP BS model
and simulation results based on actual base station locations
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Fig. 2. The left figure corresponds to the actual BS network where the
frequency allocation (δ = 4) is based on a greedy graph coloring algorithm.
The right figure corresponds to a PPP distribution of BSs and the frequency
bands (δ = 4) are randomly allocated.

obtained from a current cellular deployment in a major and
flat urban area of moderate population density, which would
presumably be the most favorable to a grid model and less
favorable to our random BS model. Nevertheless, we observe
that the performance predicted by the proposed model provides
a reliable lower bound to reality, whereas the grid model
provides an upper bound that is about equally loose. Although
left for future comparisons and study, we conjecture that our
model would be even more favorable for BS deployments
featuring more heterogeneity in cell size – due e.g. to pico
and femtocells – or layout, e.g. due to natural features like
hills and bodies of water..

II. SYSTEM MODEL

The cellular network model consists of base stations (BSs)
arranged according to some homogeneous Poisson point pro-
cessΦ of intensity λ in the Euclidean plane. Consider an
independent collection of mobile users, located according
to some independent stationary point process. Assume each
mobile user is associated with the closest base station; namely
the users in the Voronoi cell of a BS are associated with it,
resulting in coverage areas that comprise a Voronoi tessellation
on the plane, as shown in Fig. 2.

The standard power loss propagation model is used with
path loss exponentα > 2. As far as random channel effects
such as fading and shadowing, we assume that the tagged base
station and tagged user experience a fading1 with a distribution
whose CCDFF̄ (x) is of the form

F̄ (x) =
∑

n∈N

e−nx
∑

x∈K

ankx
k, (1)

for some finite setN , and a finite integer setK ∈ N. The
fading between the tagged base station and the tagged user is
denoted byh. The CCDF of exponential distribution, Gamma
distribution, χ2 distribution and many other distributions of
interest can be represented by the form in (1). Note that other
distributions forh can be considered using Prop. 2.2 of [14]
but with some loss of tractability.

The fading between the interferers and the tagged receiver
follows a general statistical distributiong that could include
fading, shadowing, and any other desired random effects.

1Throughout the paper, by fading we mean the power of the small scale
fading. So exponential fading corresponds to Rayleigh amplitude fading

Simpler expressions result wheng is also exponential and
these are given as special cases.

The interference power at the tagged receiverIr is the sum
of the received powers from all other base stations other than
the home base station is given by

Ir =
∑

x∈Φ

gx‖x‖−α,

where gx is the fading between the tagged receiver and the
interfererx. Interference is treated as noise in the present work.
There is no same-cell interference, i.e. there is orthogonal
multiple access within a cell. The noise power is assumed to be
additive and constant with valueσ2 but no specific distribution
is assumed in general. TheSINR at the tagged receiver is given
by

SINR =
h‖r‖−α

σ2 + Ir
,

wherer is the distance between the tagged transmitter and the
tagged receiver. TheSNR = 1

E[h]σ2 is defined to be the received
SNR at a distance ofr = 1.

III. D ISTRIBUTION OF SINR

In this section, we first derive the distribution of the SINR,
which we later use to obtain the average ergodic rate. We
begin with the following theorem which deals with fading
distributions characterized by the CCDF in (1).

Theorem 1. When the interfering transmitters are distributed
as a Poison point process, and the CCDF of the fading
distribution between the tagged transmitter and the receiver
is given by (1), the CCDF of the SINR is

Ḡ(x) =2πλ
∑

n∈N

∑

k∈K

ank (−x)
k

∫ ∞

0

rkα+1 d
ke(−λβ(s,α)−σ2s)

dsk

∣

∣

∣

∣

∣

s=nrαx

dr,

where

β(s, α) =
2πs

2

α

α
E

[

g
2

α

(

Γ(−2/α, r−αsg)− Γ(−2/α)
)

]

,

(2)
and the expectation is with respect to the interferer’s channel
distribution g, and Γ(a, x) =

∫∞

x
ta−1e−tdt denotes the

incomplete gamma function.

