
 
 

Ph ton                                                                                                                                                                 168 
 

The Journal of Mathematics 108 (2017) 168-179 

https://sites.google.com/site/photonfoundationorganization/home/the-journal-of-mathematics 

Original Research Article ISJN: 8352-7329: Impact Index: 3.58 

 

The Journal of Mathematics                                                                     Ph ton 

 
Comparisions of stimultaneous shrinkage and variable selection methods: the lasso, and 

elastic net regression method 

 
Suleiman S. a* Buba A.b, Usman U.a  

 
a Department of Mathematics, Usmanu Danfodiyo University, Sokoto  
b Department of Mathematics, Federal University, Birni-Kebbi 
 

Article history:  

Received: 13August, 2017 

Accepted: 18August, 2017 

Available online: 06 December 2017 

 

Keywords: 

Ordinary least squares, multicollinearity, Simultaneous 
shrinkage and variable selection. 
 
 

Corresponding Author: 

Suleiman S. a* 

Email: macostamkd (at) gmail (dot) com 
 

 

Abstract 

 
Ordinary Least Squares (OLS) often does poorly in both 
prediction and interpretation. Penalization techniques have 
been proposed to improve OLS. This study evaluates the 

performance of the OLS and some shrinkage methods 
namely the LASSO and Elastic-Net for remedying 
multicollinearity, with these methods compared under 
varying collinearity levels and sample sizes based on 
criteria such as bias, efficiency and prediction. The result 
from the simulations shows that the estimates of the 
LASSO and E-Net are more efficient than those of OLS 
only when the sample size is small in the presence of very 

high multicollinearity (𝜌 ≥ 0.99). The result also 
indicates that regardless of the level of multicollinearity, 

OLS remains the least biased and is also most accurate in 
terms of prediction. It was found out that the shrinkage 
approaches reduce the problems of collinearity, but does 
not ultimately solve them, therefore, at small sample sizes 

(≤ 500), one may consider the shrinkage methods to 
reduce the effect of multicollinearity. However, when the 
sample size is very large, the performance of OLS remains 
the best even in the presence of multicollinearity. 
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1. Introduction 

 

In Multiple linear regression analysis, when 

a large number of predictor variables are 

introduced in a model in order to reduce 

possible modeling biases or there is serious 

concern of multicollinearity among the 

predictor variables, variable selection is 

important when a regression is one of the 

most useful statistical methods for data 

analysis. However, there are many practical 

problems and computational issues, such as 

multicollinearity and high dimensionality 

that pose a challenge to regression analysis 

(Neter et al., 1996). To deal with these 

challenges, variable selection and shrinkage 

estimation are becoming important and 

popular. The traditional approach of 

automatic selection (such as forward 

selection, backward elimination and 

stepwise selection) and best subset 

selection are often computationally 

expensive and may not necessarily produce 

the best model. The method of penalized 

least squares (PLS), which is helps to deal 

with the issue of multicollinearity by 

putting constraints on the values of the 
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estimated parameters. A wonderful 

consequence is that the entries of the 

variance-covariance matrices are reduced 

significantly (Myers, 1990).  

 

Suppose multicollinearity is detected and 

the predictor variables that cause 

multicollinearity are identified. As 

discussed by (Ryan, 2009), 

multicollinearity may not be a problem if 

the goal is to use the linear regression 

model for prediction. However, 

multicollinearity is a problem if we use the 

linear regression model for description or 

control. Multicollinearity implies that 

predictor variables form some groups, 

within each group, predictor variables are 

highly correlated. One solution to 

multicollinearity is to remove one or more 

of the predictor variables within the same 

group, but deciding which ones to eliminate 

tends to be a difficult task. A major 

consequence of multicollinearity is that the 

parameter estimators and their variances 

tends to be large. Therefore, the inference 

on the response is highly variable (Chandra 

& Sarkar, 2015). 

 

To deal with this challenges mention 

above, penalized regression approaches, 

also called shrinkage or regularization 

methods, have been developed. Although 

shrinking some of the regression 

coefficients towards zero May results in 

biased estimates, these regression 

coefficients estimates will have smaller 

variances. This can result in enhance 

prediction accuracy because of a smaller 

mean square error (Hastie et al, 2009). 

