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similarly prove that X belongs to the circles of nine points of triangles BCD, CDA and
DAB.

13.35. Let X1 be the projection of X on l. Vector α
−→
AA1+β

−−→
BB1+γ

−→
CC1 is the projection

of vector α
−−→
AX1 + β

−−→
BX1 + γ

−−→
CX1 to a line perpendicular to l. Since

α
−−→
AX1 + β

−−→
BX1 + γ

−−→
CX1 = α

−−→
AX + β

−−→
BX + γ

−−→
CX + (α + β + γ)

−−→
XX1

and α
−−→
AX + β

−−→
BX + γ

−−→
CX =

−→
0 (by Problem 13.29), we get the statement required.

(?)13.36. Let a =
−−→
A1A2 +

−−→
A3A4 + · · · + −−−−−−→

A2n−1A2n and a 6= 0. Introduce the coordinate

system directing the Ox-axis along vector a. Since the sum of projections of vectors
−−−→
A1A2,−−−→

A3A4, . . . ,
−−−−−−→
A2n−1A2n on Oy is zero, it follows that the length of a is equal to the absolute

value of the difference between the sum of the lengths of positive projections of these vectors
to the Ox-axis and the sum of lengths of their negative projections.

Therefore, the length of a does not exceed either the sum of the lengths of the positive
projections or the sum of the lengths of the negative projections.

It is easy to verify that the sum of the lengths of positive projections as well as the sum
of the lengths of negative projections of the given vectors on any axis does not exceed the
diameter of the circle, i.e., does not exceed 2.

13.37. In the proof of the equality of vectors it suffices to verify the equality of their
projections (minding the sign) on lines BC, CA and AB. Let us carry out the proof, for
example, for the projections on line BC, where the direction of ray BC will be assumed to
be the positive one. Let P be the projection of point A on line BC and N the midpoint of
BC. Then

−−→
PN =

−→
PC +

−−→
CN =

b2 + a2 − c2

2a
− a

2
=

b2 − c2

2a

(PC is found from the equation AB2 − BP 2 = AC2 − CP 2). Since NM : NA = 1 : 3,

the projection of
−−→
MO on line BC is equal to 1

3

−−→
PN = b2−c2

6a
. It remains to notice that the

projection of vector a3na + b3nb + c3nc on BC is equal to

b3 sin γ − c3 sin β =
b3c − c3b

2R
=

abc

2R
· b2 − c2

a
= 2S

b2 − c2

a
.

13.38. Let the inscribed circle be tangent to sides AB, BC and CA at points U , V and

W , respectively. We have to prove that
−→
OZ = 3R

r

−−→
ZK, i.e.,

−→
OZ = R

r
(
−→
ZU +

−→
ZV +

−−→
ZW ). Let

us prove, for example, that the (oriented) projections of these vectors on line BC are equal;
the direction of ray BC will be assumed to be the positive one.

Let N be the projection of point O on line BC. Then the projection of vector OZ on
line BC is equal to

−−→
NV =

−−→
NC +

−−→
CV = (

a

2
) − (a + b − c)

2
=

(c − b)

2
.

The projection of vector
−→
ZU +

−→
ZV +

−−→
ZW on this line is equal to the projection of vector−→

ZU +
−−→
ZW , i.e., it is equal to

−r sin V ZU + r sin V ZW = −r sin B + r sin C =
r(c − b)

2R
.

13.39. Introduce the coordinate system Oxy. Let lϕ be the straight line through O and
constituting an angle of ϕ (0 < ϕ < π) with the Ox-axis, i.e., if point A belongs to lϕ and
the second coordinate of A is positive, then ∠AOX = ϕ; in particular, l0 = lπ = Ox.
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If vector a forms an angle of α with the Ox-axis (the angle is counted counterclockwise
from the Ox-axis to the vector a), then the length of the projection of a on lϕ is equal to
|a| · | cos(ϕ − α)|. The integral

∫ π

o
|a| · | cos(ϕ − α)|dϕ = 2|a| does not depend on α.

Let vectors a1, . . . , an; b1, . . . , bm constitute angles of α1, . . . , αn; β1, . . . , βn, respec-
tively, with the Ox-axis. Then by the hypothesis

|a1| · | cos(ϕ − α1)| + · · · + |an| · | cos(ϕ − αn)| ≤
|b1| · | cos(ϕ − β1)| + · · · + |bm| · | cos(ϕ − βm)|

for any ϕ. Integrating these inequalities over ϕ from 0 to π we get

|a1| + · · · + |an| ≤ |b1| + · · · + |bm|.

Remark. The value 1
b−a

∫ b

a
f(x)dx is called the mean value of the function f on the

segment [a, b]. The equality
∫ π

0

|a| · | cos(ϕ − α)|dϕ = 2|a|

means that the mean value of the length of the projection of vector a is equal to 2
π
|a|; more

precisely, the mean value of the function f(ϕ) equal to the length of the projection of a to
lϕ on the segment [0, π] is equal to 2

π
|a|.

13.40. The sum of the lengths of the projections of a convex polygon on any line is equal
to twice the length of the projection of the polygon on this line. Therefore, the sum of the
lengths of the projections of vectors formed by edges on any line is not longer for the inner
polygon than for the outer one. Hence, by Problem 13.39 the sum of the lengths of vectors
formed by the sides, i.e., the perimeter of the inner polygon, is not longer than that of the
outer one.

13.41. If the sum of the lengths of vectors is equal to L, then by Remark to Problem
13.39 the mean value of the sum of the lengths of projections of these vectors is equal to
2L/π.

The value of function f on segment [a, b] cannot be always less than its mean value c
because otherwise

c =
1

a − b

∫ b

a

f(x)dx <
(b − a)c

b − a
= c.

Therefore, there exists a line l such that the sum of the lengths of the projections of the
initial vectors on l is not shorter than 2L/π.

On l, select a direction. Then either the sum of the lengths of the positive projections
to this directed line or the sum of the lengths of the negative projections is not shorter than
L/π. Therefore, either the length of the sum of vectors with positive projections or the
length of the sum of vectors with negative porjections is not shorter than L/π.

13.42. Let AB denote the projection of the polygon on line l. Clearly, points A and B
are projections of certain vertices A1 and B1 of the polygon. Therefore, A1B1 ≥ AB, i.e.,
the length of the projection of the polygon is not longer than A1B1 and A1B1 < d by the
hypothesis. Since the sum of the lengths of the projections of the sides of the polygon on l
is equal to 2AB, it does not exceed 2d.

The mean value of the sum of the lengths of the projections of sides is equal to 2
π
P ,

where P is a perimeter (see Problem 13.39). The mean value does not exceed the maximal
one; hence, 2

π
P < 2d, i.e., P < πd.
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13.43. By Problem 13.39 it suffices to prove the inequality

|a| + |b| + |c| + |d| ≥ |a + d| + |b + d| + |c + d|
for the projections of the vectors on a line, i.e., we may assume that a, b, c and d are vectors
parallel to one line, i.e., they are just numbers such that a + b + c + d = 0. Let us assume
that d ≥ 0 because otherwise we can change the sign of all the numbers.

We can assume that a ≤ b ≤ c. We have to consider three cases:
1) a, b, c ≤ 0;
2) a ≤ 0 and b, c ≥ 0;
3) a, b ≤ 0, c ≥ 0.
All arising inequalities are quite easy to verify. In the third case we have to consider

separately the subcases |d| ≤ |b|, |b| ≤ |d| ≤ |a| and |a| ≤ |d| (in the last subcase we have to
take into account that |d| = |a| + |b| − |c| ≤ |a| + |b|).

13.44. By Problem 13.39 it suffices to prove the inequality for the projections of vectors

on any line. Let the projections of
−→
OA1, . . . ,

−→
OAn on a line l be equal (up to a sign) to

a1, . . . , an. Let us divide the numbers a1, . . . , an into two groups: x1 ≥ x2 ≥ · · · ≥ xk > 0
and y′

1 ≤ y′
2 ≤ · · · ≤ y′

n−k ≤ 0. Let yi = −y′
i. Then x1 + · · · + xk = y1 + · · · + yn−k = a and,

therefore, x1 ≥ a
k

and y1 ≥ a
n−k

. To the perimeter the number 2(x1 + y1) in the projection

corresponds. To the sum of the vectors
−→
OAi the number x1 + · · ·+ xk + y1 + · · ·+ yn−k = 2a

in the projection corresponds. And since

2(x1 + y1)

x1 + · · · + yn−k

≥ 2((a/k) + (a/(n − k)))

2a
=

n

k(n − k)
,

it remains to notice that the quantity k(n − k) is maximal for k = n/2 if n is even and for
k = (n ± 1)/2 if n is odd.

13.45. By definition the length of a curve is the limit of perimeters of the polygons
inscribed in it. [Vo vvedenie]

Consider an inscribed polygon with perimeter P and let the length of the projection on
line l be equal to di. Let 1 − ε < di < 1 for all lines l. The polygon can be selected so
that ε is however small. Since the polygon is a convex one, the sum of the lengths of the
projections of its sides on l is equal to 2di.

By Problem 13.39 the mean value of the quantity 2di is equal to 2
π
P (cf. Problem 13.39)

and, therefore, 2 − 2ε < 2
π
P < 2, i.e., π − πε < P < π. Tending ε to zero we see that the

length of the curve is equal to π.
13.46. Let us prove that the perimeter of the convex hull of all the vertices of given

polygons does not exceed the sum of their perimeters. To this end it suffices to notice that
by the hypothesis the projections of given polygons to any line cover the projection of the
convex hull.

13.47. a) If λ < 0, then

(λa) ∨ b = −λ|a| · |b| sin ∠(−a,b) = λ|a| · |a| sin ∠(a,b) = λ(a ∨ b).

For λ > 0 the proof is obvious.

b) Let a =
−→
OA, b =

−−→
OB and c =

−→
OC. Introduce the coordinate system directing the

Oy-axis along ray OA. Let A = (0, y1), B = (x2, y2) and C = (x3, y3). Then

a ∨ b = x2y1, a ∨ c = x3y1; a ∨ (b + c) = (x2 + x3)y1 = a ∨ b + a ∨ c.

13.48. Let e1 and e2 be unit vectors directed along the axes Ox and Oy. Then e1∨e2 =
−e2 ∨ e1 = 1 and e1 ∨ e1 = e2 ∨ e2 = 0; hence,

a ∨ b = (a1e1 + a2e2) ∨ (b1e1 + b2e2) = a1b2 − a2b1.



304 CHAPTER 13. VECTORS

13.49. a) Clearly,

−→
AB ∨ −→

AC =
−→
AB ∨ (

−→
AB +

−−→
BC) = −−→

BA ∨ −−→
BC =

−−→
BC ∨ −→

BA.

b) In the proof it suffices to make use of the chain of inequalities

−→
AB ∨ −→

AC = (
−−→
AD +

−−→
DB) ∨ (

−−→
AD +

−−→
DC) =−−→

AD ∨ −−→
DC +

−−→
DB ∨ −−→

AD +
−−→
DB ∨ −−→

DC =

=
−−→
DC ∨ −−→

DA +
−−→
DA ∨ −−→

DB +
−−→
DB ∨ −−→

DC.

13.50. Let at the initial moment, i.e., at t = 0 we have
−→
AB = v and

−→
AC = w. Then at

the moment t we get
−→
AB = v + t(a − b) and

−→
AC = w + t(c − a), where a, b and c are the

velocity vectors of the runners A, B and C, respectively. Since vectors a, b and c are parallel,

it follows that (b − a) ∨ (c − a) = 0 and, therefore, |S(A,B,C)| = 1
2
|−→AB ∨ −→

AC| = |x + ty|,
where x and y are some constants.

Solving the system |x| = 2, |x + 5y| = 3 we get two solutions with the help of which we
express the dependence of the area of triangle ABC of time t as |2+ t

5
| or |2− t|. Therefore,

at t = 10 the value of the area can be either 4 or 8.
13.51. Let v(t) and w(t) be the vectors directed from the first pedestrian to the second

and the third ones, respectively, at time t. Clearly, v(t) = ta + b and w(t) = tc + d. The
pedestrians are on the same line if and only if v(t) ‖ w(t), i.e., v(t)∨w(t) = 0. The function

f(t) = v(t) ∨ w(t) = t2a ∨ c + t(a ∨ d + b ∨ c) + b ∨ d

is a quadratic and f(0) 6= 0. We know that a quadratic not identically equal to zero has not
more than 2 roots.

13.52. Let
−→
OC = a,

−−→
OB = λa,

−−→
OD = b and

−→
OA = µb. Then

±2SOPQ =
−→
OP ∨ −→

OQ =
a + µb

2
∨ λa + b

2
=

1 − λµ

4
(a ∨ b)

and

±SABCD = ±2(SCOD − SAOB) = ±(a ∨ b − λa ∨ µb) = ±(1 − λµ)a ∨ b.

13.53. Let aj =
−−→
P1Aj. Then the doubled sum of the areas of the given triangles is equal

for any inner point P to

(x + a1) ∨ (x + a2) + (x + a3) ∨ (x + a4) + · · · + (x + a2n−1) ∨ (x + a2n),

where x =
−→
PP 1 and it differs from the doubled sum of the areas of these triangles for point

P1 by

x ∨ (a1 − a2 + a3 − a4 + · · · + a2n−1 − a2n) = x ∨ a.

By the hypothesis x ∨ a = 0 for x =
−−→
P1P 1 and x =

−−→
P3P 1 and these vectors are not

parallel. Hence, a = 0, i.e., x ∨ a = 0 for any x.

13.54. Let a =
−→
AP , b =

−−→
BQ and c =

−→
CR. Then

−→
QC = αa,

−→
RA = βb and

−−→
PB = γc;

we additionally have

(1 + α)a + (1 + β)b + (1 + γ)c = 0.

It suffices to verify that
−→
AB ∨ −→

CA =
−→
PQ ∨ −→

RP . The difference between these quantities is
equal to

(a + γc) ∨ (c + βb) − (γc + b) ∨ (a + βb) = a ∨ c + βa ∨ b + a ∨ b + γa ∨ c =
= a ∨ [(1 + γ)c + (1 + β)b] = −a ∨ (1 + α)a = 0.



SOLUTIONS 305

13.55. Let ai =
−−→
A4Ai and wi =

−−→
A4H i. By Problem 13.49 b) it suffices to verify that

a1 ∨ a2 + a2 ∨ a3 + a3 ∨ a1 = w1 ∨ w2 + w2 ∨ w3 + w3 ∨ w1.

Vectors a1 −w2 and a2 −w1 are perpendicular to vector a3 and, therefore, they are parallel
to each other, i.e., (a1 − w2) ∨ (a2 − w1) = 0. Adding this equality to the equalities
(a2 − w3) ∨ (a3 − w2) = 0 and (a3 − w1) ∨ (a1 − w3) = 0 we get the statement required.

13.56. Let x = x1e1 + x2e2. Then e1 ∨ x = x2(e1 ∨ e2) and x ∨ e2 = x1(e1 ∨ e2), i.e.,

x =
(x ∨ e2)e1 + (e1 ∨ x)e2

e1 ∨ e2

.

Multiplying this expression by (e1 ∨ e2)y from the right we get

(1) (x ∨ e2)(e1 ∨ y) + (e1 ∨ x)(e2 ∨ y) + (e2 ∨ e1)(x ∨ y) = 0.

Let e1 =
−→
AB, e2 =

−→
AC, x =

−−→
AD and y =

−→
AE. Then

S = a + x ∨ e2 + d = c + y ∨ e2 + a = d + x ∨ e1 + b,

i.e.,
x ∨ e2 = S − a − d,y ∨ e2 = S − c − a

and x∨e1 = S−d−b. Substituting these expressions into (1) we get the statement required.





Chapter 14. THE CENTER OF MASS

Background

1. Consider a system of mass points on a plane, i.e., there is a set of pairs (Xi,mi), where
Xi is a point on the plane and mi a positive number. The center of mass of the system of
points X1, . . . , Xn with masses m1, . . . , mn, respectively, is a point, O, which satisfies

m1
−−→
OX1 + · · · + mn

−−→
OXn =

−→
0 .

The center of mass of any system of points exists and is unique (Problem 14.1).
2. A careful study of the solution of Problem 14.1 reveals that the positivity of the

numbers mi is not actually used; it is only important that their sum is nonzero. Sometimes
it is convenient to consider systems of points for which certain masses are positive and certain
are negative (but the sum of masses is nonzero).

3. The most important property of the center of mass which lies in the base of almost
all its applications is the following

Theorem on mass regroupping. The center of mass of a system of points does not
change if part of the points are replaced by one point situated in their center of mass and
whose mass is equal to the sum of their masses (Problem 14.2).

4. The moment of inertia of a system of points X1, . . . , Xn with masses m1, . . . , mn

with respect to point M is the number

IM = m1MX2
1 + · · · + mnMX2

n.

The applications of this notion in geometry are based on the relation IM = IO + mOM2,
where O is the center of mass of a system and m = m1 + · · · + mn (Problem 14.17).

§1. Main properties of the center of mass

14.1. a) Prove that the center of mass exists and is unique for any system of points.
b) Prove that if X is an arbitrary point and O the center of mass of points X1, . . . , Xn

with masses m1, . . . , mn, then

−−→
XO =

1

m1 + · · · + mn

(m1
−−→
XX1 + · · · + mn

−−−→
XXn).

14.2. Prove that the center of mass of the system of points X1, . . . , Xn, Y1, . . . , Ym with
masses a1, . . . , an, b1, . . . , bm coincides with the center of mass of two points — the center
of mass X of the first system with mass a1 + · · ·+an and the center of mass Y of the second
system with mass b1 + · · · + bm.

14.3. Prove that the center of mass of points A and B with masses a and b belongs to
segment AB and divides it in the ratio of b : a.

307
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§2. A theorem on mass regroupping

14.4. Prove that the medians of triangle ABC intersect at one point and are divided by
it in the ratio of 2 : 1 counting from the vertices.

14.5. Let ABCD be a convex quadrilateral; let K, L, M and N be the midpoints of
sides AB, BC, CD and DA, respectively. Prove that the intersection point of segments
KM and LN is the midpoint of these segments and also the midpoint of the segment that
connects the midpoints of the diagonals.

14.6. Let A1, B1, . . . , F1 be the midpoints of sides AB, BC, . . . , FA, respectively, of a
hexagon. Prove that the intersection points of the medians of triangles A1C1E1 and B1D1F1

coincide.
14.7. Prove Ceva’s theorem (Problem 4.48 b)) with the help of mass regrouping.
14.8. On sides AB, BC, CD and DA of convex quadrilateral ABCD points K, L, M

and N , respectively, are taken so that AK : KB = DM : MC = α and BL : LC = AN :
ND = β. Let P be the intersection point of segments KL and LN . Prove that NP : PL = α
and KP : PM = β.

14.9. Inside triangle ABC find point O such that for any straight line through O,
intersecting AB at K and intersecting BC at L the equality pAK

KB
+ q CL

LB
= 1 holds, where p

and q are given positive numbers.
14.10. Three flies of equal mass crawl along the sides of triangle ABC so that the center

of their mass is fixed. Prove that the center of their mass coincides with the intersection
point of medians of ABC if it is known that one fly had crawled along the whole boundary
of the triangle.

14.11. On sides AB, BC and CA of triangle ABC, points C1, A1 and B1, respectively,
are taken so that straight lines CC1, AA1 and BB1 intersect at point O. Prove that

a) CO
OC1

= CA1

A1B
+ CB1

B1A
;

b) AO
OA1

· BO
OB1

· CO
OC1

= AO
OA1

+ BO
OB1

+ CO
OC1

+ 2 ≥ 8.
14.12. On sides BC, CA and AB of triangle ABC points A1, B1 and C1, respectively,

are taken so that BA1

A1C
= CB1

B1A
= AC1

C1B
. Prove that the centers of mass of triangles ABC and

A1B1C1 coincide.
14.13. On a circle, n points are given. Through the center of mass of n − 2 points a

straight line is drawn perpendicularly to the chord that connects the two remaining points.
Prove that all such straight lines intersect at one point.

14.14. On sides BC, CA and AB of triangle ABC points A1, B1 and C1, respectively,
are taken so that segments AA1, BB1 and CC1 intersect at point P . Let la, lb, lc be the
lines that connect the midpoints of segments BC and B1C1, CA and C1A1, AB and A1B1,
respectively. Prove that lines la, lb and lc intersect at one point and this point belongs to
segment PM , where M is the center of mass of triangle ABC.

14.15. On sides BC, CA and AB of triangle ABC points A1, B1 and C1, respectively,
are taken; straight lines B1C1, BB1 and CC1 intersect straight line AA1 at points M , P and
Q, respectively. Prove that:

a) A1M
MA

= A1P
PA

+ A1Q
QA

;

b) if P = Q, then MC1 : MB1 = BC1

AB
: CB1

AC
.

14.16. On line AB points P and P1 are taken and on line AC points Q and Q1 are
taken. The line that connects point A with the intersection point of lines PQ and P1Q1
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intersects line BC at point D. Prove that

BD

CD
=

BP
PA

− BP1

P1A

CQ

QA
− CQ1

Q1A

.

§3. The moment of inertia

For point M and a system of mass points X1, . . . , Xn with masses m1, . . . , mn the
quantity IM = m1MX2

1 + · · · + mnMX2
n is called the moment of inertia with respect to M .

14.17. Let O be the center of mass of a system of points whose sum of masses is equal
to m. Prove that the moments of inertia of this system with respect to O and with respect
to an arbitrary point X are related as follows: IX = IO + mXO2.

14.18. a) Prove that the moment of inertia with respect to the center of mass of a system
of points of unit masses is equal to 1

n

∑

i<j a2
ij, where n is the number of points and aij the

distance between points whose indices are i and j.
b) Prove that the moment of inertia with respect to the center of mass of a system of

points whose masses are m1, . . . ,mn is equal to 1
m

∑

i<j mimja
2
ij, where m = m1 + · · · + mn

and aij is the distance between the points whose indices are i and j.
14.19. a) Triangle ABC is an equilateral one. Find the locus of points X such that

AX2 = BX2 + CX2.
b) Prove that for the points of the locus described in heading a) the pedal triangle with

respect to the triangle ABC is a right one.
14.20. Let O be the center of the circumscribed circle of triangle ABC and H the

intersection point of the heights of triangle ABC. Prove that a2 + b2 + c2 = 9R2 − OH2.
14.21. Chords AA1, BB1 and CC1 in a disc with center O intersect at point X. Prove

that
AX

XA1

+
BX

XB1

+
CX

XC1

= 3

if and only if point X belongs to the circle with diameter OM , where M is the center of
mass of triangle ABC.

14.22. On sides AB, BC, CA of triangle ABC pairs of points A1 and B2, B1 and C2,
C1 and A2, respectively, are taken so that segments A1A2, B1B2 and C1C2 are parallel to
the sides of triangle ABC and intersect at point P . Prove that

PA1 · PA2 + PB1 · PB2 + PC1 · PC2 = R2 − OP 2,

where O is the center of the circumscribed circle.
14.23. Inside a circle of radius R, consider n points. Prove that the sum of squares of

the pairwise distances between the points does not exceed n2R2.
14.24. Inside triangle ABC point P is taken. Let da, db and dc be the distances from P

to the sides of the triangle; Ra, Rb and Rc the distances from P to the vertices. Prove that

3(d2
a + d2

b + d2
c) ≥ (Ra sin A)2 + (Rb sin B)2 + (Rc sin C)2.

14.25. Points A1, . . . , An belong to the same circle and M is their center of mass. Lines
MA1, . . . ,MAn intersect this circle at points B1, . . . , Bn (distinct from A1, . . . , An). Prove
that

MA1 + · · · + MAn ≤ MB1 + · · · + MBn.
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§4. Miscellaneous problems

14.26. Prove that if a polygon has several axes of symmetry, then all of them intersect
at one point.

14.27. A centrally symmetric figure on a graph paper consists of n “corners” and k
rectangles of size 1 × 4 depicted on Fig. 145. Prove that n is even.

Figure 145 (14.27)

14.28. Solve Problem 13.44 making use the properties of the center of mass.
14.29. On sides BC and CD of parallelogram ABCD points K and L, respectively, are

taken so that BK : KC = CL : LD. Prove that the center of mass of triangle AKL belongs
to diagonal BD.

§5. The barycentric coordinates

Consider triangle A1A2A3 whose vertices are mass points with masses m1, m2 and m3,
respectively. If point X is the center of mass of the triangle’s vertices, then the triple
(m1 : m2 : m3) is called the barycentric coordinates of point X with respect to triangle
A1A2A3.

14.30. Consider triangle A1A2A3. Prove that
a) any point X has some barycentric coordinates with respect to △A1A2A3;
b) provided m1 + m2 + m3 = 1 the barycentric coordinates of X are uniquely defined.
14.31. Prove that the barycentric coordinates with respect to △ABC of point X which

belongs to the interior of ABC are equal to (SBCX : SCAX : SABX).
14.32. Point X belongs to the interior of triangle ABC. The straight lines through

X parallel to AC and BC intersect AB at points K and L, respectively. Prove that the
barycentric coordinates of X with respect to △ABC are equal to (BL : AK : LK).

14.33. Consider △ABC. Find the barycentric coordinates with respect to △ABC of
a) the center of the circumscribed circle;
b) the center of the inscribed circle;
c) the orthocenter of the triangle.
14.34. The baricentric coordinates of point X with respect to △ABC are (α : β : γ),

where α + β + γ = 1. Prove that
−−→
XA = β

−→
BA + γ

−→
CA.

14.35. Let (α : β : γ) be the barycentric coordinates of point X with respect to △ABC
and α + β + γ = 1 and let M be the center of mass of triangle ABC. Prove that

3
−−→
XM = (α − β)

−→
AB + (β − γ)

−−→
BC + (γ − α)

−→
CA.

14.36. Let M be the center of mass of triangle ABC and X an arbitrary point. On
lines BC, CA and AB points A1, B1 and C1, respectively, are taken so that A1X ‖ AM ,
B1X ‖ BM and C1X ‖ CM . Prove that the center of mass M1 of triangle A1B1C1 coincides
with the midpoint of segment MX.

14.37. Find an equation of the circumscribed circle of triangle A1A2A3 (kto sut’ indexy?
iz 14.36?) in the barycentric coordinates.
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14.38. a) Prove that the points whose barycentric coordinates with respect to △ABC
are (α : β : γ) and (α−1 : β−1 : γ−1) are isotomically conjugate with respect to triangle ABC.

b) The lengths of the sides of triangle ABC are equal to a, b and c. Prove that the points

whose barycentric coordinates with respect to △ABC are (α : β : γ) and (a2

α
: b2

β
: c2

γ
) are

isogonally conjugate with respect to ABC.

Solutions

14.1. Let X and O be arbitrary points. Then

m1
−−→
OX1 + · · · + mn

−−→
OXn =

(m1 + · · · + mn)
−−→
OX + m1

−−→
XX1 + · · · + mn

−−−→
XXn

and, therefore, O is the center of mass of the given system of points if and only if

(m1 + · · · + mn)
−−→
OX + m1

−−→
XX1 + · · · + Mn

−−−→
XXn =

−→
0 ,

i.e.,
−−→
OX = 1

m1+···+mn
(m1

−−→
XX1 + · · · + mn

−−−→
XXn).

This argument gives a solution to the problems of both headings.
14.2. Let Z be an arbitrary point; a = a1 + · · · + an and b = b1 + · · · + bm. Then−−→

ZX = a1
−−→
ZX1+···+an

−−−→
ZXn

a
and

−→
ZY = b1

−−→
ZY1+···+bm

−−−→
ZYm

b
. If O is the center of mass of point X

whose mass is a and of point Y whose mass is b, then

−→
ZO =

a
−−→
ZX + b

−→
ZY

a + b
=

a1
−−→
ZX1 + · · · + an

−−→
ZXn + b1

−−→
ZY1 + · · · + bm

−−→
ZYm

a + b
,

i.e., O is the center of mass of the system of points X1, . . . , Xn and Y1, . . . , Ym with masses
a1, . . . , an, b1, . . . , bm.

14.3. Let O be the center of mass of the given system. Then a
−→
OA + b

−−→
OB =

−→
0 and,

therefore, O belongs to segment AB and aOA = bOB, i.e., AO : OB = b : a.
14.4. Let us place unit masses at points A, B and C. Let O be the center of mass

of this system of points. Point O is also the center of mass of points A of mass 1 and A1

of mass 2, where A1 is the center of mass of points B and C of unit mass, i.e., A1 is the
midpoint of segment BC. Therefore, O belongs to median AA1 and divides it in the ratio
AO : OA1 = 2 : 1. We similarly prove that the remaining medians pass through O and are
divided by it in the ratio of 2 : 1.

14.5. Let us place unit masses in the vertices of quadrilateral ABCD. Let O be the
center of mass of this system of points. It suffices to prove that O is the midpoint of segments
KM and LN and the midpoint of the segment connecting the midpoints of the diagonals.
Clearly, K is the center of mass of points A and B while M is the center of mass of points
C and D. Therefore, O is the center of mass of points K and M of mass 2, i.e., O is the
center of mass of segment KM .

Similarly, O is the midpoint of segment LN . Considering centers of mass of pairs of
points (A,C) and (B,D) (i.e., the midpoints of diagonals) we see that O is the midpoint of
the segment connecting the midpoints of diagonals.
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14.6. Let us place unit masses in the vertices of the hexagon; let O be the center of
mass of the obtained system of points. Since points A1, C1 and E1 are the centers of mass of
pairs of points (A,B), (C,D) and (E,F ), respectively, point O is the center of mass of the
system of points A1, C1 and E1 of mass 2, i.e., O is the intersection point of the medians of
triangle A1C1E1 (cf. the solution of Problem 14.4).

We similarly prove that O is the intersection point of medians of triangle B1D1F1.
14.7. Let lines AA1 and CC1 intersect at O and let AC1 : C1B = p and BA1 : A1C = q.

We have to prove that line BB1 passes through O if and only if CB1 : B1A = 1 : pq.
Place masses 1, p and pq at points A, B and C, respectively. Then point C1 is the center

of mass of points A and B and point A1 is the center of mass of points B and C. Therefore,
the center of mass of points A, B and C with given masses is the intersection point O of
lines CC1 and AA1.

On the other hand, O belongs to the segment which connects B with the center of mass
of points A and C. If B1 is the center of mass of points A and C of masses 1 and pq,
respectively, then AB1 : B1C = pq : 1. It remains to notice that there is one point on
segment AC which divides it in the given ratio AB1 : B1C.

14.8. Let us place masses 1, α, αβ and β at points A, B, C and D, respectively. Then
points K, L, M and N are the centers of mass of the pairs of points (A,B), (B,C), (C,D)
and (D,A), respectively. Let O be the center of mass of points A, B, C and D of indicated
mass. Then O belongs to segment NL and NO : OL = (αβ + α) : (1 + β) = α. Point O
belongs to the segment KM and KO : OM = (β + αβ) : (1 + α) = β. Therefore, O is the
intersection point of segments KM and LN , i.e., O = P and NP : PL = NO : OL = α,
KP : PM = β.

