
* * * 101

circumscribed circle of triangle ADE is equal to the distance between the centers of the
inscribed and circumscribed circles of triangle ABC.

§2. Right triangles

5.15. In triangle ABC, angle ∠C is a right one. Prove that r = a+b−c
2

and rc = a+b+c
2

.

5.16. In triangle ABC, let M be the midpoint of side AB. Prove that CM = 1
2
AB if

and only if ∠ACB = 90◦.
5.17. Consider trapezoid ABCD with base AD. The bisectors of the outer angles at

vertices A and B meet at point P and the bisectors of the angles at vertices C and D meet at
point Q. Prove that the length of segment PQ is equal to a half perimeter of the trapezoid.

5.18. In an isosceles triangle ABC with base AC bisector CD is drawn. The line
that passes through point D perpendicularly to DC intersects AC at point E. Prove that
EC = 2AD.

5.19. The sum of angles at the base of a trapezoid is equal to 90◦. Prove that the
segment that connects the midpoints of the bases is equal to a half difference of the bases.

5.20. In a right triangle ABC, height CK from the vertex C of the right angle is drawn
and in triangle ACK bisector CE is drawn. Prove that CB = BE.

5.21. In a right triangle ABC with right angle ∠C, height CD and bisector CF are
drawn; let DK and DL be bisectors in triangles BDC and ADC. Prove that CLFK is a
square.

5.22. On hypothenuse AB of right triangle ABC, square ABPQ is constructed outwards.
Let α = ∠ACQ, β = ∠QCP and γ = ∠PCB. Prove that cos β = cos α · cos γ.

See also Problems 2.65, 5.62.

§3. The equilateral triangles

5.23. From a point M inside an equilateral triangle ABC perpendiculars MP , MQ and
MR are dropped to sides AB, BC and CA, respectively. Prove that

AP 2 + BQ2 + CR2 = PB2 + QC2 + RA2,
AP + BQ + CR = PB + QC + RA.

5.24. Points D and E divide sides AC and AB of an equilateral triangle ABC in the
ratio of AD : DC = BE : EA = 1 : 2. Lines BD and CE meet at point O. Prove that
∠AOC = 90◦.

* * *

5.25. A circle divides each of the sides of a triangle into three equal parts. Prove that
this triangle is an equilateral one.

5.26. Prove that if the intersection point of the heights of an acute triangle divides the
heights in the same ratio, then the triangle is an equilateral one.

5.27. a) Prove that if a + ha = b + hb = c + hc, then triangle ABC is a equilateral one.
b) Three squares are inscribed in triangle ABC: two vertices of one of the squares lie on

side AC, those of another one lie on side BC, and those of the third lie one on AB. Prove
that if all the three squares are equal, then triangle ABC is an equilateral one.

5.28. The circle inscribed in triangle ABC is tangent to the sides of the triangle at
points A1, B1, C1. Prove that if triangles ABC and A1B1C1 are similar, then triangle ABC
is an equilateral one.

5.29. The radius of the inscribed circle of a triangle is equal to 1, the lengths of the
heights of the triangle are integers. Prove that the triangle is an equilateral one.
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See also Problems 2.18, 2.26, 2.36, 2.44, 2.54, 4.46, 5.56, 7.45, 10.3, 10.77, 11.3, 11.5,
16.7, 18.9, 18.12, 18.15, 18.17-18.20, 18.22, 18.38, 24.1.

§4. Triangles with angles of 60◦ and 120◦

5.30. In triangle ABC with angle A equal to 120◦ bisectors AA1, BB1 and CC1 are
drawn. Prove that triangle A1B1C1 is a right one.

5.31. In triangle ABC with angle A equal to 120◦ bisectors AA1, BB1 and CC1 meet
at point O. Prove that ∠A1C1O = 30◦.

5.32. a) Prove that if angle ∠A of triangle ABC is equal to 120◦ then the center of the
circumscribed circle and the orthocenter are symmetric through the bisector of the outer
angle ∠A.

b) In triangle ABC, the angle ∠A is equal to 60◦; O is the center of the circumscribed
circle, H is the orthocenter, I is the center of the inscribed circle and Ia is the center of the
escribed circle tangent to side BC. Prove that IO = IH and IaO = IaH.

5.33. In triangle ABC angle ∠A is equal to 120◦. Prove that from segments of lengths
a, b and b + c a triangle can be formed.

5.34. In an acute triangle ABC with angle ∠A equal to 60◦ the heights meet at point
H.

a) Let M and N be the intersection points of the midperpendiculars to segments BH
and CH with sides AB and AC, respectively. Prove that points M , N and H lie on one
line.

b) Prove that the center O of the circumscribed circle lies on the same line.
5.35. In triangle ABC, bisectors BB1 and CC1 are drawn. Prove that if ∠CC1B1 = 30◦,

then either ∠A = 60◦ or ∠B = 120◦.

See also Problem 2.33.

§5. Integer triangles

5.36. The lengths of the sides of a triangle are consecutive integers. Find these integers
if it is known that one of the medians is perpendicular to one of the bisectors.

5.37. The lengths of all the sides of a right triangle are integers and the greatest common
divisor of these integers is equal to 1. Prove that the legs of the triangle are equal to 2mn
and m2 − n2 and the hypothenuse is equal to m2 + n2, where m and n are integers.

A right triangle the lengths of whose sides are integers is called a Pythagorean triangle.

5.38. The radius of the inscribed circle of a triangle is equal to 1 and the lengths of its
sides are integers. Prove that these integers are equal to 3, 4, 5.

5.39. Give an example of an inscribed quadrilateral with pairwise distinct integer lengths
of sides and the lengths of whose diagonals, the area and the radius of the circumscribed
circle are all integers. (Brakhmagupta.)

5.40. a) Indicate two right triangles from which one can compose a triangle so that the
lengths of the sides and the area of the composed triangle would be integers.

b) Prove that if the area of a triangle is an integer and the lengths of the sides are
consecutive integers then this triangle can be composed of two right triangles the lengths of
whose sides are integers.

5.41. a) In triangle ABC, the lengths of whose sides are rational numbers, height BB1

is drawn.
Prove that the lengths of segments AB1 and CB1 are rational numbers.
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b) The lengths of the sides and diagonals of a convex quadrilateral are rational numbers.
Prove that the diagonals cut it into four triangles the lengths of whose sides are rational
numbers.

See also Problem 26.7.

§6. Miscellaneous problems

5.42. Triangles ABC and A1B1C1 are such that either their corresponding angles are
equal or their sum is equal to 180◦. Prove that the corresponding angles are equal, actually.

5.43. Inside triangle ABC an arbitrary point O is taken. Let points A1, B1 and C1 be
symmetric to O through the midpoints of sides BC, CA and AB, respectively. Prove that
△ABC = △A1B1C1 and, moreover, lines AA1, BB1 and CC1 meet at one point.

5.44. Through the intersection point O of the bisectors of triangle ABC lines parallel
to the sides of the triangle are drawn. The line parallel to AB meets AC and BC at points
M and N , respectively, and lines parallel to AC and BC meet AB at points P and Q,
respectively. Prove that MN = AM + BN and the perimeter of triangle OPQ is equal to
the length of segment AB.

5.45. a) Prove that the heigths of a triangle meet at one point.
b) Let H be the intersection point of heights of triangle ABC and R the radius of the

circumscribed circle. Prove that

AH2 + BC2 = 4R2 and AH = BC| cot α|.
5.46. Let x = sin 18◦. Prove that 4x2 + 2x = 1.
5.47. Prove that the projections of vertex A of triangle ABC on the bisectors of the

outer and inner angles at vertices B and C lie on one line.
5.48. Prove that if two bisectors in a triangle are equal, then the triangle is an isosceles

one.
5.49. a) In triangles ABC and A′B′C ′, sides AC and A′C ′ are equal, the angles at

vertices B and B′ are equal, and the bisectors of angles ∠B and ∠B′ are equal. Prove that
these triangles are equal. (More precisely, either △ABC = △A′B′C ′ or △ABC = △C ′B′A′.)

b) Through point D on the bisector BB1 of angle ABC lines AA1 and CC1 are drawn
(points A1 and C1 lie on sides of triangle ABC). Prove that if AA1 = CC1, then AB = BC.

