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Abstract—The relative locations of concurrent transmitting
nodes play an important role in the performance of wireless
networks because it largely determines their mutual interference.
In most prior work the set of interfering transmitters has
been modeled by a homogeneous Poisson distribution, which
assumes independence in the transmitting node positions, and
hence precludes intelligent scheduling protocols. One of the main
difficulties in extending the numerous Poisson results is the
absence of an analytical form for the probability generating
functional and the Palm characterization of the underlying spatial
node distribution. In this paper we take an alternative approach
based on the second-order product density of the node distri-
bution, which is asymptotically tight as the outage probability
tends to zero. Unlike the probability generating functional, the
second order product density can be easily obtained for a wide
range of point processes and hence this approach is useful in
analyzing complex wireless networks and MAC protocols. We
use this approach to then provide accurate approximations of
the transmission capacity of wireless ad hoc networks for three
plausible point processes, corresponding to ALOHA, clustering,
and carrier sensing schedulers. The mathematical framework
introduced can be used to analyze other relevant metrics.

I. I NTRODUCTION

Interference is a main limiting factor for the performance
of a wireless ad hoc network. The interference in a network is
primarily dictated by the locations of the concurrent transmit-
ters whose location is often modeled by a point process [1],
[2] on the plane. Tools from stochastic geometry and point
process theory have been used to characterize the performance
of various physical layer technologies in an ad hoc network
[3], [4], [5], [6], [7], [8], [9], where interference is a main
limiting factor. But nearly all stochastic geometry work on
wireless networks focuses on the case where the transmitting
nodes are distributed as a Poisson point process (PPP) because
of its tractability. However the PPP does not describe “good”
MAC protocols which attempt to avoid collisions or otherwise
coordinate transmissions. Although the Poisson model has
been valuable in providing tractability and insight into “worst
case” MAC protocols, tractable analytical approaches thatgo
beyond the Poisson model are sorely needed.

In this paper we provide a new method for looking at the
performance characterization of more general point processes
that could model more sophisticated scheduling approaches
and hence get closer to optimal throughput (good upper bounds
for which are of course unknown for most nontrivial multi-
node networks). We utilize the transmission capacity (TC)
metric that was introduced in [10] and is equal to the maximum
spatial density of simultaneous transmissions possible for a

given outage constraint. The TC of a wireless network is
known only when the underlying nodes are distributed as a
Poisson point process (PPP) or more recently, as a Poisson
cluster process(PCP) [11]. The main difficulty in characteriz-
ing the TC is the evaluation of the outage probability which in
turn requires the conditional probability generating functional
of the underlying node distribution. But unfortunately, the
conditional probability generating functionals are knownonly
for a PPP [1], [12], PCP [11] and a few variants of the PPP.

As an alternative approach, we consider the TC when the
outage probability is close to zero. We characterize the TC
in this low outage regime using the second order product
density of the spatial distribution of the transmitters, a quantity
that can be analytically evaluated for a large class of point
processes. As an example we look at the TC under three
scenarios: PPP used in modeling ALOHA and networks with
no coordination, PCP used to model sensor networks where
clustering helps in improving the lifetime of the network,
Matern hard-core process used in modeling a CSMA type of
network where there is a strict minimum distance between
neighboring transmissions. Although we emphasize on the TC,
the techniques provided in this paper are general and can be
used to analyze other metrics when the density of concurrent
transmitters is small [13].

II. SYSTEM MODEL

We assume that the nodes are distributed as a stationary
point process [1]Φ of densityλ on the plane. Each node has
its corresponding receiver at a distanced in a random direction,
and for a nodex its receiver is denoted byr(x). The path-loss
model is denoted byℓ(x) : R

2 → [0,∞] and is assumed to be a
non-increasing function of‖x‖ which satisfies

∫ ∞

δ
ℓ(r)rdr <

∞, for any δ > 0. The small scale fading (power) is denoted
by hxy and is assumed to be i.i.d exponential with unit mean
between any pair of nodes. A nodex ∈ Φ can communicate
with its receivery if the received signal to interference ratio
(SIR)

SIR(x, y) =
hxyℓ(x − y)

I(y,Φ \ {x}) ≥ θ, (1)

whereI(y) is the interference aty ∈ R
2 and is equal to

I(y,Φ \ {x}) =
∑

z∈Φ\{x}

hzyℓ(z− y) (2)

Since the process is stationary, the success probability issame
for all transmitters and hence we condition on a node being at



the origin and analyze its success probability. The probability
of success is equal to

Ps = P
!o (SIR(o, r(o)) ≥ θ) , (3)

whereP
!o denotes the reduced Palm probability [1], [12] of

Φ and o denotes the origin(0, 0). Transmission capacity is
defined in [4], [10] and given by

Tc(ǫ) = (1 − ǫ) sup λ, (4)

with the constraint
Ps > 1 − ǫ.