14.9. Let us place masses p, 1 and q in vertices A, B and C, respectively. Let O be the
center of mass of this system of points. Let us consider a point of mass 1 as two coinciding
points of mass xa and xc, where xa +xc = 1. Let K be the center of mass of points A and B
of mass p and xa and L the center of mass of points C and B of mass q and xc, respectively.
Then AK : KB = xa : p and CL : LB = xc : q, whereas point O which is the center of mass
of points K and L of mass p + xa and q + xc, respectively, belongs to line KL. By varying
xa from 0 to 1 we get two straight lines passing through O and intersecting sides AB and
BC. Therefore, for all these lines we have

pAK

KB
+

qCL

LB
= xa + xc = 1.

14.10. Denote the center of mass of the flies by O. Let one fly be sited in vertex A
and let A1 be the center of mass of the two other flies. Clearly, point A1 lies inside triangle
ABC and point O belongs to segment AA1 and divides it in the ratio of AO : OA1 = 2 : 1.
Therefore, point O belongs to the interior of the triangle obtained from triangle ABC by a
homothety with coefficient 2

3
and center A.

Considering such triangles for all the three vertices of triangle ABC we see that their
unique common point is the intersection point of the medians of triangle ABC. Since one
fly visited all the three vertices of the triangle ABC and point O was fixed during this, O
should belong to all these three small triangles, i.e., O coincides with the intersection point
of the medians of triangle ABC.

14.11. a) Let AB1 : B1C = 1 : p and BA1 : A1C = 1 : q. Let us place masses p, q, 1 at
points A, B, C, respectively. Then points A1 and B1 are the centers of mass of the pairs of
points (B,C) and (A,C), respectively. Therefore, the center of mass of the system of points
A, B and C belongs both to segment AA1 and to segment BB1, i.e., coincides with O. It
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follows that C1 is the center of mass of points A and B. Therefore,

CO

OC1

= p + q =
CB1

B1A
+

CA1

A1B
.

b) By heading a) we have

AO

OA1

· BO

OB1

· CO

OC1

=
1 + q

p
· 1 + p

q
· p + q

1
=

p + q +
p

q
+

q

p
+

1

p
+

1

q
+ 2 =

AO

OA1

+
BO

OB1

+
CO

OC1

+ 2.

It is also clear that

p +
1

p
≥ 2, q +

1

q
≥ 2 and

p

q
+

q

p
≥ 2.

14.12. Let M be the center of mass of triangle ABC. Then

−−→
MA +

−−→
MB +

−−→
MC =

−→
0 .

Moreover,
−−→
AB1 +

−−→
BC1 +

−−→
CA1 = k(

−→
AC +

−→
BA +

−−→
CB) =

−→
0 .

Adding these identities we get
−−−→
MB1 +

−−−→
MC1 +

−−−→
MA1 =

−→
0 , i.e., M is the center of mass of

triangle A1B1C1.

Remark. We similarly prove a similar statement for an arbitrary n-gon.

14.13. Let M1 be the center of mass of n − 2 points; K the midpoint of the chord
connecting the two remaining points, O the center of the circle, and M the center of mass
of all the given points. If line OM intersects a(?) line drawn through M1 at point P , then

OM

MP
=

KM

MM1

=
n − 2

2

and, therefore, the position of point P is uniquely determined by the position of points O
and M (if M = O, then P = O).

14.14. Let P be the center of mass of points A, B and C of masses a, b and c, respectively,
M the center of mass of points A, B and C (the mass of M is a + b + c) and Q the center of
mass of the union of these two systems of points. The midpoint of segment AB is the center
of mass of points A, B and C of mass a + b + c − ab

c
, a + b + c − ab

c
and 0, respectively, and

the midpoint of segment A1B1 is the center of mass of points A, B and C of mass a(b+c)
c

,
b(a+c)

c
and (b + c) + (a + c), respectively. Point O is the center of mass of the union of these

systems of points.
14.15. a) Place masses β, γ and b + c in points B, C and A so that CA1 : BA1 = β : γ,

BC1 : AC1 = b : β and AB1 : CB1 = γ : c. Then M is the center of mass of this system
and, therefore, A1M

AM
= b+c

β+γ
. Point P is the center of mass of points A, B and C of masses c,

β and γ and, therefore, A1P
PA

= c
β+γ

. Similarly, A1Q
AQ

= b
b+γ

.

b) As in heading a), we get MC1

MB1
= c+γ

b+β
, BC1

AB
= b

b+β
and AC

CB1
= c+γ

c
. Moreover, b = c

because straight lines AA1, BB1 and CC1 intersect at one point (cf. Problem 14.7).
14.16. The intersection point of lines PQ and P1Q1 is the center of mass of points A,

B and C of masses a, b and c and P is the center of mass of points A and B of masses a− x
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and b while Q is the center of mass of points A and C of masses x and c. Let p = BP
PA

= a−x
b

and q = CQ
QA

= x
c
. Then pb + qc = a. Similarly, p1b + q1c = a. It follows that

BD

CD
= −c

b
=

(p − p1)

(q − q1)
.

14.17. Let us enumerate the points of the given system. Let xi be the vector with the
beginning at O and the end at the point of index i and of mass mi. Then

∑

mixi = 0.

Further, let a =
−−→
OX. Then

IO =
∑

m2
ii,

IM =
∑

mi(xi + a)2 =
∑

mix
2
i + 2(

∑

mixi, a) +
∑

mia
2 = IO + ma2.

14.18. a) Let xi be the vector with the beginning at the center of mass O and the end
at the point of index i. Then

∑

i,j

(xi − xj)
2 =

∑

i,j

(x2
i + x2

j) − 2
∑

i,j

(xi,xj),

where the sum runs over all the possible pairs of indices. Clearly,

∑

i,j

(x2
i + x2

j) = 2n
∑

i

x2
i = 2nIO;

∑

i,j

(xi,xj) =
∑

i

(xi,
∑

j

xj) = 0.

Therefore, 2nIO =
∑

i,j(xi − xj)
2 = 2

∑

i<j a2
ij.

b) Let xi be the vector with the beginning at the center of mass O and the end at the
point with index i. Then

∑

i,j

mimj(xi − xj)
2 =

∑

i,j

mimj(x
2
i + x2

j) − 2
∑

i,j

mimj(xi,xj).

It is clear that
∑

i,j

mimj(x
2
i + x2

j) =
∑

i

mi

∑

j

(mjx
2
i + mjx

2
j) =

∑

i

mi(mx2
i + IO) = 2mIO

and
∑

i,j

mimj(xi,xj) =
∑

i

mi(xi,
∑

j

mjxj) = 0.

Therefore,

2mIO =
∑

i,j

mimj(xi − xj)
2 = 2

∑

i<j

mimja
2
ij.

14.19. a) Let M be the point symmetric to A through line BC. Then M is the center
of mass of points A, B and C whose masses are −1, 1 and 1, respectively, and, therefore,

−AX2 + BX2 + CX2 = IX = IM + (−1 + 1 + 1)MX2 = (−3 + 1 + 1)a2 + MX2,

where a is the length of the side of triangle ABC. As a result we see that the locus to be
found is the circle of radius a with the center at M .

b) Let A′, B′ and C ′ be the projections of point X to lines BC, CA and AB, respec-
tively. Points B′ and C ′ belong to the circle with diameter AX and, therefore, B′C ′ =

AX sin B′AC ′ =
√

3
2

AX. Similarly, C ′A′ =
√

3
2

BX and A′B′ =
√

3
2

CX. Therefore, if
AX2 = BX2 + CX2, then ∠B′A′C ′ = 90◦.



SOLUTIONS 315

14.20. Let M be the center of mass of the vertices of triangle ABC with unit masses in
them. Then

IO = IM + 3MO2 =
1

3
(a2 + b2 + c2) + 3MO2

(cf. Problems 14.17 and 14.18 a)). Since OA = OB = OC = R, it follows that IO = 3R2. It
remains to notice that OH = 3OM (Problem 5.105).

14.21. It is clear that

AX

XA1

=
AX2

AX · XA1

=
AX2

R2 − OX2
.

Therefore, we have to verify that AX2 + BX2 + CX2 = 3(R2 −OX2) if and only if OM2 =
OX2 + MX2. To this end it suffices to notice that

AX2 + BX2 + CX2 = IX = IM + 3MX2 =

IO − 3MO2 + 3MX2 = 3(R2 − MO2 + MX2).

14.22. Let P be the center of mass of points A, B and C whose masses are α, β and γ,
respectively. We may assume that α + β + γ = 1. If K is the intersection point of lines CP
and AB, then

BC

PA1

=
CK

PK
=

CP + PK

PK
= 1 +

CP

PK
= 1 +

α + β

γ
=

1

γ
.

Similar arguments show that the considered quantity is equal to βγa2+γαb2+αβc2 = IP (cf.
Problem 14.18 b)). Since IO = αR2 +βR2 +γR2 = R2, we have IP = IO−OP 2 = R2−OP 2.

14.23. Let us place unit masses in the given points. As follows from the result of Problem
14.18 a) the sum of squared distances between the given points is equal to nI, where I is the
moment of inertia of the system of points with respect to its center of mass. Now, consider
the moment of inertia of the system with respect to the center O of the circle. On the one
hand, I ≤ IO (see Problem 14.17). On the other hand, since the distance from O to any of
the given points does not exceed R, it follows that IO ≤ nR2. Therefore, nI ≤ n2R2 and the
equality is attained only if I = IO (i.e., when the center of mass coincides with the center of
the circle) and IO = nR2 (i.e., all the points lie on the given circle).

14.24. Let A1, B1 and C1 be projections of point P to sides BC, CA and AB, respec-
tively; let M be the center of mass of triangle A1B1C1. Then

3(d2
a + d2

b + d2
c) = 3IP ≥

3IM = A1B
2
1 + B1C

2
1 + C1A

2
1 = (Rc sin C)2 + (Ra sin A)2 + (Rb sin B)2

because, for example, segment A1B1 is a chord of the circle with diameter CP .
14.25. Let O be the center of the given circle. If chord AB passes through M , then

AM · BM = R2 − d2, where d = MO. Denote by IX the moment of inertia of the system
of points A1, . . . , An with respect to X. Then IO = IM + nd2 (see Problem 14.17). On the
other hand, since OAi = R, we deduce that IO = nR2. Therefore,

AiM · BiM = R2 − d2 =
1

n
(A1M

2 + · · · + AnM2).

Set ai = AiM . Then the inequality to be proved takes the form

a1 + · · · + an ≤ 1

n
(a2

1 + · · · + a2
n)(

1

a1

+ · · · + 1

an

).
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To prove this inequality we have to make use of the inequality

x + y ≤ (
x2

y
) + (

y2

x
)

which is obtained from the inequality xy ≤ x2 − xy + y2 by multiplying both of its sides by
x+y
xy

.

14.26. Let us place unit masses in the vertices of the polygon. Under the symmetry
through a line this system of points turns into itself and, therefore, its center of mass also
turns into itself. It follows that all the axes of symmetry pass through the center of mass of
the vertices.

14.27. Let us place unit masses in the centers of the cells which form “corners” and
rectangles. Let us split each initial small cell of the graph paper into four smaller cells
getting as a result a new graph paper. It is easy to verify that now the center of mass of a
corner belongs to the center of a new small cell and the center of mass of a rectangle is a
vertex of a new small cell, cf. Fig. 146.

Figure 146 (Sol. 14.27)

It is clear that the center of mass of a figure coincides with its center of symmetry and
the center of symmetry of the figure consisting of the initial cells can only be situated in a
vertex of a new cell. Since the masses of corners and bars (rectangles) are equal, the sum
of vectors with the source in the center of mass of a figure and the targets in the centers of
mass of all the corners and bars is equal to zero. If the number of corners had been odd,
then the sum of the vectors would have had half integer coordinates and would have been
nonzero. Therefore, the number of corners is an even one.

14.28. Let us place unit masses in the vertices of the polygon A1 . . . An. Then O is the

center of mass of the given system of points. Therefore,
−−→
AiO = 1

n
(
−−−→
AiA1 + · · · + −−−→

AiAn) and

AiO ≤ 1
n
(AiA1 + · · · + AiAn); it follows that

d = A1O + · · · + AnO ≤ 1

n

n
∑

i,j=1

AiAj.

We can express the number n either in the form n = 2m or in the form n = 2m + 1. Let P
be the perimeter of the polygon. It is clear that

A1A2 + · · · + AnA1 = P,
A1A3 + A2A4 + · · · + AnA2 ≤ 2P,

. . . . . . . . . . . . . . . . . . . . . . . . . . .
A1Am+1 + A2Am+2 + · · · + AnAm ≤ mP
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and in the left-hand sides of these inequalities all the sides and diagonals are encountered.
Since they enter the sum

∑n
i,j=1 AiAj twice, it is clear that

d ≤ 1

n

n
∑

i,j=1

AiAj ≤
2

n
(P + 2P + · · · + mP ) =

m(m + 1)

n
P.

For n even this inequality can be strengthened due to the fact that in this case every diagonal
occuring in the sum A1Am+1 + · · · + AnAm+n is counted twice, i.e., instead of mP we can
take m

2
P . This means that for n even we have

d ≤ 2

n
(P + 2P + · · · + (m − 1)P +

m

2
P ) =

m2

n
P.

Thus, we have

d ≤
{

m2

n
P = n

4
P if n is even

m(m+1)
n

P = n2−1
4n

P if n is odd.

14.29. Let k = BK
BC

= 1 − DL
DC

. Under the projection to a line perpendicular to diagonal
BD points A, B, K and L pass into points A′, B′, K ′ and L′, respectively, such that

B′K ′ + B′L′ = kA′B′ + (1 − k)A′B′ = A′B′.

It follows that the center of mass of points A′, K ′ and L′ coincides with B′. It remains to
notice that under the projection a center of mass turns into a center of mass.

14.30. Introduce the following notations: e1 =
−−−→
A3A1, e2 =

−−−→
A3A2 and x =

−−→
XA3. Point

X is the center of mass of the vertices of triangle A1A2A3 with masses m1, m2, m3 attached
to them if and only if

m1(x + e1) + m2(x + e2) + m3x = 0,

i.e., mx = −(m1e1+m2e2), where m = m1+m2+m3. Let us assume that m = 1. Any vector
x on the plane can be represented in the form x = −m1e1 − m2e2, where the numbers m1

and m2 are uniquely defined. The number m3 is found from the relation m3 = 1−m1 −m2.
14.31. This problem is a reformulation of Problem 13.29.

Remark. If we assume that the areas of triangles BCX, CAX and ABX are oriented,
then the statement of the problem remains true for all the points situated outside the triangle
as well.

14.32. Under the projection to line AB parallel to line BC vector u =
−−→
XA ·BL +

−−→
XB ·

AK +
−−→
XC · LK turns into vector

−→
LA · BL +

−→
LB · AK +

−→
LB · LK. The latter vector is the

zero one since
−→
LA =

−−→
LK +

−−→
KA. Considering the projection to line AB parallel to line AC

we get u = 0.
14.33. Making use of the result of Problem 14.31 it is easy to verify that the answer is

as follows: a) (sin 2α : sin 2β : sin 2γ); b) (a : b : c); c) (tan α : tan β : tan γ).

14.34. Adding vector (β +γ)
−−→
XA to both sides of the equality α

−−→
XA+β

−−→
XB +γ

−−→
XC =

−→
0

we get −−→
XA = (β + γ)

−−→
XA + β

−−→
BX + γ

−−→
CX = β

−→
BA + γ

−→
CA.

14.35. By Problem 14.1 b) we have 3
−−→
XM =

−−→
XA +

−−→
XB +

−−→
XC. Moreover,

−−→
XA =

β
−→
BA + γ

−→
CA,

−−→
XB = α

−→
AB + γ

−−→
CB and

−−→
XC = α

−→
AC + β

−−→
BC (see Problem 14.34).

14.36. Let the lines through point X parallel to AC and BC intersect the line AB
at points K and L, respectively. If (α : β : γ) are the barycentric coordinates of X and
α + β + γ = 1, then

2
−−→
XC1 =

−−→
XK +

−−→
XL = γ

−→
CA + γ

−−→
CB



318 CHAPTER 14. THE CENTER OF MASS

(see the solution of Problem 14.42). Therefore,

3
−−−→
XM1 =

−−→
XA1 +

−−→
XB1 +

−−→
XC1 =

1
2
(α(

−→
AB +

−→
AC) + β(

−→
BA +

−−→
BC) + γ

−→
CA +

−−→
CB) = 3

2

−−→
XM

(see Problem 14.35).
14.37. Let X be an arbitrary point, O the center of the circumscribed circle of the given

triangle, ei =
−−→
OAi and a =

−−→
XO. If the barycentric coordinates of X are (x1 : x2 : x3), then

∑

xi(a + ei) =
∑

xi
−−→
XAi = 0 because X is the center of mass of points A1, A2, A3 with

masses x1, x2, x3. Therefore, (
∑

xi)a = −
∑

xiei.
Point X belongs to the circumscribed circle of the triangle if and only if |a| = XO = R,

where R is the radius of this circle. Thus, the circumscribed circle of the triangle is given in
the barycentric coordinates by the equation

R2(
∑

xi)
2 = (

∑

xiei)
2,

i.e.,

R
2

∑

x2
i + 2R2

∑

i<j

xixj = R2
∑

x2
i + 2

∑

i<j

xixj(ei, ej)

because |ei| = R. This equation can be rewritten in the form
∑

i<j

xixj(R
2 − (ei, ej)) = 0.

Now notice that 2(R2 − (ei, ej)) = a2
ij, where aij is the length of side AiAj. Indeed,

a2
ij = |ei − ej|2 = |ei|2 + |ej|2 − 2(ei, ej) = 2(R2 − (ei, ej)).

As a result we see that the circumscribed circle of triangle A1A2A3 is given in the barycentric
coordinates by the equation

∑

i<j xixjaij = 0, where aij is the length of side AiAj.

14.38. a) Let X and Y be the points with barycentric coordinates (α : β : γ) and
(α−1 : β−1 : γ−1) and let lines CX and CY intersect line AB at points X1 and Y1, respectively.
Then

AX1 : BX1 = β : α = α−1 : β−1 = BY1 : AY1.

Similar arguments for lines AX and BX show that points X and Y are isotomically conjugate
with respect to triangle ABC.

b) Let X be the point with barycentric coordinates (α : β : γ). We may assume that
α + β + γ = 1. Then by Problem 14.34 we have

−−→
AX = β

−→
AB + γ

−→
AC = βc(

−→
AB

c
) + γb(

−→
AC

b
).

Let Y be the point symmetric to X through the bisector of angle ∠A and (α′ : β′ : γ′) the

barycentric coordinates of Y . It suffices to verify that β′ : γ′ = b2

β
: c2

γ
. The symmetry

through the bisector of angle ∠A interchanges unit vectors
−→
AB
c

and
−→
AC
b

, consequently,
−→
AY =

βc
−→
AC
b

+ γb
−→
AB
c

. It follows that

β′ : γ′ =
γb

c
: βcb =

b2

β
:
c2

γ
.
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Background

1. The parallel translation by vector
−→
AB is the transformation which sends point X into

point X ′ such that
−−→
XX ′ =

−→
AB.

2. The composition (i.e., the consecutive execution) of two parallel translations is, clearly,
a parallel translation.

Introductory problems

1. Prove that every parallel translation turns any circle into a circle.
2. Two circles of radius R are tangent at point K. On one of them we take point A,n

on the other one we take point B such that ∠AKB = 90◦. Prove that AB = 2R.
3. Two circles of radius R intersect at points M and N . Let A and B be the intersection

points of these circles with the perpendicular erected at the midpoint of segment MN . It so
happens that the circles lie on one side of line MN . Prove that MN2 + AB2 = 4R2.

4. Inside rectangle ABCD, point M is taken. Prove that there exists a convex quadri-
lateral with perpendicular diagonals of the same length as AB and BC whose sides are equal
to AM , BM , CM , DM .

§1. Solving problems with the aid of parallel translations

15.1. Where should we construct bridge MN through the river that separates villages
A and B so that the path AMNB from A to B was the shortest one? (The banks of the
river are assumed to be parallel lines and the bridge perpendicular to the banks.)

15.2. Consider triangle ABC. Point M inside the triangle moves parallel to side BC to
its intersection with side CA, then parallel to AB to its intersection with BC, then parallel to
AC to its intersection with AB, and so on. Prove that after a number of steps the trajectory
of the point becomes a closed one.

15.3. Let K, L, M and N be the midpoints of sides AB, BC, CD and DA, respectively,
of convex quadrilateral ABCD.

a) Prove that KM ≤ 1
2
(BC + AD) and the equality is attained only if BC ‖ AD.

b) For given lengths of the sides of quadrilateral ABCD find the maximal value of the
lengths of segments KM and LN .

15.4. In trapezoid ABCD, sides BC and AD are parallel, M the intersection point of
the bisectors of angles ∠A and ∠B, and N the intersection point of the bisectors of angles
∠C and ∠D. Prove that 2MN = |AB + CD − BC − AD|.

15.5. From vertex B of parallelogram ABCD heights BK and BH are drawn. It is
known that KH = a and BD = b. Find the distance from B to the intersection point of the
heights of triangle BKH.

15.6. In the unit square a figure is placed such that the distance between any two of its
points is not equal to 0.001. Prove that the area of this figure does not exceed a) 0.34; b)
0.287.
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§2. Problems on construction and loci

15.7. Consider angle ∠ABC and straight line l. Construct a line parallel to l on which
the legs of angle ∠ABC intercept a segment of given length a.

15.8. Consider two circles S1, S2 and line l. Draw line l1 parallel to l so that:
a) the distance between the intersection points of l1 with circles S1 and S2 is of a given

value a;
b) S1 and S2 intercept on l1 equal chords;
c) S1 and S2 intercept on l1 chords the sum (or difference) of whose lengths is equal to

a given value.
15.9. Consider nonintersecting chords AB and CD on a circle. Construct a point X on

the circle so that chords AX and BX would intercept on chord CD a segment, EF , of a
given length a.

15.10. Construct quadrilateral ABCD given the quadrilateral’s angles and the lengths
of sides AB = a and CD = b.

15.11. Given point A and circles S1 and S2. Through A draw line l so that S1 and S2

intercept on l equal chords.
15.12. a) Given circles S1 and S2 intersect at points A and B. Through point A draw

line l so that the intercept of this line between circles S1 and S2 were of a given length.
b) Consider triangle ABC and triangle PQR. In triangle ABC inscribe a triangle equal

to PQR.
15.13. Construct a quadrilateral given its angles and diagonals.

* * *

15.14. Find the loci of the points for which the following value is given: a) the sum, b)
the difference of the distances from these points to the two given straight lines.

15.15. An angle made of a transparent material moves so that two nonintersecting circles
are tangent to its legs from the inside. Prove that on the angle a point circumscribing an
arc of a circle can be marked.

Problems for independent study

15.16. Consider two pairs of parallel lines and point P . Through P draw a line on which
both pairs of parallel lines intercept equal segments.

15.17. Construct a parallelogram given its sides and an angle between the diagonals.
15.18. In convex quadrilateral ABCD, sides AB and CD are equal. Prove that
a) lines AB and CD form equal angles with the line that connects the midpoints of sides

AC and BD;
b) lines AB and CD form equal angles with the line that connects the midpoints of

diagonals BC and AD.
15.19. Among all the quadrilaterals with given lengths of the diagonals and an angle

between them find the one of the least perimeter.
15.20. Given a circle and two neighbouring vertices of a parallelogram. Construct the

parallelogram if it is known that its other two (not given) vertices belong to the given circle.

Solutions

15.1. Let A′ be the image of point A under the parallel translation by
−−→
MN . Then

A′N = AM and, therefore, the length of path AMNB is equal to A′N + NB + MN .
Since the length of segment MN is a constant, we have to find point N for which the sum
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A′N +NB is the least one. It is clear that the sum is minimal if N belongs to segment A′B,
i.e., N is the closest to B intersection point of the bank and segment A′B.

Figure 147 (Sol. 15.2)

15.2. Denote the consecutive points of the trajectory on the sides of the triangle as on
Fig. 147:

A1, B1, B2, C2, C3, A3, A4, B4, . . .

Since A1B1 ‖ AB2, B1B2 ‖ CA1 and B1C ‖ B2C2, it is clear that triangle AB2C2 is the
image of triangle A1B1C under a parallel translation. Similarly, triangle A3BC3 is the image
of triangle AB2C2 under a parallel translation and A4B4C is obtained in the same way from
A3BC3. But triangle A1B1C is also the image of triangle A3BC3 under a parallel translation,
hence, A1 = A4, i.e., after seven steps the trajectory becomes closed. (It is possible for the
trajectory to become closed sooner. Under what conditions?)

15.3. a) Let us complement triangle CBD to parallelogram CBDE. Then 2KM =
AE ≤ AD + DE = AD + BC and the equality is attained only if AD ‖ BC.

b) Let a = AB, b = BC, c = CD and d = DA. If |a − c| = |b − d| 6= 0 then by heading
a) the maximum is attained in the degenerate case when all points A, B, C and D belong
to one line. Now suppose that, for example, |a − c| < |b − d|. Let us complement triangles
ABL and LCD to parallelograms ABLP and LCDQ, respectively; then PQ ≥ |b − d| and,
therefore,

LN2 =
1

4
(2LP 2 + 2LQ2 − PQ2) ≤ 1

4
(2(a2 + c2) − (b − d)2).

Moreover, by heading a) KM ≤ 1
2
(b + d). Both equalities are attained when ABCD is a

trapezoid with bases AD and BC.
15.4. Let us construct circle S tangent to side AB and rays BC and AD; translate

triangle CND parallelly (in the direction of bases BC and AD) until N ′ coincides with
point M , i.e., side C ′D′ becomes tangent to circle S (Fig. 148).

Figure 148 (Sol. 15.4)

For the circumscribed trapezoid ABC ′D′ the equality 2MN ′ = |AB+C ′D′−BC ′−AD′| is
obvious because N ′ = M . Under the passage from trapezoid ABC ′D′ to trapezoid ABCD
the left-hand side of this equality accrues by 2N ′N and the right-hand side accrues by
CC ′ + DD′ = 2NN ′. Hence, the equality is preserved.
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15.5. Denote the intersection point of heights of triangle BKH by H1. Since HH1 ⊥ BK
and KH1 ⊥ BH, it follows that HH1 ‖ AD and KH1 ‖ DC, i.e., H1HDK is a parallelogram.

Therefore, under the parallel translation by vector
−−→
H1H point K passes to point D and point

B passes to point P (Fig. 149). Since PD ‖ BK, it follows that BPDK is a rectangle and
PK = BD = b. Since BH1 ⊥ KH, it follows that PH ⊥ KH. It is also clear that
PH = BH1.

Figure 149 (Sol. 15.5)

In right triangle PKH, hypothenuse KP = b and the leg KH = a are known; therefore,
BH1 = PH =

√
b2 − a2.

15.6. a) Denote by F the figure that lies inside the unit square ABCD; let S be its

area. Let us consider two vectors
−−→
AA1 and

−−→
AA2, where point A1 belongs to side AD and

AA1 = 0.001 and where point A2 belongs to the interior of angle ∠BAD, ∠A2AA1 = 60◦

and AA2 = 0.001 (Fig. 150).

Figure 150 (Sol. 15.6 a))

Let F1 and F2 be the images of F under the parallel translations by vectors
−−→
AA1 and−−→

AA2, respectively. The figures F , F1 and F2 have no common points and belong to the
interior of the square with side 1.001. Therefore, 2S < 1.0012, i.e., S < 0.335 < 0.34.

b) Consider vector
−−→
AA3 =

−−→
AA1 +

−−→
AA2. Let us rotate

−−→
AA3 about point A through an

acute angle counterclockwise so that point A3 turns into point A4 such that A3A4 = 0.001.

Let us also consider vectors
−−→
AA5 and

−−→
AA6 of length 0.001 each constituting an angle of 30◦

with vector
−−→
AA4 and situated on both sides of it (Fig. 151).

Denote by Fi the image of figure F under the parallel translation by the vector
−−→
AAi.

Denote the area of the union of figures A and B by S(A ∪ B) and by S(A ∩ B) the area of
their intersection.

For definiteness, let us assume that S(F4 ∩ F ) ≤ S(F3 ∩ F ). Then S(F4 ∩ F ) ≤ 1
2
S

and, therefore, S(F4 ∪ F ) ≥ 3
2
S. The figures F5 and F6 do not intersect either each other
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Figure 151 (Sol. 15.6 b))

or figures F or F4 and, therefore, S(F ∪ F4 ∪ F5 ∪ F6) ≥ 7
2
S. (If it would have been that

S(F3 ∩ F ) ≤ S(F4 ∩ F ), then instead of figures F5 and F6 we should have taken F1 and F2.)

Since the lengths of vectors
−−→
AAi do not exceed 0.001

√
3, all the figures considered lie inside

a square with side 1 + 0.002
√

3. Therefore, 7S/2 ≤ (1 + 0.002
√

3)2 and S < 0.287.
15.7. Given two vectors ±a parallel to l and of given length a. Consider the images of

ray BC under the parallel translations by these vectors. Their intersection point with ray
BA belongs to the line to be constructed (if they do not intersect, then the problem has no
solutions).

15.8. a) Let S ′
1 be the image of circle S1 under the parallel translation by a vector

of length a parallel to l (there are two such vectors). The desired line passes through the
intersection point of circles S ′

1 and S2.
b) Let O1 and O2 be the projections of the centers of circles S1 and S2 to line l; let S ′

1

be the image of the circle S1 under the parallel translation by vector
−−−→
O1O2. The desired line

passes through the intersection point of circles S ′
1 and S2.

c) Let S ′
1 be the image of circle S1 under the parallel translation by a vector parallel to l.

Then the lengths of chords cut by the line l1 on circles S1 and S ′
1 are equal. If the distance

between the projections of the centers of circles S ′
1 and S2 to line l is equal to 1

2
a, then the

sum of difference of the lengths of chords cut by the line parallel to l and passing through
the intersection point of circles S ′

1 and S2 is equal to a. Now it is easy to construct circle S ′
1.

15.9. Suppose that point X is constructed. Let us translate point A by vector
−→
EF , i.e.,

let us construct point A′ such that
−→
EF =

−−→
AA′. This construction can be performed since we

know vector
−→
EF : its length is equal to a and it is parallel to CD.

Figure 152 (Sol. 15.9)
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Since AX ‖ A′F , it follows that ∠A′FB = ∠AXB and, therefore, angle ∠A′FB is
known. Thus, point F belongs to the intersection of two figures: segment CD and an arc
of the circle whose points are vertices of the angles equal to ∠AXB that subtend segment
A′B, see Fig. 152.

15.10. Suppose that quadrilateral ABCD is constructed. Denote by D1 the image of

point D under the parallel translation by vector
−−→
CB. In triangle ABD1, sides AB, BD1 and

angle ∠ABD1 are known. Hence, the following construction.
Let us arbitrarily construct ray BC ′ and then draw rays BD′

1 and BA′ so that ∠D′
1BC ′ =

180◦ − ∠C, ∠A′BC ′ = ∠B and these rays lie in the half plane on one side of ray BC ′.
On rays BA′ and BD′

1, draw segments BA = a and BD1 = b, respectively. Let us draw
ray AD′ so that ∠BAD′ = ∠A and rays BC ′, AD′ lie on one side of line AB. Vertex D is
the intersection point of ray AD′ and the ray drawn from D1 parallel to ray BC ′. Vertex C
is the intersection point of BC ′ and the ray drawn from D parallel to ray D1B.