Regressions coefficients are shrunk by 

imposing a penalty on their size, which is 

done by adding a penalty function to the 

least squares model. Moreover, some of 

these procedures e.g. the least absolute 

shrinkage selection Operator (LASSO) 

enable variable selection such that only the 

important predictor variables stay in the 

model (Szymczak et al., 2009). 

 

This study therefore seeks to examine the 

performance of OLS in the presence of 

multicollinearity and variance inflation 

factor in detecting multicollinearity in cross 

sectional data as well as evaluate the 

performance of the LASSO and Elastic Net 

methods of variable/group selection 

compared to the least squares methods 

using criteria such as bias, mean square 

error, prediction error and total estimation 

error. 

 

(Kooperberg et al., 2010) compared the 

performance of Elastic Net and LASSO 

using uncorrelated predictor the findings 

shows that lasso and the elastic net achieve 

good performances, as well as the filtered 

GLM. The GM’s good performance 

suggests that even some simpler 

regularization can do a good job. The study 

further indicates that elastic net and the 

lasso equivalently and that using the lasso, 

improves the construction of risk prediction 

models.  

 

(Ayers & Cordell, 2010) compared the 

statistical properties of LASSO, Ridge 

regression and elastic net regression 

methods together with other penalized 

methods on simulated data, considered the 

effects from group of highly correlated 

variables as a single signal to prevent 

inflated false positive rates, which is more 

appropriate for prediction of future 

phenotypes. They also used a permutation 

approach aimed at controlling type one 

error. Their findings indicate that the 

LASSO and elastic net as well as other 

penalized methods outperform single 

marker analysis, because they allow the 

simultaneous inclusion of a number of 

markers, and generally do not allow 

correlated variables to enter the model, 

producing a sparse model in which most of 

the identified explanatory markers are 

accounted for (Doreswamy & 

Chanabasayya,2013) considered the 

performance analysis of regularized linear 

models for oxazolines and oxazoles 

derivative descriptor data set where it was 
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found that, regularized regression models 

were able to produced feasible and efficient 

models capable of capturing the linearity in 

the data than the ordinary least squares 

models. It was shown that, the Elastic Net 

and LARS had similar accuracies as well as 

LASSO and relaxed LASSO had similar 

accuracies but outperformed ridge 

regression in term of Root mean square 

error (RMSE) and R square metrics. 

 

(Waldmann, 2013) compared the statistical 

performance of LASSO and Elastic Net 

methods on a real data set from a 50 

genomic-wide single nucleotide 

polymorphisms (SNP) panel of 5570 

Fleckvieh bulls. The findings of the 

research reveal that the Elastic Net 

performed better than the LASSO in terms 

of bias and accuracy in prediction. It was 

concluded that, it is important to analyze 

GWAS data with both LASSO and the 

Elastic Net where by an alternative tuning 

criterion for minimizing MSE is needed for 

variable selection.  

 

Although the bias, MSE, PE and AE are 

critical factors in determining the choice of 

and efficiency or otherwise of a regression 

method, none of the existing studies 

evaluated these methods on the basis of 

these fundamental criteria. This study is 

therefore intended to feel that gap. 

 

1.1 Objective of Research 

The objective of this research is to improve 

the overall prediction accuracy measured in 

terms of the mean-squared error by  

introducing some bias which reduces the 

variance of the predicted values.  

 

1.2 Justification of research 

Multicollinearity refers to the case in which 

two or more explanatory variables in the 

regression model are highly correlated, 

making it difficult or impossible to isolate 

their individual effects on the dependent 

variable. With multicollinearity, ordinary 

least squares (OLS) estimates often have 

low estimates bias with large variance. This 

research is an attempt to improve these 

estimates by shrinking or setting to zero 

some coefficients in order to sacrifice a 

little bias such that the variance of the 

predicted values may be reduced thereby 

improving the overall prediction accuracy. 

This research also utilized elastic net 

regularization in order to take of the 

grouping effect, where strongly correlated 

predictors tend to be in or out of the model 

together. 

 

2. Experimental  

In this section, the performance of the 

LASSO and Elastic-Net are compared. The 

techniques are evaluated based on criteria 

such as bias, MSE, prediction error and 

average total estimation error at various 

sample sizes and levels of collinearity 

among the predictor variables through 

empirical simulations. 

