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These are notes of questions which were suggested at ECHORaP (the Emory
Conference on Higher Obstructions to Rational Points), May 2017.

Determining unitary, orthogonal, symplectic components of group rings.

Danny Krashen

As a follow up to Eva’s talk, let G be a finite group and let K be a number
field (say K = Q). Then K[G] mod its radical is a product of simple
algebras Ai. The canonical involution g ; g−1 determines the type of
Ai (i.e. orthogonal/symplectic/unitary). Is there an algorithm to determine
which components are of which type?

Essential dimension of subfunctors of torsors.

Danny Krashen

Let K be a field and F : {Fields/K} → Sets be a functor. Let L/K be a
field extension and α ∈ F (L). Then essential dimension of α is defined to
be

ed(α) := min
E→L
{trdeg(E/K)|α ∈ Image (F (E)→ F (L))} .

The essential dimension of F is defined to be ed(F ) := maxα{ed(α)}.
Recall also that ed(G) := ed(H1( , G)) for an algebraic group G.

What can you say about ed(F ) for subfunctors F of functors of the form
H1( , G)? For example:

(1) Let F (L) be the set of rank n quadratic forms over L with trivial
Hasse invariant. How is ed(F ) related to ed(Spinn) ?

(2) Let q/K be a quadratic form. Define F (L) to be the set of Spin(q)
torsors over L with trivial Rost invariant. Is ed(F ) infinite ?
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(3) Let F (L) be the set of G-Galois extensions with self dual normal
bases? Can we compute ed(F )?

A nice smooth compactification of GLn/NT .

Marc Levine

Let n = 2. Look at the torus T which consists of diagonal matrices
(
t1 0
0 t2

)
in GL2. Let NT denote the normalizer of T . Then GL2/NT can be identi-
fied with the open complement in P2 to the conic C : x2

0 = 4x1x2.

Can one give a nice smooth compactification of Gln/NT for a general n?
Note that this quotient can be idenitified with a moduli space of maximal
tori in Gln. Also, it is birational to the symmetric power Symn(Pn−1).
[Application to quadratic form Euler characteristic]

Bounding number of generators of algebras.

Uriya First

Let R be a noetherian ring of Krull dimension d. Let A be an Azumaya
algebra over R. Then A needs at most d+ 2 generators (to generate it as an
R-algebra). On the other hand, if A is the matrix algebra, then 2 generators
suffice. Is this d + 2 bound sharp? Is it possible that every such Azumaya
algebra only requires two elements to generate it as an R-algebra?

Let R be a noetherian ring of Krull dimension d containing an infinite field.
Let A be an etale algebra over R. Then A needs at most d + 1 generators
(to generate it as an R-algebra). On the other hand, if A is the split algebra,
then 1 generator suffices. Is this d + 1 bound sharp? Or is it possible that
every such algebra can be generated to a single generator?

Generic commuting pairs of matrices.

David Saltman

Let K,K ′ be distinct maximal etale subalgebras of Mn(F ) where F is a
field. For typical elements a ∈ K, a′ ∈ K ′, the product aa′ will generate
a maximal subfield F (aa′). Since scaling either a or a′ by an element of
F ∗ doesn’t change this subfield, this induces a rational map φ from P(K)×
P(K ′) to the variety of maximal subfields of Mn(F ). This map turns out to
be generically finite onto its image.
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Can one describe the fibers of this map? In particular, what is the degree of
φ onto its image?

Cyclicity of algebras with involutions.

Nicolas Garrel

LetA be a central simple algebra with involution τ . IfA is cyclic, then does
it contain a cyclic maximal subfield L such that τ(L) ⊆ L ?

It was suggested that one might find a counterexample for degree 3 alge-
bras with unitary involution, perhaps by following the methods or results of
https://people.math.ethz.ch/˜knus/papers/HKRT.pdf.

A Hasse principle question.

Yong Hu

Let K be a complete discretely valued field with ”nice” residue field k (i.e.
finite field/p-adic/ C((t))..). Let X be a curve over K and F = K(X). Let
V be a variety over F and V(0), the set of closed points. If P ∈ V(0), let
FP denote the residue field of P . We have the norm map N : F ∗P → F ∗.
Let NV denote the subgroup of F ∗ generated by N(F ∗P ) for all P ∈ V(0).
Look at the natural map α : F ∗/NV →

∏
v∈Ω F

∗
v /NVv where v runs over

the discrete valuations of F (or perhaps those discrete valuations coming
from some regular model of X over the ring of integers of K).

Assume V is rationally connected (ex : A Severi-Brauer variety, homoge-
neous space under LAG, hypersurface of low degree..). Is α injective? If
not, can you describe kernel.

Note that we can identify the image of α with the image of the norm map
A0(X,K1) → K1(K) for K1-zero cycles on X . In the case V = SB(D)
for a central simple K-algebra D, this can be identified with the image of
the reduced norm map D∗ → K∗.

If V = SB(D) and k is finite with characteristic prime to exponent D, then
α is known to be injective. This is due to the recent result of Parimala,
Preeti, Suresh that local reduced norms are reduced norms.

Obstruction to integral points.

Tony Varilly-Alvarado

https://people.math.ethz.ch/~knus/papers/HKRT.pdf
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LetX ⊂ P5 be a del Pezzo of degree 5. LetD ⊂ P5 be a smooth hyperplane
and let U = X \ D. (All this is happening over a number field K). Then
Br1(U)/Br0(U) is either trivial or Z/5Z.

If it is Z/5Z, can the canonical generator obstruct integral points?

Nontrivial unramifed elements in H3 over finite fields.

Alena Pirutka

Let Ei be elliptic curves over finite field F for i = 1, 2, 3. Let fi ∈
H1(Ei,Z/2Z). When is the cup product

(f1) ∪ (f2) ∪ (f3) ∈ H3(F (E1 × E2 × E3),Z/2Z)
non trivial ?

A broader question : Let V be a dimension 3 variety over finite field F . Can
H3
nr(F (V ),Q/Z(2)) be non-trivial ?

Unirational del Pezzo Surfaces of degree one.

Olivier Wittenberg

Is there a minimal del Pezzo surface of degree one that is unirational?

Smooth compactification of GLn/G.

Jean-Louis Colliot-Thélène

Let K be an algebraically closed field of char 0. Let G/K be a connected
linear algebraic group. Embed it into GLn. Is there a smooth compactifi-
cation X of GLn/G such that CH2(X) is finitely generated? Even an X
birational to GLn/G would be good.

Application : To understand when the group

H3
nr(F (X)/F,Q/Z(2))/H3(F,Q/Z(2))

is universally trivial.
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