15.11. Suppose that points M and N at which line l intersects circle S2 are constructed.
Let O1 and O2 be the centers of circles S1 and S2; let O′

1 be the image of point O1 under the
parallel translation along l such that O′

1O2 ⊥ MN ; let S ′
1 be the image of circle S1 under

the same translation.
Let us draw tangents AP and AQ to circles S ′

1 and S2, respectively. Then AQ2 =
AM ·AN = AP 2 and, therefore, O′

1A
2 = AP 2 +R2, where R is the radius of circle S ′

1. Since
segment AP can be constructed, we can also construct segment AO′

1. It remains to notice
that point O′

1 belongs to both the circle of radius AO′
1 with the center at A and to the circle

with diameter O1O2.
15.12. a) Let us draw through point A line PQ, where P belongs to circle S and Q

belongs to circle S2. From the centers O1 and O2 of circles S1 and S2, respectively, draw
perpendiculars O1M and O2N to line PQ. Let us parallelly translate segment MN by a

vector
−−−→
MO1. Let C be the image of point N under this translation.

Triangle O1CO2 is a right one and O1C = MN = 1
2
PQ. It follows that in order to con-

struct line PQ for which PQ = a we have to construct triangle O1CO2 of given hypothenuse
O1O2 and leg O1C = 1

2
a and then draw through A the line parallel to O1C.

b) It suffices to solve the converse problem: around the given triangle PQR circumscribe
a triangle equal (?) to the given triangle ABC. Suppose that we have constructed triangle
ABC whose sides pass through given points P , Q and R. Let us construct the arcs of circles
whose points serve as vertices for angles ∠A and ∠B that subtend segments RP and QP ,
respectively. Points A and B belong to these arcs and the length of segment AB is known.

By heading a) we can construct line AP through P whose intercept between circles S1

and S2 is of given length. Draw lines AR and BQ; we get triangle ABC equal to the given
triangle since these triangles have by construction equal sides and the angles adjacent to it.

15.13. Suppose that the desired quadrilateral ABCD is constructed. Let D1 and D2 be

the images of point D under the translations by vectors
−→
AC and

−→
CA, respectively. Let us

circumscribe circles S1 and S2 around triangles DCD1 and DAD2, respectively. Denote the
intersection points of lines BC and BA with circles S1 and S2 by M and N , respectively,
see Fig. 153. It is clear that ∠DCD1 = ∠DAD2 = ∠D, ∠DCM = 180◦ − ∠C and
∠DAN = 180◦ − ∠A.

This implies the following construction. On an arbitrary line l, take a point, D, and
construct points D1 and D2 on l so that DD1 = DD2 = AC. Fix one of the half planes Π
determined by line l and assume that point B belongs to this half plane. Let us construct
a circle S1 whose points belonging to Π serve as vertices of the angles equal to ∠D that
subtend segment DD1.
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Figure 153 (Sol. 15.13)

We similarly construct circle S2. Let us construct point M on S1 so that all the points
of the part of the circle that belongs to Π serve as vertices of the angles equal to 180◦ −∠C
that subtend segment DM .

Point N is similarly constructed. Then segment MN subtends angle ∠B, i.e., B is the
intersection point of the circle with center D of radius DB and the arc of the circle serve
as vertices of the angles equal to ∠B that subtend segment MN (it also belongs to the half
plane Π). Points C and A are the intersection points of lines BM and BN with circles S1

and S2, respectively.
15.14. From a point X draw perpendiculars XA1 and XA2 to given lines l1 and l2,

respectively. On ray A1X, take point B so that A1B = a. Then if XA1 ± XA2 = a, we

have XB = XA2. Let l′1 be the image of line l1 under the parallel translation by vector
−−→
A1B

and M the intersection point of lines l′1 and l2. Then in the indicated cases ray MX is the
bisector of angle ∠A2MB. As a result we get the following answer.

Let the intersection points of lines l1 and l2 with the lines parallel to lines l1 and l2 and
distant from them by a form rectangle M1M2M3M4. The locus to be found is either a) the
sides of this rectangle; or b) the extensions of these sides.

15.15. Let leg AB of angle ∠BAC be tangent to the circle of radius r1 with center O1

and leg AC be tangent to the circle of radius r2 with center O2. Let us parallelly translate
line AB inside angle ∠BAC by distance r1 and let us parallelly translate line AC inside
angle ∠BAC by distance r2. Let A1 be the intersection point of the translated lines (Fig.
154).

Figure 154 (Sol. 15.15)

Then ∠O1A1O2 = ∠BAC. The constant(?) angle O1A1O2 subtends fixed segment O1O2

and, therefore, point A1 traverses an arc of a(?) circle.
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Background

1. The symmetry through point A is the transformation of the plane which sends point
X into point X ′ such that A is the midpoint of segment XX ′. The other names of such a
transformation: the central symmetry with center A or just the symmetry with center A.

Notice that the symmetry with center A is a particular case of two other transformations:
it is the rotation through an angle of 180◦ with center A and also the homothety with center
A and coefficient −1.

2. If a figure turns into itself under the symmetry through point A, then A is called the
center of symmetry of this figure.

3. The following notations for transformations are used in this chapter:
SA — the symmetry with center A;
Ta — the translation by vector a.
4. We will denote the composition of symmetries through points A and B by SB◦SA; here

we assume that we first perform symmetry SA and then symmetry SB. This notation might
look unnatural at first glance, but it is, however, justified by the identity (SB ◦ SA)(X) =
SB(SA(X)).

The composition of maps is associative: F ◦ (G ◦H) = (F ◦G) ◦H. Therefore, the order
of the compositions is inessential and we may simply write F ◦ G ◦ H.

5. The compositions of two central symmetries or of a symmetry with a parallel transla-
tion are calculated according to the following formulas (Problem 16.9):

a) SB ◦ SA = T
2
−→
AB

;

b) Ta ◦ SA = SB and SB ◦ Ta = SA, where a = 2
−→
AB.

Introductory problems

1. Prove that under any central symmetry any circle turns into a circle.
2. Prove that a quadrilateral with a center of symmetry is a parallelogram.
3. The opposite sides of a convex hexagon are equal and parallel. Prove that the hexagon

has a center of symmetry.
4. Consider parallelogram ABCD and point M . The lines parallel to lines MC, MD,

MA and MB are drawn through points A, B, C and D, respectively. Prove that the lines
drawn intersect at one point.

5. Prove that the opposite sides of a hexagon formed by the sides of a triangle and the
tangents to its circumscribed circle parallel to the sides of the triangle are equal.

§1. Solving problems with the help of a symmetry

16.1. Prove that if in a triangle a median and a bisector coincide, then the triangle is
an isosceles one.
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16.2. Two players lay out nickels on a rectangular table taking turns. It is only allowed
to place a coin onto an unoccupied place. The loser is the one who can not make any move.
Prove that the first player can always win in finitely many moves.

16.3. A circle intersects sides BC, CA, AB of triangle ABC at points A1 and A2, B1

and B2, C1 and C2, respectively. Prove that if the perpendiculars to the sides of the triangle
drawn through points A1, B1 and C1 intersect at one point, then the perpendiculars to the
sides drawn through A2, B2 and C2 also intersect at one point.

16.4. Prove that the lines drawn through the midpoints of the circumscribed quadrilat-
eral perpendicularly to the opposite sides intersect at one point.

16.5. Let P be the midpoint of side AB of convex quadrilateral ABCD. Prove that if
the area of triangle PCD is equal to a half area of quadrilateral ABCD, then BC ‖ AD.

16.6. Unit circles S1 and S2 are tangent at point A; the center O of circle S of radius 2
belongs to S1. Circle S1 is tangent to circle S at point B. Prove that line AB passes through
the intersection point of circles S2 and S.

16.7. In triangle ABC medians AF and CE are drawn. Prove that if ∠BAF = ∠BCE =
30◦, then triangle ABC is an equilateral one.

16.8. Consider a convex n-gon with pairwise nonparallel sides and point O inside it.
Prove that it is impossible to draw more than n lines through O so that each line divides
the area of the n-gon in halves.

§2. Properties of the symmetry

16.9. a) Prove that the composition of two central symmetries is a parallel translation.
b) Prove that the composition of a parallel translation with a central symmetry (in either

order) is a central symmetry.
16.10. Prove that if a point is reflected symmetrically through points O1, O2 and O3

and then reflected symmetrically once again through the same points, then it assumes the
initial position.

16.11. a) Prove that a bounded figure cannot have more than one center of symmetry.
b) Prove that no figure can have precisely two centers of symmetry.
c) Let M be a finite set of points on a plane. Point O will be called an “almost center of

symmetry” of the set M if we can delete a point from M so that O becomes the center of
symmetry of the remaining set. How many “almost centers of symmetry” can a set have?

16.12. On segment AB, consider n pairs of points symmetric through the midpoint; n
of these 2n points are painted blue and the remaining are painted red. Prove that the sum
of distances from A to the blue points is equal to the sum of distances from B to the red
points.

§3. Solving problems with the help of a symmetry. Constructions

16.13. Through a common point A of circles S1 and S2 draw a straight line so that these
circles would intercept on it equal chords.

16.14. Given point A, a line and a circle. Through A draw a line so that A divides the
segment between the intersection points of the line drawn with the given line and the given
circle in halves.

16.15. Given angle ABC and point D inside it. Construct a segment with the endpoints
on the legs of the given angle and with the midpoint at D.

16.16. Consider an angle and points A and B inside it. Construct a parallelogram for
which points A and B are opposite vertices and the two other vertices belong to the legs of
the angle.



SOLUTIONS 329

16.17. Given four pairwise nonparallel straight lines and point O not belonging to these
lines. Construct a parallelogram whose center is O and the vertices lie on the given lines,
one on each.

16.18. Consider two concentric circles S1 and S2. Draw a line on which these circles
intercept three equal segments.

16.19. Consider nonintersecting chords AB and CD of a circle and point J on chord
CD. Construct point X on the circle so that chords AX and BX would intercept on chord
CD segment EF which J divides in halves.

16.20. Through a common point A of circles S1 and S2 draw line l so that the difference
of the lengths of the chords intercepted by circles S1 and S2 on l were of given value a.

16.21. Given m = 2n + 1 points — the midpoints of the sides of an m-gon — construct
the vertices of the m-gon.

Problems for independent study

16.22. Construct triangle ABC given medians ma, mb and angle ∠C.
16.23. a) Given a point inside a parallelogram; the point does not belong to the segments

that connect the midpoints of the opposite sides. How many segments divided in halves by
the given point are there such that their endpoints are on the sides of the parallelogram?

b) A point inside the triangle formed by the midlines of a given triangle is given. How
many segments divided in halves by the given point and with the endpoints on the sides of
the given triangle are there?

16.24. a) Find the locus of vertices of convex quadrilaterals the midpoints of whose sides
are the vertices of a given square.

b) Three points are given on a plane. Find the locus of vertices of convex quadrilaterals
the midpoints of three sides of each of which are the given points.

16.25. Points A, B, C, D lie in the indicated order on a line and AB = CD. Prove that
for any point P on the plane we have AP + DP ≥ BP + CP .

Solutions

16.1. Let median BD of triangle ABC be a bisector as well. Let us consider point B1

symmetric to B through point D. Since D is the midpoint of segment AC, the quadrilateral
ABCB1 is a parallelogram. Since ∠ABB1 = ∠B1BC = ∠AB1B, it follows that triangle
B1AB is an isosceles one and AB = AB1 = BC.

16.2. The first player places a nickel in the center of the table and then places nickels
symmetrically to the nickels of the second player with respect to the center of the table.
Using this strategy the first player has always a possibility to make the next move. It is also
clear that the play will be terminated in a finite number of moves.

16.3. Let the perpendiculars to the sides drawn through points A1, B1 and C1 intersect
at point M . Denote the center of the circle by O. The perpendicular to side BC drawn
through point A1 is symmetric through point O to the perpendicular to side BC drawn
through A2. It follows that the perpendiculars to the sides drawn through points A2, B2 and
C2 intersect at the point symmetric to M through point O.

16.4. Let P , Q, R and S be the midpoints of sides AB, BC, CD and DA, respectively,
and M the intersection point of segments PR and QS (i.e., the midpoint of both of these
segments, see Problem 14.5); O the center of the circumscribed circle and O′ the point
symmetric to O through M . Let us prove that the lines mentioned in the formulation of
the problem pass through O′. Indeed, O′POR is a parallelogram and, therefore, O′P ‖ OR.
Since R is the midpoint of chord CD, it follows that OR ⊥ CD, i.e., O′P ⊥ CD.



330 CHAPTER 16. CENTRAL SYMMETRY

For lines O′Q,O′R and O′S the proof is similar.
16.5. Let point D′ be symmetric to D through P . If the area of triangle PCD is equal

to a half area of quadrilateral ABCD, then it is equal toSPBC + SPAD, i.e., it is equal to
SPBC + SPBD′ . Since P is the midpoint of segment DD′, it follows that SPCD′ = SPCD =
SPBC + SPBD′ and, therefore, point B belongs to segment D′C. It remains to notice that
D′B ‖ AD.

16.6. Circles S1 and S2 are symmetric through point A. Since OB is the diameter of
circle S1, it follows that ∠BAO = 90◦ and, therefore, under the symmetry through A point
B becomes on the circle S again. It follows that under the symmetry through A point B
turns into the intersection point of circles S2 and S.

16.7. Since ∠EAF = ∠ECF = 30◦, we see that points A, E, F and C belong to one
circle S and if O is its center, then ∠EOF = 60◦. Point B is symmetric to A through E and,
therefore, B belongs to circle S1 symmetric to circle S through E. Similarly, point B belongs
to circle S2 symmetric to circle S through point F . Since triangle EOF is an equilateral
one, the centers of circles S, S1 and S2 form an equilateral triangle with side 2R, where R is
the radius of these circles. Therefore, circles S1 and S2 have a unique common point — B
— and triangle BEF is an equilateral one. Thus, triangle ABC is also an equilateral one.

16.8. Consider a polygon symmetric to the initial one through point O. Since the sides
of the polygons are pairwise nonparallel, the contours of these polygons cannot have common
segments but could only have common points. Since the polygons are convex ones, each side
has not more than two intersection points; therefore, there are not more than 2n intersection
points of the contours (more precisely, not more than n pairs of points symmetric through
O).

Let l1 and l2 be the lines passing through O and dividing the area of the initial polygon
in halves. Let us prove that inside each of the four parts into which these lines divide the
plane there is an intersection point of the contours.

Suppose that one of the parts has no such points between lines l1 and l2. Denote the
intersection points of lines l1 and l2 with the sides of the polygon as indicated on Fig. 12.

Figure 154 (Sol. 16.8)

Let points A′, B′, C ′ and D′ be symmetric trough O to points A, B, C and D, respectively.
For definiteness sake, assume that point A is closer to O than C ′. Since segments AB and
C ′D′ do not intersect, point B is closer to O than D′. It follows that SABO < SC′D′O = SCDO,
where ABO is a convex figure bounded by segments AO and BO and the part of the boundary
of the n-gon between points A and B.

On the other hand, SABO = SCDO because lines l1 and l2 divide the area of the polygon
in halves. Contradiction.

Therefore, between every pair of lines which divide the area of the polygon in halves
there is a pair of symmetric intersection points of contours; in other words, there are not
more than n such lines.

16.9. a) Let the central symmetry through O1 send point A into A1; let the central
symmetry through O2 send point A1 into A2. Then O1O2 is the midline of triangle AA1A2

and, therefore,
−−→
AA2 = 2

−−−→
O1O2.
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b) Let O2 be the image of point O1 under the translation by vector 1
2
a. By heading a) we

have SO1 ◦SO2 = Ta. Multiplying this equality by SO1 from the right or by SO2 from the left
and taking into account that SX ◦ SX is the identity transformation we get SO1 = SO2 ◦ Ta

and SO2 = Ta ◦ SO1 .
16.10. By the preceding problem SB ◦ SA = T

2
−→
AB

; therefore,

SO3 ◦ SO2 ◦ SO1 ◦ SO3 ◦ SO2 ◦ SO1 = T
2(
−−−→
O2O3+

−−−→
O3O1+

−−−→
O1O2)

is the identity transformation.
16.11. a) Suppose that a bounded figure has two centers of symmetry: O1 and O2.

Let us introduce a coordinate system whose absciss axis is directed along ray O1O2. Since

SO2 ◦ SO1 = T
2
−−−→
O1O2

, the figure turns into itself under the translation by vector 2
−−−→
O1O2. A

bounded figure cannot possess such a property since the image of the point with the largest
absciss does not belong to the figure.

b) Let O3 = SO2(O1). It is easy to verify that SO3 = SO2 ◦ SO1 ◦ SO2 and, therefore, if
O1 and O2 are the centers of symmetry of a figure, then O3 is also a center of symmetry,
moreover, O3 6= O1 and O3 6= O2.

c) Let us demonstrate that a finite set can only have 0, 1, 2 or 3 “almost centers of
symmetry”. The corresponding examples are given on Fig. 13. It only remains to prove
that a finite set cannot have more than three “almost centers of symmetry”.

Figure 155 (Sol. 16.11)

There are finitely many “almost centers of symmetry” since they are the midpoints of
the segments that connect the points of the set. Therefore, we can select a line such that the
projections of “almost centers of symmetry” to the line are distinct. Therefore, it suffices to
carry out the proof for the points which belong to one line.

Let n points on a line be given and x1 < x2 < · · · < xn−1 < xn be their coordinates.
If we discard the point x1, then only point 1

2
(x2 + xn) can serve as the center of symmetry

of the remaining set; if we discard xn, then only point 1
2
(x1 + xn−1) can be the center of

symmetry of the remaining set and if we discard any other point, then only point 1
2
(x1 +xn)

can be the center of symmetry of the remaining set. Therefore, there can not be more than
3 centers of symmetry.

16.12. A pair of symmetric points is painted different colours, therefore, it can be
discarded from the consideration; let us discard all such pairs. In the remaining set of points
the number of blue pairs is equal to the number of red pairs. Moreover, the sum of the
distances from either of points A or B to any pair of symmetric points is equal to the length
of segment AB.
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16.13. Consider circle S ′
1 symmetric to circle S1 through point A. The line to be found

passes through the intersection points of S ′
1 and S2.

16.14. Let l′ be the image of line l under the symmetry through point A. The desired
line passes through point A and an intersection point of line l′ with the circle S.

Figure 156 (Sol. 16.15)

16.15. Let us construct the intersection points A′ and C ′ of the lines symmetric to the
lines BC and AB through the point D with lines AB and BC, respectively, see Fig. 14. It is
clear that point D is the midpoint of segment A′C ′ because points A′ and C ′ are symmetric
through D.

16.16. Let O be the midpoint of segment AB. We have to construct points C and D
that belong to the legs of the angle so that point O is the midpoint of segment CD. This
construction is described in the solution of the preceding problem.

16.17. Let us first separate the lines into pairs. This can be done in three ways. Let the
opposite vertices A and C of parallelogram ABCD belong to one pair of lines, B and D to
the other pair. Consider the angle formed by the first pair of lines and construct points A
and C as described in the solution of Problem 16.15. Construct points B and D in a similar
way.

16.18. On the smaller circle, S1, take an arbitrary point, X. Let S ′
1 be the image of S1

under the symmetry with respect to X, let Y be the intersection point of circles S ′
1 and S2.

Then XY is the line to be found.

Figure 157 (Sol. 16.19)

16.19. Suppose X is constructed. Denote the images of points A, B and X under the
symmetry through point J by A′, B′ and X ′, respectively, see Fig. 15. Angle ∠A′FB =
180◦ − ∠AXB is known and, therefore, point F is the intersection point of segment CD
with the arc of the circle whose points serve as vertices of angles of value 180◦−∠AXB that
subtend segment BA′. Point X is the intersection point of line BF with the given circle.

16.20. Suppose that line l is constructed. Let us consider circle S ′
1 symmetric to circle

S1 through point A. Let O1, O′
1 and O2 be the centers of circles S1, S ′

1 and S2, as shown on
Fig. 16.
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Figure 158 (Sol. 16.20)

Let us draw lines l′1 and l2 through O′
1 and O2 perpendicularly to line l. The distance

between lines l′1 and l2 is equal to a half difference of the lengths of chords intercepted by l
on circles S1 and S2. Therefore, in order to construct l, we have to construct the circle of
radius 1

2
a with center O′

1; line l2 is tangent to this circle. Having constructed l2, drop the
perpendicular from point A to l2; this perpendicular is line l.

16.21. Let B1, B2, . . . , Bm be the midpoints of sides A1A2, A2A3, . . . , AmA1 of polygon
A1A2 . . . Am. Then SB1(A1) = A2, SB2(A2) = A3, . . . , SBm(Am) = A1. It follows that
SBm ◦ · · · ◦ SB1(A1) = A1, i.e., A1 is a fixed point of the composition of symmetries SBm ◦
SBm−1 ◦ · · · ◦SB1 . By Problem 16.9 the composition of an odd number of central symmetries
is a central symmetry, i.e., has a unique fixed point. This point can be constructed as the
midpoint of the segment that connects points X and SBm ◦ SBm−1 ◦ · · · ◦ SB1(X), where X
is an arbitrary point.





Chapter 17. THE SYMMETRY THROUGH A LINE

Background

1. The symmetry through a line l (notation: Sl) is a transformation of the plane which
sends point X into point X ′ such that l is the midperpendicular to segment XX ′. Such a
transformation is also called the axial symmetry and l is called the axis of the symmetry.

2. If a figure turns into itself under the symmetry through line l, then l is called the axis

of symmetry of this figure.
3. The composition of two symmetries through axes is a parallel translation, if the axes

are parallel, and a rotation, if they are not parallel, cf. Problem 17.22.
Axial symmetries are a sort of “bricks” all the other motions of the plane are constructed

from: any motion is a composition of not more than three axial symmetries (Problem 17.35).
Therefore, the composition of axial symmetries give much more powerful method for solving
problems than compositions of central symmetries. Moreover, it is often convenient to de-
compose a rotation into a composition of two symmetries with one of the axes of symmetry
being a line passing through the center of the rotation.

Introductory problems

1. Prove that any axial symmetry sends any circle into a circle.
2. A quadrilateral has an axis of symmetry. Prove that this quadrilateral is either an

equilateral trapezoid or is symmetric through a diagonal.
3. An axis of symmetry of a polygon intersects its sides at points A and B. Prove that

either point A is a vertex of the polygon or the midpoint of a side perpendicular to the axis
of symmetry.

4. Prove that if a figure has two perpendicular axes of symmetry, it has a center of
symmetry.

§1. Solving problems with the help of a symmetry

17.1. Point M belongs to a diameter AB of a circle. Chord CD passes through M and
intersects AB at an angle of 45◦. Prove that the sum CM2 + DM2 does not depend on the
choice of point M .

17.2. Equal circles S1 and S2 are tangent to circle S from the inside at points A1 and
A2, respectively. An arbitrary point C of circle S is connected by segments with points A1

and A2. These segments intersect S1 and S2 at points B1 and B2, respectively. Prove that
A1A2 ‖ B1B2.

17.3. Through point M on base AB of an isosceles triangle ABC a line is drawn. It
intersects sides CA and CB (or their extensions) at points A1 and B1. Prove that A1A :
A1M = B1B : B1M .

335
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§2. Constructions

17.4. Construct quadrilateral ABCD whose diagonal AC is the bisector of angle ∠A
knowing the lengths of its sides.

17.5. Construct quadrilateral ABCD in which a circle can be inscribed knowing the
lengths of two neighbouring sides AB and AD and the angles at vertices B and D.

17.6. Construct triangle ABC knowing a, b and the difference of angles ∠A − ∠B.
17.7. Construct triangle ABC given its side c, height hc and the difference of angles

∠A − ∠B.
17.8. Construct triangle ABC given a) c, a − b (a > b) and angle ∠C; b) c, a + b and

angle ∠C.
17.9. Given line l and points A and B on one side of it. Construct point X on l such

that AX + XB = a, where a is given.
17.10. Given acute angle ∠MON and points A and B inside it. Find point X on leg

OM such that triangle XY Z, where Y and Z are the intersection points of lines XA and
XB with ON , were isosceles, i.e., XY = XZ.

17.11. Given line MN and two points A and B on one side of it. Construct point X on
MN such that ∠AXM = 2∠BXN .

* * *

17.12. Given three lines l1, l2 and l3 intersecting at one point and point A1 on l1.
Construct triangle ABC so that A1 is the midpoint of its side BC and lines l1, l2 and l3 are
the midperpendiculars to the sides.

17.13. Construct triangle ABC given points A, B and the line on which the bisector of
angle ∠C lies.

17.14. Given three lines l1, l2 and l3 intersecting at one point and point A on line l1.
Construct triangle ABC so that A is its vertex and the bisectors of the triangle lie on lines
l1, l2 and l3.

17.15. Construct a triangle given the midpoints of two of its sides and the line that
contains the bisector drawn to one of these sides.

§3. Inequalities and extremals

17.16. On the bisector of the exterior angle ∠C of triangle ABC point M distinct from
C is taken. Prove that MA + MB > CA + CB.

17.17. In triangle ABC median AM is drawn. Prove that 2AM ≥ (b + c) cos(1
2
α).

17.18. The inscribed circle of triangle ABC is tangent to sides AC and BC at points
B1 and A1. Prove that if AC > BC, then AA1 > BB1.

17.19. Prove that the area of any convex quadrilateral does not exceed a half-sum of
the products of opposite sides.

17.20. Given line l and two points A and B on one side of it, find point X on line l such
that the length of segment AXB of the broken line was minimal.

17.21. Inscribe a triangle of the least perimeter in a given acute triangle.

§4. Compositions of symmetries

17.22. a) Lines l1 and l2 are parallel. Prove that Sl1 ◦Sl2 = T2a, where Ta is the parallel
translation that sends l1 to l2 and such that a ⊥ l1.

b) Lines l1 and l2 intersect at point O. Prove that Sl2 ◦ Sl1 = R2α
O , where Rα

O is the
rotation about O through the angle of α that sends l1 to l2.
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17.23. On the plane, there are given three lines a, b, c. Let T = Sa ◦Sb ◦ Sc. Prove that
T ◦ T is a parallel translation (or the identity map).

17.24. Let l3 = Sl1(l2). Prove that Sl3 = Sl1 ◦ Sl2 ◦ Sl1 .
17.25. The inscribed circle is tangent to the sides of triangle ABC at points A1, B1

and C1. Points A2, B2 and C2 are symmetric to these points through the bisectors of the
corresponding angles of the triangle. Prove that A2B2 ‖ AB and lines AA2, BB2 and CC2

intersect at one point.
17.26. Two lines intersect at an angle of γ. A grasshopper hops from one line to another

one; the length of each jump is equal to 1 m and the grasshopper does not jump backwards
whenever possible. Prove that the sequence of jumps is periodic if and only if γ/π is a
rational number.

17.27. a) Given a circle and n lines. Inscribe into the circle an n-gon whose sides are
parallel to given lines.

b) n lines go through the center O of a circle. Construct an n-gon circumscribed about
this circle such that the vertices of the n-gon belong to these lines.

17.28. Given n lines, construct an n-gon for which these lines are a) the midperpendic-
ulars to the sides; b) the bisectors of the inner or outer angles at the vertices.

17.29. Given a circle, a point and n lines. Into the circle inscribe an n-gon one of whose
sides passes through the given point and the other sides are parallel to the given lines.

§5. Properties of symmetries and axes of symmetries

17.30. Point A lies at the distance of 50 cm from the center of the disk of radius 1 cm.
It is allowed to reflect point A symmetrically through any line intersecting the disk. Prove
that a) after 25 reflexions point A can be driven inside the given circle; b) it is impossible
to perform this in 24 reflexions.

17.31. On a circle with center O points A1, . . . , An which divide the circle into equal
archs and a point X are given. Prove that the points symmetric to X through lines OA1,
. . . , OAn constitute a regular polygon.

17.32. Prove that if a planar figure has exactly two axes of symmetry, then these axes
are perpendicular to each other.

17.33. Prove that if a polygon has several (more than 2) axes of symmetry, then all of
them intersect at one point.

17.34. Prove that if a polygon has an even number of axes of symmetry, then it has a
center of symmetry.

§6. Chasles’s theorem

A transformation which preserves distances between points (i.e., such that if A′ and B′

are the images of points A and B, respectively, then A′B′ = AB) is called a movement. A
movement of the plane that preserves 3 points which do not belong to one line preserves all
the other points.

17.35. Prove that any movement of the plane is a composition of not more than three
symmetries through lines.

A movement which is the composition of an even number of symmetries through lines is
called a first type movement or a movement that preserves the orientation of the plane.

A movement which is the composition of an odd number of symmetries through lines is
called a second type movement or a movement inversing the orientation of the plane.
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We will not prove that the composition of an odd number of symmetries through lines
is impossible to represent in the form of the composition of an odd number of symmetries
through lines and the other way round because this fact, though true, is beyond the scope
of our book.

17.36. Prove that any first type movement is either a rotation or a parallel translation.

The composition of a symmetry through line l and the translation by a vector parallel
to l (this vector might be the zero one) is called a transvection.

17.37. Prove that any second type movement is a transvection.

Problems for independent study

17.38. Given a nonconvex quadrilateral of perimeter P . Prove that there exists a convex
quadrilateral of the same perimeter but of greater area.

17.39. Can a bounded figure have a center of symmetry and exactly one axis of symme-
try?

17.40. Point M belongs to the circumscribed circle of triangle ABC. Prove that the
lines symmetric to the lines AM , BM and CM through the bisectors of angles ∠A, ∠B and
∠C are parallel to each other.

17.41. The vertices of a convex quadrilateral belong to different sides of a square. Prove
that the perimeter of this quadrilateral is not shorter than 2

√
2a, where a is the length of

the square’s side.
17.42. A ball lies on a rectangular billiard table. Construct a trajectory traversing along

which the ball would return to the initial position after one reflexion from each side of the
table.

Solutions

17.1. Denote the points symmetric to points C and D through line AB by C ′ and D′,
respectively. Since ∠C ′MD = 90◦, it follows that CM2 + MD2 = C ′M2 + MD2 = C ′D2.
Since ∠C ′CD = 45◦, chord C ′D is of constant length.

17.2. In circle S, draw the diameter which is at the same time the axis of symmetry
of circles S1 and S2. Let points C ′ and B′

2 be symmetric to points C and B2 through this
diameter: see Fig. 17.

Figure 159 (Sol. 17.2)

Circles S1 and S are homothetic with the center of homothety at point A1; let this
homothety send line B1B

′
2 into line CC ′. Therefore, these lines are parallel to each other. It

is also clear that B2B
′
2 ‖ CC ′. Therefore, points B1, B′

2 and B2 belong to one line and this
line is parallel to line CC ′.
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17.3. Let the line symmetric to line A1B1 through line AB intersect sides CA and CB
(or their extensions) at points A2 and B2, respectively. Since ∠A1AM = ∠B2BM and
∠A1MA = ∠B2MB, it follows that A1AM ∼ B2BM , i.e., A1A : A1M = B2B : B2M .
Moreover, since MB is a bisector in triangle B1MB2, it follows that B2B : B2M = B1B :
B1M .

17.4. Suppose that quadrilateral ABCD is constructed. Let, for definiteness sake,
AD > AB. Denote by B′ the point symmetric to B through diagonal AC. Point B′ belongs
to side AD and B′D = AD −AB. In triangle B′CD, the lengths of all the sides are known:
B′D = AD − AB and B′C = BC. Constructing triangle B′CD on the extension of side
B′D beyond B′ let us construct point A.