Proof: See Appendix A.
When the interferer fading is gamma distributed with pa-

rameters(m, 1/m) (corresponds to Nakagami-m amplitude
fading),β(s, α) can be simplified to

β(s, α) = 2π
( s

m

)2/α
(

Γ
(

1− 2
α

)

Γ
(

m+ 2
α

)

2Γ(m)

+
(−1)−m− 2

α

α
B

(

−mrα

s
,m+

2

α
, 1−m

)

)

,

where B(z, a, b) =
∫ z

0
ta−1(1 − t)b−1dt is the incomplete

beta function. In this paper, we will focus on the case of
exponential fading power distribution between the typicalMS
and its associated BS,i.e., F̄ (x) = exp(−µx), and the next
Corollary provides the distribution of interference.
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Corollary 1. When the fading between the tagged base station
and the tagged user h is exponentially distributed, i.e., F̄ (x) =
exp(−µx), then

Ḡ(x) = πλ

∫ ∞

0

e−πλvρ(x,α)−µxσ2vα/2

dv,

where ρ(x, α) = 2(µx)
2

α

α E

[

g
2

α (Γ(−2/α, µxg)− Γ(−2/α))
]

.

Proof: The result can be obtained from Corollary 1 by
settingm = 1 and Theorem 1.

IV. AVERAGE ACHIEVABLE RATE

In this section, we turn our attention to the mean data rate
achievable over a cell. Specifically we compute the mean rate
in units of nats/Hz (1 bit= loge(2) = 0.693 nats) for a
typical user where adaptive modulation/coding is used so each
user can set their rate such that they achieve Shannon bound
for their instantaneous SINR, i.e.ln(1 + SINR). Interference
is treated as noise which means the true channel capacity
is not achieved, which would require a multiuser receiver
[15], but future work could relax this constraint within the
random network framework. In general, almost any type of
modulation, coding, and receiver structure can be easily treated
by adding a gap approximation to the rate expression, i.e.
τ → ln(1 + SINR/ξ) whereξ ≥ 1 is the gap.

A. General Case and Main Result

We begin by stating the main rate theorem that gives the
ergodic capacity of a typical mobile user in the downlink.

Theorem 2. The average ergodic rate of a typical mobile user
and its associated base station in the downlink is

τ(λ, α) , E[ln(1 + SINR)] =

∫

t>0

Ḡ(et − 1)dt,

where Ḡ(x) is given in Theorem 1.

Proof: The ergodic rate of the typical user isτ , E[ln(1+
SINR)] where the average is taken over both the spatial PPP and
the fading distribution. Since for a positive random variable
X, E[X] =

∫

t>0
P(X > t)dt, we obtain

E[ln(1 + SINR)] =

∫

t>0

P
(

SINR > et − 1
)

dt,

and the result follows from Theorem 1.
We now focus on the case of exponential fading between

the tagged MS and its associated MS, as this case lends to
further simplifications.

B. Rayleigh fading for the Tagged BS and MS

1) Special Case: α = 4: Forα = 4 the mean rate simplifies
to

τ(λ, 4) = πλ

∫

t>0

∫ ∞

0

e−πλvρ(et−1,4)−µ(et−1)σ2v2

dvdt, .

=

∫

t>0

√

π

b(t)
exp

(

a(t)2

4b(t)

)

Q

(

a(t)
√

2b(t)

)

dt, (3)

where a(t) = ρ(et − 1, 4) and b(t) = σ2µ(et −
1)/(πλ)2, andQ(x) is the standard Gaussian tail probability.
The final expression (3) follows from

∫∞

0
e−ax−bx2

dx =√
πb−1 exp(a2/(4b))Q(a/

√
2b), and hence the rate can be

evaluated numerically with two numerical integrations (pre-
suming an available look up table forQ(x)).

2) Special Case: No Noise: Whenσ2 → 0, so

τ(λ, α) =
∫

t>0
ρ(et − 1, α)−1dt, (4)

a quantity that does not depend onλ. Hence, increasing the
base station density does not increase the interference-limited
ergodic capacity per user in the downlink because the distance
from the mobile user to the nearest base station and the average
distance to the nearest interferer both scale likeΘ(λ−1/2),
which cancel. Note, however, that the overall sum throughput
and area spectral efficiency of the networkdo increase linearly
with the number of base stations since the number of active
users per area achieving rateτ is exactlyλ, assuming that the
user density is sufficiently large such that there is at leastone
mobile user per cell.

V. FREQUENCYREUSE: COVERAGE VS. RATE

Frequency reuse is a common technique to increase the
coverage, specifically at the cell edges. In a grid network, fre-
quency reuse is obtained by assigning different frequencies to
adjacent cells. The PPP BS model also allows for interference
thinning, but instead of a fixed pattern (which is not possible
in a random deployment) we assume that each base station
picks one ofδ frequency bands at random. A visual example
is given in Fig. 2 forδ = 4.