In a strict mathematical sense, the success probability is not a
function of the density of transmitters,i.e., for the same density
of transmitters, the success probability may take multiple
values. For example, consider a cluster point process [1] with
densityλ = λpc̄, whereλp is the average number of clusters
per unit area, and̄c is the average number of points in each
cluster. In this case,λp = 1, c̄ = 3 will lead to a differentPs
thanλp = 3 and c̄ = 1.

III. A SYMPTOTIC TRANSMISSIONCAPACITY

As is evident from the definition of TC, we must evalu-
ate the success probability when the transmitting nodes are
spatially distributed asΦ. Since evaluating the exact outage
probability is not possible for many plausible spatial distribu-
tions of nodes, the goal of the paper is to develop new bounds
that are asymptotically tight asλ approaches zero. We begin
by a few definitions. Letf(x) be an integrable function on
the plane. Then

E
!o

[

∑

x∈Φ

f(x)

]

= λ−1

∫

R2

ρ(2)(x)f(x)dx,

andE
!o

[

∑

x∈Φ

∑x 6=y

y∈Φ f(x)f(y)
]

is equal to

λ−1

∫

R2

∫

R2

ρ(3)(x, y)f(x)f(y)dxdy,

whereρ(2)(x) is the second-order product density [1] of the
point processΦ andρ(3)(x, y) is the third-order product den-
sity. LetG[f(x)] denote the conditional probability generating
functional, i.e.,

G[f(x)] = E
!o

[

∏

x∈Φ

f(x)

]

.

Lemma 1. The probability of success is bounded by

1 − µ ≤ Ps ≤ min{1 − µ +
κ

2
,G[exp(−∆(x))]}, (5)

where

µ = λ−1

∫

R2

ρ(2)(x)∆(x)dx,

κ = λ−1

∫

R2

ρ(3)(x, y)∆(x)∆(y)dxdy,

and
∆(x) = (1 + θ−1ℓ(d)ℓ(x − r(o))−1)−1.

Proof: The success probability is equal to

Ps = P
!o

(

hor(o) ≥ θℓ(d)−1I(r(o))
)

(a)
= E

!o exp(−θℓ(d)−1I(r(o))),

where (a) follows since hor(o) is an exponential random
variable. Taking the expectation with respect to the fading
random variables in the interference we obtain

Ps = E
!o

[

∏

x∈Φ

1 − ∆(x)

]

.

Using the inequality1 − ∑

ai ≤ ∏

1 − ai ≤ 1 − ∑

ai +
∑

i<j aiaj , and the definition of then-th order product density
we obtain the lower bound1 − µ and the upper bound1 −
µ + κ/2. The other upper bound can be obtained using the
inequality1 − ∆(x) ≤ exp(−∆(x)) and the definition of the
probability generating functional.

The following lemma provides conditions by which the
upper bound can be simplified.

Lemma 2. For any stationary processΦ, if

λ−1
∫

R2 ρ(2)(x)∆2(x)dx

κ
> 2,

then G(exp(−∆(x)))

1 − µ + κ/2
> 1.

Proof: We have,

G(exp(−∆(x)))

= E
!o

[

∏

x∈Φ

1 − (1 − exp(−∆(x)))

]

(a)
> 1 − E

!o
∑

x∈Φ

1 − exp(−∆(x))

= 1 − λ−1

∫

R2

ρ(2)(x)(1 − exp(−∆(x)))dx,

where (a) follows from
∏

1 − ai ≥ 1 − ∑

ai. Using the
expansion ofexp(−x), we haveG(exp(−∆(x))) is greater
than

1 − µ +

∞
∑

m=2

(−1)mλ−1

m!

∫

R2

ρ(2)(x)∆m(x)dx.