Further construction is obvious.
17.5. Suppose that quadrilateral ABCD is constructed. For definiteness sake, assume

that AD > AB. Let O be the center of the circumscribed circle; let point D′ be symmetric
to D through line AO; let A′ be the intersection point of lines AO and DC; let C ′ be the
intersection point of lines BC and A′D′ (Fig. 18).

Figure 160 (Sol. 17.5)

In triangle BC ′D′, side BD′ and adjacent angles are known: ∠D′BC ′ = 180◦ −∠B and
∠BD′C ′ = ∠D. Let us construct triangle BC ′D′ given these elements. Since AD′ = AD,
we can construct point A. Further, let us construct O — the intersection point of bisectors
of angles ABC ′ and BD′C ′. Knowing the position of O we can construct point D and the
inscribed circle. Point C is the intersection point of line BC ′ and the tangent to the circle
drawn from D.

17.6. Suppose that triangle ABC is constructed. Let C ′ be the point symmetric to C
through the midperpendicular to segment AB. In triangle ACC ′ there are known AC = b,
AC ′ = a and ∠CAC ′ = ∠A − ∠B. Therefore, the triangle can be constructed. Point B is
symmetric to A through the midperpendicular to segment CC ′.

17.7. Suppose that triangle ABC is constructed. Denote by C ′ the point symmetric to
C through the midperpendicular to side AB and by B′ the point symmetric to B through
line CC ′. For definiteness, let us assume that AC < BC. Then

∠ACB′ = ∠ACC ′ + ∠C ′CB = 180◦ − ∠A + ∠C ′CB = 180◦ − (∠A − ∠B)

i.e., angle ∠ACB′ is known.
Triangle ABB′ can be constructed because AB = c, BB′ = 2hc and ∠ABB′ = 90◦.

Point C is the intersection point of the midperpendicular to segment BB′ and the arc of
the circle whose points serve as vertices of angles of value 180◦ − (∠A − ∠B) that subtend
segment AB′.
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17.8. a) Suppose triangle ABC is constructed. Let C ′ be the point symmetric to A
through the bisector of angle ∠C. Then

∠BC ′A = 180◦ − ∠AC ′C = 180◦ − 1

2
(180◦ − ∠C) = 90◦ +

1

2
∠C

and BC ′ = a − b.
In triangle ABC ′, there are known AB = c, BC ′ = a − b and ∠C ′ = 90◦ + 1

2
∠C. Since

∠C ′ > 90◦, triangle ABC ′ is uniquely constructed from these elements. Point C is the
intersection point of the midperpendicular to segment AC ′ with line BC ′.

b) The solution is similar to that of heading a). For C ′ we should take the point symmetric
to A through the bisector of the outer angle ∠C in triangle ABC.

Since ∠AC ′B = 1
2
∠C < 90◦, the problem can have two solutions.

17.9. Let S be the circle of radius a centered at B, let S ′ be the circle of radius AX
with center X and A′ the point symmetric to A through line l. Then circle S ′ is tangent
to circle S and point A′ belongs to circle S ′. It remains to draw circle S ′ through the given
points A and A′ tangent to the given circle S and find its center X, cf. Problem 8.56 b).

Figure 161 (Sol. 17.10)

17.10. Let the projection of point A to line ON be closer to point O than the projection
of point B. Suppose that the isosceles triangle XY Z is constructed. Let us consider point
A′ symmetric to point A through line OM . Let us drop perpendicular XH from point X to
line ON (Fig. 19). Since

∠A′XB = ∠A′XO + ∠OXA + ∠Y XH + ∠HXZ =

2∠OXY + 2∠Y XH = 2∠OXH = 180◦ − 2∠MON,

angle ∠A′XB is known. Point X is the intersection point of line OM and the arc whose
points serve as vertices of angles of 180◦ − 2∠MON that subtend A′B. In addition, the
projection of X onto ON must lie between the projections of A and B.

Conversely, if ∠A′XB = 180◦−∠MON and the projection of X to line ON lies between
the projections of A and B, then triangle XY Z is an isosceles one.

17.11. Suppose that point X is constructed. Let B′ be the point symmetric to point B
through line MN ; the circle of radius AB′ with center B′ intersects line MN at point A′.
Then ray B′X is the bisector of angle ∠AB′A′. It follows that X is the intersection point of
lines B′O and MN , where O is the midpoint of segment AA′.

17.12. Through point A1 draw line BC perpendicular to line l1. Vertex A of triangle
ABC to be found is the intersection point of lines symmetric to line BC through lines l2
and l3.

17.13. Let point A′ be symmetric to A through the bisector of angle ∠C. Then C is the
intersection point of line A′B and the line on which the bisector of angle ∠C lies.
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17.14. Let A2 and A3 be points symmetric to A through lines l2 and l3, respectively.
Then points A2 and A3 belong to line BC. Therefore, points B and C are the intersection
points of line A2A3 with lines l2 and l3, respectively.

17.15. Suppose that triangle ABC is constructed and N is the midpoint of AC, M the
midpoint of BC and the bisector of angle ∠A lies on the given line, l. Let us construct
point N ′ symmetric to N through line l. Line BA passes through point N ′ and is parallel
to MN . In this way we find vertex A and line BA. Having drawn line AN , we get line AC.
It remains to construct a segment whose endpoints belong to the legs of angle ∠BAC and
whose midpoint is M , cf. the solution of Problem 16.15.

17.16. Let points A′ and B′ be symmetric to A and B, respectively, through line CM .
Then AM + MB = A′M + MB > A′B = A′C + CB = AC + CB.

17.17. Let points B′, C ′ and M ′ be symmetric to points B, C and M through the
bisector of the outer angle at vertex A. Then

AM + AM ′ = MM ′ =
1

2
(BB′ + CC ′) = (b + c) sin(90◦ − 1

2
α) = (b + c) cos(

1

2
α).

17.18. Let point B′ be symmetric to B through the bisector of angle ∠ACB. Then
B′A1 = BB1, i.e., it remains to verify that B′A1 < AA1. To this end it suffices to notice
that ∠AB′A1 > ∠AB′B > 90◦.

17.19. Let D′ be the point symmetric to D through the midperpendicular to segment
AC. Then

SABCD = SABCD′ = SBAD′ + SBCD′ ≤ 1

2
AB · AD′ +

1

2
BC · CD′ =

1

2
(AB · CD + BC · AD).

17.20. Let point A′ be symmetric to A through line l. Let X be a point on line l. Then
AX + XB = A′X + XB ≥ A′B and the equality is attained only if X belongs to segment
A′B. Therefore, the point to be found is the intersection point of line l with segment A′B.

17.21. Let PQR be the triangle determined by the bases of the heights of triangle ABC
and let P ′Q′R′ be any other triangle inscribed in triangle ABC. Further, let points P1 and
P2 (respectively P ′

1 and P ′
2) be symmetric to point P (resp. P ′) through lines AB and AC,

respectively (Fig. 20).

Figure 162 (Sol. 17.21)

Points Q and R belong to segment P1P2 (see Problem 1.57) and, therefore, the perimeter
of triangle PQR is equal to the length of segment P1P2. The perimeter of triangle P ′Q′R′

is, however, equal to the length of the broken segment P ′
1R

′Q′P ′
2, i.e., it is not shorter than
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the length of segment P ′
1P

′
2. It remains to notice that (P ′

1P
′
2)

2 = P1P
2
2 + 4d2, where d is the

distance from point P ′
1 to line P1P2.

17.22. Let X be an arbitrary point, X1 = Sl1(X) and X2 = Sl2(X1).
a) On line l1, select an arbitrary point O and consider a coordinate system with O as the

origin and the absciss axis directed along line l1. Line l2 is given in this coordinate system
by the equation y = a. Let y, y1 and y2 be ordinates of points X, X1 and X2, respectively.
It is clear that y1 = −y and y2 = (a − y1) + a = y + 2a. Since points X, X1 and X2 have
identical abscisses, it follows that X2 = T2a(X), where Ta is the translation that sends l1 to
l2, and a ⊥ l1.

b) Consider a coordinate system with O as the origin and the absciss axis directed along
line l1. Let the angle of rotation from line l1 to l2 in this coordinate system be equal to
α and the angles of rotation from the absciss axes to rays OX, OX1 and OX2 be equal to
ϕ, ϕ1 and ϕ2, respectively. Clearly, ϕ1 = −ϕ and ϕ2 = (α − ϕ1) + α = ϕ + 2α. Since
OX = OX1 = OX2, it follows that X2 = R2α

O (X), where Rα
O is the translation that sends l1

to l2.
17.23. Let us represent T ◦ T as the composition of three transformations:

T ◦ T = (Sa ◦ Sb ◦ Sc) ◦ (Sa ◦ Sb ◦ Sc) = (Sa ◦ Sb) ◦ (Sc ◦ Sa) ◦ (Sb ◦ Sc).

Here Sa ◦ Sb, Sc ◦ Sa and Sb ◦ Sc are rotations through the angles of 2∠(b, a), 2∠(a, c) and
2∠(c, b), respectively. The sum of the angles of the rotations is equal to

2(∠(b, a) + ∠(a, c) + ∠(c, b)) = 2∠(b, b) = 0◦

and this value is determined up to 2 · 180◦ = 360◦. It follows that this composition of
rotations is a parallel translation, cf. Problem 18.33.

17.24. If points X and Y are symmetric through line l3, then points Sl1(X) and Sl1(Y )
are symmetric through line l2, i.e., Sl1(X) = Sl2 ◦ Sl1(Y ). It follows that Sl1 ◦ Sl3 = Sl2 ◦ Sl1

and Sl3 = Sl1 ◦ Sl2 ◦ Sl1 .
17.25. Let O be the center of the inscribed circle; let a and b be lines OA and OB.

Then Sa ◦ Sb(C1) = Sa(A1) = A2 and Sb ◦ Sa(C1) = Sb(B1) = B2. Points A2 and B2 are
obtained from point C1 by rotations with center O through opposite angles and, therefore,
A2B2 ‖ AB.

Similar arguments show that the sides of triangles ABC and A2B2C2 are parallel and,
therefore, these triangles are homothetic. Lines AA2, BB2 and CC2 pass through the center
of homothety which sends triangle ABC to A2B2C2. Notice that this homothety sends the
circumscribed circle of triangle ABC into the inscribed circle, i.e., the center of homothety
belongs to the line that connects the centers of these circles.

17.26. For every jump vector there are precisely two positions of a grasshopper for which
the jump is given by this vector. Therefore, a sequence of jumps is periodic if and only if
there exists but a finite number of distinct jump vectors.

Let a1 be the jump vector of the grasshopper from line l2 to line l1; let a2, a3, a4,. . . be
vectors of the successive jumps. Then a2 = Sl2(a1), a3 = Sl1(a2), a4 = Sl2(a3) , . . . Since the
composition Sl1 ◦Sl2 is a rotation through an angle of 2γ (or 2π−2γ), it follows that vectors
a3, a5, a7, . . . are obtained from a1 by rotations through angles of 2γ, 4γ, 6γ, . . . (or through
angles of 2(π− γ), 4(π− γ), 6(π− γ), . . . ). Therefore, the set a1, a3, a5, . . . contains a finite
number of distinct vectors if and only if γ/π is a rational number. The set a2, a4, a6, . . . is
similarly considered.

17.27. a) Suppose polygon A1A2 . . . An is constructed. Let us draw through the center
O of the circle the midperpendiculars l1, l2, . . . , ln to chords A1A2, A2A3, . . . , AnA1,
respectively. Lines l1, . . . , ln are known since they pass through O and are perpendicular to
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the given lines. Moreover, A2 = Sl1(A1), A3 = Sl2(A2), . . . , A1 = Sln(An), i.e., point A1 is
a fixed point of the composition of symmetries Sln ◦ · · · ◦ Sl1 . For n odd there are precisely
two fixed points on the circle; for n even there are either no fixed points or all the points are
fixed.

b) Suppose the desired polygon A1 . . . An is constructed. Consider polygon B1 . . . Bn

formed by the tangent points of the circumscribed polygon with the circle. The sides of
polygon B1 . . . Bn are perpendicular to the given lines, i.e., they have prescribed directions
and, therefore, the polygon can be constructed (see heading a)); it remains to draw the
tangents to the circle at points B1, . . . , Bn.

17.28. Consider the composition of consecutive symmetries through given lines l1, . . . ,
ln. In heading a) for vertex A1 of the desired n-gon we have to take a fixed point of this
composition, and in heading b) for line A1An we have to take the(a) fixed line.

17.29. The consecutive symmetries through lines l1, . . . , ln−1 perpendicular to given
lines and passing through the center of the circle send vertex A1 of the desired polygon to
vertex An.

If n is odd, then the composition of these symmetries is a rotation through a known angle
and, therefore, we have to draw through point M chord A1An of known length.

If n is even, then the considered composition is a symmetry through a line and, therefore,
from M we have to drop perpendicular to this line.

17.30. Let O be the center of the given disk, DR the disk of radius R with center O. Let
us prove that the symmetries through the lines passing through D1 send the set of images of
points of DR into disk DR+2. Indeed, the images of point O under the indicated symmetries
fill in disk D2 and the disks of radius R with centers in D2 fill in disk DR+2.

It follows that after n reflexions we can obtain from points of D1 any point of D2n+1 and
only them. It remains to notice that point A can be “herded” inside DR after n reflexions if
and only if we can transform any point of DR into A after n reflexions.

17.31. Denote symmetries through lines OA1, . . . , OAn by S1, . . . , Sn, respectively. Let
Xk = Sk(X) for k = 1, . . . , n. We have to prove that under a rotation through point O the
system of points X1, . . . , Xn turns into itself. Clearly,

Sk+1 ◦ Sk(Xk) = Sk+1 ◦ Sk ◦ Sk(X) = Xk+1.

Transformations Sk+1 ◦ Sk are rotations about O through an angle of 4π
n

, see Problem 17.22
b).

Remark. For n even we get an n
2
-gon.

17.32. Let lines l1 and l2 be axes of symmetry of a plane figure. This means that if point
X belongs to the figure, then points Sl1(X) and Sl2(X) also belong to the figure. Consider
line l3 = Sl1(l2). Thanks to Problem 17.24 Sl3(X) = Sl1 ◦ Sl2 ◦ Sl1(X) and, therefore, l3 is
also an axis of symmetry.

If the figure has precisely two axes of symmetry, then either l3 = l1 or l3 = l2. Clearly,
l3 6= l1 and, therefore, l3 = l2 i.e., line l2 is perpendicular to line l1.

17.33. Suppose that the polygon has three axes of symmetry which do not intersect at
one point, i.e., they form a triangle. Let X be the point of the polygon most distant from
an inner point M of this triangle. Points X and M lie on one side of one of the considered
axes of symmetry, l. If X ′ is the point symmetric to X through l, then M ′X > MX and
point X ′ is distant from M further than X. The obtained contradiction implies that all the
axes of symmetry of a polygon intersect at one point.

17.34. All the axes of symmetry pass through one point O (Problem 17.33). If l1 and
l2 are axes of symmetry, then l3 = Sl1(l2) is also an axis of symmetry, see Problem 17.24.
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Select one of the axes of symmetry l of our polygon. The odd axes of symmetry are divided
into pairs of lines symmetric through l. If line l1 perpendicular to l and passing through O
is not an axis of symmetry, then there is an odd number of axes of symmetry. Therefore, l1
is an axis of symmetry. Clearly, Sl1 ◦ Sl = R180◦

O is a central symmetry i.e., O is the center
of symmetry.

17.35. Let F be a movement sending point A into A′ and such that A and A′ are distinct;
S the symmetry through the midperpendicular l to segment AA′. Then S ◦ F (A) = A, i.e.,
A is a fixed point of S ◦ F . Moreover, if X is a fixed point of transformation F , then
AX = A′X, i.e., point X belongs to line l; hence, X is a fixed point of S ◦ F . Thus, point
A and all the fixed points of F are fixed points of the transformation S ◦ F .

Take points A, B and C not on one line and consider their images under the given
movement G. We can construct transformations S1, S2 and S3 which are either symmetries
through lines or identity transformations such that S3 ◦ S2 ◦ S1 ◦ G preserves points A, B
and C, i.e., is the identity transformation E. Multiplying the equality S3 ◦ S2 ◦ S1 ◦ G = E
from the left consecutively by S3, S2 and S1 and taking into account that Si ◦Si = E we get
G = S1 ◦ S2 ◦ S3.

17.36. Thanks to Problem 17.35 any first type movement is a composition of two
symmetries through lines. It remains to make use of the result of Problem 17.22.

17.37. By Problem 17.35 any second type movement can be represented in the form
S3 ◦ S2 ◦ S1, where S1, S2 and S3 are symmetries through lines l1, l2 and l3, respectively.
First, suppose that the lines l2 and l3 are not parallel. Then under the rotation of the lines
l2 and l3 about their intersection point through any angle the composition S3 ◦ S2 does not
change (see Problem 17.22 b)), consequently, we can assume that l2 ⊥ l1. It remains to
rotate lines l1 and l2 about their intersection point so that line l2 became parallel to line l3.

Now, suppose that l2 ‖ l3. If line l1 is not parallel to these lines, then it is possible to
rotate l1 and l2 about their intersection point so that lines l2 and l3 become nonparallel. If
l1 ‖ l2, then it is possible to perform a parallel transport of l1 and l2 so that lines l2 and l3
coincide.



Chapter 18. ROTATIONS

Background

1. We will not give a rigorous definition of a rotation. To solve the problems it suffices
to have the following idea on the notion of the rotation: a rotation with center O (or about

the point O) through an angle of ϕ is the transformation of the plane which sends point X
into point X ′ such that:

a) OX ′ = OX;

b) the angle from vector
−−→
OX to vector

−−→
OX ′ is equal to ϕ.

2. In this chapter we make use of the following notations for the transformations and
their compositions:

Ta is a translation by vector a;
SO is the symmetry through point O;
Sl is the symmetry through line l;
Rϕ

O is the rotation with center O through an angle of ϕ;
F ◦G is the composition of transformations F and G defined as (F ◦G)(X) = F (G(X)).
3. The problems solvable with the help of rotations can be divided into two big classes:

problems which do not use the properties of compositions of rotations and properties which
make use of these properties. To solve the problems which make use of the properties of the
compositions of rotations the following result of Problem 18.33 is handy: Rβ

B ◦ Rα
A = Rγ

C ,
where γ = α + β and ∠BAC = 1

2
α, ∠ABC = 1

2
β.

Introductory problems

1. Prove that any rotation sends any circle into a circle.
2. Prove that a convex n-gon is a regular one if and only if it turns into itself under the

rotation through an angle of 360◦

n
about a point.

3. Prove that triangle ABC is an equilateral one if and only if under the rotation through
60◦ (either clockwise or counterclockwise) about point A vertex B turns into vertex C.

4. Prove that the midpoints of the sides of a regular polygon determine a regular polygon.
5. Through the center of a square two perpendicular lines are drawn. Prove that their

intersection points with the sides of the square determine a square.

§1. Rotation by 90◦

18.1. On sides BC and CD of square ABCD points M and K, respectively, are taken
so that ∠BAM = ∠MAK. Prove that BM + KD = AK.

18.2. In triangle ABC median CM and height CH are drawn. Through an arbitrary
point P of the plane in which ABC lies the lines are drawn perpendicularly to CA, CM and
CB. They intersect CH at points A1, M1 and B1, respectively. Prove that A1M1 = B1M1.

18.3. Two squares BCDA and BKMN have a common vertex B. Prove that median
BE of triangle ABK and height BF of triangle CBH belong to one line.

The vertices of each square are counted clockwise.

345
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18.4. Inside square A1A2A3A4 point P is taken. From vertex A1 we drop the perpen-
dicular on A2P ; from A2 on A3P ; from A3 on A4P and from A4 on A1P . Prove that all four
perpendiculars (or their extensions) intersect at one point.

18.5. On sides CB and CD of square ABCD points M and K are taken so that the
perimeter of triangle CMK is equal to the doubled length of the square’s side. Find the
value of angle ∠MAK.

18.6. On the plane three squares (with same orientation) are given: ABCD, AB1C1D1

and A2B2CD2; the first square has common vertices A and C with the two other squares.
Prove that median BM of triangle BB1B2 is perpendicular to segment D1D2.

18.7. Triangle ABC is given. On its sides AB and BC squares ABMN and BCPQ are
constructed outwards. Prove that the centers of these squares and the midpoints of segments
MQ and AC form a square.

18.8. A parallelogram is circumscribed about a square. Prove that the perpendiculars
dropped from the vertices of the parallelograms to the sides of the square form a square.

§2. Rotation by 60◦

18.9. On segment AE, on one side of it, equilateral triangles ABC and CDE are
constructed; M and P are the midpoints of segments AD and BE. Prove that triangle
CPM is an equilateral one.

18.10. Given three parallel lines. Construct an equilateral triangle so that its vertices
belong to the given lines.

18.11. Geven a square, consider all possible equilateral triangles PKM with fixed vertex
P and vertex K belonging to the square. Find the locus of vertices M .

18.12. On sides BC and CD of parallelogram ABCD, equilateral triangles BCP and
CDQ are constructed outwards. Prove that triangle APQ is an equilateral one.

18.13. Point M belongs to arc ⌣ AB of the circle circumscribed about an equilateral
triangle ABC. Prove that MC = MA + MB.

18.14. Find the locus of points M that lie inside equilateral triangle ABC and such that
MA2 = MB2 + MC2.

18.15. Hexagon ABCDEF is a regular one, K and M are the midpoints of segments
BD and EF , respectively. Prove that triangle AMK is an equilateral one.

18.16. Let M and N be the midpoints of sides CD and DE, respectively, of regular
hexagon ABCDEF , let P be the intersection point of segments AM and BN .

a) Find the value of the angle between lines AM and BN .
b) Prove that SABP = SMDNP .
18.17. On sides AB and BC of an equilateral triangle ABC points M and N are taken

so that MN ‖ AC; let E be the midpoint of segment AN and D the center of mass of
triangle BMN . Find the values of the angles of triangle CDE.

18.18. On the sides of triangle ABC equilateral triangles ABC1, AB1C and A1BC are
constructed outwards. Let P and Q be the midpoints of segments A1B1 and A1C1. Prove
that triangle APQ is an equilateral one.

18.19. On sides AB and AC of triangle ABC equilateral triangles ABC ′ and AB′C are
constructed outwards. Point M divides side BC in the ratio of BM : MC = 3 : 1; points
K and L are the midpoints of sides AC ′ and B′C, respectively. Prove that the angles of
triangle KLM are equal to 30◦, 60◦ and 90◦.

18.20. Equilateral triangles ABC, CDE, EHK (vertices are circumvent counterclock-

wise) are placed on the plane so that
−−→
AD =

−−→
DK. Prove that triangle BHD is also an

equilateral one.
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18.21. a) Inside an acute triangle find a point the sum of distances from which to the
vertices is the least one.

b) Inside triangle ABC all the angles of which are smaller than 120◦ a point O is taken; it
serves as vertex of the angles of 120◦ that subtend the sides. Prove that the sum of distances
from O to the vertices is equal to 1

2
(a2 + b2 + c2) + 2

√
3S.

18.22. Hexagon ABCDEF is inscribed in a circle of radius R and AB = CD = EF = R.
Prove that the midpoints of sides BC, DE and FA determine an equilateral triangle.

18.23. On sides of a convex centrally symmetric hexagon ABCDEF equilateral triangles
are constructed outwards. Prove that the midpoints of the segments connecting the vertices
of neighbouring triangles determine a regular hexagon.

§3. Rotations through arbitrary angles

18.24. Given points A and B and circle S construct points C and D on S so that
AC ‖ BD and the value of arc ⌣ CD is a given quantity α.

18.25. A rotation with center O transforms line l1 into line l2 and point A1 on l1 into point
A2. Prove that the intersection point of lines l1 and l2 belongs to the circle circumscribed
about triangle A1OA2.

18.26. Two equal letters Γ lie on the plane. Denote by A and A′ the endpoints of
the shorter segments of these letters. Points A1, . . . , An−1 and A′

1, . . . , A′
n−1 divide the

longer segments into n equal parts (the division points are numbered starting from the outer
endpoints of longer segments). Lines AAi and A′A′

i intersect at point Xi. Prove that points
X1, . . . , Xn−1 determine a convex polygon.

18.27. Along two lines that intersect at point P two points are moving with the same
speed: point A along one line and point B along the other one. They pass P not simultane-
ously. Prove that at all times the circle circumscribed about triangle ABP passes through
a fixed point distinct from P .

18.28. Triangle A1B1C1 is obtained from triangle ABC by a rotation through an angle
of α (α < 180◦) about the center of its circumscribed circle. Prove that the intersection
points of sides AB and A1B1, BC and B1C1, CA and C1A1 (or their extensions) are the
vertices of a triangle similar to triangle ABC.

18.29. Given triangle ABC construct a line which divides the area and perimeter of
triangle ABC in halves.

18.30. On vectors
−−→
AiBi, where i = 1, . . . , k similarly oriented regular n-gons AiBiCiDi . . .

(n ≥ 4) are constructed (a given vector serving as a side). Prove that k-gons C1 . . . Ck and
D1 . . . Dk are regular and similarly oriented ones if and only if the k-gons A1 . . . Ak and
B1 . . . Bk are regular and similarly oriented ones.

18.31. Consider a triangle. Consider three lines symmetric through the triangles sides
to an arbitrary line passing through the intersection point of the triangle’s heights. Prove
that the three lines intersect at one point.

18.32. A lion runs over the arena of a circus which is a disk of radius 10 m. Moving
along a broken line the lion covered 30 km. Prove that the sum of all the angles of his turns
is not less than 2998 radian.

§4. Compositions of rotations

18.33. Prove that the composition of two rotations through angles whose sum is not
proportional to 360◦ is a rotation. In which point is its center and what is the angle of the
rotation equal to? Investigate also the case when the sum of the angles of rotations is a
multiple of 360◦.
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* * *

18.34. On the sides of an arbitrary convex quadrilateral squares are constructed out-
wards. Prove that the segments that connect the centers of opposite squares have equal
lengths and are perpendicular to each other.

18.35. On the sides of a parallelogram squares are constructed outwards. Prove that
their centers form a square.

18.36. On sides of triangle ABC squares with centers P , Q and R are constructed
outwards. On the sides of triangle PQR squares are constructed inwards. Prove that their
centers are the midpoints of the sides of triangle ABC.

18.37. Inside a convex quadrilateral ABCD isosceles right triangles ABO1, BCO2,
CDO3 and DAO4 are constructed. Prove that if O1 = O3, then O2 = O4.

* * *

18.38. a) On the sides of an arbitrary triangle equilateral triangles are constructed
outwards. Prove that their centers form an equilateral triangle.

b) Prove a similar statement for triangles constructed inwards.
c) Prove that the difference of the areas of equilateral triangles obtained in headings a)

and b) is equal to the area of the initial triangle.
18.39. On sides of triangle ABC equilateral triangles A′BC and B′AC are constructed

outwards and C ′AB inwards; M is the center of mass of triangle C ′AB. Prove that A′B′M
is an isosceles triangle such that ∠A′MB′ = 120◦.

18.40. Let angles α, β, γ be such that 0 < α, β, γ < π and α + β + γ = π. Prove that if
the composition of rotations R2γ

C ◦ R2β
B ◦ R2α

A is the identity transformation, then the angles
of triangle ABC are equal to α, β, γ.

18.41. Construct an n-gon given n points which are the vertices of isosceles triangles
constructed on the sides of this n-gon and such that the angles of these triangles at the
vertices are equal to α1, . . . , αn.

18.42. On the sides of an arbitrary triangle ABC isosceles triangles A′BC, AB′C and
ABC ′ are constructed outwards with angles α, β and γ at vertices A′, B′ and C ′, respectively,
such that α + β + γ = 2π. Prove that the angles of triangle A′B′C ′ are equal to 1

2
α, 1

2
β and

1
2
γ.

18.43. Let AKL and AMN be similar isosceles triangles with vertex A and angle α at
the vertex; GNK and G′LM similar isosceles triangles with angle π−α at the vertex. Prove
that G = G′. (All the triangles are oriented ones.)

18.44. On sides AB, BC and CA of triangle ABC points P , Q and R, respectively, are
taken. Prove that the centers of the circles circumscribed about triangles APR, BPQ and
CQR constitute a triangle similar to triangle ABC.

Problems for independent study

18.45. On the plane, the unit circle with center at O is drawn. Two neighbouring
vertices of a square belong to this circle. What is the maximal distance from point O that
the two other of the square’s vertices can have?

18.46. On the sides of convex quadrilateral ABCD, equilateral triangles ABM , CDP
are constructed outwards and BCN , ADK inwards. Prove that MN = AC.

18.47. On the sides of a convex quadrilateral ABCD, squares with centers M , N , P ,
Q are constructed outwards. Prove that the midpoints of the diagonals of quadrilaterals
ABCD and MNPQ form a square.
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18.48. Inside an equilateral triangle ABC lies point O. It is known that ∠AOB = 113◦,
∠BOC = 123◦. Find the angles of the triangle whose sides are equal to segments OA, OB,
OC.

18.49. On the plane, there are drawn n lines (n > 2) so that no two of them are parallel
and no three intersect at one point. It is known that it is possible to rotate the plane about
a point O through an angle of α (α < 180◦) so that each of the drawn lines coincides with
some other of the drawn lines. Indicate all n for which this is possible.

18.50. Ten gears of distinct shapes are placed so that the first gear is meshed with the
second one, the second one with the third one, etc., the tenth is meshed with the first one.
Is it possible for such a system to rotate? Can a similar system of 11 gears rotate?

18.51. Given a circle and a point. a) Construct an equilateral triangle whose heights
intersect at the given point and two vertices belong to the given circle.

b) Construct a square two vertices of which belong to the given circle and the diagonals
intersect at the given point.

Solutions

18.1. Let us rotate square ABCD about point A through 90◦ so that B turns into
D. This rotation sends point M into point M ′ and point K into point K ′. It is clear
that ∠BMA = ∠DM ′A. Since ∠MAK = ∠MAB = ∠M ′AD, it follows that ∠MAD =
∠M ′AK. Therefore,

∠MA′K = ∠MAD = ∠BMA = ∠DM ′A.

Hence, AK = KM ′ = KD + DM ′ = KD + BM .
18.2. Under the rotation through 90◦ about point P lines PA1, PB1, PM1 and CH

turn into lines parallel to CA, CB, CM and AB, respectively. It follows that under such a
rotation of triangle PA1B1 segment PM1 turns into a median of the (rotated) triangle.

18.3. Consider a rotation through 90◦ about point B which sends vertex K into vertex
N and vertex C into A. This rotation sends point A into point A′ and point E into point
E ′. Since E ′ and B are the midpoints of sides A′N and A′C of triangle A′NC, it follows
that BE ′ ‖ NC. But ∠EBE ′ = 90◦ and, therefore, BE ⊥ NC.

18.4. A rotation through an angle of 90◦ about the center of the square sends point A1

to point A2. This rotation sends the perpendiculars dropped from points A1, A2, A3 and
A4 into lines A2P , A3P , A4P and A1P , respectively. Therefore, the intersection point is the
image of point P under the inverse rotation.

18.5. Let us turn the given square through an angle of 90◦ about point A so that vertex
B would coincide with D. Let M ′ be the image of M under this rotation. Since by the
hypothesis

MK + MC + CK = (BM + MC) + (KD + CK),

it follows that MK = BM + KD = DM ′ + KD = KM ′. Moreover, AM = AM ′; hence,
△AMK = △AM ′K, consequently, ∠MAK = ∠M ′AK = 1

2
∠MAM ′ = 45◦.