In this simulation, the linear model 

considered is 

 

 
 
 

𝑌𝑖 = 𝑋𝑖
𝑇𝛽 + 𝜀𝑖 = 𝛽0 + 𝛽1𝑋𝑖1 + 𝛽2𝑋𝑖2 + 𝛽3𝑋𝑖3 + 𝛽3𝑋𝑖4 + 𝜀𝑖 , 𝑖 = 1,2,… , 𝑛.               (1) 

The predictor matrix 𝑋𝑇  (= [𝑋1, 𝑋2, 𝑋3, 𝑋4]) were generated from a multivariate Gaussian 

distribution such that the pairwise correlation between 𝑋𝑗 and 𝑋𝑘  was set to be 𝜌𝑗𝑘 = 𝜃|𝑗−𝑘|, 

that is,  

𝑋~𝑀𝑁(𝜇, Σ), 
𝜇𝑇 = [𝜇1, 𝜇2, 𝜇3, , 𝜇4], 

Σ =

[
 
 
 
 
𝜎1

2 𝜎12 𝜎13 𝜎14

𝜎2
2 𝜎23 𝜎24

𝜎3
2 𝜎34

𝜎4
2 ]
 
 
 
 

       (2) 
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where, 

𝜎𝑗𝑘 = 𝜌𝑗𝑘𝜎𝑗𝜎𝑘 , 𝑗, 𝑘 = 1, 2, 3. 

The error 𝜀𝑖, 𝑖 = 1,2,… , 𝑛 was independently generated from 𝒩(0, 𝜎). 

 

The values of parameters were set such that𝛽𝑇 = [𝛽0, 𝛽1, 𝛽2, 𝛽3] = [10,15, 8,1. 5, 5.5], the 

error standard deviation is 𝜎 = 3, 𝜇𝑇 = [6, 25, 50,1.5] and 𝜎 = [𝜎1
2, 𝜎2

2, 𝜎3
2, 𝜎4

2] = [2, 4, 6,5]. 
Also, 𝜃 values are set as 0.2, 0.5, 0.8 and 0.99. 

  

The response is simulated with the 

relationship given by (1) with the 

parameters specified above. For the 

purpose of this study, the sample size was 

varied from small to large sample cases 

with values 𝑛 =
10, 30, 50, 100, 200,500 and1000.  

 

The simulation is replicated 500times and 

assessment criteria such as bias, mean 

square error (MSE), prediction error (PE) 

and the average estimation error are used to 

evaluate the methods.  

 

 

 

 

The estimates, bias, mean square error 

(MSE) and prediction error (PE) are 

obtained using the formula described in the 

previous section. The average estimation 

(AE) error is obtained by taking the 

average of the total absolute estimation 

error over all the replications. At each 

replication the total absolute estimation 

error is 

 

∑ |
�̂�𝑗−𝛽𝑗

𝛽𝑗
|

𝑝
𝑗=0      

    (3) 

 

 

 

Table 1: Simulation results for the bias of different regression techniques based on 500 

replicated samples with 𝜽 = 𝟎. 𝟐 and varying sample sizes. 

 

BIAS 

 Predictor 
𝒏 

10 30 100 500 1000 

𝜷𝟎 

OLS 2.988 0.953 0.826 0.143 0.008 

LASSO 8.488 5.043 2.926 3.788 3.612 

E-NET 8.06 4.226 1.398 2.488 2.471 

𝜷𝟏 

OLS 0.029 0.017 0.017 0.02 0.007 

LASSO 0.275 0.112 0.1 0.063 0.076 

E-NET 0.383 0.153 0.104 0.063 0.074 

𝜷𝟐 

OLS 0.014 0.007 0.009 0.005 0.001 

LASSO 0.111 0.057 0.039 0.042 0.047 

E-NET 0.182 0.071 0.035 0.037 0.042 

𝜷𝟑 

OLS 0.045 0.014 0.015 0.008 0.0003 

LASSO 0.083 0.058 0.024 0.046 0.038 

E-NET 0.025 0.029 0.004 0.023 0.018 

𝜷𝟒 

OLS 0.108 0.022 0.001 0.006 0.0003 

LASSO 0.014 0.082 0.051 0.058 0.052 

E-NET 0.058 0.086 0.04 0.048 0.042 
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Table 2: Simulation results for the MSE of different regression techniques based on 500 

replicated samples with 𝜽 = 𝟎. 𝟐 and varying sample sizes. 

