
Financial Frictions and Fluctuations in Volatility
Christina Arellano, Yan Bai, and Patrick Kehoe (2016)

Joonwoo Park

March 8, 2017



Motivation

During the Great Recession,

I Increase in the cross-section dispersion of firm growth rates

I Decline in labor and output

I Tightening financial conditions

I Aggregate TFP fell only slightly

Build a model with

I Heterogeneous firms and financial frictions

I Change in volatility at the firm level

I Hiring inputs is risky and financial markets are incomplete
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Overview

Heterogeneous firms producing differentiated goods, subject to
idiosyncratic productivity shocks with a stochastic volatility

1. Firms hire labor and produce before realizing idiosyncratic
shocks

2. Incomplete markets & default risk

3. Agency friction: managers can divert cash flow

Trade-offs:

I Labor: Expected return conditional on not defaulting vs
Probability of liquidation & Interest rate

I Borrowing: Precautionary buffer stock vs Agency friction
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Model
Dynamic open economy with final goods firms, intermediate goods
firms, and households.

Final goods firm produces

Yt ≤
(∫

zt(i)yt(i)
η−1
η di

) η−1
η

Final goods firm’s problem

max
{yt(i)}

Yt −
∫
pt(i)yt(i)di

Demand for good i

yt(i) =

(
zt(i)

pt(i)

)η
Yt
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Model

Continuum of intermediate goods firms produce differentiated
goods yt = lαt and hire 1 manager

I Idiosyncratic productivity shock zt ∼ πz(zt|zt−1, σt−1)
I Aggregate shock σt ∼ πσ(σt|σt−1)
I Idiosyncratic revenue shock κt ∼ Φ(κ)

Timing:

1. Shocks are realized

2. Set price pt(i) = zt(i)(Yt/l
α
t (i))1/η

3. Choose new debt bt+1 and labor lt+1, and pay out wage bill,
debt, and equity. If unable to pay equity, default and exit.
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Model

Nonnegative equity payout condition

dt = ptl
α
t − wtlt − wmt − κt − bt + qtbt+1 ≥ 0

Cash-on-hand

xt ≡ ptlαt − wtlt − wmt − κt − bt

State variables:

I Idiosyncratic state: (zt, xt)

I Aggregate state: St = (σt,Υt)
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Model: Financial Frictions

Maximal borrowing

M(St, zt) = max
{lt+1,bt+1}

q(St, zt, lt+1, bt+1)bt+1

Cutoff level of revenue shock κ∗(St, St+1, zt+1, lt+1, bt+1)

κ∗t+1 = pt+1l
α
t+1 − wt+1lt+1 − wm,t+1 − bt+1 +M(St+1, zt+1)

=⇒ Repay if κt+1 ≤ κ∗t+1

Break-even bond price

q(St, zt, lt+1, bt+1) = β
∑

σt+1,zt+1

πσ(σt+1|σt)πz(zt+1|zt, σt)Φ(κ∗t+1)
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Model: Financial Frictions

Large number of potential managers

I Work in intermediate goods firms, earn wmt
I Use a backyard technology, produce w̄m

=⇒ wmt = w̄m

If a firm leaves too much unused credit, the manager hire workers
for a side project M(St, zt)− qtbt+1 = wt+1ls,t+1

For a manager to not divert unused credit,

Etλps,t+1l
α
s,t+1 + θβ

w̄m
1− β

≤ w̄m
1− β

Agency friction constraint

q(St, zt, lt+1, bt+1)bt+1 ≥M(St, zt)− Fm(St, zt)

Derivation
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Model: Firm’s Recursive Problem

For any state (St, zt, xt) s.t. dt = xt +M(St, zt) < 0,

V (St, zt, xt) = 0

Otherwise,

V (St, zt, xt) = max
lt+1,bt+1,dt

dt +
∑

σt+1,zt+1

Q(σt+1|σt)πz(zt+1|zt, σt)

×
∫ κ∗t+1

V (St+1, zt+1, xt+1) dΦ(κ)

s.t. dt = xt + qtbt+1 ≥ 0

q(St, zt, lt+1, bt+1)bt+1 ≥M(St, zt)− Fm(St, zt)

Υt+1 = H(σt+1, St)

xt+1 = pt+1l
α
t+1 − wt+1lt+1 − w̄m − bt+1 − κt+1
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Model: Firm’s Recursive Problem

Entry of new firms

I Draw an entry cost ω ∼ Ψ(ω)

I To enter, pay ω in period t and decide on let+1 for the next
period

I Draw idiosyncratic productivity in period t+ 1,
zt+1 ∼ πz(zt+1|ze, σt)

I Randomly chosen subset of ω ≤M(St, ze) firms enter to
match the measure of exiting firms

I Solves the incumbent firm’s problem with x = −ω, z = ze
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Model: Firm’s Decisions

Lemma

For x < −M(St, zt), the firm defaults. For x ≥ −M(St, zt), there
is a cutoff level of cash-on-hand x̂(St, zt), such that for x < x̂, the
nonnegative equity payout constraint is binding, whereas for x ≥ x̂,
the constraint is slack

I If x < x̂, q′b′ increases 1-1 as x decreases

I If x ≥ x̂, then q, l′, b′ do not vary while d increase 1-1 with x
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Model: Firm’s Decisions

First-order condition for labor1

α(l′)α−1
∫
s′∈R

π(s′|z, σ)p′ds′

=
η

η − 1

[
w′ +

Loss from default︷ ︸︸ ︷
Ez′,σ′V ′∗φ(κ∗)(−∂κ∗

∂l ) +

Fall in bond price︷ ︸︸ ︷
1+γ+µ

β (− ∂q
∂l′ )b

′

Ez′,σ′
∫ κ∗
0 (1 + γ′) dΦ(κ′)