18.6. Let R be the rotation through an angle of 90◦ that sends
−−→
BC to

−→
BA. Further,

let
−−→
BC = a,

−−→
CB2 = b and

−−→
AB1 = c. Then

−→
BA = Ra,

−−→
D2C = Rb and

−−→
AD1 = Rc. Hence,−−−→

D2D1 = Rb − a + Ra + Rc and 2
−−→
BM = a + b + Ra + c. Therefore, R(2

−−→
BM) =

−−−→
D2D1

because R(Ra) = −a.

18.7. Let us introduce the following notations: a =
−−→
BM , b =

−−→
BC; let Ra and Rb be

the vectors obtained from vectors a and b under a rotation through an angle of 90◦, i.e.,

Ra =
−→
BA, Rb =

−−→
BQ. Let O1, O2, O3 and O4 be the midpoints of segments AM , MQ, QC
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and CA, respectively. Then

−−→
BO1 =

(a + Ra)

2
,
−−→
BO2 =

(a + Rb)

2
,

−−→
BO3 =

(b − Rb)

2
,
−−→
BO4 =

(b + Ra)

2
.

Therefore,
−−−→
O1O2 = 1

2
(Rb − Ra) = −−−−→

O3O4 and
−−−→
O2O3 = 1

2
(b − a) = −O4O1. Moreover,

−−−→
O1O2 = R(

−−−→
O2O3).

18.8. Parallelogram A1B1C1D1 is circumscribed around square ABCD so that point A
belongs to side A1B1, B to side B1C1, etc. Let us drop perpendiculars l1, l2, l3 and l4 from
vertices A1, B1, C1 and D1, respectively to the sides of the square. To prove that these
perpendiculars form a square, it suffices to verify that under a rotation through an angle of
90◦ about the center O of square ABCD lines l1, l2, l3 and l4 turn into each other. Under
the rotation about O through an angle of 90◦ points A1, B1, C1 and D1 turn into points A2,
B2, C2 and D2 (Fig. 21).

Figure 163 (Sol. 18.8)

Since AA2 ⊥ B1B and BA2 ⊥ B1A, it follows that B1A2 ⊥ AB. This means that line
l1 turns under the rotation through an angle of 90◦ about O into l2. For the other lines the
proof is similar.

18.9. Let us consider a rotation through an angle of 60◦ about point C that turns E
into D. Under this rotation B turns into A, i.e., segment BE turns into AD. Therefore, the
midpoint P of segment BE turns into the midpoint M of segment AD, i.e., triangle CPM
is an equilateral one.

18.10. Suppose that we have constructed triangle ABC so that its vertices A, B and C
lie on lines l1, l2 and l3, respectively. Under the rotation through an angle of 60◦ with center
A point B turns into point C and, therefore, C is the intersection point of l3 and the image
of l2 under the rotation through an angle of 60◦ about A.

18.11. The locus to be found consists of two squares obtained from the given one by
rotations through angles of ±60◦ about P .
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18.12. Under the rotation through an angle of 60◦ vectors
−→
QC and

−→
CP turn into

−−→
QD

and
−−→
CB =

−−→
DA, respectively. Therefore, under this rotation vector

−→
QP =

−→
QC +

−→
CP turns

into vector
−−→
QD +

−−→
DA =

−→
QA.

18.13. Let M ′ be the image of M under the rotation through an angle of 60◦ about B
that turns A into C. Then ∠CM ′B = ∠AMB = 120◦. Triangle MM ′B is an equilateral
one and, therefore, ∠BM ′M = 60◦. Since ∠CM ′B + ∠BM ′M = 180◦, point M ′ belongs to
segment MC. Therefore, MC = MM ′ + M ′C = MB + MA.

18.14. Under the rotation through an angle of 60◦ about A sending B to C point M turns
into point M ′ and point C into point D. The equality MA2 = MB2 + MC2 is equivalent to
the equality M ′M2 = M ′C2 + MC2, i.e., ∠MCM ′ = 90◦ and, therefore,

∠MCB + ∠MBC = ∠MCB + ∠M ′CD = 120◦ − 90◦ = 30◦

that is ∠BMC = 150◦. The locus to be found is the arc of the circle situated inside the
triangle and such that the pionts of the arc serve as vertices of angles of 150◦ subtending
segment BC.

18.15. Let O be the center of a hexagon. Consider a rotation about A through an angle
of 60◦ sending B to O. This rotation sends segment OC into segment FE. Point K is the
midpoint of diagonal BD of parallelogram BCDO because it is the midpoint of diagonal
CO. Therefore, point K turns into M under our rotation; in other words, triangle AMK is
an equilateral one.

18.16. There is a rotation through an angle of 60◦ about the center of the given hexagon
that sends A into B. It sends segment CD into DE and, therefore, sends M into N .
Therefore, this rotation sends AM into BN , that is to say, the angle between these segments
is equal to 60◦. Moreover, this rotation turns pentagon AMDEF into BNEFA; hence, the
areas of the pentagons are equal. Cutting from these congruent pentagons the common part,
pentagon APNEF , we get two figures of the same area: triangle ABP and quadrilateral
MDNP .

18.17. Consider the rotation through an angle of 60◦ about C sending B to A. It sends
points M , N and D into M ′, N ′ and D′, respectively. Since AMNN ′ is a parallelogram,
the midpoint E of diagonal AN is its center of symmetry. Therefore, under the symmetry
through point E triangle BMN turns into M ′AN ′ and, therefore, D turns into D′. Hence,
E is the midpoint of segment DD′. Since triangle CDD′ is an equilateral one, the angles of
triangle CDE are equal to 30◦, 60◦ and 90◦.

18.18. Consider a rotation about A sending point C1 into B. Under this rotation
equilateral triangle A1BC turns into triangle A2FB1 and segment A1C1 into segment A2B.
It remains to notice that BA1A2B1 is a parallelogram, i.e., the midpoint of segment A2B
coincides with the midpoint of segment A1B1.

18.19. Let
−→
AB = 4a,

−→
CA = 4b. Further, let R be the rotation sending vector

−→
AB

into
−−→
AC ′ (and, therefore, sending

−→
CA into

−−→
CB′). Then

−−→
LM = (a + b) − 2Rb and

−−→
LK =

−2Rb + 4b + 2Ra. It is easy to verify that b + R2b = Rb. Hence, 2R(
−−→
LM) =

−−→
LK which

implies the required statement.
18.20. Under the rotation about point C through an angle of 60◦ counterclockwise point

A turns into B and D into E and, therefore, vector
−−→
DK =

−−→
AD turns into

−−→
BE. Since the

rotation about point H through an angle of 60◦ counterclockwise sends K into E and
−−→
DK

into
−−→
BE, it sends D into B which means that triangle BHD is an equilateral one.

18.21. a) Let O be a point inside triangle ABC. The rotation through an angle of 60◦

about A sends B, C and O into some points B′, C ′ and O′, respectively, see Fig. 22. Since
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Figure 164 (Sol. 18.21)

AO = OO′ and OC = O′C ′, we have:

BO + AO + CO = BO + OO′ + O′C ′.

The length of the broken line BOO′C ′ is minimal if and only if this broken line is a segment,
i.e., if ∠AOB = ∠AO′C ′ = ∠AOC = 120◦. To construct the desired point, we can make
use of the result of Problem 2.8.

b) The sum of distances from O to the vertices is equal to the length of segment BC ′

obtained in heading a). It is also clear that

(BC ′)2 = b2 + c2 − 2bc cos(α + 60◦) =

b2 + c2 − bc cos α + bc
√

3 sin α =
1
2
(a2 + b2 + c2) + 2

√
3S.

18.22. Let P , Q and R be the midpoints of sides BC, DE and FA; let O be the center
of the circumscribed circle. Suppose that triangle PQR is an equilateral one. Let us prove
then that the midpoints of sides BC, DE ′ and F ′A of hexagon ABCDE ′F ′ in which vertices
E ′ and F ′ are obtained from vertices E and F after a rotation through an angle about point
O also form an equilateral triangle.

This will complete the proof since for a regular hexagon the midpoints of sides BC,
DE and FA constitute an equilateral triangle and any of the considered hexagons can be
obtained from a regular one with the help of rotations of triangles OCD and OEF .

Figure 165 (Sol. 18.22)

Let Q′ and R′ be the midpoints of sides DE ′ and AF ′, see Fig. 23. Under the rotation

through an angle of 60◦ vector
−−→
EE ′ turns into

−−→
FF ′. Since

−−→
QQ′ = 1

2

−−→
EE ′ and

−−→
RR′ = 1

2

−−→
FF ′,

this rotation sends
−−→
QQ′ into

−−→
RR′. By hypothesis, triangle PQR is an equilateral one, i.e.,

under the rotation through an angle of 60◦ vector
−→
PQ turns into

−→
PR. Therefore, vector
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−−→
PQ′ =

−→
PQ +

−−→
QQ′ turns into vector

−−→
PR′ =

−→
PR +

−−→
RR′ under a rotation through an angle of

60◦. This means that triangle PQ′R′ is an equilateral one.
18.23. Let K, L, M and N be vertices of equilateral triangles constructed (wherewards?)

on sides BC, AB, AF and FE, respectively; let also B1, A1 and F1 be the midpoints of
segments KL, LM and MN (see Fig. 24).

Figure 166 (Sol. 18.23)

Further, let a =
−−→
BC =

−→
FE, b =

−→
AB and c =

−→
AF ; let R be the rotation through an

angle of 60◦ that sends
−−→
BC into

−−→
BK. Then

−−→
AM = −R2c and

−−→
FN = −R2a. Therefore,

2
−−−→
A1B1 = R2c + Ra + b and 2

−−−→
F1A1 = R2a − c + Rb, i.e.,

−−−→
F1A1 = R(

−−−→
A1B1).

18.24. Suppose a rotation through an angle of α about the center of circle S sends C
into D. This rotation sends point A into point A′. Then ∠(BD,DA′) = α, i.e., point D
belongs to the arc of the circle whose points serve as vertices of the angles of α that subtend
segment A′B.

18.25. Let P be the intersection point of lines l1 and l2. Then

∠(OA1, A1P ) = ∠(OA1, l1) = ∠(OA2, l2) = ∠(OA2, A2P ).

Therefore, points O, A1, A2 and P belong to one circle.
18.26. It is possible to identify similar letters Γ after a rotation about O (unless they

can be identified by a parallel translation in which case AAi ‖ A′A′
i). Thanks to Problem

18.25 point Xi belongs to the circle circumscribed about triangle A′OA. It is clear that the
points that belong to one circle constitute a convex polygon.

18.27. Let O be the center of rotation R that sends segment A(t1)A(t2) into segment
B(t1)B(t2), where t1 and t2 are certain time moments. Then this rotation sends A(t) into
B(t) at any moment t. Therefore, by Problem 18.25 point O belongs to the circle circum-
scribed about triangle APB.

18.28. Let A and B be points on the circle with center O; let A1 and B1 be the images
of these points under the rotation through an angle of α about O. Let P and P1 be the
midpoints of segments AB and A1B1; let M be the intersection point of lines AB and
A1B1. The right triangles POM and P1OM have a common hypothenuse and equal legs
PO = P1O, therefore, these triangles are equal and ∠MOP = ∠MOP1 = 1

2
α. Point M is

obtained from point P under a rotation through an angle of 1
2
α and a subsequent homothety

with coefficient 1
cos( 1

2
α)

and center O.

The intersection points of lines AB and A1B1, AC and A1C1, BC and B1C1 are the
vertices of a triangle which is homothetic with coefficient 1

cos( 1
2
α)

to the triangle determined
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by the midpoints of the sides of triangle ABC. It is clear that the triangle determined by
the midpoints of the sides of triangle ABC is similar to triangle ABC.

18.29. By Problem 5.50 the line which divides in halves both the area and the perimeter
of a triangle passes through the center of its inscribed circle. It is also clear that if the line
passes through the center of the inscribed circle of a triangle and divides its perimeter in
halves, then it divides in halves its area as well. Therefore, we have to draw a line passing
through the center of the inscribed circle of the triangle and dividing its perimeter in halves.

Suppose we have constructed points M and N on sides AB and AC of triangle ABC so
that line MN passes through the center O of the inscribed circle and divides the perimeter
of the triangle in halves. On ray AC construct point D so that AD = p, where p is a
semiperimeter of triangle ABC. Then AM = ND. Let Q be the center of rotation R
that sends segment AM into segment DN (so that A goes to D and M to N). Since the
angle between lines AM and CN is known, it is possible to construct Q: it is the vertex
of isosceles triangle AQD, where ∠AQD = 180◦ − ∠A and points B and Q lie on one side
of line AD. The rotation R sends segment OM into segment O′N . We can now construct
point O′. Clearly, ∠ONO′ = ∠A because the angle between lines OM and O′N is equal to
∠A. Therefore, point N is the intersection point of line AC and the arc of the circle whose
points serve as vertices for the angles equal to ∠A that subtend segment OO′. Constructing
point N , draw line ON and find point M .

It is easy to verify that if the constructed points M and N belong to sides AB and AC,
then MN is the desired line. The main point of the proof is the proof of the fact that the
rotation about Q through an angle of 180◦ − ∠A sends M into N . To prove this fact, one
has to make use of the fact that ∠ONO′ = ∠A, i.e., this rotation sends line OM into line
O′N .

18.30. Suppose that the k-gons C1 . . . Ck and D1 . . . Dk are regular and similarly oriented.

Let C and D be the centers of these k-gons; let ci =
−−→
CCi and di =

−−→
DDi. Then

−−→
CiDi =

−−→
CiC +

−−→
CD +

−−→
DDi = −ci +

−−→
CD + di.

The rotation Rϕ, where ϕ is the angle at a vertex of a regular n-gon, sends
−−→
CiDi into

−−→
CiBi.

Therefore,
−−→
XBi =

−−→
XC + ci +

−−→
CiBi =

−−→
XC + ci + Rϕ(−ci +

−−→
CD + di).

Let us select point X so that
−−→
XC + Rϕ(

−−→
CD) =

−→
0 . Then

−−→
XBi = ci + Rϕ(di − ci) = Riψu,

where u = ck + Rϕ(dk − ck) and Rψ is the rotation sending ck to c1. Hence, B1 . . . Bk is a
regular k-gon with center X.

We similarly prove that A1 . . . Ak is a regular k-gon.
The converse statement is similarly proved.
18.31. Let H be the intersection point of heights of triangle ABC; let H1, H2 and H3 be

points symmetric to H through sides BC, CA and AB, respectively. Points H1, H2 and H3

belong to the circle circumscribed about triangle ABC (Problem 5.9). Let l be a line passing
through H. The line symmetric to l through BC (resp. through CA and AB) intersects the
circumscribed circle at point H1 (resp. H2 and H3) and at a point P1 (resp. P2 and P3).

Consider another line l′ passing through H. Let ϕ be the angle between l and l′. Let
us construct points P ′

1, P ′
2 and P ′

3 for line l′ in the same way as points P1, P2 and P3 were
constructed for line l. Then ∠PiHiP

′
i = ϕ, i.e., the value of arc ⌣ PiP

′
i is equal to 2ϕ

(the direction of the rotation from Pi to P ′
i is opposite to that of the rotation from l to

l′). Therefore, points P ′
1, P ′

2 and P ′
3 are the images of points P1, P2 and P3 under a certain

rotation. It is clear that if for l′ we take the height of the triangle dropped from vertex A,
then P ′

1 = P ′
2 = P ′

3 = A, and, therefore, P1 = P2 = P3.
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18.32. Suppose that the lion ran along the broken line A1A2 . . . An. Let us rectify the
lion’s trajectory as follows. Let us rotate the arena of the circus and all(?) the further
trajectory about point A2 so that point A3 would lie on ray A1A2. Then let us rotate the
arena and the further trajectory about point A3 so that point A4 were on ray A1A2, and so
on. The center O of the arena turns consecutively into points O1 = O, O2, . . . , On−1; and
points A1, . . . , An into points A′

1, . . . , A′
n all on one line (Fig. 25).

Figure 167 (Sol. 18.32)

Let αi−1 be the angle of through which the lion turned at point A′
i. Then ∠Oi−1A

′
iOi =

αi−1 and A′
iOi−1 = A′

iOi ≤ 10; hence, OiOi−1 ≤ 10αi−1. Hence,

30000 = A′
1A

′
n ≤ A′

1O1 + O1O2 + · · · + On−2On−1 + On−1A
′
n ≤

10 + 10(α1 + · · · + αn−2) + 10

i.e., α1 + · · · + αn−2 ≥ 2998.
18.33. Consider the composition of the rotations Rβ

B ◦Rα
A. If A = B, then the statement

of the problem is obvious and, therefore, let us assume that A 6= B. Let l = AB; let lines
a and b pass through points A and B, respectively, so that ∠(a, l) = 1

2
α and ∠(l, b) = 1

2
β.

Then
Rβ

B ◦ Rα
A = Sb ◦ Sl ◦ Sl ◦ Sa = Sb ◦ Sa.

If a ‖ b, then Sa ◦ Sb = T2u, where Tu is a parallel translation sending a into b and such
that u ⊥ a. If lines a and b are not parallel and O is their intersection point, then Sa ◦ Sb is
the rotation through an angle of α + β with center O. It is also clear that a ‖ b if and only
if 1

2
α + 1

2
β = kπ, i.e., α + β = 2kπ.

18.34. Let P , Q, R and S be the centers of squares constructed outwards on sides
AB, BC, CD and DA, respectively. On segments QR and SP , construct inwards isosceles
right triangles with vertices O1 and O2. Then D = R90◦

R ◦ R90◦

Q (B) = R180◦

O1
(B) and B =

R90◦

P ◦ R90◦

S (D) = R180◦

O2
(D), i.e., O1 = O2 is the midpoint of segment BD.

The rotation through an angle of 90◦ about point O = O1 = O2 that sends Q into R
sends point S into P , i.e., it sends segment QS into RP and, therefore, these segments are
equal and perpendicular to each other.

18.35. Let P , Q, R and S be the centers of squares constructed outwards on the sides
AB, BC, CD and DA of parallelogram ABCD. By the previous problem PR = QS and
PR ⊥ QS. Moreover, the center of symmetry of parallelogram ABCD is the center of
symmetry of quadrilateral PQRS. This means that PQRS is a parallelogram with equal
and perpendicular diagonals, hence, a square.

18.36. Let P , Q and R be the centers of squares constructed outwards on sides AB, BC
and CA. Let us consider a rotation through an angle of 90◦ with center R that sends C to
A. Under the rotation about P through an angle of 90◦ in the same direction point A turns
into B. The composition of these two rotations is a rotation through an angle of 180◦ and,
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therefore, the center of this rotation is the midpoint of segment BC. On the other hand,
the center of this rotation is a vertex of an isoscceles right triangle with base PR, i.e., it is
the center of a square constructed on PR. This square is constructed inwards on a side of
triangle PQR.

18.37. If O1 = O3, then R90◦

D ◦ R90◦

C ◦ R90◦

B ◦ R90◦

A = R180◦

O3
◦ R180◦

O1
= E. Therefore,

E = R90◦

A ◦ E ◦ R−90◦

A = R90◦

A ◦ R90◦

D R90◦

C ◦ R90◦

B = R180◦

O4
◦ R180◦

O2
,

where E is the identity transformation, i.e., O4 = O2.
18.38. a) See solution of a more general Problem 18.42 (it suffices to set α = β = γ =

120◦). In case b) proof is analogous.
b) Let Q and R (resp. Q1 and R1) be the centers of equilateral triangles constructed

outwards (resp. inwards) on sides AC and AB. Since AQ = 1√
3
b, AR = 1√

3
c and ∠QAR =

60◦ + α, it follows that 3QR2 = b2 + c2 − 2bc cos(α + 60◦). Similarly, 3Q1R
2
1 = b2 + c2 −

2bc cos(α − 60◦). Therefore, the difference of areas of the obtained equilateral triangles is
equal to

(QR2 − Q1R
2
1)
√

3

4
=

bc sin α sin 60◦√
3

= SABC .

18.39. The combination of a rotation through an angle of 60◦ about A′ that sends B to
C, a rotation through an angle of 60◦ about B′ that sends C to A and a rotation through
an angle of 120◦ about M that sends A to B has B as a fixed point. Since the first two
rotations are performed in the direction opposite to the direction of the last rotation, it
follows that the composition of these rotations is a parallel translation with a fixed point,
i.e., the identity transformation:

R−120◦

M ◦ R60◦

B′ ◦ R60◦

A′ = E.

Therefore, R60◦

B′ ◦ R60◦

A′ = R120◦

M , i.e., M is the center of the rotation R60◦

B′ ◦ R60◦

A′ . It follows
that ∠MA′B′ = ∠MB′A′ = 30◦, i.e., A′B′M is an isosceles triangle and ∠A′MB′ = 120◦.

18.40. The conditions of the problem imply that R−2γ
C = R2β

B ◦ R2α
A , i.e., point C is

the center of the composition of rotations R2β
B ◦ R2α

A . This means that ∠BAC = α and
∠ABC = β (see Problem 18.33). Therefore, ∠ACB = π − α − β = γ.

18.41. Denote the given points by M1, . . . , Mn. Suppose that we have constructed
polygon A1A2 . . . An so that triangles A1M1A2, A2M2A3, . . . , AnMnA1 are isosceles, where
∠AiMiAi+1 = αi and the sides of the polygon are bases of these isosceles triangles. Clearly,
Rαn

Mn
◦ · · · ◦ Rα1

M1
(A1) = A1. If α1 + · · · + αn 6= k · 360◦, then point A1 is the center of the

rotation Rαn
Mn

◦ · · · ◦ Rα1
M1

.
We can construct the center of the composition of rotations. The construction of the

other vertices of the polygon is done in an obvious way. If α1 + · · ·+ αn = k · 360◦, then the
problem is ill-posed: either an arbitrary point A1 determines a polygon with the required
property or there are no solutions.

18.42. Since Rγ
C′ ◦ Rβ

B′ ◦ Rα
A′(B) = Rγ

C′ ◦ Rβ
B′(C) = Rγ

C′(A) = B, it follows that B is a

fixed point of the composition Rγ
C′ ◦ Rβ

B′ ◦ Rα
A′ . Since α + β + γ = 2π, it follows that this

composition is a parallel translation with a fixed point, i.e., the identity transformation. It
remains to make use of the result of Problem 18.40.

18.43. Since Rπ−α
G′ ◦ Rα

A(N) = L and Rπ−α
G ◦ Rα

A(L) = N , it follows that the transfor-
mations Rπ−α

G′ ◦ Rα
A and Rπ−α

G ◦ Rα
A are central symmetries with respect to the midpoint of

segment LN , i.e., Rπ−α
G′ ◦ Rα

A = Rπ−α
G ◦ Rα

A. Therefore, Rπ−α
G′ = Rπ−α

G and G′ = G.
18.44. Let A1, B1 and C1 be the centers of the circumscribed circles of triangles APR,

BPQ and CQR. Under the successive rotations with centers A1, B1 and C1 through angles
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2α, 2β and 2γ point R turns first into P , then into Q, and then returns home. Since
2α+2β+2γ = 360◦, the composition of the indicated rotations is the identity transformation.
It follows that the angles of triangle A1B1C1 are equal to α, β and γ (see Problem 18.40).





Chapter 19. HOMOTHETY AND ROTATIONAL
HOMOTHETY

Background

1. A homothety is a transformation of the plane sending point X into point X ′ such that−−→
OX ′ = k

−−→
OX, where point O and the number k are fixed. Point O is called the center of

homothety and the number k the coefficient of homothety.
We will denote the homothety with center O and coefficient k by Hk

O.
2. Two figures are called homothetic if one of them turns into the other one under a

homothety.
3. A rotational homothety is the composition of a homothety and a rotation with a

common center. The order of the composition is inessential since Rϕ
O ◦ Hk

O = Hk
O ◦ Rϕ

O.
We may assume that the coefficient of a rotational homothety is positive since R180◦

O ◦
Hk

O = H−k
O .

4. The composition of two homotheties with coefficients k1 and k2, where k1k2 6= 1, is a
homothety with coefficient k1k2 and its center belongs to the line that connects the centers
of these homotheties (see Problem 19.23).

5. The center of a rotational homothety that sends segment AB into segment CD is the
intersection point of the circles circumscribed about triangles ACP and BDP , where P is
the intersection point of lines AB and CD (see Problem 19.41).

Introductory problems

1. Prove that a homothety sends a circle into a circle.
2. Two circles are tangent at point K. A line passing through K intersects these circles

at points A and B. Prove that the tangents to the circles through A and B are parallel to
each other.

3. Two circles are tangent at point K. Through K two lines are drawn that intersect the
first circle at points A and B and the second one at points C and D. Prove that AB ‖ CD.

4. Prove that points symmetric to an arbitrary point with respect to the midpoints of a
square’s sides are vertices of a square.

5. Two points A and B and a line l on the plane are given. What is the trajectory of
movement of the intersection point of medians of triangle ABC when C moves along l?

§1. Homothetic polygons

19.1. A quadrilateral is cut by diagonals into four triangles. Prove that the intersection
points of their medians form a parallelogram.

19.2. The extensions of the lateral sides AB and CD of trapezoid ABCD intersect at
point K and its diagonals intersect at point L. Prove that points K, L, M and N , where
M and N are the midpoints of bases BC and AD, respectively, belong to one line.

19.3. The intersection point of diagonals of a trapezoid is equidistant from the lines to
which the sides of the trapezoid belong. Prove that the trapezoid is an isosceles one.

359
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19.4. Medians AA1, BB1 and CC1 of triangle ABC meet at point M ; let P be an
arbitrary point. Line la passes through point A parallel to line PA1; lines lb and lc are
similarly defined. Prove that:

a) lines la, lb and lc meet at one point, Q;
b) point M belongs to segment PQ and PM : MQ = 1 : 2.
19.5. Circle S is tangent to equal sides AB and BC of an isosceles triangle ABC at

points P and K, respectively, and is also tangent from the inside to the circle circumscribed
about triangle ABC. Prove that the midpoint of segment PK is the center of the circle
inscribed into triangle ABC.

19.6. A convex polygon possesses the following property: if all its sides are pushed by
distance 1 outwards and extended, then the obtained lines form a polygon similar to the
initial one. Prove that this polygon is a circumscribed one.

19.7. Let R and r be the radii of the circumscribed and inscribed circles of a triangle.
Prove that R ≥ 2r and the equality is only attained for an equilateral triangle.

19.8. Let M be the center of mass of an n-gon A1 . . . An; let M1, . . . , Mn be the centers
of mass of the (n−1)-gons obtained from the given n-gon by discarding vertices A1, . . . , An,
respectively. Prove that polygons A1 . . . An and M1 . . . Mn are homothetic to each other.

19.9. Prove that any convex polygon Φ contains two nonintersecting polygons Φ1 and
Φ2 similar to Φ with coefficient 1

2
.

See also Problem 5.87.

§2. Homothetic circles

19.10. On a circle, points A and B are fixed and point C moves along this circle. Find
the locus of the intersection points of the medians of triangles ABC.

19.11. a) A circle inscribed into triangle ABC is tangent to side AC at point D, and
DM is its diameter. Line BM intersects side AC at point K. Prove that AK = DC.

b) In the circle, perpendicular diameters AB and CD are drawn. From point M outside
the circle there are drawn tangents to the circle that intersect AB at points E and H and
also lines MC and MD that intersect AB at points F and K, respectively. Prove that
EF = KH.

19.12. Let O be the center of the circle inscribed into triangle ABC, let D be the point
where the circle is tangent to side AC and B1 the midpoint of AC. Prove that line B1O
divides segment BD in halves.

19.13. The circles α, β and γ are of the same radius and are tangent to the sides of
angles A, B and C of triangle ABC, respectively. Circle δ is tangent from the outside to all
the three circles α, β and γ. Prove that the center of δ belongs to the line passing through
the centers of the circles inscribed into and circumscribed about triangle ABC.

19.14. Consider triangle ABC. Four circles of the same radius ρ are constructed so that
one of them is tangent to the three other ones and each of those three is tangent to two sides
of the triangle. Find ρ given the radii r and R of the circles inscribed into and circumscribed
about the triangle.

§3. Costructions and loci

19.15. Consider angle ∠ABC and point M inside it. Construct a circle tangent to the
legs of the angle and passing through M .

19.16. Inscribe two equal circles in a triangle so that each of the circles were tangent to
two sides of the triangle and the other circle.
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19.17. Consider acute triangle ABC. Construct points X and Y on sides AB and BC,
respectively, so that a) AX = XY = Y C; b) BX = XY = Y C.

19.18. Construct triangle ABC given sides AB and AC and bisector AD.
19.19. Solve Problem 16.18 with the help of homothety.
19.20. On side BC of given triangle ABC, construct a point such that the line that

connects the bases of perpendiculars dropped from this point to sides AB and AC is parallel
to BC.

* * *

19.21. Right triangle ABC is modified so that vertex A of the right angle is fixed
whereas vertices B and C slide along fixed circles S1 and S2 tangent to each other at A from
the outside. Find the locus of bases D of heights AD of triangles ABC.

See also problems 7.26–7.29, 8.15, 8.16, 8.70.

§4. Composition of homotheties

19.22. A transformation f has the following property: if A′ and B′ are the images of

points A and B, then
−−→
A′B′ = k

−→
AB, where k is a constant. Prove that:

a) if k = 1, then f is a parallel translation;
b) if k 6= 1, then f is a homothety.
19.23. Prove that the composition of two homotheties with coefficients k1 and k2, where

k1k2 6= 1, is a homothety with coefficient k1k2 and its center belongs to the line that connects
the centers of these homotheties. Investigate the case k1k2 = 1.

19.24. Common outer tangents to the pairs of circles S1 and S2, S2 and S3, S3 and S1

intersect at points A, B and C, respectively. Prove that points A, B and C belong to one
line.

19.25. Trapezoids ABCD and APQD have a common base AD and the length of all
their bases are distinct. Prove that the intersections points of the following pairs of lines
belong to one line:

a) AB and CD, AP and DQ, BP and CQ;
b) AB and CD, AQ and DP , BQ and CP .

§5. Rotational homothety

19.26. Circles S1 and S2 intersect at points A and B. Lines p and q passing through
point A intersect circle S1 at points P1 and Q1 and circle S2 at points P2 and Q2. Prove
that the angle between lines P1Q1 and P2Q2 is equal to the angle between circles S1 and S2.

19.27. Circles S1 and S2 intersect at points A and B. Under the rotational homothety
P with center A that sends S1 into S2 point M1 from circle S1 turns into M2. Prove that
line M1M2 passes through B.

19.28. Circles S1, . . . , Sn pass through point O. A grasshopper hops from point Xi

on circle Si to point Xi+1 on circle Si+1 so that line XiXi+1 passes through the intersection
point of circles Si and Si+1 distinct from O. Prove that after n hops (from S1 to S2 from S2

to S3, . . . , from Sn to S1) the grasshopper returns to the initial position.
19.29. Two circles intersect at points A and B and chords AM and AN are tangent to

these circles. Let us complete triangle MAN to parallelogram MANC and divide segments
BN and MC by points P and Q in equal proportions. Prove then that ∠APQ = ∠ANC.