5.50. Prove that a line divides the perimeter and the area of a triangle in equal ratios if
and only if it passes through the center of the inscribed circle.

5.51. Point E is the midpoint of arc ⌣ AB of the circumscribed circle of triangle ABC
on which point C lies; let C1 be the midpoint of side AB. Perpendicular EF is dropped
from point E to AC. Prove that:

a) line C1F divides the perimeter of triangle ABC in halves;
b) three such lines constructed for each side of the triangle meet at one point.
5.52. On sides AB and BC of an acute triangle ABC, squares ABC1D1 and A2BCD2

are constructed outwards. Prove that the intersection point of lines AD2 and CD1 lies on
height BH.

5.53. On sides of triangle ABC squares centered at A1, B1 and C1 are constructed
outwards. Let a1, b1 and c1 be the lengths of the sides of triangle A1B1C1; let S and S1 be
the areas of triangles ABC and A1B1C1, respectively. Prove that:

a) a2
1 + b2

1 + c2
1 = a2 + b2 + c2 + 6S.

b) S1 − S = 1
8
(a2 + b2 + c2).

5.54. On sides AB, BC and CA of triangle ABC (or on their extensions), points C1,
A1 and B1, respectively, are taken so that ∠(CC1, AB) = ∠(AA1, BC) = ∠(BB1, CA) =
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α. Lines AA1 and BB1, BB1 and CC1, CC1 and AA1 intersect at points C ′, A′ and B′,
respectively. Prove that:

a) the intersection point of heights of triangle ABC coincides with the center of the
circumscribed circle of triangle A′B′C ′;

b) △A′B′C ′ ∼ △ABC and the similarity coefficient is equal to 2 cosα.
5.55. On sides of triangle ABC points A1, B1 and C1 are taken so that AB1 : B1C =

cn : an, BC1 : CA = an : bn and CA1 : A1B = bn : cn (here a, b and c are the lengths of
the triangle’s sides). The circumscribed circle of triangle A1B1C1 singles out on the sides of
triangle ABC segments of length ±x,±y and ±z, where the signs are chosen in accordance
with the orientation of the triangle. Prove that

x

an−1
+

y

bn−1
+

z

cn−1
= 0.

5.56. In triangle ABC trisectors (the rays that divide the angles into three equal parts)
are drawn. The nearest to side BC trisectors of angles B and C intersect at point A1; let us
define points B1 and C1 similarly, (Fig. 55). Prove that triangle A1B1C1 is an equilateral
one. (Morlie’s theorem.)

Figure 55 (5.56)

5.57. On the sides of an equilateral triangle ABC as on bases, isosceles triangles A1BC,
AB1C and ABC1 with angles α, β and γ at the bases such that α + β + γ = 60◦ are
constructed inwards. Lines BC1 and B1C meet at point A2, lines AC1 and A1C meet at
point B2, and lines AB1 and A1B meet at point C2. Prove that the angles of triangle A2B2C2

are equal to 3α, 3β and 3γ.

§7. Menelaus’s theorem

Let
−→
AB and

−−→
CD be colinear vectors. Denote by AB

CD
the quantity ±AB

CD
, where the plus

sign is taken if the vectors
−→
AB and

−−→
CD are codirected and the minus sign if the vectors are

directed opposite to each other.
5.58. On sides BC, CA and AB of triangle ABC (or on their extensions) points A1, B1

and C1, respectively, are taken. Prove that points A1, B1 and C1 lie on one line if and only
if

BA1

CA1

· CB1

AB1

· AC1

BC1

= 1. (Menelaus’s theorem)

5.59. Prove Problem 5.85 a) with the help of Menelaus’s theorem.
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5.60. A circle S is tangent to circles S1 and S2 at points A1 and A2, respectively. Prove
that line A1A2 passes through the intersection point of either common outer or common
inner tangents to circles S1 and S2.

5.61. a) The midperpendicular to the bisector AD of triangle ABC intersects line BC
at point E. Prove that BE : CE = c2 : b2.

b) Prove that the intersection point of the midperpendiculars to the bisectors of a triangle
and the extensions of the corresponding sides lie on one line.

5.62. From vertex C of the right angle of triangle ABC height CK is dropped and in
triangle ACK bisector CE is drawn. Line that passes through point B parallel to CE meets
CK at point F . Prove that line EF divides segment AC in halves.

5.63. On lines BC, CA and AB points A1, B1 and C1, respectively, are taken so that
points A1, B1 and C1 lie on one line. The lines symmetric to lines AA1, BB1 and CC1

through the corresponding bisectors of triangle ABC meet lines BC, CA and AB at points
A2, B2 and C2, respectively. Prove that points A2, B2 and C2 lie on one line.

* * *

5.64. Lines AA1, BB1 and CC1 meet at one point, O. Prove that the intersection points
of lines AB and A1B1, BC and B1C1, AC and A1C1 lie on one line. (Desargues’s theorem.)

5.65. Points A1, B1 and C1 are taken on one line and points A2, B2 and C2 are taken on
another line. The intersection pointa of lines A1B2 with A2B1, B1C2 with B2C1 and C1A2

with C2A1 are C, A and B, respectively. Prove that points A, B and C lie on one line.
(Pappus’ theorem.)

5.66. On sides AB, BC and CD of quadrilateral ABCD (or on their extensions) points
K, L and M are taken. Lines KL and AC meet at point P , lines LM and BD meet at
point Q. Prove that the intersection point of lines KQ and MP lies on line AD.

5.67. The extensions of sides AB and CD of quadrilateral ABCD meet at point P and
the extensions of sides BC and AD meet at point Q. Through point P a line is drawn that
intersects sides BC and AD at points E and F . Prove that the intersection points of the
diagonals of quadrilaterals ABCD, ABEF and CDFE lie on the line that passes through
point Q.

5.68. a) Through points P and Q triples of lines are drawn. Let us denote their
intersection points as shown on Fig. 56. Prove that lines KL, AC and MN either meet at
one point or are parallel.

Figure 56 (5.68)

b) Prove further that if point O lies on line BD, then the intersection point of lines KL,
AC and MN lies on line PQ.

5.69. On lines BC, CA and AB points A1, B1 and C1 are taken. Let P1 be an arbitrary
point of line BC, let P2 be the intersection point of lines P1B1 and AB, let P3 be the
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intersection point of lines P2A1 and CA, let P4 be the intersection point of P3C1 and BC,
etc. Prove that points P7 and P1 coincide.

See also Problem 6.98.

§8. Ceva’s theorem

5.70. Triangle ABC is given and on lines AB, BC and CA points C1, A1 and B1,
respectively, are taken so that k of them lie on sides of the triangle and 3 − k on the
extensions of the sides. Let

R =
BA1

CA1

· CB1

AB1

· AC1

BC1

.

Prove that
a) points A1, B1 and C1 lie on one line if and only if R = 1 and k is even. (Menelaus’s

theorem.)
b) lines AA1, BB1 and CC1 either meet at one point or are parallel if and only if R = 1

and k is odd. (Ceva’s theorem.)
5.71. The inscribed (or an escribed) circle of triangle ABC is tangent to lines BC, CA

and AB at points A1, B1 and C1, respectively. Prove that lines AA1, BB1 and CC1 meet at
one point.

5.72. Prove that the heights of an acute triangle intersect at one point.
5.73. Lines AP,BP and CP meet the sides of triangle ABC (or their extensions) at

points A1, B1 and C1, respectively. Prove that:
a) lines that pass through the midpoints of sides BC, CA and AB parallel to lines AP ,

BP and CP , respectively, meet at one point;
b) lines that connect the midpoints of sides BC, CA and AB with the midpoints of

segments AA1, BB1, CC1, respectively, meet at one point.
5.74. On sides BC, CA, and AB of triangle ABC, points A1, B1 and C1 are taken so

that segments AA1, BB1 and CC1 meet at one point. Lines A1B1 and A1C1 meet the line
that passes through vertex A parallel to side BC at points C2 and B2, respectively. Prove
that AB2 = AC2.