So it is sufficient to prove that the summation is greater than
κ. By the inequality

(x − 1) + exp(−x) ≥ x2

4
, x ∈ [0, 1],

it is adequate to prove

(4λ)−1

∫

R2

ρ(2)(z)∆2(z)dz ≥ κ/2.

which follows from the assumption.
It is not necessary thatPs approaches one as the density

approaches zero. For example consider a clustered network
with the average number of clusters per unit area is1/n and
the average number of nodes per cluster be unity. In this case



even though the intensity of the process approaches zero, the
success probability never approaches one. Since1 − µ is a
lower bound on the success probability, it is necessary for
µ → 0 for Ps → 1. It should be observed thatµ may take
multiple values for a given densityλ and hence for eachλ
we obtain a set of values ofµ. Henceforth in this paper, we
consider only point processes for which

lim
λ→0

inf{µ; density= λ} → 0.

The Ps for point processes which do not satisfy the above
condition is always less than one. From now on, byλ → 0
we also fix a sequence of parameters of the process, so that
µ → 0 for this sequence.

Define Tcu(ǫ) to be equal tosup(1 − ǫ)λ subject to the
constraintmin{1 − µ + κ/2,G[exp(−∆(x))]} ≥ 1 − ǫ and
Tcl(ǫ) to be equal tosup(1 − ǫ)λ subject to the constraint
µ ≤ ǫ. We then have

Tcl(ǫ) ≤ Tc(ǫ) ≤ Tcu(ǫ). (6)

We now show thatTcl(ǫ) is asymptotically equal toTcu(ǫ) for
smallǫ under very mild conditions. We first prove that for any
positive density of transmittersλ > 0, the success probability
is strictly less than one.

Lemma 3. The maximum densityλ so that

1 − G(exp(−∆(x))) < ǫ

tends to zero asǫ → 0.

Proof: From the definition of the reduced probability
generating functional,

G(exp(−∆(x)) = E
!o exp(−

∑

x∈Φ

∆(x))
(a)

≥ exp(−µ)

where(a) follows from Jensens inequality. So it is sufficient
to prove thatsupλ with the constraintexp(−µ) > 1− ǫ tends
to zero asǫ → 0. But sinceµ is the average of

∑

x∈Φ ∆(x)
with respect to the Palm distribution and since∆(x) > 0, a
necessary condition forµ → 0 is for the densityλ to tend to
zero.

Theorem 1. If
A.1

lim
λ→0

λ−1
∫

R2 ρ(2)(x)∆2(x)dx

κ
> 2,

A.2 µ = Θ(λγ) for someγ ≥ 1,
A.3 k = o(µ),

as λ → 0, the transmission capacity is

Tc(ǫ) = Tcl(ǫ) + o(Tcl(ǫ)), ǫ → 0.

Proof: From (6), it suffices to proveTcu(ǫ) = Tcl(ǫ) +
o(Tcl(ǫ)). The upper boundTcu(ǫ) is equal to the supremum
value ofλ so that

min{1 − µ + κ/2,G(exp(−∆(x)))} > 1 − ǫ

For the above condition to be satisfied asǫ gets smaller, it
follows from Lemma 3 thatλ → 0. Sinceλ should be small,
it follows from Lemma 2 that

min{1 − µ + κ/2,G(exp(−∆(x)))} = 1 − µ + κ/2.

λ1 λ2

C1

C2µ − κ

µ

ǫ

ν

A B C

D

E

Fig. 1. Proof for Theorem 1. Observe that the triangleABE is congruent
to triangleACD.

So the upper bound translates to finding the maximumλ
such thatµ − κ/2 < ǫ. Also by our assumption A.2,µ is
locally convex in the neighborhood ofλ = 0. See Figure 1
where the upper and the lower bound are illustrated. From the
figure, it suffices to provelimλ→0(λ2−ν)/(λ1 +ν) = 0. Also
assumption A.3, implieslimλ→0 C1/(C1 + C2) = 0. Hence
by the congruency of the trianglesABE andACD it follows
that λ2/λ1 tends to zero, hence proving the theorem.

Assumption A.2 is a reasonable assumption. Indeed it is
proved in [13] that

lim
λ→0

µ

λ1−δ
= ∞,

for any δ > 0 under mild assumptions and henceγ ≥ 1 in
assumption A.2 is always valid.