19.30. Consider two nonconcentric circles S1 and S2. Prove that there exist precisely
two rotational homotheties with the angle of rotation of 90◦ that send S1 into S2.
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* * *

19.31. Consider square ABCD and points P and Q on sides AB and BC, respectively,
so that BP = BQ. Let H be the base of the perpendicular dropped from B on PC. Prove
that ∠DHQ = 90◦.

19.32. On the sides of triangle ABC similar triangles are constructed outwards: △A1BC ∼
△B1CA ∼ △C1AB. Prove that the intersection points of medians of triangles ABC and
A1B1C1 coincide.

19.33. The midpoints of sides BC and B1C1 of equilateral triangles ABC and A1B1C1

coincide (the vertices of both triangles are listed clockwise). Find the value of the angle
between lines AA1 and BB1 and also the ratio of the lengths of segments AA1 and BB1.

19.34. Triangle ABC turns under a rotational homothety into triangle A1B1C1; let O
be an arbitrary point. Let A2 be the vertex of parallelogram OAA1A2; let points B2 and C2

be similarly defined. Prove that △A2B2C2 ∼ △ABC.
19.35. On top of a rectangular map lies a map of the same locality but of lesser scale.

Prove that it is possible to pierce by a needle both maps so that the points where both maps
are pierced depict the same point of the locality.

19.36. Rotational homotheties P1 and P2 with centers A1 and A2 have the same angle
of rotation and the product of their coefficients is equal to 1. Prove that the composition
P2 ◦ P1 is a rotation and its center coincides with the center of another rotation that sends

A1 into A2 and whose angle of rotation is equal to 2∠(
−−−→
MA1,

−−→
MN), where M is an arbitrary

point and N = P1(M).
19.37. Triangles MAB and MCD are similar but have opposite orientations. Let O1 be

the center of rotation through an angle of 2∠(
−→
AB,

−−→
BM) that sends A to C and O2 the center

of rotation through an angle of 2∠(
−→
AB,

−−→
AM) that sends B to D. Prove that O1 = O2.

* * *

19.38. Consider a half circle with diameter AB. For every point X on this half circle a
point Y is placed on ray XA so that XY = kXB. Find the locus of points Y .

19.39. Consider point P on side AB of (unknown?) triangle ABC and triangle LMN .
Inscribe triangle PXY similar to LMN into triangle ABC.

19.40. Construct quadrilateral ABCD given ∠B+∠D and the lengths a = AB, b = BC,
c = CD and d = DA.

See also Problem 5.122.

§6. The center of a rotational homothety

19.41. a) Let P be the intersection point of lines AB and A1B1. Prove that if no points
among A, B, A1, B1 and P coincide, then the common point of circles circumscribed about
triangles PAA1 and PBB1 is the center of a rotational homothety that sends A to A1 and
B to B1 and that such a rotational homothety is unique.

b) Prove that the center of a rotational homothety that sends segment AB to segment
BC is the intersection point of circles passing through point A and tangent to line BC at
point B and the circle passing through C and tangent to line AB at point B.

19.42. Points A and B move along two intersecting lines with constant but distinct
speeds. Prove that there exists a point, P , such that at any moment AP : BP = k, where
k is the ratio of the speeds.

19.43. Construct the center O of a rotational homothety with a given coefficient k 6= 1
that sends line l1 into line l2 and point A1 that belongs to l1 into point A2. (?)
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19.44. Prove that the center of a rotational homothety that sends segment AB into
segment A1B1 coincides with the center of a rotational homothety that sends segment AA1

into segment BB1.
19.45. Four intersecting lines form four triangles. Prove that the four circles circum-

scribed about these triangles have one common point.
19.46. Parallelogram ABCD is not a rhombus. Lines symmetric to lines AB and CD

through diagonals AC and DB, respectively, intersect at point Q. Prove that Q is the center
of a rotational homothety that sends segment AO into segment OD, where O is the center
of the parallelogram.

19.47. Consider wo regular pentagons with a common vertex. The vertices of each
pentagon are numbered 1 to 5 clockwise so that the common vertex has number 1. Vertices
with equal numbers are connected by straight lines. Prove that the four lines thus obtained
intersect at one point.

19.48. On sides BC, CA and AB of triangle ABC points A1, B1 and C1 are taken so
that △ABC ∼ △A1B1C1. Pairs of segments BB1 and CC1, CC1 and AA1, AA1 and BB1

intersect at points A2, B2 and C2, respectively. Prove that the circles circumscribed about
triangles ABC2, BCA2, CAB2, A1B1C2, B1C1A2 and C1A1B2 intersect at one point.

§7. The similarity circle of three figures

Let F1, F2 and F3 be three similar figures, O1 the center of a rotational homothety that
sends F2 to F3. Let points O2 and O3 be similarly defined. If O1, O2 and O3 do not belong
to one line, then triangle O1O2O3 is called the similarity triangle of figures F1, F2 and F3 and
its circumscribed circle is called the similarity circle of these figures. In case points O1, O2

and O3 coincide the similarity circle degenerates into the center of similarity and in case
when not all these points coincide but belong to one line the similarity circle degenerates
into the axis of similarity.

In the problems of this section we assume that the similarity circle of the figures consid-
ered is not degenerate.

19.49. Lines A2B2 and A3B3, A3B3 and A1B1, A1B1 and A2B2 intersect at points P1,
P2, P3, respectively.

a) Prove that the circumscribed circles of triangles A1A2P3, A1A3P2 and A2A3P1 intersect
at one point that belongs to the similarity circle of segments A1B1, A2B2 and A3B3.

b) Let O1 be the center of rotational homothety that sends segment A2B2 into segment
A3B3; points O2 and O3 be similarly defined. Prove that lines P1O1, P2O2 and P3O3 intersect
at one point that belongs to the similarity circle of segments A1B1, A2B2 and A3B3.

Points A1 and A2 are called correspondent points of similar figures F1 and F2 if the
rotational symmetry that sends F1 to F2 transforms A1 into A2. Correspondent lines and
correspondent segments are analogously defined.

19.50. Let A1B1, A2B2 and A3B3 and also A1C1, A2C2 and A3C3 be correspondent
segments of similar figures F1, F2 and F3. Prove that the triangle formed by lines A1B1,
A2B2 and A3B3 is similar to the triangle formed by lines A1C1, A2C2 and A3C3 and the
center of the rotational homothety that sends one of these triangles into another one belongs
to the similarity circle of figures F1, F2 and F3.

19.51. Let l1, l2 and l3 be the correspondent lines of similar figures F1, F2 and F3 and
let the lines intersect at point W .

a) Prove that W belongs to the similarity circle of F1, F2 and F3.
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b) Let J1, J2 and J3 be distinct from W intersection points of lines l1, l2 and l3 with the
similarity circle. Prove that these points only depend on figures F1, F2 and F3 and do not
depend on the choice of lines l1, l2 and l3.

Points J1, J2 and J3 are called constant points of similar figures F1, F2 and F3 and
triangle J1J2J3 is called the constant triangle of similar figures.

19.52. Prove that the constant triangle of three similar figures is similar to the triangle
formed by their correspondent lines and these triangles have opposite orientations.

19.53. Prove that constant points of three similar figures are their correspondent points.

The similarity circle of triangle ABC is the similarity circle of segments AB, BC and
CA (or of any three similar triangles constructed from these segments). Constant points of

a triangle are the constant points of the three figures considered.

19.54. Prove that the similarity circle of triangle ABC is the circle with diameter KO,
where K is Lemoin’s point and O is the center of the circumscribed circle.

19.55. Let O be the center of the circumscribed circle of triangle ABC, K Lemoin’s
point, P and Q Brokar’s points, ϕ Brokar’s angle (see Problems 5.115 and 5.117). Prove
that points P and Q belong to the circle of diameter KO and OP = OQ and ∠POQ = 2ϕ.

Problems for independent study

19.56. Given triangles ABC and KLM . Inscribe triangle A1B1C1 into triangle ABC
so that the sides of A1B1C1 wre parallel to the respective sides of triangle KLM .

19.57. On the plane, there are given points A and E. Construct a rhombus ABCD
with a given height for which E is the midpoint of BC.

19.58. Consider a quadrilateral. Inscribe a rombus in it so that the sides of the rombus
are parallel to the diagonals of the quandrangle.

19.59. Consider acute angle ∠AOB and point C inside it. Find point M on leg OB
equidistant from leg OA and from point C.

19.60. Consider acute triangle ABC. Let O be the intersection point of its heights; ω the
circle with center O situated inside the triangle. Construct triangle A1B1C1 circumscribed
about ω and inscribed in triangle ABC.

19.61. Consider three lines a, b, c and three points A, B, C each on the respective line.
Construct points X, Y , Z on lines a, b, c, respectively, so that BY : AX = 2, CZ : AX = 3
and so that X, Y , Z are all on one line.

Solutions

19.1. A homothety with the center at the intersection point of the diagonals of the
quadrilateral and with coefficient 3/2 sends the intersection points of the medians of the
triangles in question into the midpoints of the sides of the quadrilateral. It remains to make
use of the result of Problem 1.2.

19.2. The homothety with center K that sends △KBC into △KAD sends point M into
N and, therefore, K belongs to line MN . The homothety with center L that sends △LBC
into △LDA sends M into N . Therefore, L belongs to line MN .

19.3. Suppose the continuations of the lateral sides AB and CD intersect at point K
and the diagonals of the trapezoid intersect at point L. By the preceding problem line KL
passes through the midpoint of segment AD and by the hypothesis this line divides angle
∠AKD in halves. Therefore, triangle AKD is an isosceles one (see Problem 16.1); hence, so
is trapezoid ABCD.
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19.4. The homothety with center M and coefficient −2 sends lines PA1, PB1 and PC1

into lines la, lb and lc, respectively, and, therefore, the point Q to be found is the image of
P under this homothety.

19.5. Consider homothety Hk
B with center B that sends segment AC into segment A′C ′

tangent to the circumscribed circle of triangle ABC. Denote the midpoints of segments PK
and A′C ′ by O1 and D, respectively, and the center of S by O.

Circle S is the inscribed circle of triangle A′BC ′ and, therefore, it suffices to show that
homothety Hk

B sends O1 to O. To this end it suffices to verify that BO1 : BO = BA : BA′.
This equality follows from the fact that PO1 and DA are heights of similar right triangles
BPO and BDA′.

19.6. Let k be the similarity coefficient of polygons and k < 1. Shifting the sides of
the initial polygon inside consecutively by k, k2, k3, . . . units of length we get a contracting
system of embedded convex polygons similar to the initial one with coefficients k, k2, k3,
. . . . The only common point of these polygons is the center of the inscribed circle of the
initial polygon.

19.7. Let A1, B1 and C1 be the midpoints of sides BC, AC and AB, respectively. The
homothety with center at the intersection point of the medians of triangle ABC and with
coefficient −1

2
sends the circumscribed circle S of triangle ABC into the circumscribed circle

S1 of triangle A1B1C1. Since S1 passes through all the vertices of triangle ABC, we can
construct triangle A′B′C ′ whose sides are parallel to the respective sides of triangle ABC
and for which S1 is the inscribed circle, see Fig. 26.

Figure 68 (Sol. 19.7)

Let r and r′ be the radii of the inscribed circles of triangles ABC and A′B′C ′; let R
and R1 be the radii of S and S1, respectively. Clearly, r ≤ r′ = R1 = R/2. The equality is
attained if triangles A′B′C ′ and ABC coincide, i.e., if S1 is the inscribed circle of triangle
ABC. In this case AB1 = AC1 and, therefore, AB = AC. Similarly, AB = BC.

19.8. Since
−−−→
MMi =

−−−→
MA1 + · · · + −−−→

MAn −−−→
MAi

n − 1
= −

−−→
MAi

n − 1
,

it follows that the homothety with center M and coefficient − 1
n−1

sends Ai into Mi.
19.9. Let A and B be a pair of most distant from each other points of polygon Φ. Then

Φ1 = H
1/2
A (Φ) and Φ2 = H

1/2
B (Φ) are the required figures.

Indeed, Φ1 and Φ2 do not intersect because they lie on different sides of the midperpen-
dicular to segment AB. Moreover, Φ1 and Φ2 are contained in Φ because Φ is a convex
polygon.

19.10. Let M be the intersection point of the medians of triangle ABC, O the midpoints

of segment AB. Clearly, 3
−−→
OM =

−→
OC and, therefore, points M fill in the circle obtained

from the initial circle under the homothety with coefficient 1
3

and center O.
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19.11. a) The homothety with center B that sends the inscribed circle into the escribed
circle tangent to side AC sends point M into point M ′. Point M ′ is the endpoint of the
diameter perpendicular to AC and, therefore, M ′ is the tangent point of the inscribed circle
with AC, hence, it is the intersection point of BM with AC. Therefore, K = M ′ and K
is the tangent point of the escribed circle with side AC. Now it is easy to compute that
AK = 1

2
(a + b − c) = CD, where a, b and c are the lengths of the sides of triangle ABC.

b) Consider a homothety with center M that sends line EH into a line tangent to the
given circle. This homothety sends points E, F , K and H into points E ′, F ′, K ′ and H ′,
respectively. By heading a) E ′F ′ = K ′H ′; hence, EF = KH.

19.12. Let us make use of the solution and notations of Problem 19.11 a). Since
AK = DC, then B1K = B1D and, therefore, B1O is the midline of triangle MKD.

19.13. Let Oα, Oβ, Oγ and Oδ be the centers of circles α, β, γ and δ, respectively, O1

and O2 the centers of the inscribed and circumscribed circles, respectively, of triangle ABC.
A homothety with center O1 sends triangle OαOβOγ into triangle ABC. This homothety
sends point O2 into the center of the circumscribed circle of triangle OαOβOγ; this latter
center coincides with Oδ. Therefore, points O1, O2 and Oδ belong to one line.

19.14. Let A1, B1 and C1 be the centers of the given circles tangent to the sides of
the triangle, O the center of the circle tangent to these circles, O1 and O2 the centers of
the inscribed and circumscribed circles of triangle ABC. Lines AA1, BB1 and CC1 are the
bisectors of triangle ABC and, therefore, they intersect at point O1. It follows that triangle
A1B1C1 turns into triangle ABC under a homothety with center O1 and the coefficient of
the homothety is equal to the ratio of distances from O1 to the sides of triangles ABC and
A1B1C1, i.e., is equal to r−ρ

r
.

Under this homothety the circumscribed circle of triangle ABC turns into the circum-
scribed circle of triangle A1B1C1. Since OA1 = OB1 = OC1 = 2ρ, the radius of the
circumscribed circle of triangle A1B1C1 is equal to 2ρ. Hence, R r−ρ

r
= 2ρ, i.e., ρ = rR

2r+R
.

19.15. On the bisector of angle ∠ABC take an arbitrary point O and construct a circle
S with center O tangent to the legs of the angle. Line BM intersects circle S at points M1

and M2. The problem has two solutions: circle S turns into the circles passing through M
and tangent to the legs of the angle under the homothety with center B that sends M1 into
M and under the homothety with center B that sends M2 into M .

19.16. Clearly, both circles are tangent to one of the triangle’s sides. Let us show how to
construct circles tangent to side AB. Let us take line c′ parallel to line AB. Let us construct
circles S ′

1 and S ′
2 of the same radius tangent to each other and to line c′. Let us construct

tangents a′ and b′ to these circles parallel to lines BC and AC, respectively. The sides of
triangle A′B′C ′ formed by lines a′, b′ and c′ are parallel to respective sides of triangle ABC.
Therefore, there exists a homothety sending triangle A′B′C ′ into triangle ABC. The desired
circles are the images of circles S ′

1 and S ′
2 with respect to this homothety.

19.17. a) On sides AB and BC of triangle ABC fix segments AX1 and CY1 of equal
length a.Through point Y1 draw a line l parallel to side AC. Let Y2 be the intersection point
of l and the circle of radius a with center X1 situated(who?) inside the triangle. Then point
Y to be found is the intersection point of line AY2 with side BC and X is a point on ray
AB such that AX = CY .

b) On side AB, take an arbitrary point X1 distinct from B. The circle of radius BX1

with center X1 intersects ray BC at points B and Y1. Construct point C1 on line BC such
that Y1C1 = BX1 and such that Y1 lies between B and C1. The homothety with center B
that sends point C1 into C sends X1 and Y1 into points X and Y to be found.
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19.18. Take segment AD and draw circles S1 and S2 with center A and radii AB and
AC, respectively. Vertex B is the intersection point of S1 with the image of S2 under the
homothety with center D and coefficient −DB

DC
= −AB

AC
.

19.19. On the great circle S2 take an arbitrary point X. Let S ′
2 be the image of S2

under the homothety with center X and coefficient 1
3
, let Y be the intersection point of S ′

2

and S1. Then XY is the line to be found.
19.20. From points B and C draw perpendiculars to lines AB and AC and let P be

their intersection point. Then the intersection point of lines AP and BC is the desired one.
19.21. Let us draw common exterior tangents l1 and l2 to circles S1 and S2, respectively.

Lines l1 and l2 intersect at a point K which is the center of a homothety H that sends
S1 to S2. Let A1 = H(A). Points A and K lie on a line that connects the centers of the
circles and, therefore, AA1 is a diameter of S2, i.e., ∠ACA1 = 90◦ and A1C ‖ AB. It
follows that segment AB goes into A1C under H. Therefore, line BC passes through K and
∠ADK = 90◦. Point D belongs to circle S with diameter AK. It is also clear that point D
lies inside the angle formed by lines l1 and l2. Therefore, the locus of points D is the arc of
S cut off by l1 and l2.

19.22. The hypothesis of the problem implies that the map f is one-to-one.
a) Suppose f sends point A to point A′ and B to B′. Then

−−→
BB′ =

−→
BA +

−−→
AA′ +

−−→
A′B′ = −−→

AB +
−−→
AA′ +

−→
AB =

−−→
AA′,

i.e., f is a parallel translation.
b) Consider three points A, B and C not on one line. Let A′, B′ and C ′ be their images

under f . Lines AB, BC and CA cannot coincide with lines A′B′, B′C ′ and C ′A′, respectively,
since in this case A = A′, B = B′ and C = C ′. Let AB 6= A′B′. Lines AA′ and BB′ are
not parallel because otherwise quandrilateral ABB′A′ would have been a parallelogram and−→
AB =

−−→
A′B′. Let O be the intersection point of AA′ and BB′. Triangles AOB and A′OB′

are similar with similarity coefficient k and, therefore,
−−→
OA′ = k

−→
OA, i.e., O is a fixed point

of the transformation f . Therefore,
−−−−→
Of(X) =

−−−−−−−→
f(O)f(X) = k

−−→
OX

for any X which means that f is a homothety with coefficient k and center O.
19.23. Let H = H2 ◦H1, where H1 and H2 are homotheties with centers O1 and O2 and

coefficients k1 and k2, respectively. Denote:

A′ = H1(A), B′ = H1(B), A′′ = H2(A
′), B′′ = H2(B

′).

Then
−−→
A′B′ = k1

−→
AB and

−−−→
A′′B′′ = k2

−−→
A′B′, i.e.,

−−−→
A′′B′′ = k1k2

−→
AB. With the help of the

preceding problem this implies that for k1k2 6= 1 the transformation H is a homothety with
coefficient k1k2 and if k1k2 = 1, then H is a parallel translation.

It remains to verify that the fixed point of H belongs to the line that connects the centers

of homotheties H1 and H2. Since
−−−→
O1A

′ = k1
−−→
O1A and

−−−→
O2A

′′ = k2

−−−→
O2A

′, it follows that

−−−→
O2A

′′ = k2(
−−−→
O2O1 +

−−−→
O1A

′) = k2(
−−−→
O2O1 + k1

−−→
O1A) =

k2
−−−→
O2O1 + k1k2

−−−→
O1O2 + k1k2

−−→
O2A.

For a fixed point X we get the equation
−−→
O2X = (k1k2 − k2)

−−−→
O1O2 + k1k2

−−→
O2X



368 CHAPTER 19. HOMOTHETY AND ROTATIONAL HOMOTHETY

and, therefore,
−−→
O2X = λ

−−−→
O1O2, where λ = k1k2−k2

1−k1k2
.

19.24. Point A is the center of homothety that sends S1 to S2 and B is the center of
homothety that sends S2 to S3. The composition of these homotheties sends S1 to S3 and
its center belongs to line AB. On the other hand, the center of homothety that sends S1

to S3 is point C. Indeed, to the intersection point of the outer tangents there corresponds
a homothety with any positive coefficient and a composition of homotheties with positive
coefficients is a homothety with a positive coefficient.

19.25. a) Let K, L, M be the intersection points of lines AB and CD, AP and DQ,
BP and CQ, respectively. These points are the centers of homotheties HK , HL and HM

with positive coefficients that consequtively send segments BC to AD, AD to PQ and BC
to PQ. Clearly, HL ◦ HK = HM . Therefore, points K, L and M belong to one line.

b) Let K, L, M be the intersection points of lines AB and CD, AQ and DP , BQ
and CP , respectively. These points are the centers of homotheties, HK , HL and HM that
consequtively send segments BC to AD, AD to QP , BC to QP ; the coefficient of the
first homothety is a positive one those of two other homotheties are negative ones. Clearly,
HL ◦ HK = HM . Therefore, points K, L and M belong to one line.

19.26. Since ∠(P1A,AB) = ∠(P2A,AB), the oriented angle values of arcs ⌣ BP1 and
⌣ BP2 are equal. Therefore, the rotational homothety with center B that sends S1 to S2

sends point P1 to P2 and line P1Q1 into line P2Q2.
19.27. Oriented angle values of arcs ⌣ AM1 and ⌣ AM2 are equal, consequently,

∠(M1B,BA) = ∠(M2B,BA) and, therefore, points M1, M2 and B belong to one line.
19.28. Let Pi be a rotational homothety with center O that sends circle Si to Si+1.

Then Xi+1 = Pi(Xi) (see Problem 19.27). It remains to observe that the composition
Pn ◦ · · · ◦ P2 ◦ P1 is a rotational homothety with center O that sends S1 to S1, i.e., is an
identity transformation.

19.29. Since ∠AMB = ∠NAB and ∠BAM = ∠BNA, we have △AMB ∼ △NAB
and, therefore, AN : AB = MA : MB = CN : MB. Moreover, ∠ABM = 180◦−∠MAN =
∠ANC. It follows that △AMB ∼ △ACN , i.e., the rotational homothety with center A
sending M to B sends C to N and, therefore, it maps Q to P .

19.30. Let O1 and O2 be the centers of given circles, r1 and r2 be their radii. The
coefficient k of the rotational homothety which maps S1 to S2 is equal to r1/r2 and its
center O belongs to the circle with diameter O1O2. Moreover, OO1 : OO2 = k = r1/r2. It
remains to verify that the circle with diameter O1O2 and the locus of points O such that
OO1 : OO2 = k have precisely two common points. For k = 1 it is obvious and for k 6= 1 the
locus in question is described in the solution of Problem 7.14: it is the(A?) circle and one of
its intersection points with line O1O2 is an inner point of segment O1O2 whereas the other
intersection point lies outside the segment.

19.31. Consider a transformation which sends triangle BHC to triangle PHB, i.e., the
composition of the rotation through an angle of 90◦ about point H and the homothety with
coefficient BP : CB and center H. Since this transformation maps the vertices of any square
into vertices of a square, it maps points C and B to points B and P , respectively. Then it
maps point D to Q, i.e., ∠DHQ = 90◦.

19.32. Let P be a rotational homothety that sends
−−→
CB to

−−→
CA1. Then

−−→
AA1 +

−−→
BB1 +

−−→
CC1 =

−→
AC + P (

−−→
CB) +

−−→
CB + P (

−→
BA) +

−→
BA + P (

−→
AC) =

−→
0 .
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Hence, if M is the center of mass of triangle ABC, then

−−−→
MA1 +

−−−→
MB1 +

−−−→
MC1 =

(
−−→
MA +

−−→
MB +

−−→
MC) + (

−−→
AA1 +

−−→
BB1 +

−−→
CC1) =

−→
0 .

19.33. Let M be the common midpoint of sides BC and B1C1,x =
−−→
MB and y =

−−−→
MB1.

Further, let P be the rotational homothety with center M , the angle of rotation 90◦ and

coefficient
√

3 that sends B to A and B1 to A1. Then
−−→
BB1 = y − x and

−−→
AA1 = P (y) −

P (x) = P (
−−→
BB1). Therefore, the angle between vectors

−−→
AA1 and

−−→
BB1 is equal to 90◦ and

AA1 : BB1 =
√

3.
19.34. Let P be the rotational homothety that sends triangle ABC to triangle A1B1C1.

Then

−−−→
A2B2 =

−−→
A2O +

−−→
OB2 =

−−→
A1A +

−−→
BB1 =

−→
BA +

−−−→
A1B1 =

−−→
AB + P (

−→
AB).

Similarly, the transformation f(a) = −a + P (a) sends the other vectors of the sides of
triangle ABC to the vectors of the sides of triangle A2B2C2.

19.35. Let the initial map be rectangle K0 on the plane, the smaller map rectangle
K1 contained in K0. Let us consider a rotational homothety f that maps K0 to K1. Let
Ki+1 = f(Ki) for i > 1. Since the sequence Ki for i = 1, 2, . . . is a contracting sequence of
embedded polygons, there exists (by Helly’s theorem) a unique fixed point X that belongs
to all the rectangles Ki.

Let us prove that X is the required point, i.e., f(X) = X. Indeed, since X belongs to
Ki, point f(X) belongs to Ki+1, i.e., point f(X) belongs also to all rectangles Ki. Since
there is just one point that belongs to all rectangles, we deduce that f(X) = X.

19.36. Since the product of coefficients of rotational homotheties P1 and P2 is equal to
1, their composition is a rotation (cf. Problem 17.36). Let O be the center of rotation P2◦P1

and R = P1(O). Since P2 ◦ P1(O) = O, it follows that P2(R) = O. Therefore, by hypothesis
A1O : A1R = A2O : A2R and ∠OA1R = ∠OA2R, i.e., △OA1R ∼ △OA2R. Moreover, OR is
a common side of these similar triangles; hence, △OA1R = △OA2R. Therefore, OA1 = OA2

and

∠(
−−→
OA1,

−−→
OA2) = 2∠(

−−→
OA1,

−→
OR) = 2∠(

−−−→
MA1,

−−→
MN),

i.e., O is the center of rotation through an angle of 2∠(
−−−→
MA1,

−−→
MN) that maps A1 to A2.

19.37. Let P1 be the rotational homothety with center B sending A to M and P2 be
rotational homothety with center D sending M to C. Since the product of coefficients of
these rotational homotheties is equal to (BM : BA) · (DC : DM) = 1, their composition
P2 ◦ P1 is a rotation (sending A to C) through an angle of

∠(
−→
AB,

−−→
BM) + ∠(

−−→
DM,

−−→
DC) = 2∠(

−→
AB,

−−→
BM).

On the other hand, the center of the rotation P2 ◦ P1 coincides with the center of the

rotation through an angle of 2∠(
−→
AB,

−−→
AM) that sends B to D (cf. Problem 19.36).

19.38. It is easy to verify that tan∠XBY = k and BY : BX =
√

k2 + 1, i.e., Y is
obtained from X under the rotational homothety with center B and coefficient

√
k2 + 1, the
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angle of rotation being of value arctan k. The locus to be found is the image of the given
half circle under this rotational homothety.

19.39. Suppose that triangle PXY is constructed and points X and Y belong to sides
AC and CB, respectively. We know a transformation that maps X to Y , namely, the
rotational homothety with center P , the angle of rotation ϕ = ∠XPY = ∠MLN and the
homothety coefficient k = PY : PX = LN · LM . Point Y to be found is the intersection
point of segment BC and the image of segment AC under this transformation.

19.40. Suppose that rectangle ABCD is constructed. Consider the rotational homothety
with center A that sends B to D. Let C ′ be the image of point C under this homothety.
Then ∠CDC ′ = ∠B + ∠D and DC ′ = BC·AD

AB
= bd

a
.

We can recover triangle CDC ′ from CD, DC ′ and ∠CDC ′. Point A is the intersection
point of the circle of radius d with center D and the locus of points X such that C ′X : CX =
d : a (this locus is a circle, see Problem 7.14). The further construction is obvious.

19.41. a) If O is the center of a rotational homothety that sends segment AB to segment
A1B1, then

∠(PA,AO) = ∠(PA1, A1O) and ∠(PB,BO) = ∠(PB1, B1O) (1)

and, therefore, point O is the intersection point of the inscribed circles of triangles PAA1

and PBB1.
The case when these circles have only one common point P is clear: this is when segment

AB turns into segment A1B1 under a homothety with center P .
If P and O are two intersection points of the circles considered, then equalities (1) imply

that △OAB ∼ △OA1B1 and, therefore, O is the center of a rotational homothety that maps
segment AB into segment A1B1.

b) It suffices to notice that point O is the center of a rotational homothety that maps
segment AB to segment BC if and only if ∠(BA,AO) = ∠(CB,BO) and ∠(AB,BO) =
∠(BC,CO).

19.42. Let A1 and B1 be the positions of the points at one moment, A2 and B2 the
position of the points at another moment. Then for point P we can take the center of a
rotational homothety that maps segment A1A2 to segment B1B2.

19.43. Let P be the intersection point of lines l1 and l2. By Problem 19.41 point O
belongs to the circumscribed circle S1 of triangle A1A2P . On the other hand, OA2 : OA1 = k.
The locus of points X such that XA2 : XA1 = k is circle S2 (by Problem 7.14). Point O is
the intersection point of circles S1 and S2 (there are two such points).

19.44. Let O be the center of a rotational homothety that maps segment AB to segment
A1B1. Then △ABO ∼ △A1B1O, i.e., ∠AOB = ∠A1OB1 and AO : BO = A1O : B1O.
Therefore, ∠AOA1 = ∠BOB1 and AO : A1O = BO : B1O, i.e., △AA1O ∼ △BB1O. Hence,
point O is the center of the rotational homothety that maps segment AA1 to segment BB1.

19.45. Let lines AB and DE intersect at point C and lines BD and AE intersect at
point F . The center of rotational homothety that maps segment AB to segment ED is
the distinct from C intersection point of the circumscribed circles of triangles AEC and
BDC (see Problem 19.41) and the center of rotational homothety sending AE to BD is
the intersection point of circles circumscribed about triangles ABF and EDF . By Problem
19.44 the centers of these rotational homotheties coincide, i.e., all the four circumscribed
circles have a common point.

19.46. The center O of parallelogram ABCD is equidistant from the following pairs of
lines: AQ and AB, AB and CD, CD and DQ and, therefore, QO is the bisector of angle
∠AQD. Let α = ∠BAO, β = ∠CDO and ϕ = ∠AQO = ∠DQO. Then α + β = ∠AOD =
360◦ − α − β − 2ϕ, i.e., α + β + ϕ = 180◦ and, therefore, △QAO ∼ △QOD.
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19.47. Let us solve a slightly more general problem. Suppose point O is taken on circle
S and H is a rotational homothety with center O. Let us prove that then all lines XX ′,
where X is a point from S and X ′ = H(X), intersect at one point.

Let P be the intersection point of lines X1X
′
1 and X2X

′
2. By Problem 19.41 points O, P ,

X1 and X2 lie on one circle and points O, P , X ′
1 and X ′

2 also belong to one circle. Therefore,
P is an intersection point of circles S and H(S), i.e., all lines XX ′ pass through the distinct
from O intersection point of circles S and H(S).