5.75. a) Let α, β and γ be arbitrary angles such that the sum of any two of them is not
less than 180◦. On sides of triangle ABC, triangles A1BC, AB1C and ABC1 with angles
at vertices A, B, and C equal to α, β and γ, respectively, are constructed outwards. Prove
that lines AA1, BB1 and CC1 meet at one point.

b) Prove a similar statement for triangles constructed on sides of triangle ABC inwards.
5.76. Sides BC, CA and AB of triangle ABC are tangent to a circle centered at O at

points A1, B1 and C1. On rays OA1, OB1 and OC1 equal segments OA2, OB2 and OC2 are
marked. Prove that lines AA2, BB2 and CC2 meet at one point.

5.77. Lines AB, BP and CP meet lines BC, CA and AB at points A1, B1 and C1,
respectively. Points A2, B2 and C2 are selected on lines BC, CA and AB so that

BA2 : A2C = A1C : BA1,
CB2 : B2A = B1A : CB1,
AC2 : C2B = C1B : AC1.

Prove that lines AA2, BB2 and CC2 also meet at one point, Q (or are parallel).

Such points P and Q are called isotomically conjugate with respect to triangle ABC.

5.78. On sides BC, CA, AB of triangle ABC points A1, B1 and C1 are taken so that
lines AA1, BB1 and CC1 intersect at one point, P . Prove that lines AA2, BB2 and CC2

symmetric to these lines through the corresponding bisectors also intersect at one point, Q.
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Such points P and Q are called isogonally conjugate with respect to triangle ABC.

5.80. The opposite sides of a convex hexagon are pairwise parallel. Prove that the lines
that connect the midpoints of opposite sides intersect at one point.

5.81. From a point P perpendiculars PA1 and PA2 are dropped to side BC of triangle
ABC and to height AA3. Points B1, B2 and C1, C2 are similarly defined. Prove that lines
A1A2, B1B2 and C1C2 either meet at one point or are parallel.

5.82. Through points A and D lying on a circle tangents that intersect at point S are
drawn. On arc ⌣ AD points B and C are taken. Lines AC and BD meet at point P , lines
AB and CD meet at point Q. Prove that line PQ passes through point S.

5.83. a) On sides BC, CA and AB of an isosceles triangle ABC with base AB, points
A1, B1 and C1, respectively, are taken so that lines AA1, BB1 and CC1 meet at one point.
Prove that

AC1

C1B
=

sin ∠ABB1 · sin ∠CAA1

sin ∠BAA1 · sin ∠CBB1

.

b) Inside an isosceles triangle ABC with base AB points M and N are taken so that
∠CAM = ∠ABN and ∠CBM = ∠BAN . Prove that points C, M and N lie on one line.

5.84. In triangle ABC bisectors AA1, BB1 and CC1 are drawn. Bisectors AA1 and CC1

intersect segments C1B1 and B1A1 at points M and N , respectively. Prove that ∠MBB1 =
∠NBB1.

See also Problems 10.56, 14.7, 14.38.

§9. Simson’s line

5.85. a) Prove that the bases of the perpendiculars dropped from a point P of the
circumscribed circle of a triangle to the sides of the triangle or to their extensions lie on one
line.

This line is called Simson’s line of point P with respect to the triangle.

b) The bases of perpendiculars dropped from a point P to the sides (or their extensions)
of a triangle lie on one line. Prove that point P lies on the circumscribed circle of the
triangle.

5.86. Points A, B and C lie on one line, point P lies outside this line. Prove that the
centers of the circumscribed circles of triangles ABP , BCP , ACP and point P lie on one
circle.

5.87. In triangle ABC the bisector AD is drawn and from point D perpendiculars DB′

and DC ′ are dropped to lines AC and AB, respectively; point M lies on line B′C ′ and
DM ⊥ BC. Prove that point M lies on median AA1.

5.88. a) From point P of the circumscribed circle of triangle ABC lines PA1, PB1 and
PC1 are drawn at a given (oriented) angle α to lines BC, CA and AB, respectively, so that
points A1, B1 and C1 lie on lines BC, CA and AB, respectively. Prove that points A1, B1

and C1 lie on one line.
b) Prove that if in the definition of Simson’s line we replace the angle 90◦ by an angle α,

i.e., replace the perpendiculars with the lines that form angles of α, their intersection points
with the sides lie on the line and the angle between this line and Simson’s line becomes equal
to 90◦ − α.

5.89. a) From a point P of the circumscribed circle of triangle ABC perpendiculars PA1

and PB1 are dropped to lines BC and AC, respectively. Prove that PA ·PA1 = 2Rd, where
R is the radius of the circumscribed circle, d the distance from point P to line A1B1.

b) Let α be the angle between lines A1B1 and BC. Prove that cos α = PA
2R

.
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5.90. Let A1 and B1 be the projections of point P of the circumscribed circle of triangle
ABC to lines BC and AC, respectively. Prove that the length of segment A1B1 is equal to
the length of the projection of segment AB to line A1B1.

5.91. Points P and C on a circle are fixed; points A and B move along the circle so that
angle ∠ACB remains fixed. Prove that Simson’s lines of point P with respect to triangle
ABC are tangent to a fixed circle.

5.92. Point P moves along the circumscribed circle of triangle ABC. Prove that Simson’s
line of point P with respect to triangle ABC rotates accordingly through the angle equal to
a half the angle value of the arc circumvent by P .

5.93. Prove that Simson’s lines of two diametrically opposite points of the circumscribed
circle of triangle ABC are perpendicular and their intersection point lies on the circle of 9
points, cf. Problem 5.106.

5.94. Points A, B, C, P and Q lie on a circle centered at O and the angles between vector−→
OP and vectors

−→
OA,

−−→
OB,

−→
OC and

−→
OQ are equal to α, β, γ and 1

2
(α + β + γ), respectively.

Prove that Simson’s line of point P with respect to triangle ABC is parallel to OQ.
5.95. Chord PQ of the circumscribed circle of triangle ABC is perpendicular to side

BC. Prove that Simson’s line of point P with respect to triangle ABC is parallel to line
AQ.

5.96. The heights of triangle ABC intersect at point H; let P be a point of its circum-
scribed circle. Prove that Simson’s line of point P with respect to triangle ABC divides
segment PH in halves.

5.97. Quadrilateral ABCD is inscribed in a circle; la is Simson’s line of point A with
respect to triangle BCD; let lines lb, lc and ld be similarly defined. Prove that these lines
intersect at one point.

5.98. a) Prove that the projection of point P of the circumscribed circle of quadrilateral
ABCD onto Simson’s lines of this point with respect to triangles BCD, CDA, DAB and
BAC lie on one line. (Simson’s line of the inscribed quadrilateral.)

b) Prove that by induction we can similarly define Simson’s line of an inscribed n-gon
as the line that contains the projections of a point P on Simson’s lines of all (n − 1)-gons
obtained by deleting one of the vertices of the n-gon.

See also Problems 5.10, 5.59.

§10. The pedal triangle

Let A1, B1 and C1 be the bases of the perpendiculars dropped from point P to lines
BC, CA and AB, respectively. Triangle A1B1C1 is called the pedal triangle of point P with
respect to triangle ABC.

5.99. Let A1B1C1 be the pedal triangle of point P with respect to triangle ABC. Prove
that B1C1 = BC·AP

2R
, where R is the radius of the circumscribed circle of triangle ABC.

5.100. Lines AP,BP and CP intersect the circumscribed circle of triangle ABC at
points A2, B2 and C2; let A1B1C1 be the pedal triangle of point P with respect to triangle
ABC. Prove that △A1B1C1 ∼ △A2B2C2.

5.101. Inside an acute triangle ABC a point P is given. If we drop from it perpendiculars
PA1, PB1 and PC1 to the sides, we get △A1B1C1. Performing for △A1B1C1 the same
operation we get △A2B2C2 and then we similarly get △A3B3C3. Prove that △A3B3C3 ∼
△ABC.
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5.102. A triangle ABC is inscribed in the circle of radius R centered at O. Prove
that the area of the pedal triangle of point P with respect to triangle ABC is equal to
1
4

∣

∣

∣
1 − d2

R2

∣

∣

∣
SABC , where d = |PO|.

5.103. From point P perpendiculars PA1, PB1 and PC1 are dropped on sides of triangle
ABC. Line la connects the midpoints of segments PA and B1C1. Lines lb and lc are similarly
defined. Prove that la, lb and lc meet at one point.