IV. EXAMPLES

In this section, we will analyze the asymptotic transmission
capacity using Theorem 1 and compare it with the actual TC.
We consider three different spatial distribution of transmitters:
Poisson point process (PPP), Poisson cluster process (PCP),
Modified Matern hard-core process. These three process ex-
hibit different kind of regularity in terms of the node place-
ment: PPP corresponds to an entirely random arrangement of
nodes, PCP exhibis clustering while the Modified Matern hard-
core process has a minimum distance between the nodes.

A. Poisson point process (PPP)

The success probability of a PPP [1] is equal to

Ps = exp

(

−λ

∫

R2

∆(x)dx

)

.

Hence it is easy to observe that

Tc(ǫ) =
(1 − ǫ) ln((1 − ǫ)−1)

∫

R2 ∆(x)dx
.

When ǫ is small

Tc(ǫ) =
ǫ

∫

R2 ∆(x)dx
+ o(ǫ). (7)

For a PPPρ(2)(z) = λ2 and so

µ = λ

∫

R2

∆(x)dx.



Since α > 2,
∫

∆(x)dx < ∞ and henceµ = Θ(λ), i.e.,
ν = 1, thus verifying assumption A.2. For a PPP,ρ(3)(x, y) =
λ3 and it is easy to verify thatκ/µ → 0 as λ → 0 and
λ−1κ−1

∫

ρ(2)(x)∆2(x)dx → ∞, thus verifying assumptions
A.1 and A.3. So by Theorem 1, the asymptotic TC is equal
to supλ such thatµ < ǫ. In this case it is easy to verify that,

Tcl(ǫ) =
ǫ

∫

R2 ∆(x)dx
,

which agrees with the actual transmission capacity of the PPP
for small ǫ in (7).

B. Poisson cluster process (PCP)

A PCP constitutes a Poisson parent processΦp of density
λp and daughter point processes of densityc̄, resulting in
a stationary point process of densitȳcλp. A point of the
daughter point process of a parent point atx ∈ Φp is
spatially distributed with densityf(y−x), y ∈ R

2. The success
probability in a stationary PCP is provided in [11], and is equal
to

Ps = exp

(

−λp

∫

R2

[

1 − exp(−cβ(y))
]

dy

)

∫

R2

exp(−cβ(y))f(y)dy, (8)

whereβ(y) =
∫

R2 f(y−x)∆(x)dx. It was also proved in [11]
that the transmission capacity of a PCP is equal to

ln((1 − ǫ)−1)
∫

R2 ∆(x)dx
=

ǫ
∫

R2 ∆(x)dx
+ o(ǫ),

when

ǫ < 1 − exp

(

−
∫

R2

f(y)
β(y)

supβ(y)
dy

)

.

For a PCP, the second order product density is equal to

ρ(2)(z) = λ2

[

1 +
(f ∗ f)(z)

λp

]

.

and hence

µ = λ

∫

R2

∆(z)dz + c̄

∫

R2

(f ∗ f)(z)∆(z)dz.

Observe thatµ may take multiple values for the sameλ by
choosing differentλp and c̄. We can observe thatµ = Θ(λ),
when c̄ is chosen to be small andλp chosen do that̄cλp = λ.
The expression forρ(3)(x, y) is very complicated and we will
verify A.3 by simulation. From Figure 2 we observe thatκ =
o(µ). It is also easy to verify that

lim
λ→0

λ−1µ−1

∫

R2

ρ(2)(x)∆2(x)dx < ∞,

and hence combined with the fact thatκ = o(µ) assumption
A.1 is satisfied. Hence by Theorem 1, the asymptotic TC is
equal tosupλ whenµ < ǫ. Since(f ∗ f)(z) > 0 and∆(z) >
0, it is easy to observe that the supremum value is equal to

Tcl(ǫ) =
ǫ

∫

R2 ∆(x)dx
,

and is obtained by decreasinḡc to zero and increasingλp.
Even in this case the asymptotic TC matches with the actual
transmission capacity.
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Fig. 2. κ/µ as a function of the densityλ for PCP and Matern hard-
core process. We observe thatκ/µ tends to zero asλ → 0, thus verifying
assumption A.3.