 

MSE 

 Predictor 
𝒏 

10 30 100 500 1000 

𝜷𝟎 

OLS 1257.666 181.628 50.426 7.99 3.414 

LASSO 1226.543 208.406 57.339 22.38 16.399 

E-NET 1360.01 195.632 52.323 14.078 9.658 

𝜷𝟏 

OLS 0.889 0.228 0.047 0.012 0.005 

LASSO 1.282 0.242 0.057 0.016 0.011 

E-NET 1.287 0.252 0.057 0.016 0.011 

𝜷𝟐 

OLS 0.562 0.089 0.032 0.004 0.002 

LASSO 0.501 0.094 0.034 0.006 0.004 

E-NET 0.538 0.097 0.033 0.005 0.004 

𝜷𝟑 

OLS 0.42 0.053 0.018 0.003 0.001 

LASSO 0.418 0.058 0.018 0.005 0.003 

E-NET 0.443 0.055 0.018 0.003 0.002 

𝜷𝟒 

OLS 0.393 0.095 0.027 0.004 0.002 

LASSO 0.418 0.101 0.029 0.007 0.005 

E-NET 0.397 0.103 0.028 0.006 0.004 

 

Table 3: Simulation results for the PE and AE of different regression techniques based 

on 500 replicated samples with 𝜽 = 𝟎. 𝟐 and varying sample sizes. 

 

PE and AE 

 Predictor 
𝒏 

10 30 100 500 1000 

PE 

OLS 4.071 7.607 8.536 8.867 9.02 

LASSO 6.804 9.535 9.677 9.44 9.419 

E-NET 4.895 7.727 8.576 8.906 9.06 

AE 

OLS 3.148 1.294 0.714 0.264 0.18 

LASSO 3.208 1.331 0.754 0.475 0.416 

E-NET 3.153 1.289 0.732 0.367 0.305 

 

 

Table 4: Simulation results for the bias of different regression techniques based on 500 

replicated samples with 𝜽 = 𝟎. 𝟓 and varying sample sizes. 

BIAS 

 Predictor 
𝒏 

10 30 100 500 1000 

𝜷𝟎 

OLS 1.193 0.675 1.462 0.196 0.079 

LASSO 6.302 2.324 4.395 3.111 2.873 

E-NET 1.025 0.59 2.293 1.375 1.373 
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𝜷𝟏 

OLS 0.135 0.032 0.002 0.002 0.01 

LASSO 0.176 0.075 0.098 0.099 0.088 

E-NET 0.222 0.107 0.097 0.098 0.083 

𝜷𝟐 

OLS 0.051 0.067 0.024 0.009 0.008 

LASSO 0.085 0.032 0.057 0.043 0.041 

E-NET 0.168 0.019 0.064 0.047 0.043 

𝜷𝟑 

OLS 0.031 0.025 0.019 0 0.005 

LASSO 0.06 0.053 0.047 0.028 0.024 

E-NET 0.136 0.007 0.002 0.009 0.006 

𝜷𝟒 

OLS 0.042 0.018 0.026 0.006 0.001 

LASSO 0.115 0.048 0.036 0.055 0.061 

E-NET 0.176 0.061 0.03 0.048 0.054 

 

 
 

Table 5: Simulation results for the MSE of different regression techniques based on 500 

replicated samples with 𝜽 = 𝟎. 𝟓 and varying sample sizes. 

MSE 

 Predictor 
𝒏 

10 30 100 500 1000 

𝜷𝟎 

OLS 1359.93 216.345 54.545 7.616 4.934 

LASSO 1342.534 230.859 71.197 17.172 13.344 

E-NET 1394.855 231.162 57.27 10.108 7.278 

𝜷𝟏 

OLS 1.288 0.29 0.057 0.012 0.007 

LASSO 1.145 0.293 0.068 0.021 0.015 

E-NET 1.3 0.322 0.067 0.021 0.014 

𝜷𝟐 

OLS 0.912 0.126 0.044 0.008 0.004 

LASSO 0.897 0.121 0.047 0.009 0.005 

E-NET 0.772 0.123 0.047 0.01 0.006 

𝜷𝟑 

OLS 0.748 0.108 0.024 0.004 0.002 

LASSO 0.702 0.113 0.025 0.005 0.003 

E-NET 0.762 0.115 0.023 0.004 0.003 

𝜷𝟒 

OLS 0.72 0.094 0.023 0.006 0.002 

LASSO 0.741 0.098 0.023 0.009 0.006 

E-NET 0.672 0.105 0.023 0.008 0.005 

 