19.48. Let O be the center of a rotational homothety sending triangle A1B1C1 to triangle
ABC. Let us prove that, for instance, the circumscribed circles of triangles ABC2 and
A1B1C2 pass through point O. Under the considered homothety segment AB goes into
segment A1B1; therefore, point O coincides with the center of the rotational homothety that
maps segment AA1 to segment BB1 (see Problem 19.44). By problem 19.41 the center of the
latter homothety is the second intersection point of the circles circumscribed about triangles
ABC2 and A1B1C2 (or is their tangent point).

Figure 169 (Sol. 19.48)

19.49. Points A1, A2 and A3 belong to lines P2P3, P3P1 and P1P2 (Fig. 27). Therefore,
the circles circumscribed about triangles A1A2P3, A1A3P2 and A2A3P1 have a common point
V (see Problem 2.80 a)), and points O3, O2 and O1 lie on these circles (see Problem 19.41).
Similarly, the circles circumscribed about triangles B1B2P3, B1B3P2 and B2B3P1 have a
common point V ′. Let U be the intersection point of lines P2O2 and P3O3. Let us prove
that point V belongs to the circle circumscribed about triangle O2O3U . Indeed,

∠(O2V, V O3) = ∠(V O2, O2P2) + ∠(O2P2, P3O3) + ∠(P3O3, O3V ) =
∠(V A1, A1P2) + ∠(O2U,UO3) + ∠(P3A1, A1V ) = ∠(O2U,UO3).

Analogous arguments show that point V ′ belongs to the circle circumscribed about triangle
O2O3U . In particular, points O2, O3, V and V ′ belong to one circle. Similarly, points O1,
O2, V and V ′ belong to one circle and, therefore, points V and V ′ belong to the circle
circumscribed about triangle O1O2O3; point U also belongs to this circle.

We can similarly prove that lines P1O1 and P2O2 intersect at one point that belongs
to the similarity circle. Line P2O2 intersects the similarity circle at points U and O2 and,
therefore, line P1O1 passes through point U .

19.50. Let P1 be the intersection point of lines A2B2 and A3B3, let P ′
1 be the intersection

point of lines A2C2 and A3C3; let points P2, P3, P ′
2 and P ′

3 be similarly defined. The
rotational homothety that sends F1 to F2 sends lines A1B1 and A1C1 to lines A2B2 and
A2C2, respectively, and, therefore, ∠(A1B1, A2B2) = ∠(A1C1, A2C2). Similar arguments
show that △P1P2P3 ∼ △P ′

1P
′
2P

′
3.



372 CHAPTER 19. HOMOTHETY AND ROTATIONAL HOMOTHETY

The center of the rotational homothety that maps segment P2P3 to P ′
2P

′
3 belongs to the

circle circumscribed about triangle A1P3P
′
3 (see Problem 19.41). Since

∠(P3A1, A1P
′
3) = ∠(A1B1, A1C1) = ∠(A2B2, A2C2) = ∠(P3A2, A2P

′
3),

the circle circumscribed about triangle A1P3P
′
3 coincides with the circle circumscribed about

triangle A1A2P3. Similar arguments show that the center of the considered rotational homo-
thety is the intersection point of the circles circumscribed about triangles A1A2P3, A1A3P2

and A2A3P1; this point belongs to the similarity circle of figures F1, F2 and F3 (see Problem
19.49 a)).

19.51. a) Let l′1, l′2 and l′3 be the corresponding lines of figures F1, F2 and F3 such
that l′i ‖ li. These lines form triangle P1P2P3. The rotational homothety with center O3

that maps F1 to F2 sends lines l1 and l′1 to lines l2 and l′2, respectively, and, therefore, the
homothety with center O3 that maps l1 to l′1 sends line l2 to l′2. Therefore, line P3O3 passes
through point W .

Similarly, lines P1O1 and P2O2 pass through point W ; hence, W belongs to the similarity
circle of figures F1, F2 and F3 (see Problem 19.49 b)).

Figure 170 (Sol. 19.51 a))

b) The ratio of the distances from point O1 to lines l′2 and l′3 is equal to the coefficient
of the rotational homothety that maps F2 to F3 and the angle ∠P1 of triangle P1P2P3 is
equal to the angle of the rotation. Therefore, ∠(O1P1, P1P2) only depends on figures F2 and
F3. Since ∠(O1W,WJ3) = ∠(O1P1, P1P2), arc ⌣ O1J3 is fixed (see Fig. 28) and, therefore,
point J3 is fixed. We similarly prove that points J1 and J2 are fixed.

19.52. Let us make use of notations from Problem 19.51. Clearly,

∠(J1J2, J2J3) = ∠(J1W,WJ3) = ∠(P3P2, P2P1).

For the other angles of the triangle the proof is similar.
19.53. Let us prove, for instance, that under the rotational homothety with center O1

that maps F2 to F3 point J2 goes to J3. Indeed, ∠(J2O1, O1J3) = ∠(J2W,WJ3). Moreover,
lines J2W and J3W are the corresponding lines of figures F2 and F3 and, therefore, the
distance from lines J2W and J3W to point O1 is equal to the similarity coefficient k1; hence,
O1J2

O1J3
= k1.

19.54. Let Oa be the intersection point of the circle passing through point B and tangent
to line AC at point A and the circle passing through point C and tangent to line AB at
point A.

By Problem 19.41 b) point Oa is the center of rotational homothety that sends segment
BA to segment AC. Having similarly defined points Ob and Oc and making use of the result
of Problem 19.49 b) we see that lines AOa, BOb and COc intersect at a point that belongs
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to the similarity circle S. On the other hand, these lines intersect at Lemoin’s point K (see
Problem 5.128).

The midperpendiculars to the sides of the triangle are the corresponding lines of the
considered similar figures. The midperpendiculars intersect at point O; hence, O belongs to
the similarity circle S (see Problem 19.51 a)). Moreover, the midperpendiculars intersect S
at fixed points A1, B1 and C1 of triangle ABC (see Problem 19.51 b)). On the other hand,
the lines passing through point K parallel to BC, CA and AB are also corresponding lines
of the considered figures (see solution to Problem 5.132), therefore, they also intersect circle
S at points A1, B1 and C1. Hence, OA1 ⊥ A1K, i.e., OK is a diameter of S.

19.55. If P is the first of Brokar’s points of triangle ABC, then CP , AP and BP are the
corresponding lines for similar figures constructed on segments BC, CA and AB. Therefore,
point P belongs to the similarity circle S (see Problem 19.51 a)). Similarly, point Q belongs
to S. Moreover, lines CP , AP and BP intersect S at fixed points A1, B1 and C1 of triangle
ABC (cf. Problem 19.51 b)). Since KA1 ‖ BC (see the solution of Problem 19.54), it
follows that ∠(PA1, A1K) = ∠(PC,CB) = ϕ, i.e., ⌣ PK = 2ϕ. Similarly, ⌣ KQ = 2ϕ.
Therefore, PQ ⊥ KO; hence, OP = OQ and ∠POQ = 1

2
⌣ PQ = 2ϕ.





Chapter 20. THE PRINCIPLE OF AN EXTREMAL ELEMENT

Background

1. Solving various problems it is often convenient to consider a certain extremal or
“boundary” element, i.e., an element at which a certain function takes its maximal or minimal
value. For instance, the longest or the shortest side a triangle, the greatest or the smallest
angle, etc. This method for solving problems is sometimes called the principle (or the rule)
of an extremal element; this term, however, is not conventional.

Figure 171

2. Let O be the intersection point of the diagonals of a convex quadrilateral. Its vertices
can be denoted so that CO ≤ AO and BO ≤ DO (see Fig. *). Then under symmetries
with respect to point O triangle BOC is mapped inside triangle AOD, i.e., in a certain sense
triangle BOC is the smallest and triangle AOD is the greatest (see §4).

3. The vertices of the convex hull and the basic lines are also extremal elements; to an
extent these notions are used in §5 where they are defined and where their main properties
are listed.

§1. The least and the greatest angles

20.1. Prove that if the lengths of all the sides of a triangle are smaller than 1, then its
area is smaller than 1

4

√
3.

20.2. Prove that the disks constructed on the sides of a convex quadrilateral as on
diameters completely cover this quadrilateral.

20.3. In a country, there are 100 airports such that all the pairwise distances between
them are distinct. From each airport a plane lifts up and flies to the nearest airport. Prove
that there is no airport to which more than five planes can arrive.

20.4. Inside a disk of radius 1, eight points are placed. Prove that the distance between
some two of them is smaller than 1.

20.5. Six disks are placed on the plane so that point O is inside each of them. Prove
that one of these disks contains the center of some other disk.

20.6. Inside an acute triangle point P is taken. Prove that the greatest distance from
P to the vertices of this triangle is smaller than twice the shortest of the distances from P
to the sides of the triangle.

375
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20.7. The lengths of a triangle’s bisectors do not exceed 1. Prove that the area of the
triangle does not exceed 1√

3
.

§2. The least and the greatest distances

20.8. Given n ≥ 3 points on the plane not all of them on one line. Prove that there is a
circle passing through three of the given points such that none of the remaining points lies
inside the circle.

20.9. Several points are placed on the plane so that all the pairwise distances between
them are distinct. Each of these points is connected with the nearest one by a line segment.
Do some of these segments constitute a closed broken line?

20.10. Prove that at least one of the bases of perpendiculars dropped from an interior
point of a convex polygon to its sides is on the side itself and not on its extension.

20.11. Prove that in any convex pentagon there are three diagonals from which one can
construct a triangle.

20.12. Prove that it is impossible to cover a polygon with two polygons which are
homothetic to the given one with coefficient k for 0 < k < 1.

20.13. Given finitely many points on the plane such that any line passing through two
of the given points contains one more of the given points. Prove that all the given points
belong to one line.

20.14. In plane, there are given finitely many pairwise non-parallel lines such that
through the intersection point of any two of them one more of the given lines passes. Prove
that all these lines pass through one point.

20.15. In plane, there are given n points. The midpoints of all the segments with both
endpoints in these points are marked, the given points are also marked. Prove that there
are not less than 2n − 3 marked points.

See also Problems 9.17, 9.19.

§3. The least and the greatest areas

20.16. In plane, there are n points. The area of any triangle with vertices in these points
does not exceed 1. Prove that all these points can be placed in a triangle whose area is equal
to 4.

20.17. Polygon M ′ is homothetic to a polygon M with homothety coefficient equal to
−1

2
. Prove that there exists a parallel translation that sends M ′ inside M .

§4. The greatest triangle

20.18. Let O be the intersection point of diagonals of convex quadrilateral ABCD. Prove
that if the perimeters of triangles ABO, BCO, CDO and DAO are equal, then ABCD is a
rhombus.

20.19. Prove that if the center of the inscribed circle of a quadrilateral coincides with
the intersection point of the diagonals, then this quadrilateral is a rhombus.

20.20. Let O be the intersection point of the diagonals of convex quadrilateral ABCD.
Prove that if the radii of inscribed circles of triangles ABO, BCO, CDO and DAO are
equal, then ABCD is a rhombus.

§5. The convex hull and the base lines

While solving problems of this section we will consider convex hulls of systems of points
and base lines of convex polygons.
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The convex hull of a finite set of points is the least convex polygon which contains all
these points. The word “least” means that the polygon is not contained in any other such
polygon. Any finite system of points possesses a unique convex hull (Fig. 29).

Figure 171

A base line of a convex polygon is a line passing through its vertex and with the property
that the polygon is situated on one side of it. It is easy to verify that for any convex polygon
there exist precisely two base lines parallel to a given line (Fig. 30).

Figure 172

20.21. Solve Problem 20.8 making use of the notion of the convex hull.
20.22. Given 2n + 3 points on a plane no three of which belong to one line and no four

of which belong to one circle. Prove that one can select three points among these so that n
of the remaining points lie inside the circle drawn through the selected points and n of the
points lie outside the circle.

20.23. Prove that any convex polygon of area 1 can be placed inside a rectangle of area
2.

20.24. Given a finite set of points in plane prove that there always exists a point among
them for which not more than three of the given points are the nearest to it.

20.25. On the table lie n cardboard and n plastic squares so that no two cardboard and
no two plastic squares have common points, the boundary points included. It turned out
that the set of vertices of the cardboard squares coincides with that of the plastic squares.
Is it necessarily true that every cardboard square coincides with a plastic one?

20.26. Given n ≥ 4 points in plane so that no three of them belong to one line. Prove
that if for any 3 of them there exists a fourth (among the given ones) together with which
they form vertices of a parallelogram, then n = 4.
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§6. Miscellaneous problems

20.27. In plane, there are given a finite set of (not necessarily convex) polygons each
two of which have a common point. Prove that there exists a line having a common point
with all these polygons.

20.28. Is it possible to place 1000 segments on the plane so that the endpoints of every
segment are interior points of certain other of these segments?

20.29. Given four points in plane not on one line. Prove that at least one of the triangles
with vertices in these points is not an acute one.

20.30. Given an infinite set of rectangles in plane. The vertices of each of the rectangles
lie in points with coordinates (0, 0), (0,m), (n, 0), (n,m), where n and m are positive integers
(each rectangle has its own numbers). Prove that among these rectangles one can select such
a pair that one is contained inside the other one.

20.31. Given a convex polygon A1 . . . An, prove that the circumscribed circle of triangle
AiAi+1Ai+2 contains the whole polygon.

Solutions

20.1. Let α be the least angle of the triangle. Then α ≤ 60◦. Therefore, S = bc sin α
2

≤
sin 60◦

2
=

√
3

4
.

20.2. Let X be an arbitrary point inside a convex quadrilateral. Since

∠AXB + ∠BXC + ∠CXD + ∠AXD = 360◦,

the maximal of these angles is not less than 90◦. Let, for definiteness sake, ∠AXB ≥ 90◦.
Then point X is inside the circle with diameter AB.

20.3. If airplanes from points A and B arrived to point O, then AB is the longest side
of triangle AOB, i.e., ∠AOB > 60◦. Suppose that airplanes from points A1, . . . , An arrived
to point O. Then one of the angles ∠AiOAj does not exceed 360◦

n
. Therefore, 360◦

n
> 60◦,

i.e., n < 6.
20.4. At least seven points are distinct from the center O of the circle. Therefore, the

least of the angles ∠AiOAj, where Ai and Aj are given points, does not exceed 360◦

7
< 60◦. If

A and B are points corresponding to the least angle, then AB < 1 because AO ≤ 1, BO ≤ 1
and angle ∠AOB cannot be the largest angle of triangle AOB.

20.5. One of the angles between the six segments that connect point O with the centers
of the disks does not exceed 360◦

6
= 60◦. Let ∠O1OO2 ≤ 60◦, where O1 and O2 are the

centers of the disks of radius r1 and r2, respectively. Since ∠O1OO2 ≤ 60◦, this angle is not
the largest angle in triangle O1OO2 and, therefore, either O1O2 ≤ O1O or O1O2 ≤ O2O.
Let, for definiteness, O1O2 ≤ O1O. Since point O is inside the circles, O1O < r1. Therefore,
O1O2 ≤ O1O < r1, i.e., point O2 is inside the disk of radius r1 with center O1.

20.6. Let us drop perpendiculars PA1, PB1 and PC1 from point P to sides BC, CA and
AB, respectively, and select the greatest of the angles formed by these perpendiculars and
rays PA, PB and PC. Let, for definiteness sake, this be angle ∠APC1. Then ∠APC1 ≥ 60◦;
hence, PC1 : AP = cos APC1 ≤ cos 60◦ = 1

2
, i.e., AP ≥ 2PC1. Clearly, the inequality still

holds if AP is replaced with the greatest of the numbers AP , BP and CP and PC1 is
replaced with the smallest of the numbers PA1, PB1 and PC1.

20.7. Let, for definiteness, α be the smallest angle of triangle ABC; let AD be the
bisector. One of sides AB and AC does not exceed AD/ cos(α/2) since otherwise segment
BC does not pass through point D. Let, for definiteness,

AB ≤ AD

cos(α/2)
≤ AD

cos 30◦
≤ 2√

3
.
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Then SABC = 1
2
hcAB ≤ 1

2
lcAB ≤ 1√

3
.

20.8. Let A and B be those of the given points for which the distance between them is
minimal. Then inside the circle with diameter AB there are no given points. Let C be the
remaining point — the vertex of the greatest angle that subtends segment AB. Then inside
the circle passing through points A, B and C there are no given points.

20.9. Suppose that we have obtained a closed broken line. Then AB is the longest link
of this broken line and AC and BD are the links neighbouring to AB. Then AC < AB,
i.e., B is not the point closest to A and BD < AB, i.e., A is not the point closest to B.
Therefore, points A and B cannot be connected. Contradiction.

20.10. Let O be the given point. Let us draw lines containing the sides of the polygon
and select among them the one which is the least distant from point O. Let this line contain
side AB. Let us prove that the base of the perpendicular dropped from O to AB belongs
to side AB itself. Suppose that the base of the perpendicular dropped from O to line AB is
point P lying outside segment AB. Since O belongs to the interior of the convex polygon,
segment OP intersects side CD at point Q. Clearly, OQ < OP and the distance from O to
line CD is smaller than OQ. Therefore, line CD is less distant from point O than line AB.
This contradicts the choice of line AB.

20.11. Let BE be the longest diagonal of pentagon ABCDE. Let us prove then that
from segments BE, EC and BD one can construct a triangle. To this end, it suffices to
verify that BE < EC + BD. Let O be the intersection point of diagonals BD and EC.
Then

BE < BO + OE < BD + EC.

20.12. Let O1 and O2 be the centers of homotheties, each with coefficient k, sending
polygon M to polygons M1 and M2, respectively. Then a point from M the most distant
from line O1O2 is not covered by polygons M1 and M2.

20.13. Suppose that not all of the given points lie on one line. Through every pair of
given points draw a line (there are finitely many of such lines) and select the least nonzero
distance from the given points to these lines. Let the least distance be the one from point
A to line BC, where points B and C are among given ones.

On line BC, there lies one more of the given points, D. Drop perpendicular AQ from
point A to line BC. Two of the points B, C and D lie to one side of point Q, let these be
C and D. Let, for definiteness, CQ < DQ (Fig. 31).

Figure 173 (Sol. 20.13)

Then the distance from point C to line AD is smaller than that from A to line BC which
contradicts to the choice of point A and line BC.

20.14. Suppose that not all lines pass through one point. Consider the intersection
points of lines and select the least nonzero distance from these points to the given lines. Let
the least distance be the one from point A to line l. Through point A at least three of given
lines pass. Let them intersect line l at points B, C and D. From point A drop perpendicular
AQ to line l.
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Figure 174 (Sol. 20.14)

Two of the points B, C and D lie on one side of point Q, let them be C and D. Let,
for definiteness, CQ < DQ (Fig. 32). Then the distance from point C to line AD is smaller
than the distance from point A to line l which contradicts the choice of A and l.

20.15. Let A and B be the most distant from each other given points. The midpoints
of the segments that connect point A (resp. B) with the other points are all distinct and lie
inside the circle of radius 1

2
AB with center A (resp. B). The two disks obtained have only

one common point and, therefore, there are no less than 2(n− 1)− 1 = 2n− 3 distinct fixed
points.

20.16. Among all the triangles with vertices in the given points select a triangle of the
greatest area. Let this be triangle ABC. Let us draw through vertex C line lc so that
lc ‖ AB. If points X and A lie on different sides of line lc, then SABX > SABC . Therefore,
all the given points lie on one side of lc.

Similarly, drawing lines lb and la through points B and A so that lb ‖ AC and la ‖ BC
we see that all given points lie inside (or on the boundary of) the triangle formed by lines la,
lb and lc. The area of this triangle is exactly four times that of triangle ABC and, therefore,
it does not exceed 4.

20.17. Let ABC be the triangle of the greatest area among these with vertices in the
vertices of polygon M . Then M is contained inside triangle A1B1C1 the midpoints of whose
sides are points A, B and C. The homothety with center in the center of mass of triangle
ABC and with coefficient −1

2
sends triangle A1B1C1 to triangle ABC and, therefore, sends

polygon M inside triangle ABC.
20.18. For definiteness, we may assume that AO ≥ CO and DO ≥ BO. Let points B1

and C1 be symmetric to points B and C through point O (Fig. 33).

Figure 175 (Sol. 20.18)

Since triangle B1OC1 lies inside triangle AOD, it follows that PAOD ≥ PB1OC1 = PBOC

and the equality is attained only if B1 = D and C1 = A (see Problem 9.27 b)). Therefore,
ABCD is a parallelogram. Therefore, AB − BC = PABO − PBCO = 0, i.e., ABCD is a
rhombus.
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20.19. Let O be the intersection point of the diagonals of quadrilateral ABCD. For
definiteness, we may assume that AO ≥ CO and DO ≥ BO. Let points B1 and C1 be
symmetric to points B and C, respectively, through point O. Since O is the center of the
circle inscribed into the quadrilateral, we see that segment B1C1 is tangent to this circle.
Therefore, segment AD can be tangent to this circle only if B1 = D and C1 = A, i.e.,
if ABCD is a parallelogram. One can inscribe a circle into this parallelogram since this
parallelogram is a rhombus.

20.20. For definiteness, we may assume that AO ≥ CO and DO ≥ BO. Let points B1

and C1 be symmetric to points B and C through point O. Then triangle C1OB1 is contained
inside triangle AOD and, therefore, the inscribed circle S of triangle C1OB1 is contained
inside triangle AOD. Suppose that segment AD does not coincide with segment C1B1. Then
circle S turns into the inscribed circle of triangle AOD under the homothety with center O
and coefficient greater than 1, i.e., rAOD > rC1OB1 = rCOB. We have got a contradiction;
hence, A = C1 and D = B1, i.e., ABCD is a parallelogram.

In parallelogram ABCD, the areas of triangles AOB and BOC are equal and, therefore,
if the inscribed circles have equal radii, then they have equal perimeters since S = pr. It
follows that AB = BC, i.e., ABCD is a rhombus.

20.21. Let AB be the side of the convex hull of the given points, B1 be the nearest to
A of all the given points that lie on AB. Select the one of the remaining points that is the
vertex of the greatest angle that subtends segment AB1. Let this be point C. Then the
circumscribed circle of triangle AB1C is the one to be found.

20.22. Let AB be one of the sides of the convex hull of the set of given points. Let us
enumerate the remaining points in the order of increase of the angles with vertex in these
points that subtend segment AB, i.e., denote them by C1, C2, . . . , C2n+1 so that

∠AC1B < ∠AC2B ≤ · · · < ∠AC2n+1B.

Then points C1, . . . , Cn lie outside the circle circumscribed about triangle ABCn+1 and
points Cn+2, . . . , C2n+1 lie inside it, i.e., this is the circle to be constructed.

20.23. Let AB be the greatest diagonal (or side) of the polygon. Through points A
and B draw lines a and b perpendicular to line AB. If X is a vertex of the polygon, then
AX ≤ AB and XB ≤ AB, therefore, the polygon lies inside the band formed by lines a and
b.

Figure 176 (Sol. 20.23)

Draw the base lines of the polygon parallel to AB. Let these lines pass through vertices
C and D and together with a and b form rectangle KLMN (see Fig. 34). Then

SKLMN = 2SABC + 2SABD = 2SACBD.

Since quadrilateral ACBD is contained in the initial polygon whose area is equal to 1,
SKLMN ≤ 2.
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20.24. Select the least of all the distances between the given points and consider points
which have neighbours at this distance. Clearly, it suffices to prove the required statement
for these points. Let P be the vertex of the convex hull of these points. If Ai and Aj are the
points nearest to P , then AiAj ≥ AiP and AiAj ≥ AjP and, therefore, ∠AiPAj ≥ 60◦. It
follows that P cannot have four nearest neighbours since otherwise one of the angles ∠AiPAj

would have been smaller than 180◦

3
= 60◦. Therefore, P is the point to be found.

20.25. Suppose that there are cardboard squares that do not coincide with the plastic
ones. Let us discard all the coinciding squares and consider the convex hull of the vertices
of the remaining squares. Let A be a vertex of this convex hull. Then A is a vertex of
two distinct squares, a cardboard one and a plastic one. It is easy to verify that one of the
vertices of the smaller of these squares lies inside the larger one (Fig. 35).

Let, for definiteness, vertex B of the cardboard square lie inside the plastic one. Then
point B lies inside a plastic square and is a vertex of another plastic square, which is im-
possible. This is a contradiction, hence, every cardboard square coincides with a plastic
one.

20.26. Let us consider the convex hull of the given points. The two cases are possible:
1) The convex hull is a parallelogram, ABCD. If point M lies inside parallelogram

ABCD, then the vertices of all three parallelograms with vertices at A, B, and M lie
outside ABCD (Fig. 36). Hence, in this case there can be no other points except A, B, C
and D.

2) The convex hull is not a parallelogram. Let AB and BC be edges of the convex hull.
Let us draw base lines parallel to AB and BC. Let these base lines pass through vertices
P and Q. Then the vertices of all the three parallelograms with vertices at B, P and Q lie
outside the convex hull (Fig. 37).

They even lie outside the parallelogram formed by the base lines except for the case
when P and Q are vertices of this parallelogram. In this last case the fourth vertex of the
parallelogram does not belong to the convex hull since the convex hull is not a parallelogram.

20.27. In plane, take an arbitrary straight line l and project all the polygons to it. We
will get several segments any two of which have a common point. Let us order line l; consider
left endpoints of the segments-projections and select the right-most left endpoint. The point
belongs to all the segments and, therefore, the perpendicular drawn through it to l intersects
all the given polygons.

20.28. Let 1000 segments lie in plane. Take an arbitrary line l not perpendicular to any
of them and consider the projections of the endpoints of all these segments on l. It is clear
that the endpoint of the segment whose projection is the left-most of the obtained points
cannot belong to the interior of another segment.

20.29. Two variants of disposition of these four points are possible:
(1) The points are vertices of a convex quadrilateral, ABCD. Take the largest of the

angles of its vertices. Let this be angle ∠ABC. Then ∠ABC ≥ 90◦, i.e., triangle ABC is
not an acute one.

(2) Point D lies inside triangle ABC. Select the greatest of the angles ∠ADB, ∠BDC
and ∠ADC. Let this be angle ∠ADB. Then ∠ADB ≥ 120◦, i.e., triangle ADB is an obtuse
one.

We can prove in the following way that there are no other positions of the four points.
The lines that pass through three of given points divide the plane into seven parts (Fig. 38).
If the fourth given point belongs to the 2nd, 4th or 6th part, then we are in situation (1); if
it belongs to the 1st, 3rd, 5th or 7th part, then we are in situation (2).

20.30. The rectangle with vertices at points (0, 0), (0,m), (n, 0) and (n,m) the horizontal
side is equal to n and vertical side is equal to m. From the given set select a rectangle with
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Figure 177 (Sol. 20.25)
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Figure 178 (Sol. 20.26)

Figure 179 (Sol. 20.26)

Figure 180 (Sol. 20.29)

the least horizontal side. Let the length of its vertical side be equal to m1. Consider any
side m1 of the remaining rectangles. The two cases are possible:

1) The vertical sides of two of these m1-rectangles are equal. Then one of them is
contained in another one.

2) The vertical sides of all these rectangles are distinct. Then the vertical side of one of
them is greater than m1 and, therefore, it contains the rectangle with the least horizontal
side.

20.31. Consider all the circles passing through two neighbouring vertices Ai and Ai+1

and a vertex Aj such that ∠AiAjAi+1 < 90◦. At least one such circle exists. Indeed, one of
the angles ∠AiAi+2Ai+1 and ∠Ai+1AiAi+2 is smaller than 90◦; in the first case set Aj = Ai+2

and in the second case set Aj = Ai. Among all such circles (for all i and j) select a circle S
of the largest radius; let, for definiteness, it pass through points A1, A2 and Ak.

Suppose that vertex Ap lies outside S. Then points Ap and Ak lie on one side of line
A1A2 and ∠A1ApA2 < ∠A1AkA2 ≤ 90◦. The law of sines implies that the radius of the cir-
cumscribed circle of triangle A1ApA2 is greater than that of A1AkA2. This is a contradiction
and, therefore, S contains the whole polygon A1 . . . An.

Let, for definiteness sake, ∠A2A1Ak ≤ ∠A1A2Ak. Let us prove then that A2 and Ak are
neighbouring vertices. If Ak 6= A3, then

180◦ − ∠A2A3Ak ≤ ∠A2A1Ak ≤ 90◦

and, therefore, the radius of the circumscribed circle of triangle A2A3Ak is greater than the
radius of the circumscribed circle of triangle A1A2Ak. Contradiction implies that S passes
through neighbouring vertices A1, A2 and A3.



Chapter 21. DIRICHLET’S PRINCIPLE

Background

1. The most popular (Russian) formulation of Dirichlet’s or pigeonhole principle is the
following one: “If m rabbits sit in n hatches and m > n, then at least one hatch contains at
least two rabbits.”

It is even unclear at first glance why this absolutely transparent remark is a quite effective
method for solving problems. The point is that in every concrete problem it is sometimes
difficult to see what should we designate as the rabbits and the hatches and why there are
more rabbits than the hatches. The choice of rabbits and hatches is often obscured; and
from the formulation of the problem it is not often clear how to immediately deduce that
one should apply Dirichlet’s principle. What is very important is that this method gives a
nonconstructive proof (naturally, we cannot say which precisely hatch contains two rabbits
and only know that such a hatch exists) and an attempt to give a constructive proof, i.e.,
the proof by explicitly constructing or indicating the desired object can lead to far greater
difficulties (and more profound results).

2. Certain problems are also solved by methods in a way similar to Dirichlet’s principle.
Let us formulate the corresponding statements (all of them are easily proved by the rule of
contraries).

a) If several segments the sum of whose lengths is greater than 1 lie on a segment of
length 1, then at least two of them have a common point.

b) If several arcs the sum of whose lengths is greater than 2π lie on the circle of radius
1, then at least two of them have a common point.

c) If several figures the sum of whose areas is greater than 1 are inside a figure of area 1,
then at least two of them have a common point.

§1. The case when there are finitely many points, lines, etc.

21.1. The nodes of an infinite graph paper are painted two colours. Prove that there
exist two horizontal and two vertical lines on whose intersection lie points of the same colour.

21.2. Inside an equilateral triangle with side 1 five points are placed. Prove that the
distance between certain two of them is shorter than 0.5.

21.3. In a 3 × 4 rectangle there are placed 6 points. Prove that among them there are
two points the distance between which does not exceed

√
5.

21.4. On an 8 × 8 checkboard the centers of all the cells are marked. Is it possible to
divide the board by 13 straight lines so that in each part there are not more than 1 of marked
points?

21.5. Given 25 points in plane so that among any three of them there are two the
distance between which is smaller than 1, prove that there exists a circle of radius 1 that
contains not less than 13 of the given points.

21.6. In a unit square, there are 51 points. Prove that certain three of them can be
covered by a disk of radius 1

7
.

385
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21.7. Each of two equal disks is divided into 1985 equal sectors and on each of the disks
some 200 sectors are painted (one colour). One of the disks was placed upon the other one
and they began rotating one of the disks through multiples of 360◦

1985
. Prove that there exists

at least 80 positions for which not more than 20 of the painted sectors of the disks coincide.
21.8. Each of 9 straight lines divides a square into two quadrilaterals the ratio of whose

areas is 2 : 3. Prove that at least three of those nine straight lines pass through one point.
21.9. In a park, there grow 10, 000 trees planted by a so-called square-cluster method

(100 rows of 100 trees each). What is the largest number of trees one has to cut down in
order to satisfy the following condition: if one stands on any stump, then no other stump is
seen (one may assume the trees to be sufficiently thin).