C. CSMA modelling with Matern Hard core process

We now provide an analysis of the transmission capacity in
a CSMA wireless network. Although the spatial distributionof
the transmitters that concurrently transmit in a CSMA network
is difficult to be determine, the transmitting set can be closely
approximated by a modified Matern hard-core processes [2].
In this subsection we use the model proposed by Baccelli.
et.al. in [2] to model the CSMA process and derive the TC
for a low outage probability.
CSMA Model:We start with a Poisson point processΨ of
unit density. To each nodex ∈ Ψ, we associate a mark
mx, a uniform random variable in[0, 1]. The contention
neighborhood of a nodex is the set of nodes which result
in an interference power of at leastP at x, i.e.,

N̄ (x) = {y ∈ Ψ : hyxℓ(y− x) > P}
A nodex ∈ Ψ belongs to the final CSMA transmitting set if

mx < my, ∀y ∈ N (x).

The average number of nodes in the contention neighborhood
of x ∈ Ψ, does not depend on the locationx by the stationarity
of Ψ and is equal to [2]

N = E[N̄ (x)] = 2π

∫ ∞

0

e−Pℓ(r)−1

rdr.

The density of the CSMA Matern processΦ is equal to

λ =

[

1 − exp(−N )

N

]

.

Using the results in [14], [2], the second-order product density
can be shown to be equal to

ρ(2)(r) =
2

b(r) −N

(

λ − 1 − e−b(r)

b(r)

)

(

1 − e−Pℓ(r)−1
)

,

where

b(r) = 2N−
∫ ∞

0

∫ 2π

0

e
−P

“

ℓ(t)−1+ℓ(
√

t2+r2−2rt cos(Θ))−1

”

tdΘdt.

For clarity of exposition, we concentrate onℓ(x) = ‖x‖−α,
although similar results hold for the non-singular model too.
In the singular case,N = P−2/αC(α), where C(α) =
2πΓ(2/α)α−1.
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Fig. 4. Outage probability versus densityλ for ℓ(x) = ‖x‖−4, d = 1
andθ = 1. We observe thatµ is a good approximation of1 − Ps for small
lambda. We also observe that1 − Ps = Θ(λ2).

Lemma 4. For small densityλ, in the modified Matern hard-
core process

µ ∼ λα/2γ

∫ ∞

0

1 − exp(−rα)

C(α)(2C(α) − ξ(r))
r−α+1dr, (9)

whereγ = 4πC(α)α/2+1θdα, and

ξ(r) =

∫ ∞

0

∫ 2π

0

e−(tα+(t2+r2−2rt cos(Θ))α/2)tdΘdt

Proof: The result can be obtained by using the sub-
stitution r → P−1/αr in the integral forµ and observing
that for small P, λ ∼ P2/αC(α)−1, and b(rPs

−1/α) =
P−2/α (2C(α) − ξ(r)), and ∆(xP−1/α) = Pθℓ(d)−1‖x‖−α.
Also observe that the integral in (9) is finite because of the
presence of the term1 − exp(−rα).

Henceµ = Θ(λα/2) and condition A.2 is valid withν =
α/2 > 1. As in the previous case we also show the validity of
A.1 and A.3 by simulation. See Figure 2 and Figure 3. From
Figure 4, we observe thatµ closely approximates the simulated
1 − Ps for small lambda. Hence the asymptotic TC would
also match closely with the actual TC. Sinceµ = Θ(λα/2) it
follows thatTcl(ǫ) = Θ(ǫ2/α). Hence forα = 4, the TC for
the CSMA isΘ(

√
ǫ) which is much greater than that of the

the PPP with ALOHA which is equal toΘ(ǫ). In Figure 4, the
asymptote ofµ from Lemma 4, which in the case ofα = 2
corresponds to18.752λ2 is also plotted. Using the asymptote

we can also infer that

lim
ǫ→0

Tc(ǫ)ǫ−2/α =

(

γ

∫ ∞

0

1 − exp(−rα)

C(α)(2C(α) − ξ(r))
r−α+1dr

)−2/α

.

V. CONCLUSIONS

In this paper we provide a characterization of the trans-
mission capacity that is order optimal in terms of the outage
constraint. This characterization depends only on the second-
order product density of the spatial distribution of the trans-
mitters, a quantity that can be evaluated analytically for most
point processes. We also showed that the TC evaluated using
the second order product density matches perfectly with the
actual TC when the nodes are distributed as a Poisson point
process and a Poisson cluster process. Using this framework,
we obtained the TC of a CSMA process and showed that it
behaves likeΘ(ǫ2/α) whereǫ is the outage constraint, unlike
the case of ALOHA where it isΘ(ǫ).
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