 

Table 6: Simulation results for the PA and AE of different regression techniques based 

on 500 replicated samples with 𝜽 = 𝟎. 𝟓 and varying sample sizes. 

PE and AE 

 Predictor 
𝒏 

10 30 100 500 1000 

PE and AE 
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PE 

OLS 4.698 7.153 8.389 8.867 8.979 

LASSO 7.592 8.806 9.527 9.439 9.412 

E-NET 5.45 7.29 8.445 8.922 9.035 

AE 

OLS 3.48 1.475 0.749 0.288 0.226 

LASSO 3.553 1.5 0.827 0.412 0.366 

E-NET 3.68 1.5 0.768 0.322 0.27 

 

 

 

Table 7: Simulation results for the bias of different regression techniques based on 500 

replicated samples with 𝜽 = 𝟎. 𝟖 and varying sample sizes. 

BIAS 

 Predictor 
𝒏 

10 30 100 500 1000 

𝜷𝟎 

OLS 6.576 1.858 0.181 0.489 0.309 

LASSO 11.002 0.121 1.563 1.204 1.376 

E-NET 23.378 6.819 2.638 1.805 0.688 

𝜷𝟏 

OLS 0.007 0.055 0.003 0.006 0.013 

LASSO 0.454 0.199 0.127 0.111 0.13 

E-NET 0.779 0.227 0.123 0.109 0.121 

𝜷𝟐 

OLS 0.067 0.163 0 0.007 0.006 

LASSO 0.087 0.162 0.014 0.012 0.021 

E-NET 0.268 0.067 0.07 0.05 0.052 

𝜷𝟑 

OLS 0.17 0.035 0.003 0.006 0.011 

LASSO 0.335 0.049 0.007 0.002 0.001 

E-NET 0.713 0.137 0.105 0.077 0.056 

𝜷𝟒 

OLS 0.217 0.089 0.016 0.011 0.006 

LASSO 0.613 0.171 0.062 0.088 0.08 

E-NET 0.655 0.217 0.079 0.097 0.086 

 

 

Table 8: Simulation results for the MSEof different regression techniques based on 500 

replicated samples with 𝜽 = 𝟎. 𝟖 and varying sample sizes. 

MSE 

 Predictor 
𝒏 

10 30 100 500 1000 

𝜷𝟎 

OLS 3949.091 484.161 104.503 20.875 11.331 

LASSO 4043.802 486.961 108.034 21.981 13.263 

E-NET 3785.668 571.898 111.992 28.744 12.456 

𝜷𝟏 

OLS 3.95 0.668 0.145 0.022 0.01 

LASSO 4.801 0.703 0.159 0.034 0.027 

E-NET 4.46 0.716 0.155 0.033 0.025 

𝜷𝟐 OLS 2.93 0.506 0.116 0.022 0.007 
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LASSO 3.308 0.509 0.117 0.022 0.008 

E-NET 2.37 0.41 0.115 0.024 0.01 

𝜷𝟑 

OLS 2.253 0.285 0.059 0.014 0.006 

LASSO 2.238 0.293 0.061 0.014 0.006 

E-NET 2.345 0.319 0.07 0.024 0.01 

𝜷𝜷 

OLS 1.585 0.215 0.052 0.008 0.005 

LASSO 1.96 0.238 0.055 0.015 0.012 

E-NET 1.815 0.246 0.056 0.017 0.013 

 

 

Table 9: Simulation results for the PE and AEof different regression techniques based 

on 500 replicated samples with 𝜽 = 𝟎. 𝟖 and varying sample sizes. 