A. Increasing Coverage via Frequency Reuse

In this subsection, we will only consider the case when the
fading distribution between the tagged BS and MS is exponen-
tial because of space restrictions. First, we consider the effect
of random frequency reuse on the coverage probability which
is defined asP(SINR > T ) and denoted bypc(T, λ, α, δ).

Theorem 3. If δ frequency bands are randomly allocated
to the cells, then the coverage probability with exponentially
distributed power between the tagged MS and its BS is equal
to

pc(T, λ, α, δ) = πλ

∫ ∞

0

e−πvλ(ρ(T,α)δ−1+1−δ−1)−µTσ2vα/2

dv.

Proof: A typical mobile user at the origino would be
served by its closest BS from the complete point processΦ.
This distancer is Rayleigh distributed with PDFfr(r) =
λ2πr exp(−λπr2) with the interferers located outsider. The
interfering BSs which transmit in the same frequency band are
a thinned version of the original PPP and have a densityλ/δ.
Since a thinned version of a PPP is again a PPP, the rest of
the proof exactly follows Theorem 1, in which the CCDF of
the SINR is obtained.

Observe that as the number of frequency bandsδ → ∞
a coverage limit is reached that depends only on the noise
power. A cellular operator often wishes toguarantee a certain
probability of coverage to its customers. For a given block-
ing/outage probabilityǫ, the following corollary for the no
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Fig. 3. Probability of coverage for frequency reuse factorsδ = 1 and
δ = 4 with g ∼ exp(1). Lower spatial reuse (higherδ) leads to better outage
performance, and we observe that all 3 curves exhibit similar behavior. We
also see that the grid model provides an upper bound, while thePPP model
provides a lower bound to the coverage probability.

noise case provides the number of frequency bands that are
required.

Corollary 2. The minimum number of frequency bands needed
to ensure an outage probability no greater than ǫ is

δ =

⌈

(ρ(T, α)− 1)(1− ǫ)

ǫ

⌉

. (5)

Proof: For the case of no noise,σ2 = 0 the coverage
probability simplifies to(1 + (ρ(T,α)−1)

δ )−1, from which the
result follows by setting this quantity to be equal to1− ǫ and
requiring it to be an integer.

B. Frequency Reuse’s Effect on Rate

The desirable increase in coverage with increasingδ has to
be balanced against the fact that each cell can only use1/δth of
the available frequencies. In this section we will show thatthe
optimalδ from a mean rate point of view is in factδ = 1, i.e.,
any increase in coverage from frequency reuse is paid for by
decreasing the overall sum rate in the network. The following
general result can be given for average rate with frequency
reuse, the key observation being that since the bandwidth per
cell was previously normalized to 1 Hz, now it is1δ Hz. We
assume the SNR per band is unchanged.

Theorem 4. If δ frequency bands are randomly allocated
to the cells, the average rate of a typical mobile user in a
downlink is

τ(λ, α, δ)

=
πλ

δ

∫

t>0

∫ ∞

0

e−πλ(ρ(et−1,α)δ−1+1−δ−1)v−µ(et−1)σ2vα/2

dv.

(6)

Proof: The average rate of a typical mobile user is
1
δE[ln(1 + SINR)], and the proof proceeds in a similar manner
to Theorem 3 and Theorem 2 and so is omitted.

From the above Theorem, the average ratewithout noise is
given by

τ(λ, α, δ) =

∫

t>0

1

δ − 1 + ρ(et − 1, α)
dt,
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when all the cells use the same frequency and hence the completebandwidth.
The interferers fading is Rayleigh distributed,i.e., g ∼ exp(1).

and is obviously maximized forδ = 1. The next corollary
generalizes this observation to the case of non-zero noise.

Corollary 3. When σ2 = 0, the average rate of a typical
mobile user τ(λ, α, δ) is maximized for δ = 1.

Proof: Using the substitutionv → δy in (6), we observe
that the integrand decreases withδ, hence verifying the claim.

VI. SIMULATION RESULTS

In this Section, we compare the predictions of the PPP
model with the grid and the actual BS locations. The actual BS
locations correspond to a major service provider of an urban
area. These BSs are located in an area of100× 100 km, and
Fig 1, shows a zoom of the midle40 × 40 km. For the grid
model, the mobile user is assumed to be uniformly distributed
in the cell.