5.104. a) Points P1 and P2 are isogonally conjugate with respect to triangle ABC, cf.
Problem 5.79. Prove that their pedal triangles have a common circumscribed circle whose
center is the midpoint of segment P1P2.

b) Prove that the above statement remains true if instead of perpendiculars we draw
from points P1 and P2 lines forming a given (oriented) angle to the sides.

See also Problems 5.132, 5.133, 14.19 b).

§11. Euler’s line and the circle of nine points

5.105. Let H be the point of intersection of heights of triangle ABC, O the center of
the circumscribed circle and M the point of intersection of medians. Prove that point M
lies on segment OH and OM : MH = 1 : 2.

The line that contains points O, M and H is called Euler’s line.

5.106. Prove that the midpoints of sides of a triangle, the bases of heights and the
midpoints of segments that connect the intersection point of heights with the vertices lie on
one circle and the center of this circle is the midpoint of segment OH.

The circle defined above is called the circle of nine points.

5.107. The heights of triangle ABC meet at point H.
a) Prove that triangles ABC, HBC, AHC and ABH have a common circle of 9 points.
b) Prove that Euler’s lines of triangles ABC, HBC, AHC and ABH intersect at one

point.
c) Prove that the centers of the circumscribed circles of triangles ABC, HBC, AHC and

ABH constitute a quadrilateral symmetric to quadrilateral HABC.
5.108. What are the sides the Euler line intersects in an acute and an obtuse triangles?
5.109. a) Prove that the circumscribed circle of triangle ABC is the circle of 9 points

for the triangle whose vertices are the centers of escribed circles of triangle ABC.
b) Prove that the circumscribed circle divides the segment that connects the centers of

the inscribed and an escribed circles in halves.
5.110. Prove that Euler’s line of triangle ABC is parallel to side BC if and only if

tan B tan C = 3.
5.111. On side AB of acute triangle ABC the circle of 9 points singles out a segment.

Prove that the segment subtends an angle of 2|∠A − ∠B| with the vertex at the center.
5.112. Prove that if Euler’s line passes through the center of the inscribed circle of a

triangle, then the triangle is an isosceles one.
5.113. The inscribed circle is tangent to the sides of triangle ABC at points A1, B1 and

C1. Prove that Euler’s line of triangle A1B1C1 passes through the center of the circumscribed
circle of triangle ABC.

5.114. In triangle ABC, heights AA1, BB1 and CC1 are drawn. Let A1A2, B1B2 and
C1C2 be diameters of the circle of nine points of triangle ABC. Prove that lines AA2, BB2

and CC2 either meet at one point or are parallel.
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See also Problems 3.65 a), 13.34 b).

§12. Brokar’s points

5.115. a) Prove that inside triangle ABC there exists a point P such that ∠ABP =
∠CAP = ∠BCP .

b) On sides of triangle ABC, triangles CA1B, CAB1 and C1AB similar to ABC are
constructed outwards (the angles at the first vertices of all the four triangles are equal, etc.).
Prove that lines AA1, BB1 and CC1 meet at one point and this point coincides with the
point found in heading a).

This point P is called Brokar’s point of triangle ABC. The proof of the fact that there
exists another Brokar’s point Q for which ∠BAQ = ∠ACQ = ∠CBQ is similar to the proof
of existence of P given in what follows. We will refer to P and Q as the first and the second

Brokar’s points.

5.116. a) Through Brokar’s point P of triangle ABC lines AB, BP and CP are drawn.
They intersect the circumscribed circle at points A1, B1 and C1, respectively. Prove that
△ABC = △B1C1A1.

b) Triangle ABC is inscribed into circle S. Prove that the triangle formed by the inter-
section points of lines PA, PB and PC with circle S can be equal to triangle ABC for no
more than 8 distinct points P . (We suppose that the intersection points of lines PA, PB
and PC with the circle are distinct from points A, B and C.)

5.117. a) Let P be Brokar’s point of triangle ABC. Let ϕ = ∠ABP = ∠BCP = ∠CAP .
Prove that cotϕ = cot α + cot β + cot γ.

The angle ϕ from Problem 5.117 is called Brokar’s angle of triangle ABC.

b) Prove that Brokar’s points of triangle ABC are isogonally conjugate to each other (cf.
Problem 5.79).

c) The tangent to the circumscribed circle of triangle ABC at point C and the line
passing through point B parallel to AC intersect at point A1. Prove that Brokar’s angle of
triangle ABC is equal to angle ∠A1AC.

5.118. a) Prove that Brokar’s angle of any triangle does not exceed 30◦.
b) Inside triangle ABC, point M is taken. Prove that one of the angles ∠ABM , ∠BCM

and ∠CAM does not exceed 30◦.
5.119. Let Q be the second Brokar’s point of triangle ABC, let O be the center of its

circumscribed circle; A1, B1 and C1 the centers of the circumscribed circles of triangles CAQ,
ABQ and BCQ, respectively. Prove that △A1B1C1 ∼ △ABC and O is the first Brokar’s
point of triangle A1B1C1.

5.120. Let P be Brokar’s point of triangle ABC; let R1, R2 and R3 be the radii of the
circumscribed circles of triangles ABP , BCP and CAP , respectively. Prove that R1R2R3 =
R3, where R is the radius of the circumscribed circle of triangle ABC.

5.121. Let P and Q be the first and the second Brokar’s points of triangle ABC. Lines
CP and BQ, AP and CQ, BP and AQ meet at points A1, B1 and C1, respectively. Prove
that the circumscribed circle of triangle A1B1C1 passes through points P and Q.

5.122. On sides CA, AB and BC of an acute triangle ABC points A1, B1 and C1,
respectively, are taken so that ∠AB1A1 = ∠BC1B1 = ∠CA1C1. Prove that △A1B1C1 ∼
△ABC and the center of the rotational homothety that sends one triangle into another
coincides with the first Brokar’s point of both triangles.

See also Problem 19.55.
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§13. Lemoine’s point

Let AM be a median of triangle ABC and line AS be symmetric to line AM through
the bisector of angle A (point S lies on segment BC). Then segment AS is called a simedian

of triangle ABC; sometimes the whole ray AS is referred to as a simedian.
Simedians of a triangle meet at the point isogonally conjugate to the intersection point

of medians (cf. Problem 5.79). The intersection point of simedians of a triangle is called
Lemoine’s point.

5.123. Let lines AM and AN be symmetric through the bisector of angle ∠A of triangle
ABC (points M and N lie on line BC). Prove that BM ·BN

CM ·CN
= c2

b2
. In particular, if AS is a

simedian, then BS
CS

= c2

b2
.

5.124. Express the length of simedian AS in terms of the lengths of sides of triangle
ABC.

Segment B1C1, where points B1 and C1 lie on rays AC and AB, respectively, is said to
be antiparallel to side BC if ∠AB1C1 = ∠ABC and ∠AC1B1 = ∠ACB.

5.125. Prove that simedian AS divides any segment B1C1 antiparallel to side BC in
halves.

5.126. The tangent at point B to the circumscribed circle S of triangle ABC intersects
line AC at point K. From point K another tangent KD to circle S is drawn. Prove that
BD is a simedian of triangle ABC.

5.127. Tangents to the circumscribed circle of triangle ABC at points B and C meet at
point P . Prove that line AP contains simedian AS.

5.128. Circle S1 passes through points A and B and is tangent to line AC, circle S2

passes through points A and C and is tangent to line AB. Prove that the common chord of
these circles is a simedian of triangle ABC.

5.129. Bisectors of the outer and inner angles at vertex A of triangle ABC intersect
line BC at points D and E, respectively. The circle with diameter DE intersects the
circumscribed circle of triangle ABC at points A and X. Prove that AX is a simedian of
triangle ABC.

* * *

5.130. Prove that Lemoine’s point of right triangle ABC with right angle ∠C is the
midpoint of height CH.

5.131. Through a point X inside triangle ABC three segments antiparallel to its sides
are drawn, cf. Problem 5.125?. Prove that these segments are equal if and only if X is
Lemoine’s point.

5.132. Let A1, B1 and C1 be the projections of Lemoine’s point K to the sides of triangle
ABC. Prove that K is the intersection point of medians of triangle A1B1C1.

5.133. Let A1, B1 and C1 be the projections of Lemoine’s point K of triangle ABC on
sides BC, CA and AB, respectively. Prove that median AM of triangle ABC is perpendic-
ular to line B1C1.