PE and AE 

 Predictor 
𝜷 

10 30 100 500 1000 

PE 

OLS 4.698 7.362 8.779 9.034 8.925 

LASSO 9.428 9.422 10.029 9.663 9.384 

E-NET 6.708 7.517 8.863 9.114 9.004 

 

AE 

OLS 5.948 2.242 1.007 0.451 0.335 

LASSO 5.884 2.289 1.039 0.471 0.37 

E-NET 6.158 2.411 1.049 0.566 0.376 

 

 

Table 10: Simulation results for the bias different regression techniques based on 500 

replicated samples with 𝜽 = 𝟎. 𝟗𝟗 and varying sample sizes. 

BIAS 

 Predictor 
𝜷 

10 30 100 500 1000 

𝜷𝜷 

OLS 46.857 0.3 4.904 0.933 2.7 

LASSO 39.097 25.672 10.369 14.604 16.07 

E-NET 59.955 55.935 37.258 17.332 15.276 

𝜷𝜷 

OLS 0.305 0.352 0.085 0.008 0.053 

LASSO 1.074 0.097 0.288 0.188 0.136 

E-NET 1.86 0.972 0.757 0.033 0.078 

𝜷𝜷 

OLS 0.065 0.467 0.113 0.025 0.074 

LASSO 0.012 0.592 0.076 0.007 0.114 

E-NET 0.613 0.92 0.442 0.496 0.591 

𝜷𝜷 

OLS 0.968 0.199 0.148 0.007 0.087 

LASSO 0.931 0.817 0.213 0.331 0.408 

E-NET 1.745 1.713 1.069 0.61 0.602 

𝜷𝜷 

OLS 0.853 0.067 0.122 0.032 0.062 

LASSO 0.862 0.64 0.283 0.406 0.429 

E-NET 0.506 0.592 0.39 0.345 0.33 
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Table 11: Simulation results for the MSE different regression techniques based on 500 

replicated samples with 𝜽 = 𝟎. 𝟗𝟗 and varying sample sizes. 

MSE 

 Predictor 
𝜷 

10 30 100 500 1000 

𝜷𝜷 

OLS 64279.90 8846.569 2871.278 516.272 270.697 

LASSO 23798.86 7249.578 2847.762 725.864 532.332 

E-NET 18760.38 8199.435 4250.674 1092.468 584.692 

𝜷𝜷 

OLS 59.406 10.936 3.039 0.529 0.211 

LASSO 35.11 10.651 3.181 0.564 0.229 

E-NET 21.423 8.994 3.139 0.541 0.216 

𝜷𝜷 

OLS 57.007 11.6 2.535 0.519 0.183 

LASSO 30.867 10.658 2.581 0.525 0.202 

E-NET 13.598 5.562 1.629 0.654 0.495 

𝜷𝜷 

OLS 30.73 6.365 1.692 0.32 0.161 

LASSO 11.312 4.965 1.57 0.431 0.33 

E-NET 11.076 5.835 2.625 0.778 0.54 

𝜷𝜷 

OLS 23.133 2.978 1.162 0.225 0.099 

LASSO 10.092 2.838 1.188 0.39 0.28 

E-NET 6.408 1.806 1.094 0.401 0.224 

 

 

Table 12: Simulation results for the PE and AE different regression techniques based on 

500 replicated samples with 𝜽 = 𝟎. 𝟗𝟗 and varying sample sizes. 

BIAS 

 Predictor 
𝜷 

10 30 100 500 1000 

PE and AE 

PE 

OLS 4.823 7.449 8.67 8.865 8.983 

LASSO 10.683 9.659 9.985 9.523 9.487 

E-NET 6.548 7.898 8.872 8.997 9.113 

AE 

OLS 23.588 9.497 5.52 2.337 1.667 

LASSO 14.941 8.902 5.571 2.732 2.388 

E-NET 13.461 10.068 6.852 3.35 2.551 

 

 

Therefore, for a method, 

𝐴𝐸 = 
∑ |

�̂�𝑗−𝛽𝑗

𝛽𝑗
|

𝑝
𝑗=0

500
   

    (4) 

The tuning parameters for the LASSO and 

E-Net are selected by 5-fold cross-

validations at each iteration.  