21.10. What is the least number of points one has to mark inside a convex n-gon in
order for the interior of any triangle with the vertices at vertices of the n-gon to contain at
least one of the marked points?

21.11. Point P is taken inside a convex 2n-gon. Through every vertex of the polygon
and P a line is drawn. Prove that there exists a side of the polygon which has no common
interior points with neither of the drawn straight lines.

21.12. Prove that any convex 2n-gon has a diagonal non-parallel to either of its sides.
21.13. The nodes of an infinite graph paper are painted three colours. Prove that there

exists an isosceles right triangle with vertices of one colour.

§2. Angles and lengths

21.14. Given n pairwise nonparallel lines in plane. Prove that the angle between certain
two of them does not exceed 180◦

n
.

21.15. In a circle of radius 1 several chords are drawn. Prove that if every diameter
intersects not more than k chords, then the sum of the length of the chords is shorter than
kπ.

21.16. In plane, point O is marked. Is it possible to place in plane a) five disks; b) four
disks that do not cover O and so that any ray with the beginning in O would intersect not
less than two disks? (“Intersect” means has a common point.)

21.17. Given a line l and a circle of radius n. Inside the circle lie 4n segments of length
1. Prove that it is possible to draw a line which is either parallel or perpendicular to the
given line and intersects at least two of the given segments.

21.18. Inside a unit square there lie several circles the sum of their lengths being equal
to 10. Prove that there exists a straight line intersecting at least four of these circles.

21.19. On a segment of length 1 several segments are marked so that the distance
between any two marked points is not equal to 0.1. Prove that the sum of the lengths of the
marked segments does not exceed 0.5.

21.20. Given two circles the length of each of which is equal to 100 cm. On one of
them 100 points are marked, on the other one there are marked several arcs with the sum
of their lengths less than 1 cm. Prove that these circles can be identified so that no one of
the marked points would be on a marked arc.

21.21. Given are two identical circles; on each of them k arcs are marked, the angle
value of each of the arcs is > 1

k2−k+1
· 180◦. The circles can be identified(?) so that the

marked arcs of one circle would coincide with the marked arcs of the other one. Prove that
these circles can be identified so that all the marked arcs would lie on unmarked arcs.
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§3. Area

21.22. In square of side 15 there lie 20 pairwise nonintersecting unit squares. Prove that
it is possible to place in the large square a unit disk so that it would not intersect any of the
small squares.

21.23. Given an infinite graph paper and a figure whose area is smaller than the area of
a small cell prove that it is possible to place this figure on the paper without covering any
of the nodes of the mesh.

21.24. Let us call the figure formed by the diagonals of a unit square (Fig. 39) a cross.
Prove that it is possible to place only a finite number of nonintersecting crosses in a disk of
radius 100.

Figure 181 (21.24)

21.25. Pairwise distances between points A1, . . . , An is greater than 2. Prove that any
figure whose area is smaller than π can be shifted by a vector not longer than 1 so that it
would not contain points A1, . . . , An.

21.26. In a circle of radius 16 there are placed 650 points. Prove that there exists a ring
(annulus) of inner radius 2 and outer radius 3 which contains not less than 10 of the given
points.

21.27. There are given n figures in plane. Let Si1...ik be the area of the intersection of
figures indexed by i1, . . . , ik and S be the area of the part of the plane covered by the given
figures; Mk the sum of all the Si1...ik . Prove that:

a) S = M1 − M2 + M3 − · · · + (−1)n+1Mn;
b) S ≥ M1 − M2 + M3 − · · · + (−1)m+1Mm for m even and S ≤ M1 − M2 + M3 − · · · +

(−1)m+1Mm for m odd.
21.28. a) In a square of area 6 there are three polygons of total area 3. Prove that

among them there are two polygons such that the area of their intersection is not less than
1.

b) In a square of area 5 there are nine polygons of total area 1. Prove that among them
there are two polygons the area of whose intersection is not less than 1

9
.

21.29. On a rug of area 1 there are 5 patches the area of each of them being not less
than 0.5. Prove that there are two patches such that the area of their intersection is not less
than 0.2.

Solutions

21.1. Let us take three vertical lines and nine horizontal lines. Let us consider only
intersection points of these lines. Since there are only 23 = 8 variants to paint three points
two colours, there are two horizontal lines on which lie similarly coloured triples of points.
Among three points painted two colours there are, by Dirichlet’s principle, two similarly
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coloured points. The vertical lines passing through these points together with the two
horizontal lines selected earlier are the ones to be found.

21.2. The midlines of an equilateral triangle with side 1 separate it into four equilateral
triangles with side 0.5. Therefore, one of the triangles contains at least two of the given points
and these points cannot be vertices of the triangle. The distance between these points is less
than 0.5.

21.3. Let us cut the rectangle into five figures as indicated on Fig. 40. One of the figures
contains at least two points and the distance between any two points of each of the figures
does not exceed

√
5.

Figure 182 (Sol. 21.3)

21.4. 28 fields are adjacent to a side of an 8 × 8 chessboard. Let us draw 28 segments
that connect the centers of neighbouring end(?) fields. Every line can intersect not more
than 2 such segments and, therefore, 13 lines can intersect not more than 26 segments, i.e.,
there are at least 2 segments that do not intersect any of 13 drawn lines. Therefore, it is
impossible to split the chessboard by 13 lines so that in each part there would be not more
than 1 marked point since both endpoints of the segment that does not intersect with the
lines belongs to one of the parts.

21.5. Let A be one of the given points. If all the remaining points lie in disk S1 of radius
1 with center A, then we have nothing more to prove.

Now, let B be a given point that lies outside S1, i.e., AB > 1. Consider disk S2 of radius
1 with center B. Among points A, B and C, where C is any of the given points, there are
two at a distance less than 1 and these cannot be points A and B. Therefore, disks S1 and
S2 contain all the given points, i.e., one of them contains not less than 13 points.

21.6. Let us divide a given square into 25 similar small squares with side 0.2. By Dirich-
let’s principle one of them contains no less than 3 points. The radius of the circumscribed
circle of the square with side 0.2 is equal to 1

5

√
2 < 1

7
and, therefore, it can be covered by a

disk of radius 1
7
.

21.7. Let us take 1985 disks painted as the second of our disks and place them upon the
first disk so that they would take all possible positions. Then over every painted sector of
the first disk there lie 200 painted sectors, i.e., there are altogether2002 pairs of coinciding
painted sectors. Let there be n positions of the second disk when not less 21 pairs of painted
sectors coincide. Then the number of coincidences of painted sectors is not less than 21n.
Therefore, 21n ≤ 2002, i.e., n ≤ 1904.8. Since n is an integer, n ≤ 1904. Therefore, at least
for 1985 − 1904 = 81 positions not more than 20 pairs of painted sectors coincide.

21.8. The given lines cannot intersect neighbouring sides of square ABCD since other-
wise we would have not two quadrilaterals but a triangle and a pentagon. Let a line intersect
sides BC and AD at points M and N , respectively. Trapezoids ABMN and CDNM have
equal heights, and, therefore, the ratio of their areas is equal to that of their midlines, i.e.,
MN divides the segment that connects the midpoints of sides AB and CD in the ratio of
2 : 3. There are precisely 4 points that divide the midlines of the square in the ratio of 2 : 3.
Since the given nine lines pass through these four points, then through one of the points at
least three lines pass.
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Figure 183 (Sol. 21.8)

21.9. Let us divide the trees into 2500 quadruples as shown in Fig. 41. In each such
quadruple it is impossible to chop off more than 1 tree. On the other hand, one can chop
off all the trees that grow in the left upper corners of the squares formed by our quadruples.
Therefore, the largest number of trees that can be chopped off is equal to 2500.

21.10. Since any diagonal that goes out of one vertex divides an n-gon into n − 2
triangles, then n − 2 points are necessary.

Figure 184 (Sol. 21.10)

From Fig. 42 one can deduce that n − 2 points are sufficient: it suffices to mark one
points in each shaded triangle. Indeed, inside triangle ApAqAr, where p < q < r, there is
always contained a shaded triangle adjacent to vertex Aq.

21.11. The two cases are possible.
(1) Point P lies on diagonal AB. Then lines PA and PB coincide and do not intersect

the sides. There remain 2n − 2 lines; they intersect not more than 2n − 2 sides.
(2) Point P does not belong to a diagonal of polygon A1A2 . . . A2n. Let us draw diagonal

A1An+1. On both sides of it there lie n sides. Let, for definiteness, point P be inside polygon
A1 . . . An+1 (Fig. 43).

Then lines PAn+1, PAn+2, . . . , PA2n, PA1 (there are n + 1 such lines) cannot intersect
sides An+1An+2, An+2An+3, . . . , A2nA1, respectively. Therefore, the remaining straight lines
can intersect not more than n − 1 of these n sides.

21.12. The number of diagonals of a 2n-gon is equal to 2n(2n−3)
2

= n(2n − 3). It is easy
to verify that there are not more than n − 2 diagonals parallel to the given one. Therefore,
there are not more than 2n(n−2) diagonals parallel to the sides. Since 2n(n−2) < n(2n−3),
there exists a diagonal which is not parallel to any side.
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Figure 185 (Sol. 21.11)

21.13. Suppose that there does not exist an equilateral right triangle whose legs are
parallel to the sides of the cells and with vertices of the same colour. For convenience we
may assume that it is the cells which are painted, not the nodes.

Let us divide the paper into squares of side 4; then on the diagonal of each such square
there are two cells of the same colour. Let n be greater than the number of distinct colorings
of the square of side 4. Consider a square consisting of n2 squares of side 4. On its diagonal
we can find two similarly painted squares of side 4. Finally, take square K on whose diagonal
we can find two similarly painted squares of side 4n.

Figure 186 (Sol. 21.13)

Considering the square with side 4n and in it two similarly painted squares with side 4
we get four cells of the first colour, two cells of the second colour and one cell of the third
colour, see Fig. 44. Similarly, considering square K we get a cell which cannot be of the
first, or second, or third colour.

21.14. In plane, take an arbitrary point and draw through it lines parallel to the given
ones. They divide the plane into 2n angles whose sum is equal to 360◦. Therefore, one of
these angles does not exceed 180◦

n
.

21.15. Suppose the sum of the length of the chords is not shorter than πk. Let us prove
that then there exists a diameter which intersects with at least k+1 chords. Since the length
of the arc corresponding to the chord is greater than the length of this chord, the sum of the
lengths of the archs corresponding to given chords is longer than πk. If we add to these arcs
the arcs symmetric to them through the center of the circle, then the sum of the lengths of
all these arcs becomes longer than 2πk. Therefore, there exists a point covered by at least
k + 1 of these arcs. The diameter drawn through this point intersects with at least k + 1
chord.
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21.16. a) It is possible. Let O be the center of regular pentagon ABCDE. Then the
disks inscribed in angles ∠AOC, ∠BOD, ∠COD, ∠DOA and ∠EOB possess the required
property.

b) It is impossible. For each of the four disks consider the angle formed by the tangents
to the disk drawn through point O. Since each of these four angles is smaller than 180◦,
their sum is less than 2 · 360◦. Therefore, there exists a point on the plane covered by not
more than 1 of these angles. The ray drawn through this point intersects with not more
than one disk.

21.17. Let l1 be an arbitrary line perpendicular to l. Denote the lengths of the pro-
jections of the i-th segment to l and l1 by ai and bi, respectively. Since the length of each
segment is equal to 1, we have ai + bi ≥ 1. Therefore,

(a1 + · · · + a4n) + (b1 + · · · + b4n) ≥ 4n.

Let, for definiteness,
a1 + · · · + a4n ≥ b1 + · · · + b4n.

Then a1 + · · ·+a4n ≥ 2n. The projection of any of the given segment is of length 2n because
all of them lie inside the circle of radius n. If the projections of the given segments to l
would have had no common points, then we would had a1 + · · · + a4n < 2n. Therefore, on
l there exists a point which is the image under the projection of at least two of the given
segments. The perpendicular to l drawn through this point intersects with at least two of
given segments.

21.18. Let us project all the given circles on side AB of square ABCD. The projection
of the circle of length l is a segment of length l

π
. Therefore, the sum of the lengths of the

projections of all the given circles is equal to 10
π

. Since 10
π

> 3 = 3AB, on segment AB there
is a point which belongs to projections of at least four circles. The perpendicular to AB
drawn through this point intersects at least four circles.

21.19. Let us cut the segment into ten segments of length 0.1, stack them in a pile and
consider their projection to a similar segment as shown on Fig. 45.

Figure 187 (Sol. 21.19)

Since the distance between any two painted points is not equal to 0.1, the painted points
of neighbouring segments cannot be projected into one point. Therefore, neither of the
points can be the image under the projection of painted points of more than 5 segments. It
follows that the sum of the lengths of the projections of the painted segments (equal to the
sum of their lengths) does not exceed 5 · 0.1 = 0.5.

21.20. Let us identify the given circles and let us place a painter in a fixed point of one
of them. Let us rotate this circle and let the painter paint a point of the other circle each
time when it is a marked point that belongs to a marked arc. We have to prove that after a
complete revolution a part of the circle would remain unpainted.

The final result of the painter’s job will be the same as if he were rotated 100 times and
(s)he was asked to paint the other circle on the i-th revolution so that (s)he would have to
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paint the i-th marked point that belongs to one of the marked arcs. Since in this case at
each revolution less than 1 cm is being painted, it follows that after 100 revolutions there
will be painted less than 100 cm. Therefore, a part of the circle will be unpainted.

21.21. Let us identify(?) our circles and place a painter into a fixed point of one of
them. Let us rotate this circle and let the painter paint the point of the other circle against
which he moves each time when some of the marked arcs intersect. We have to prove that
after a full revolution a part of the circle will be unpainted.

The final result of the painter’s job would be the same as if (s)he were rotated k times
and was asked to paint the circle on the i-th revolution when the i-th marked arc on which
the painter resides would intersect with a marked arc of the other circle.

Let ϕ1, . . . , ϕn be the angle parameters of the marked arcs. By the hypothesis ϕ1 < α ,
. . . , ϕn < α, where α = 180◦

k2−k+1
. During the time when the marked arcs with counters i and

j intersect the painter paints an arc of length ϕi + ϕj.
Therefore, the sum of the angle values of the arcs painted during the i-th revolution does

not exceed kϕi(ϕ1 + · · · + ϕk) and the sum of the angle values of the arcs painted during
all k revolutions does not exceed 2k(ϕ1 + · · · + ϕk). Observe that during all this we have
actually counted the intersection of arcs with similar(?) counters k times.

In particular, point A across which the painter moves at the moment when the marked
arcs coincide has, definitely, k coats of paint. Therefore, it is desirable to disregard the arcs
that the painter paints at the moment when some of the marked arcs with similar counters
intersect. Since all these arcs contain point A, we actually disregard only one arc and the
angle value of this arc does not exceed 2α.

The sum of the angle values of the remaining part of the arcs painted during the i-th
revolution does not exceed (k − 1)ϕ1 + (ϕ1 + · · ·+ ϕk − ϕi) and the sum of the angle values
of the remaining part of the arcs painted through all k revolutions does not exceed

(2k − 2) · (ϕ1 + · · · + ϕk) < (2k2 − 2k)α.

A part of the circle will be unpainted if (2k2 − 2k)α ≤ 360◦ − 2α, i.e., α ≤ 180◦

k2−k+1
.

21.22. Let us consider a figure consisting of all the points whose distance from the small
unit square is not greater than 1 (Fig. 46).

Figure 188 (Sol. 21.22)

It is clear that no unit disk whose center is outside this figure intersects the small square.
The area of such a figure is equal to π + 5. The center of the needed disk should also lie
at a distance greater than 1 from the sides of the large square, i.e., inside the square of
side 13. Obviously, 20 figures of total area π + 5 cannot cover a square of side 13 because
20(π + 5) < 132. The disk with the center in an uncovered point possesses the desired
property.

21.23. Let us paint the figure to(?) the graph paper arbitrarily, cut the paper along
the cells of the mesh and stack them in a pile moving them parallelly with themselves and
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without turning. Let us consider the projection of this stack on a cell. The projections of
parts of the figure cannot cover the whole cell since their area is smaller. Now, let us recall
how the figure was placed on the graph paper and move the graph paper parallelly with
itself so that its vertices would be in the points whose projection is an uncovered point. As
a result we get the desired position of the figure.

21.24. For every cross consider a disk of radius 1
2

√
2 with center in the center of the

cross. Let us prove that if two such disks intersect, then the crosses themselves also intersect.
The distance between the centers of equal intersecting disks does not exceed the doubled
radius of any of them and, therefore, the distance between the centers of the corresponding
crosses does not exceed 1√

2
. Let us consider a rectangle given by bars of the first cross and

the center of the second one (Fig. 47).

Figure 189 (Sol. 21.24)

One of the bars of the second cross passes through this rectangle and, therefore, it
intersects the first cross since the length of the bar is equal to 1√

2
and the length of the

diagonal of the rectangle does not exceed 1√
2
. In the disk of a finite radius one can only

place finitely many non-intersecting disks of radius 1
2

√
2.

21.25. Let Φ be a given figure, S1, . . . , Sn unit disks with centers at points A1, . . . , An.
Since disks S1, . . . , Sn do not intersect, then neither do figures Vi = Φ ∩ Si, consequently,
the sum of their areas does not exceed the area of figure Φ, i.e., it is smaller than π. Let

O be an arbitrary point and Wi the image of Vi under the translation by vector
−−→
AiO. The

figures Wi lie inside the unit disk S centered at O and the sum of their areas is smaller than
the area of this disk. Therefore, point B of disk S does not belong to any of the figures Wi.

It is clear that the translation by vector
−−→
BO is the desired one.

21.26. First, notice that point X belongs to the ring with center O if and only if point
O belongs to a similar ring centered at X. Therefore, it suffices to show that if we construct
rings with centers at given points, then not less than 10 rings will cover one of the points of
the considered disk. The considered rings lie inside a disk of radius 16 + 3 = 19 whose area
is equal to 361π. It remains to notice that 9 · 361π = 3249π and the total area of the rings
is equal to 650 · 5π = 3250π.

21.27. a) Let
(

n
k

)

be the number of ways to choose k elements from n indistinguishable
ones. One can verify the following Newton binomial formula

(x + y)n =
n

∑

k=0

(

n

k

)

xkyn−k.

Denote by Wm the area of the part of the plane covered by exactly m figures. This part
consists of pieces each of which is covered by certain m figures. The area of each such piece
has been counted

(

n
k

)

times in calculation of Mk because from m figures we can form
(

n
k

)
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intersections of k figures. Therefore,

Mk =

(

n

k

)

Wk +

(

k + 1

k

)

Wk+1 + · · · +
(

n

k

)

Wn.

It follows that

M1 − M2 + M3 − · · · =
(

1

1

)

W1 + (

(

2

1

)

−
(

2

2

)

)W2 + · · · + (

(

n

1

)

−
(

n

2

)

+

(

n

3

)

− . . . )Wn =

W1 + · · · + Wn

since

(

m

1

)

−
(

m

2

)

+

(

m

3

)

− · · · − (−1)m

(

m

m

)

=

(−1 +

(

m

1

)

−
(

m

2

)

+ . . . ) + 1) = −(1 − 1)m + 1 = 1.

It remains to observe that S = W1 + · · · + Wn.
b) According to heading a)

S − (M1 − M2 + · · · + (−1)m+1Mm) =

(−1)m+2Mm+1 + (−1)m+3Mm+2 + . . . · · · + (−1)n+1Mn =
n

∑

i=1

((−1)m+2

(

i

m + 1

)

+ · · · + (−1)n+1

(

i

n

)

)Wi

(it is convenient to assume that
(

n
k

)

is defined for k > n so that
(

n
k

)

= 0). Therefore, it
suffices to verify that

(

i

m + 1

)

−
(

i

m + 2

)

+

(

i

m + 3

)

− · · · + (−1)m+n+1

(

i

n

)

≥ 0 for i ≤ n.

The identity
(x + y)i = (x + y)i−1(x + y)

implies that
(

i
j

)

=
(

i−1
j−1

)

+
(

i−1
j

)

. Hence,
(

i

m + 1

)

−
(

i

m + 2

)

+ · · · + (−1)m+n+1

(

i

n

)

=

(

i − 1

m

)

±
(

i − 1

n

)

.

It remains to notice that
(

i−1
n

)

= 0 for i ≤ n.
21.28. a) By Problem 21.27 a) we have

6 = 9 − (S12 + S23 + S13) + S123,

i.e.,
S12 + S23 + S13 = 3 + S123 ≥ 3.

Hence, one of the numbers S12, S23, S13 is not less than 1.
b) By Problem 21.27 b) 5 ≥ 9 − M2, i.e., M2 ≥ 4. Since from 9 polygons one can form

9 · 8
2

= 36 pairs, the area of the common part of one of such pairs is not less than M2

36
≥ 1

9
.
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21.29. Let the area of the rug be equal to M , the area of the intersection of the patches
indexed by i1, . . . , ik is equal to Si1...ik and Mk =

∑

Si1...ik . By Problem 21.27 a)

M − M1 + M2 − M3 + M4 − M5 ≥ 0

since M ≥ S. One can write similar inequalities not only for the whole rug but also for every
patch: if we consider the patch S1 as the rug with patches S12, S13, S14, S15 we get

S1 −
∑

i

S1i +
∑

i<j

S1ij −
∑

i<j<k

S1ijk + S12345 ≥ 0.

Adding such inequalities for all five patches we get

M1 − 2M2 + 3M3 − 4M4 + 5M5 ≥ 0

(the summand Si1...ik enters the inequality for patches i1, . . . , ik and, therefore, it enters the
sum of all inequalities with coefficient k). Adding the inequalities

3(M − M1 + M2 − M3 + M4 − M5) ≥ 0 and M1 − 2M2 + 3M3 − 4M4 + 5M5 ≥ 0

we get
3M − 2M1 + M2 − M4 + 2M5 ≥ 0.

Adding to this the inequality M4 − 2M5 ≥ 0 (which follows from the fact that S12345 enters
every Si1i2i3i4 , i.e., M4 ≥ 5M5 ≥ 2M5) we get 3M − 2M1 + M2 ≥ 0, i.e., M2 ≥ 2M1 − 3M ≥
5 − 3 = 2.

Since from five patches we can form ten pairs, the area of the intersection of patches from
one of these pairs is not less than 1

10
M2 ≥ 0.2.





Chapter 22. CONVEX AND NONCONVEX POLYGONS

Background

1. There are several different (nonequivalent) definitions of a convex polygon. Let us
give the most known and most often encountered definitions. A polygon is called convex if
one of the following conditions is satisfied:

a) the polygon lies on one side of any of its sides (i.e., the intersections of the sides of
the polygon do not intersect its other sides);

b) the polygon is the intersection (i.e., the common part) of several half planes;
c) any segment whose endpoints belong to the polygon wholly belongs to the polygon.
2. A figure is called a convex one if any segment with the endpoints in the points of a

figure belongs to the figure.
3. In solutions of several problems of this chapter we make use of the notion of the convex

hull and the basic line.

§1. Convex polygons

22.1. Given n points in plane such that any four of them are the vertices of a convex
quadrilateral, prove that these points are the vertices of a convex n-gon.

22.2. Given five points in plane no three of which belong to one line, prove that four of
these points are placed in the vertices of a convex quadrilateral.

22.3. Given several regular n-gons in plane prove that the convex hull of their vertices
has not less than n angles.

22.4. Among all numbers n such that any convex 100-gon can be represented as an
intersection (i.e., the common part) of n triangles find the least number.

22.5. A convex heptagon will be called singular if three of its diagonals intersect at one
point. Prove that by a slight movement of one of the vertices of a singular heptagon one can
obtain a nonsingular heptagon.

22.6. In plane lie two convex polygons, F and G. Denote by H the set of midpoints
of the segments one endpoint of each of which belongs to F and the other one to G. Prove
that H is a convex polygon.

a) How many sides can H have if F and G have n1 and n2 sides, respectively?
b) What value can the perimeter of H have if the perimeters of F and G are equal to P1

and P2, respectively?
22.7. Prove that there exists a number N such that among any N points no three of

which lie on one line one can select 100 points which are vertices of a convex polygon.

* * *

22.8. Prove that in any convex polygon except parallelogram one can select three sides
whose extensions form a triangle which is ambient(?) with respect to the given polygon.

22.9. Given a convex n-gon no two sides of which are parallel, prove that there are not
less than n − 2 distinct triangles such as discussed in Problem 22.8.

397
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22.10. A point O is inside a convex n-gon, A1 . . . An. Prove that among the angles
∠AiOAj there are not fewer than n − 1 acute ones.

22.11. Convex n-gon A1 . . . An is inscribed in a circle and among the vertices of the
polygon there are no diametrically opposite points. Prove that among the triangles ApAqAr

there is at least one acute triangle, then there are not fewer than n− 2 such acute triangles.

§2. Helly’s theorem

22.12. a) Given four convex figures in plane such that any three of them have a common
point, prove that all of them have a common point.

b) (Helly’s theorem.) Given n convex figures in plane such that any three of them have
a common point, prove that all n figures have a common point.

22.13. Given n points in plane such that any three of them can be covered by a unit
disk, prove that all n points can be covered by a unit disk.

22.14. Prove that inside any convex heptagon there is a point that does not belong to
any of quadrilaterals formed by quadruples of its neighbouring vertices.

22.15. Given several parallel segments such that for any three of them there is a line
that intersects them, prove that there exists a line that intersects all the points.

§3. Non-convex polygons

In this section all polygons considered are non-convex unless otherwise mentioned.
22.16. Is it true that any pentagon lies on one side of not fewer than two of its sides?
22.17. a) Draw a polygon and point O inside it so that the polygon’s angle with vertex

in O would not subtend any side without intersecting some of the other of the polygon’s
sides.

b) Draw a polygon and point O outside it so that the polygon’s angle with vertex in O
would not subtend any side without intersecting some of the other of the polygon’s sides.

22.18. Prove that if a polygon is such that point O is the vertex of an angle that subtends
its entire contour, then any point of the plane is the vertex of an angle that entirely subtends
at least one of its sides.

22.19. Prove that for any polygon the sum of the outer angles adjacent to the inner
ones that are smaller than 180◦ is ≥ 360◦.

22.20. a) Prove that any n-gon (n ≥ 4) has at least one diagonal that completely lies
inside it.

b) Find out what is the least number of such diagonals for an n-gon.
22.21. What is the maximal number of vertices of an n-gon from which one cannot draw

a diagonal?
22.22. Prove that any n-gon can be cut into triangles by nonintersecting diagonals.
22.23. Prove that the sum of the inner angles of any n-gon is equal to (n − 2)180◦.
22.24. Prove that the number of triangles into which an n-gon is cut by nonintersecting

diagonals is equal to n − 2.
22.25. A polygon is cut by nonintersecting diagonals into triangles. Prove that at least

two of these diagonals cut triangles off it.
22.26. Prove that for any 13-gon there exists a line containing exactly one of its sides;

however, for any n > 13 there exists an n-gon for which the similar statement is false.
22.27. What is the largest number of acute angles in a nonconvex n-gon?
22.28. The following operations are done over a nonconvex non-selfintersecting polygon.

If it lies on one side of line AB, where A and B are non-neighbouring vertices, then we reflect
one of the parts into which points A and B divide the contour of the polygon through the
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midpoint of segment AB. Prove that after several such operations the polygon becomes a
convex one.

22.29. The numbers α1, . . . , αn whose sum is equal to (n − 2)π satisfy inequalities
0 < αi ≤ 2π. Prove that there exists an n-gon A1 . . . An with anagles α1, . . . , αn at vertices
A1, . . . , An, respectively.

Solutions

22.1. Consider the convex hull of given points. It is a convex polygon. We have to prove
that all the given points are its vertices. Suppose one of the given points (point A) is not
a vertex, i.e., it lies inside or on the side of the polygon. The diagonals that go out of this
vertex cut the convex hull into triangles; point A belongs to one of the triangles. The vertices
of this triangle and point A cannot be vertices of a convex quadrilateral. Contradiction.

22.2. Consider the convex hull of given points. If it is a quadrilateral or a pentagon,
then all is clear. Now, suppose that the convex hull is triangle ABC and points D and E
lie inside it. Point E lies inside one of the triangles ABD, BCD, CAD; let for definiteness
sake it belong to the interior of triangle ABC. Let H be the intersection point of lines CD
and AB. Point E lies inside one of the triangles ADH and BDH. If, for example, E lies
inside triangle ADH, then AEDC is a convex quadrilateral (Fig. 48).

Figure 190 (Sol. 22.2)

22.3. Let the convex hull of the vertices of the given n-gons be an m-gon and ϕ1, . . . ,
ϕm its angles. Since to every angle of the convex hull an angle of a regular n-gon is adjacent,
ϕi ≥ (1−( 2

n
))π (in the right-hand side there stands the value of an angle of a regular n-gon).

Therefore,

ϕ1 + · · · + ϕm ≥ m(1 − (
2

n
))π = (m − (

2m

n
))π.

On the other hand, ϕ1 + · · ·+ ϕm = (m− 2)π; hence, (m− 2)π ≥ (m− (2m
n

))π, i.e., m ≥ n.
22.4. First, notice that it suffices to take 50 triangles. Indeed, let ∆k be the triangle

whose sides lie on rays AkAk−1 and AkAk+1 and which contains convex polygon A1 . . . A100.
Then this polygon is the intersection of the triangles ∆2, ∆4, . . . , ∆100.

Figure 191 (Sol. 22.4)
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On the other hand, the 100-gon depicted on Fig. 49 cannot be represented as the inter-
section of less than 50 triangles. Indeed, if three of its sides lie on the sides of one triangle,
then one of these sides is side A1A2. All the sides of this polygon lie on the sides of n
triangles and, therefore, 2n + 1 ≥ 100, i.e., n ≥ 50.

22.5. Let P be the intersection point of diagonals A1A4 and A2A5 of convex heptagon
A1 . . . A7. One of the diagonals A3A7 or A3A6, let, for definiteness, this be A3A6, does not
pass through point P . There are finitely many intersection points of the diagonals of hexagon
A1 . . . A6 and, therefore, in a vicinity of point A7 one can select a point A′

7 such that lines
A1A

′
7, . . . , A6A

′
7 do not pass through these points, i.e., heptagon A1 . . . A′

7 is a nonsingular
one.

22.6. First, let us prove that H is a convex figure. Let points A and B belong to H,
i.e., A and B be the midpoints of segments C1D1 and C2D2, where C1 and C2 belong to F
and D1, respectively, and D2 belong to G. We have to prove that the whole segment AB
belongs to H. It is clear that segments C1C2 and D1D2 belong to F and G, respectively.
The locus of the midpoints of segments with the endpoints on segments C1C2 and D1D2 is
the parallelogram with diagonal AB (Fig. 50); this follows from the fact that the locus of
the midpoints of segments CD, where C is fixed and D moves along segment D1D2, is the
midline of triangle CD1D2.

Figure 192 (Sol. 22.6)

In plane, take an arbitrary coordinate axis Ox. The set of all the points of the polygon
whose projections to the axis have the largest value (Fig. 51) will be called the basic set of
the polygon with respect to axis Ox.

Figure 193 (Sol. 22.6)

The convex polygon is given by its basic sets for all possible axes Ox. If basic sets F
and G with respect to an axis are segments of length a and b, then the basic set of H with