5.134. Lines AK, BK and CK, where K is Lemoine’s point of triangle ABC, intersect
the circumscribed circle at points A1, B1 and C1, respectively. Prove that K is Lemoine’s
point of triangle A1B1C1.

5.135. Prove that lines that connect the midpoints of the sides of a triangle with the
midpoints of the corresponding heights intersect at Lemoine’s point.

See also Problems 11.22, 19.54, 19.55.
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Problems for independent study

5.136. Prove that the projection of the diameter of a circumscribed circle perpendicular
to a side of the triangle to the line that contains the second side is equal to the third side.

5.137. Prove that the area of the triangle with vertices in the centers of the escribed
circles of triangle ABC is equal to 2pR.

5.138. An isosceles triangle with base a and the lateral side b, and an isosceles triangle
with base b and the lateral side a are inscribed in a circle of radius R. Prove that if a 6= b,
then ab =

√
5R2.

5.139. The inscribed circle of right triangle ABC is tangent to the hypothenuse AB at
point P ; let CH be a height of triangle ABC. Prove that the center of the inscribed circle
of triangle ACH lies on the perpendicular dropped from point P to AC.

5.140. The inscribed circle of triangle ABC is tangent to sides CA and AB at points
B1 and C1, respectively, and an escribed circle is tangent to the extension of sides at points
B2 and C2. Prove that the midpoint of side BC is equidistant from lines B1C1 and B2C2.

5.141. In triangle ABC, bisector AD is drawn. Let O, O1 and O2 be the centers
of the circumscribed circles of triangles ABC, ABD and ACD, respectively. Prove that
OO1 = OO2.

5.142. The triangle constructed from a) medians, b) heights of triangle ABC is similar
to triangle ABC. What is the ratio of the lengths of the sides of triangle ABC?

5.143. Through the center O of an equilateral triangle ABC a line is drawn. It intersects
lines BC, CA and AB at points A1, B1 and C1, respectively. Prove that one of the numbers

1
OA1

, 1
OB1

and 1
OC1

is equal to the sum of the other two numbers.
5.144. In triangle ABC heights BB1 and CC1 are drawn. Prove that if ∠A = 45◦, then

B1C1 is a diameter of the circle of nine points of triangle ABC.
5.145. The angles of triangle ABC satisfy the relation sin2

∠A+sin2
∠B +sin2

∠C = 1.
Prove that the circumscribed circle and the circle of nine points of triangle ABC intersect
at a right angle.

Solutions

5.1. Let AC1 = AB1 = x, BA1 = BC1 = y and CA1 = CB1 = z. Then

a = y + z, b = z + x and c = x + y.

Subtracting the third equality from the sum of the first two ones we get z = a+b−c
2

. Hence,
if triangle ABC is given, then the position of points A1 and B1 is uniquely determined.
Similarly, the position of point C1 is also uniquely determined. It remains to notice that
the tangency points of the inscribed circle with the sides of the triangle satisfy the relations
indicated in the hypothesis of the problem.

5.2. Rays COa and COb are the bisectors of the outer angles at vertex C, hence, C lies
on line OaOb and ∠OaCB = ∠ObCA. Since COc is the bisector of angle ∠BCA, it follows
that ∠BCOc = ∠ACOc. Adding these equalities we get: ∠OaCOc = ∠OcCOb, i.e., OcC
is a height of triangle OaObOc. We similarly prove that OaA and ObB are heights of this
triangle.

5.3. Clearly,

∠BOC = 180◦ − ∠CBO − ∠BCO = 180◦ − ∠B

2
− ∠C

2
= 90◦ +

∠A

2
and ∠BOaC = 180◦ − ∠BOC, because ∠OBOa = ∠OCOa = 90◦.

5.4. Let AA1, BB1 and CC1 be the bisectors of triangle ABC and O the intersection
point of these bisectors. Suppose that x > 1. Then ∠PAB > ∠PAC, i.e., point P lies
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inside triangle AA1C. Similarly, point P lies inside triangles CC1B and BB1A. But the
only common point of these three triangles is point O. Contradiction. The case x < 1 is
similarly treated.

5.5. Let da, db and dc be the distances from point O to sides BC, CA and AB. Then
ada + bdb + cdc = 2S and aha = bhb = chc = 2S. If ha − da = hb − db = hc − dc = x, then

(a + b + c)x = a(ha − da) = b(hb − db) + c(hc − dc) = 6S − 2S = 4S.

Hence, x = 4S
2p

= 2r.

5.6. Let us prove that point O is the center of the escribed circle of triangle PBQ tangent
to side PQ. Indeed, ∠POQ = ∠A = 90◦ − 1

2
∠B. The angle of the same value with the

vertex at the center of the escribed circle subtends segment PQ (Problem 5.3). Moreover,
point O lies on the bisector of angle B. Hence, the semiperimeter of triangle PBQ is equal
to the length of the projection of segment OB to line CB.

5.7. Let P be the tangent point of the inscribed circle with side BC, let PQ be a diameter
of the inscribed circle, R the intersection point of lines AQ and BC. Since CR = BP (cf.
Problem 19.11 a)) and M is the midpoint of side BC, we have: RM = PM . Moreover, O is
the midpoint of diameter PQ, hence, MO ‖ QR and since AH ‖ PQ, we have AE = OQ.

5.8. The given circle can be the inscribed as well as the escribed circle of triangle ABC
cut off by the tangent from the angle. Making use of the result of Problem 3.2 we can verify
that in either case

uv

w2
=

(p − b)(p − c) sin ∠B sin ∠C

h2
a

.

It remains to notice that ha = b sin ∠C = c sin ∠B and (p−b)(p−c)
bc

= sin2 1
2
∠A (Problem

12.13).
5.9. Let A1, B1 and C1 be points symmetric to point H through sides BC, CA and AB,

respectively. Since AB ⊥ CH and BC ⊥ AH, it follows that ∠(AB,BC) = ∠(CH,HA) and
since triangle AC1H is an isosceles one, ∠(CH,HA) = ∠(AC1, C1C). Hence, ∠(AB,BC) =
∠(AC1, C1C), i.e., point C1 lies on the circumscribed circle of triangle ABC. We similarly
prove that points A1 and B1 lie on this same circle.

5.10. Let R be the radius of the circumscribed circle of triangle ABC. This circle
is also the circumscribed circle of triangles ABP , APC and PBC. Clearly, ∠ABP =
180◦ − ∠ACP = α, ∠BAP = ∠BCP = β and ∠CAP = ∠CBP = γ. Hence,

PX = PB sin γ = 2R sin β sin γ, PY = 2R sin α sin γ and P = 2R sin α sin β.

It is also clear that

BC = 2R sin ∠BAC = 2R sin(β + γ), AC = 2R sin(α − γ), AB = 2R sin(α + β).

It remains to verify the equality

sin(β + γ)

sin β sin γ
=

sin(α − γ)

sin α sin γ
+

sin(α + β)

sin α sin β

which is subject to a direct calculation.
5.11. a) Let M be the intersection point of line AI with the circumscribed circle.

Drawing the diameter through point I we get

AI · IM = (R + d)(R − d) = R2 − d2.

Since IM = CM (by Problem 2.4 a)), it follows that R2 − d2 = AI · CM . It remains to
observe that AI = r

sin 1
2
∠A

and CM = 2R sin 1
2
∠A.
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b) Let M be the intersection point of line AIa with the circumscribed circle. Then
AIa·IaM = d2

a−R2. Since IaM = CM (by Problem 2.4 a)), it follows that d2
a−R2 = AIa·CM .

It remains to notice that AIa = ra

sin 1
2
∠A

and CM = 2R sin 1
2
∠A.

5.12. a) Since B1 is the center of the circumscribed circle of triangle AMC (cf. Problem
2.4 a)), AM = 2MB1 sin ∠ACM . It is also clear that MC = r

sin ∠ACM
. Hence, MA·MC

MB1
= 2r.

b) Since

∠MBC1 = ∠BMC1 = 180◦ − ∠BMC and ∠BC1M = ∠A,

it follows that

MC1

BC
=

BM

BC
· MC1

BM
=

sin ∠BCM

sin ∠BMC
· sin ∠MBC1

sin ∠BC1M
=

sin ∠BCM

sin ∠A
.