]

where s′ = (z′, σ′, κ′), R = {(z′, σ′, κ′) : κ ≤ κ∗(S, S′, z′, l′, b′)}

1Multipliers: γ on NEP, µ on AFC
11 / 30



Model: Firm’s Decisions

First-order condition for debt2

(1 + γ + µ)

[
q + b′

∂q

∂b′

]
= βEz′,σ′

∫ κ∗

0
(1 + γ′) dΦ(κ′)︸ ︷︷ ︸

Cost of repaying

+βEz′,σ′V ′∗φ(κ∗)︸ ︷︷ ︸
Loss from default

2Multipliers: γ on NEP, µ on AFC
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Model: Households

Household problem at the beginning of period t

V H(At, St−1) = max
Lt

{
Eσt max

Ct,{At+1}
[U(Ct, Lt) + βV H(At+1, St)]

}

s.t. Ct(σt) +
∑
σt+1

Q(σt+1|σt)At+1(σt+1, σt)

= Wt(St−1)Lt + µwm +At(σt) +Dt(σt, St−1)

Open economy: Q(σt+1|σt) = βπσ(σt+1, σt)
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Equilibrium

Given the initial distribution Υ0 and an initial aggregate shock σ0,
an equilibrium consists of

I Decision rules and value functions of intermediate goods firms
(d, b, l, γ, V )(St, zt, xt)

I Decision rules of households
C(σt, St−1), L(St−1), A(σt+1|σt, St−1)

I Wage rate w(St−1), discount bond price Q(σt+1, σt), bond
price schedules q(St, zt, lt+1, bt+1)

I Transition function H(σt, St−1)

such that

1. Decision rules and value functions of intermediate goods firms
satisfy their optimization problem

2. Household decision rules are optimal

3. Bond price schedule satisfies break-even condition
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Equilibrium

4. Labor market clears∫
lt+1(St, zt, xt) dΥt(zt, xt) = Lt+1(St)

5. Market clearing for output

Y (St) =

[∫
πz(zt+1|zt, σt)zt+1lt+1(St, zt, xt)

α η−1
η dΥt(zt, xt)

] η
η−1

6. Evolution of the measure of firms is consistent with the
decision rules of firms, households, and shocks
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Quantitative Analysis

Data

I Quaterly data since 1985

I GDP(NIPA), hours (BLS)

I Nonfinancial corporate equity and debt (Fed FF)

I Firm level sales growth, leverage, equity payout, debt
purchases, spears (Compustat)
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Parameterization

Separable utility function

U(C,L) =
C1−σ

1− σ
− L1+ν

1 + ν

Productivity shock follows

log zt = −σ2t−1/2 + ρz log zt−1 + σt−1εt, εt ∼ N(0, 1)

Volatility shock: σt ∈ {σH , σL}
Transition probabilities: pHH , pLL

Revenue shock: κt ∼ N(κ̄, σ2κ)
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Parameterization
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Algorithm

Krusell-Smith type: approximate Υ with (σ−1, σ−2, σ−3, k)

Approximated law of motion: S′ = H(σ′, S) = (σ′, σ, σ−1, σ−2, k),
with k′ = k + 1 if σ′ = σ = σ−1 = σ−2 and 0 otherwise

Outline:

1. Given the guesses of aggregate wage and output,
I Solve for bond price
I Iteratively solve firm’s optimization problem
I Solve for l̂ and b̂ where NEP is not binding, then define
x̂ = −qb̂, construct a new grid of x, solve for intermediate
points. Iterate until convergence of the grids, multipliers, and
value functions

2. Given the decision rules, simulate the economy

3. Construct the new guesses for aggregate wage and output

4. Repeat until the aggregate rules converge
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Moment Matching
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Firm Level Results: Bond Spread

spr(St, zt, l
′, b′) =

1

q(St, zt, l′, b′)
− 1

β
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Firm Level Results: Decision Rules
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Firm Level Results: Decision Rules
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Firm Level Results: Impulse Response

Frictionless financial markets: borrow using complete marktes & no
agency friction
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Firm Level Results: Distribution
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Business CycleMoments
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Great Recession
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Great Recession: Comparative Statics
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Great Recession: Frictionless Financial Markets

Oi-Hartman-Abel effect dominates in frictionless model
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Conclusion

1. Build a model with heterogeneous firms with default risk and
time-varying volatility shocks

I Fluctuations in the volatility of idiosyncratic productivity
shocks lead to contractions & tightened financial conditions

2. Model predictions match with firm-level and aggregate data

3. Drawback: cannot account for the slow recovery following the
recession (agents know exactly when the volatility shifts)
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Appendix
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Derivation of Agency Friction Constraint

ls,t+1 = (M(St, zt)− qtbt+1)/wt+1

ps,t+1 = zt+1(Yt+1/l
α
s,t+1)

1/η

Etλps,t+1l
α
s,t+1 + θβ

w̄m
1− β

≤ w̄m
1− β

(θ: prob. of regaining ability to work/backyard production)

Agency Friction Constraint:

q(St, zt, lt+1, bt+1)bt+1 ≥M(St, zt)− Fm(St, zt)

Fm(St, zt) =

[
1

Etλzt+1Y
1/η
t+1

(1− θβ)w̄m
1− β

] η
α(η−1)

wt+1

Go back
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