 

All computations and plotting of graphs 

were carried out using R. The function lm 

in R was used to obtain the OLS estimates; 

estimation using the LASSO and Elastic-

Net was carried out using the R package 

glmnet. The results of the simulation study 

are given in the next section. 
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3. Results and Discussion 

 

3.1 Results and Discussion 
 

3.1.1 Setting 1 (𝜃 = 0.2) 
The simulation results for low correlation 

(𝜃 = 0.2) among predictors in terms of bias 

are presented in Table 4.1.1, 4.1.2 and 

4.1.3. The result shows that at this 

correlation level (𝜃 = 0.2) the coefficients 

produced by the three methods are not 

biased except for the intercept when the 

sample size is small. The OLS is the least 

biased for all the coefficients. Also OLS is 

the most efficient since it has the lowest 

MSE at all sample sizes. OLS also has the 

smallest average absolute estimation error 

(AE) and prediction error (PE) at all sample 

sizes. The result also shows that LASSO 

has the highest AE at small sample sizes. 

The slopes from all three methods are 

stable since their corresponding MSEs are 

small. The intercept, on the other hand 

produced by the two methods are 

associated with high MSEs. Thus, it can be 

seen that at all sample sizes OLS has the 

best performance and the Elastic-Net 

performs better than the LASSO at all 

sample size. 

 

3.1.4 Setting 4 (𝜃 = 0.99) 
Tables 7, 8 and 9 present the simulation 

results for very high collinearity (𝜃 = 0.99) 

among predictors. The bias and the MSEs 

of all four methods have increased 

compared to those of the previous settings 

𝜃 = 0.2, 0.5 and 0.8. It can be observed 

that the MSEs are considerably high in all 

three methods but are lower in the 

shrinkage (LASSO and E-Net) methods. In 

this setting at𝜃 = 0.99, the OLS still 

remains the least biased but also the least 

efficient when the sample size is small. For 

small sample sizes, the E-Net is the most 

efficient and also has the least average 

overall estimation error. OLS still has the 

best performance in terms of prediction at 

all sample sizes and also has the best 

overall performance at very large sample 

sizes. 

 

The results of Table 10, 11 and 12 show 

that the effect of multicollinearity on the 

intercept is much higher than that of the 

slopes. Also, the effect of multicollinearity 

on the slopes becomes serious when the 

correlation among the predictors is high (≥
0.8). It is also observed that the estimates 

of the LASSO and E-Net are more efficient 

than those of OLS only when the sample 

size is small in the presence of very high 

multicollinearity. The results also indicate 

that regardless of the level of 

multicollinearity, OLS remains the least 

biased and is also most efficient in terms of 

prediction. 

 

Conclusion 

 

The findings from the simulation revealed 

that at small sample sizes (≤ 500), one 

may consider the shrinkage methods to 

correct for the effect of multicollinearity. 

However, when the sample size is very 

large, the performance of OLS remains the 

best even in the presence of 

multicollinearity.  

 

Research Highlights 

 

Multicollinearity (also collinearity) is a 

phenomenon in which one predictor 

variable in a multiple regression model can 

be linearly predicted from the others with a 

substantial degree of accuracy. In this 

situation, Coefficient estimates of the 

multiple regressions may change erratically 

in response to small changes in the model 

or the data 
 

Even though multicollinearity exists among 

the predictor variables, sample size 

consideration determines extent to which 

multicollinearity affects the bias and mean 

square error (accuracy) of the model.  
 

The higher the level of multicollinearity 

among the predictor variables, the more 

https://en.wikipedia.org/wiki/Variable_(mathematics)
https://en.wikipedia.org/wiki/Multiple_regression
https://en.wikipedia.org/wiki/Regression_coefficient
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efficient the estimates of the shrinkage 

methods when sample sizes are small. 
 

Regardless of the level of multicollinearity, 

OLS estimates remains more efficient when 

the sample sizes are large. 

 

Limitations 

 

In this research the correlation levels 

among predictors were fixed at 𝜃 =
0.2,0.5,0.8 𝑎𝑛𝑑 0.99 and sample sizes 𝑛 =
10,30,50,100,200,500 𝑎𝑛𝑑 1000 due to 

cost and time limitations. The conclusion of 

this research is therefore limited to these 

settings. 

 

Recommendations 

 

It is recommended that similar research 

should be undertaken to consider some 

other correlation level among the predictors 

and more different sample sizes should also 

be incorporated. By so doing, the above 

mentioned limitation will be reduced. 
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