Moreover, MB = 2MA1 sin ∠BCM . Therefore, MC1·MA1

MB
= BC

2 sin ∠A
= R.

5.13. Let M be the midpoint of side AC, and N the tangent point of the inscribed circle
with side BC. Then BN = p − b (see Problem 3.2), hence, BN = AM because p = 3

2
b

by assumption. Moreover, ∠OBN = ∠B1AM and, therefore, △OBN = △B1AM , i.e.,
OB = B1A. But B1A = B1O (see Problem 2.4 a)).

5.14. Let O and O1 be the centers of the inscribed and circumscribed circles of triangle
ABC. Let us consider the circle of radius d = OO1 centered at O. In this circle, let us draw
chords O1M and O1N parallel to sides AB and AC, respectively. Let K be the tangent
point of the inscribed circle with side AB and L the midpoint of side AB. Since OK ⊥ AB,
O1L ⊥ AB and O1M ‖ AB, it follows that

O1M = 2KL = 2BL − 2BK = c − (a + c − b) = b − a = AE.

Similarly, O1N = AD and, therefore, △MO1N = △EAD. Consequently, the radius of the
circumscribed circle of triangle EAD is equal to d.

5.15. Let the inscribed circle be tangent to side AC at point K and the escribed circle
be tangent to the extension of side AC at point L. Then r = CK and rc = CL. It remains
to make use of the result of Problem 3.2.

5.16. Since 1
2
AB = AM = BM , it follows that CM = 1

2
AB if and only if point C lies

on the circle with diameter AB.
5.17. Let M and N be the midpoints of sides AB and CD. Triangle APB is a right one;

hence, PM = 1
2
AB and ∠MPA = ∠PAM and, therefore, PM ‖ AD. Similar arguments

show that points P , M and Q lie on one line and

PQ = PM + MN + NQ =
AB + (BC + AD) + CD

2
.

5.18. Let F be the intersection point of lines DE and BC; let K be the midpoint of
segment EC. Segment CD is simultaneosly a bisector and a height of triangle ECF , hence,
ED = DF and, therefore, DK ‖ FC. Median DK of right triangle EDC is twice shorter
its hypothenuse EC (Problem 5.16), hence, AD = DK = 1

2
EC.

5.19. Let the sum of the angles at the base AD of trapezoid ABCD be equal to 90◦.
Denote the intersection point of lines AB and CD by O. Point O lies on the line that passes
through the midpoints of the bases. Let us draw through point C line CK parallel to this
line and line CE parallel to line AB (points K and E lie on base AD). Then CK is a median
of right triangle ECD, hence, CK = ED

2
= AD−BC

2
(cf. Problem 5.16).

5.20. It is clear that ∠CEB = ∠A + ∠ACE = ∠BCK + ∠KCE = ∠BCE.
5.21. Segments CF and DK are bisectors in similar triangles ACB and CDB and,

therefore, AB : FB = CB : KB. Hence, FK ‖ AC. We similarly prove that LF ‖ CB.
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Therefore, CLFK is a rectangle whose diagonal CF is the bisector of angle LCK, i.e., the
rectangle is a square.

5.22. Since sin ∠ACQ
AQ

= sin ∠AQC
AC

, it follows that

sin α

a
=

sin(180◦ − α − 90◦ − ϕ)

a cos ϕ
=

cos(α + ϕ)

a cos ϕ
,

where a is the (length of the) side of square ABPQ and ϕ = ∠CAB. Hence, cot α = 1+tanϕ.
Similarly,

cot γ = 1 + tan(90◦ − ϕ) = 1 + cotϕ.

It follows that

tan α + tan γ =
1

1 + tan ϕ
+

1

1 + cot ϕ
= 1

and, therefore,

cos α cos γ = cos α sin γ + cos γ sin α = sin(α + γ) = cos β.

5.23. By Pythagoras theorem

AP 2 + BQ2 + CR2 + (AM2 − PM2) + (BM2 − QM2) + (CM2 − RM2)

and
PB2 + QC2 + RA2 = (BM2 − PM2) + (CM2 − QM2) + (AM2 − RM2).

These equations are equal.
Since

AP 2 + BQ2 + CR2 = (a − PB)2 + (a − QC)2 + (a − RA)2 =
3a2 − 2a(PB + QC + RA) + PB2 + QC2 + RA2,

where a = AB, it follows that PB + QC + RA = 3
2
a.

5.24. Let point F divide segment BC in the ratio of CF : FB = 1 : 2; let P and Q be the
intersection points of segment AF with BD and CE, respectively. It is clear that triangle
OPQ is an equilateral one. Making use of the result of Problem 1.3 it is easy to verify that
AP : PF = 3 : 4 and AQ : QF = 6 : 1. Hence, AP : PQ : QF = 3 : 3 : 1 and, therefore,
AP = PQ = OP . Hence, ∠AOP = 180◦−∠APO

2
= 30◦ and ∠AOC = ∠AOP + ∠POQ = 90◦.

5.25. Let A and B, C and D, E and F be the intersection points of the circle with sides
PQ, QR, RP , respectively, of triangle PQR. Let us consider median PS. It connects the
midpoints of parallel chords FA and DC and, therefore, is perpendicular to them. Hence,
PS is a height of triangle PQR and, therefore, PQ = PR. Similarly, PQ = QR.

5.26. Let H be the intersection point of heights AA1, BB1 and CC1 of triangle ABC.
By hypothesis, A1H · BH = B1H · AH. On the other hand, since points A1 and B1 lie on
the circle with diameter AB, then AH · A1H = BH · B1H. It follows that AH = BH and
A1H = B1H and, therefore, AC = BC. Similarly, BC = AC.

5.27. a) Suppose that triangle ABC is not an equilateral one; for instance, a 6= b.
Since a + ha = a + b sin γ and b + hb = b + a sin γ, it follows that (a − b)(1 − sin γ) = 0;
hence, sin γ = 0, i.e., γ = 90◦. But then a 6= c and similar arguments show that β = 90◦.
Contradiction.

b) Let us denote the (length of the) side of the square two vertices of which lie on side
BC by x. The similarity of triangles ABC and APQ, where P and Q are the vertices of the
square that lie on AB and AC, respectively, yields x

a
= ha−x

ha
, i.e., x = aha

a+ha
= 2S

a+ha
.

Similar arguments for the other squares show that a + ha = b + hb = c + hc.
5.28. If α, β and γ are the angles of triangle ABC, then the angles of triangle A1B1C1

are equal to β+γ
2

, γ+α
2

and α+β
2

. Let, for definiteness, α ≥ β ≥ γ. Then α+β
2

≥ α+γ
2

≥ β+γ
2

.

Hence, α = α+β
2

and γ = β+γ
2

, i.e., α = β and β = γ.
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5.29. In any triangle a height is longer than the diameter of the inscribed circle. There-
fore, the lengths of heights are integers greater than 2, i.e., all of them are not less than 3.
Let S be the area of the triangle, a the length of its longest side and h the corresponding
height.

Suppose that the triangle is not an equilateral one. Then its perimeter P is shorter than
3a. Therefore, 3a > P = Pr = 2S = ha, i.e., h < 3. Contradiction.

5.30. Since the outer angle at vertex A of triangle ABA1 is equal to 120◦ and ∠A1AB1 =
60◦, it follows that AB1 is the bisector of this outer angle. Moreover, BB1 is the bisector of
the outer angle at vertex B, hence, A1B1 is the bisector of angle ∠AA1C. Similarly, A1C1

is the bisector of angle ∠AA1B. Hence,

∠B1A1C1 =
∠AA1C + ∠AA1B

2
= 90◦.

5.31. Thanks to the solution of the preceding problem ray A1C1 is the bisector of angle
∠AA1B. Let K be the intersection point of the bisectors of triangle A1AB. Then

∠C1KO = ∠A1KB = 90◦ +
∠A

2
= 120◦.

Hence, ∠C1KO + ∠C1AO = 180◦, i.e., quadrilateral AOKC1 is an inscribed one. Hence,
∠A1C1O = ∠KC1O = ∠KAO = 30◦.

5.32. a) Let S be the circumscribed circle of triangle ABC, let S1 be the circle symmetric
to S through line BC. The orthocenter H of triangle ABC lies on circle S1 (Problem 5.9)
and, therefore, it suffices to verify that the center O of circle S also belongs to S1 and
the bisector of the outer angle A passes through the center of circle S1. Then POAH is a
rhombus, because PO ‖ HA.