Central (optimal) frequency planning is done for the grid
model. We use a greedy coloring algorithm for frequency
allocation in the case of the real BSs. This frequency allocation
strategy tries to allocate the frequency bands so as to maximize
the distance between cells operating in the same frequency.
In Fig. 3, the coverage probability is plotted with respect to
the SINR thresholdT for δ = 1 and δ = 4 for each of the
three BS placement models for exponential fading between
the tagged BS and MS. We also observe that the PPP model
provides a lower bound to the coverage probability while
the grid model upper bounds the same. As expected, careful
frequency planning outperforms random frequency allocation
at the cost of requiring centralized planning and painstaking
reconfiguration every time a BS is added. This is evident from
Fig. 3 where the lower bound provided by the PPP model using
random frequency allocation (δ = 4) becomes loose. The PPP
framework provided in this paper has also been used in [16]
to analyze sophisticated frequency reuse techniques like soft
and strict FFR in cellular networks.

In Fig. 4, the average rate is plotted as a function ofδ
for two different path loss exponents. We first observe that
decreasing the frequency reuse by increasingδ decreases the
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average ergodic rate as proved in Corollary 3. The average
rate for the actual BSs also exhibit a similar downward trend
with increasing δ. We also observe that the average rate
decreases with decreasing path loss exponent due to increased
interference.

VII. C ONCLUSIONS

In this paper, we have introduced a new model for base
station locations based on a homogeneous Poisson point pro-
cess, where a mobile station associates itself to the nearest base
station. This model is tractable, and also resembles (and lower
bounds) a real deployment in terms of performance as closely
as a grid model (which upper bounds). We have obtained
the signal-to-interference-noise ratio distribution at atypical
mobile user and also computed the average ergodic rate. Using
this model, we have quantified the coverage gain and the rate
loss when using frequency reuse. Possible directions for future
work include introducing repulsion between BS nodes, as well
introducing heterogeneity, multiple antennas, and base station
cooperation.
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APPENDIX A
PROOF OFTHEOREM 1

The CCDF ofSINR is

P[SINR > x] =

∫

r>0

P[SINR > x]fr(r)dr

=

∫

r>0

e−πλr2
P[h > xrα(σ2 + Ir)]2πλrdr.

(7)

From (1), we obtain

P(h > xrα(σ2 + Ir)) = E[F̄ (xrα(σ2 + Ir))]

Using the form ofF̄ (x) from (1),

P(h > xrα(σ2 + Ir))

=
∑

n∈N

∑

x∈K

ank(xr
α)kE

[

(σ2 + Ir)
ke−nxrα(σ2+Ir)

]

.

Using the properties of the Laplace transform, we have

E

[

(σ2 + Ir)
ke−nxrα(σ2+Ir)

]

= (−1)k
dkEe−s(Ir+σ2)

dsk

∣

∣

∣

s=nxrα
.

HenceP(SINR > x) is equal to

∑

n∈N

∑

x∈K

ank(−xrα)k
dkLIr (s)e

−sσ2

dsk

∣

∣

∣

s=nxrα.
(8)

Defining Ri as the distance from theith interfering base
station to the tagged receiver andgi as the interference channel
coefficient of arbitrary but identical distribution for alli, using
the definition of the Laplace transform we can get

LIr (s) = EIr [e
−sIr ] = EΦ[exp(−s

∑

i∈Φ\{bo}

giR
−α
i )]

Expanding the summation,

LIr (s)
(a)
= EΦ

∏

i∈Φ\{bo}

Egi [exp(−sgiR
−α
i )]

= EΦ

∏

i∈Φ\{bo}

Lg

(

sR−α
i

)

= exp

(

−2πλ

∫ ∞

r

(

1− Lg

(

sv−α
))

vdv

)

, (9)

where (a) follows from the independence ofgi and the last
step follows from the probability generating functional (PGFL)
[17] of the PPP. The integration limits are fromr to ∞ since
the closest interferer is at least at a distancer. With a slight
abuse of notation letf(g) denote the PDF ofg. Plugging in
the definition of the Laplace transform,LIr (s) is equal to

exp

(

−2πλ

∫ ∞

0

(
∫ ∞

r

(1− e−sv−αg)vdv

)

f(g)dg

)

.

(a) follows from the definition of the Laplace transform and
swapping the integration order. The inside integral can be
evaluated by using the change of variablesv−α → y, and
the Laplace transform is

eλπr
2− 2πλs

2

α
α

∫
∞

0
g

2

α [Γ(−2/α,sr−αg)−Γ(−2/α)]f(g)dg.

Combining with (8) and (7) we obtain the result.