Let PQ be the diameter of circle S perpendicular to line BC; let points P and A lie on
one side of line BC. Then AQ is the bisector of angle A and AP is the bisector of the outer
angle ∠A. Since ∠BPC = 120◦ = ∠BOC, point P is the center of circle S1 and point O
belongs to circle S1.

b) Let S be the circumscribed circle of triangle ABC and Q the intersection point of
the bisector of angle ∠BAC with circle S. It is easy to verify that Q is the center of circle
S1 symmetric to circle S through line BC. Moreover, points O and H lie on circle S1 and
since ∠BIC = 120◦ and ∠BIaC = 60◦ (cf. Problem 5.3), it follows that IIa is a diameter
of circle S1. It is also clear that ∠OQI = ∠QAH = ∠AQH, because OQ ‖ AH and
HA = QO = QH. Hence, points O and H are symmetric through line IIa.

5.33. On side AC of triangle ABC, construct outwards an equilateral triangle AB1C.
Since ∠A = 120◦, point A lies on segment BB1. Therefore, BB1 = b + c and, moreover,
BC = a and B1C = b, i.e., triangle BB1C is the desired one.

5.34. a) Let M1 and N1 be the midpoints of segments BH and CH, respectively; let
BB1 and CC1 be heights. Right triangles ABB1 and BHC1 have a common acute angle —
the one at vertex B; hence, ∠C1HB = ∠A = 60◦. Since triangle BMH is an isosceles one,
∠BHM = ∠HBM = 30◦. Therefore, ∠C1HM = 60◦ − 30◦ = 30◦ = ∠BHM , i.e., point
M lies on the bisector of angle ∠C1HB. Similarly, point N lies on the bisector of angle
∠B1HC.

b) Let us make use of the notations of the preceding problem and, moreover, let B′ and
C ′ be the midpoints of sides AC and AB. Since AC1 = AC cos ∠A = 1

2
AC, it follows that

C1C
′ = 1

2
|AB − AC|. Similarly, B1B

′ = 1
2
|AB − AC|, i.e., B1B

′ = C1C
′. It follows that

the parallel lines BB1 and B′O, CC1 and C ′O form not just a parallelogram but a rhombus.
Hence, its diagonal HO is the bisector of the angle at vertex H.
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5.35. Since

∠BB1C = ∠B1BA + ∠B1AB > ∠B1BA = ∠B1BC,

it follows that BC > B1C. Hence, point K symmetric to B1 through bisector CC1 lies
on side BC and not on its extension. Since ∠CC1B = 30◦, we have ∠B1C1K = 60◦ and,
therefore, triangle B1C1K is an equilateral one. In triangles BC1B1 and BKB1 side BB1 is
a common one and sides C1B1 and KB1 are equal; the angles C1BB1 and KBB1 are also
equal but these angles are not the ones between equal sides. Therefore, the following two
cases are possible:

1) ∠BC1B1 = ∠BKB1. Then ∠BB1C1 = ∠BB1K = 60◦

2
= 30◦. Therefore, if O is the

intersection point of bisectors BB1 and CC1, then

∠BOC = ∠B1OC1 = 180◦ − ∠OC1B1 − ∠OB1C1 = 120◦.

On the other hand, ∠BOC = 90◦ + ∠A
2

(cf. Problem 5.3), i.e., ∠A = 60◦.
2) ∠BC1B1 + ∠BKB1 = 180◦. Then quadrilateral BC1B1K is an inscribed one and

since triangle B1C1K is an equilateral one, ∠B = 180◦ − ∠C1B1K = 120◦.
5.36. Let BM be a median, AK a bisector of triangle ABC and BM ⊥ AK. Line AK

is a bisector and a height of triangle ABM , hence, AM = AB, i.e., AC = 2AM = 2AB.
Therefore, AB = 2, BC = 3 and AC = 4.

5.37. Let a and b be legs and c the hypothenuse of the given triangle. If numbers a and
b are odd, then the remainder after division of a2 + b2 by 4 is equal to 2 and a2 + b2 cannot
be a perfect square. Hence, one of the numbers a and b is even and another one is odd; let,
for definiteness, a = 2p. The numbers b and c are odd, hence, c + b = 2q and c − b = 2r for
some q and r. Therefore, 4p2 = a2 = c2 − b2 = 4qr. If d is a common divisor of q and r,
then a = 2

√
qr, b = q − r and c = q + r are divisible by d. Therefore, q and r are relatively

prime, ??? since p2 = qr, it follows that q = m2 and r = n2. As a result we get a = 2mn,
b = m2 − n2 and c = m2 + n2.

It is also easy to verify that if a = 2mn, b = m2 −n2 and c = m2 + n2, then a2 + b2 = c2.
5.38. Let p be the semiperimeter of the triangle and a, b, c the lengths of the triangle’s

sides. By Heron’s formula S2 = p(p − a)(p − b)(p − c). On the other hand, S2 = p2r2 = p2

since r = 1. Hence, p = (p − a)(p − b)(p − c). Setting x = p − a, y = p − b, z = p − c we
rewrite our equation in the form

x + y + z = xyz.

Notice that p is either integer or half integer (i.e., of the form 2n+1
2

, where n is an integer)
and, therefore, all the numbers x, y, z are simultaneously either integers or half integers. But
if they are half integers, then x + y + z is a half integer and xyz is of the form m

8
, where m

is an odd number. Therefore, numbers x, y, z are integers. Let, for definiteness, x ≤ y ≤ z.
Then xyz = x + y + z ≤ 3z, i.e., xy ≤ 3. The following three cases are possible:

1) x = 1, y = 1. Then 2 + z = z which is impossible.
2) x = 1, y = 2. Then 3 + z = 2z, i.e., z = 3.
3) x = 1, y = 3. Then 4 + z = 3z, i.e., z = 2 < y which is impossible.
Thus, x = 1, y = 2, z = 3. Therefore, p = x + y + z = 6 and a = p− x = 5, b = 4, c = 3.
5.39. Let a1 and b1, a2 and b2 be the legs of two distinct Pythagorean triangles, c1 and

c2 their hypothenuses. Let us take two perpendicular lines and mark on them segments
OA = a1a2, OB = a1b2, OC = b1b2 and OD = a2b1 (Fig. 57). Since OA · OC = OB · OD,
quadrilateral ABCD is an inscribed one. By Problem 2.71

4R2 = OA2 + OB2 + OC2 + OD2 = (c1c2)
2,
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i.e., R = c1c2
2

. Magnifying, if necessary, quadrilateral ABCD twice, we get the quadrilateral
to be found.

Figure 57 (Sol. 5.39)

5.40. a) The lengths of hypothenuses of right triangles with legs 5 and 12, 9 and 12
are equal to 13 and 15, respectively. Identifying the equal legs of these triangles we get a

triangle whose area is equal to 12(5+9)
2

= 84.
b) First, suppose that the length of the shortest side of the given triangle is an even

number, i.e., the lengths of the sides of the triangle are equal to 2n, 2n + 1, 2n + 2. Then
by Heron’s formula

16S2 = (6n + 3)(2n + 3)(2n + 1)(2n − 1) = 4(3n2 + 6n + 2)(4n2 − 1) + 4n2 − 1.

We have obtained a contradiction since the number in the right-hand side is not divisible by
4. Consecutively, the lengths of the sides of the triangle are equal to 2n− 1, 2n and 2n + 1,
where S2 = 3n2(n2 − 1). Hence, S = nk, where k is an integer and k2 = 3(n2 − 1). It is also
clear that k is the length of the height dropped to the side of length 2n. This height divides
the initial triangle into two right triangles with a common leg of length k and hypothenuses
of length 2n + 1 and 2n− 1 the squares of the lengths of the other legs of these triangles are
equal to

(2n ± 1)2 − k2 = 4n2 ± 4n + 1 − 3n2 + 3 = (n ± 2)2.

5.41. a) Since AB2 − AB2
1 = BB2

1 = BC2 − (AC ± AB1)
2, we see that AB1 =

±AB2+AC2−BC2

2AC
.

b) Let diagonals AC and BD meet at point O. Let us prove, for example, that the
number q = BO

OD
is a rational one (then the number OD = BD

q+1
is also a rational one). In

triangles ABC and ADC draw heights BB1 and DD1. By heading a) the numbers AB1 and
CD1 — the lengths of the corresponding sides — are rational and, therefore, the number
B1D1 is also rational.

Let E be the intersection point of line BB1 and the line that passes through point D
parallel to AC. In right triangle BDE, we have ED = B1D1 and the lengths of leg ED
and hypothenuse BD are rational numbers; hence, BE2 is also a rational number. From
triangles ABB1 and CDD1 we derive that numbers BB2

1 and DD2
1 are rational. Since

BE2 = (BB1 + DD1)
2 = BB2

1 + DD2
1 + 2BB1 · DD1,

number BB1 · DD1 is rational. It follows that the number

BO

OD
=

BB1

DD1

=
BB1 · DD1

DD2
1

is a rational one.
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5.42. Triangles ABC and A1B1C1 cannot have two pairs of corresponding angles whose
sum is equal to 180◦ since otherwise their sum would be equal to 360◦ and the third angles
of these triangles should be equal to zero. Now, suppose that the angles of the first triangle
are equal to α, β and γ and the angles of the second one are equal to 180◦ − α, β and γ.
The sum of the angles of the two triangles is equal to 360◦, hence, 180◦ + 2β + 2γ = 360◦,
i.e., β + γ = 90◦. It follows that α = 90◦ = 180◦ − α.

5.43. Clearly,
−−→
A1C =

−−→
BO and

−−→
CB1 =

−→
OA, hence,

−−−→
A1B1 =

−→
BA. Similarly,

−−−→
B1C1 =−−→

CB and
−−−→
C1A1 =

−→
AC, i.e., △ABC = △A1B1C1. Moreover, ABA1B1 and ACA1C1 are

parallelograms. It follows that segments BB1 and CC1 pass through the midpoint of segment
AA1.

5.44. Since ∠MAO = ∠PAO = ∠AOM , it follows that AMOP is a rhombus. Similarly,
BNOQ is a rhombus. It follows that

MN = MO + ON = AM + BN and OP + PQ + QO = AP + PQ + QB = AB.

5.45. a) Through vertices of triangle ABC let us draw lines parallel to the triangle’s
opposite sides. As a result we get triangle A1B1C1; the midpoints of the sides of the new
triangle are points A, B and C. The heights of triangle ABC are the midperpendiculars to
the sides of triangle A1B1C1 and, therefore, the center of the circumscribed circle of triangle
A1B1C1 is the intersection point of heights of triangle ABC.

b) Point H is the center of the circumscribed circle of triangle A1B1C1, hence,

4R2 = B1H
2 = B1A

2 + AH2 = BC2 + AH2.

Therefore,

AH2 = 4R2 − BC2 =

(

1

sin2 α
− 1

)

BC2 = (BC cot α)2.

5.46. Let AD be the bisector of an equilateral triangle ABC with base AB and angle
36◦ at vertex C. Then triangle ACD is an isosceles one and △ABC ∼ △BDA. Therefore,
CD = AD = AB = 2xBC and DB = 2xAB = 4x2BC; hence,

BC = CD + DB = (2x + 4x2)BC.

5.47. Let B1 and B2 be the projections of point A to bisectors of the inner and outer
angles at vertex B; let M the midpoint of side AB. Since the bisectors of the inner and
outer angles are perpendicular, it follows that AB1BB2 is a rectangular and its diagonal
B1B2 passes through point M . Moreover,

∠B1MB = 180◦ − 2∠MBB1 = 180◦ − ∠B.

Hence, B1B2 ‖ BC and, therefore, line B1B2 coincides with line l that connects the midpoints
of sides AB and AC.

We similarly prove that the projections of point A to the bisectors of angles at vertex C
lie on line l.

5.48. Suppose that the bisectors of angles A and B are equal but a > b. Then cos 1
2
∠A <

cos 1
2
∠B and 1

c
+ 1

b
> 1

c
+ 1

a
, i.e., bc

b+c
< ac

a+c
. By multiplying these inequalities we get a

contradiction, since la =
2bc cos ∠A

2

b+c
and lb =

2ac cos ∠B
2

a+c
(cf. Problem 4.47).

5.49. a) By Problem 4.47 the length of the bisector of angle ∠B of triangle ABC is

equal to
2ac cos ∠B

2

a+c
and, therefore, it suffices to verify that the system of equations

ac

a + c
= p, a2 + c2 − 2ac cos ∠B = q
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has (up to a transposition of a with c) a unique positive solution. Let a + c = u. Then
ac = pu and q = u2 − 2pu(1 + cos β). The product of the roots of this quadratic equation
for u is equal to −q and, therefore, it has one positive root. Clearly, the system of equations

a + c = u, ac = pu

has a unique solution.
b) In triangles AA1B and CC1B, sides AA1 and CC1 are equal; the angles at vertex

B are equal, and the bisectors of the angles at vertex B are also equal. Therefore, these
triangles are equal and either AB = BC or AB = BC1. The second equality cannot take
place.

5.50. Let points M and N lie on sides AB and AC. If r1 is the radius of the circle whose
center lies on segment MN and which is tangent to sides AB and AC, then SAMN = qr1,
where q = AM+AN

2
. Line MN passes through the center of the inscribed circle if and only if

r1 = r, i.e., SAMN

q
= SABC

p
= SBCNM

p−q
.

5.51. a) On the extension of segment AC beyond point C take a point B′ such that
CB′ = CB. Triangle BCB′ is an isosceles one; hence, ∠AEB = ∠ACB = 2∠CBB′ and,
therefore, E is the center of the circumscribed circle of triangle ABB′. It follows that point
F divides segment AB′ in halves; hence, line C1F divides the perimeter of triangle ABC in
halves.

b) It is easy to verify that the line drawn through point C parallel to BB′ is the bisector
of angle ACB. Since C1F ‖ BB′, line C1F is the bisector of the angle of the triangle with
vertices at the midpoints of triangle ABC. The bisectors of this new triangle meet at one
point.

5.52. Let X be the intersection point of lines AD2 and CD1; let M , E1 and E2 be the
projections of points X, D1 and D2, respectively, to line AC. Then CE2 = CD2 sin γ =
a sin γ and AE1 = c sin α. Since a sin γ = c sin α, it follows that CE2 = AE1 = q. Hence,

XM

AM
=

D2E2

AE2

=
a cos γ

b + q
and

XM

CM
=

c cos α

b + q
.

Therefore, AM : CM = c cos α : a cos γ. Height BH divides side AC in the same ratio.
5.53. a) By the law of cosines

B1C
2
1 = AC2

1 + AB2
1 − 2AC1 · AB1 · cos(90◦ + α),

i.e.,

a2
1 =

c2

2
+

b2

2
+ bc sin α =

b2 + c2

2
+ 2S.

Writing similar equalities for b2
1 and c2

1 and taking their sum we get the statement desired.
b) For an acute triangle ABC, add to S the areas of triangles ABC1, AB1C and A1BC;

add to S1 the areas of triangles AB1C1, A1BC1 and A1B1C. We get equal quantities (for a
triangle with an obtuse angle ∠A the area of triangle AB1C1 should be taken with a minus
sign). Hence,

S1 = S +
a2 + b2 + c2

4
− ab cos γ + ac cos β + bc cos α

4
.

It remains to notice that

ab cos γ + bc cos α + ac cos β = 2S(cot γ + cot α + cot β) =
a2 + b2 + c2

2
;

cf. Problem 12.44 a).
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5.54. First, let us prove that point B′ lies on the circumscribed circle of triangle AHC,
where H is the intersection point of heights of triangle ABC. We have

∠(AB′, B′C) = ∠(AA1, CC1) =

∠(AA1, BC) + ∠(BC,AB) + ∠(AB,CC1) = ∠(BC,AB).

But as follows from the solution of Problem 5.9 ∠(BC,AB) = ∠(AH,HC) and, therefore,
points A, B′, H and C lie on one circle and this circle is symmetric to the circumscribed
circle of triangle ABC through line AC. Hence, both these circles have the same radius, R,
consequently,

B′H = 2R sin B′AH = 2R cos α.

Similarly, A′H = 2R cos α = C ′H. This completes solution of heading a); to solve heading b)
it remains to notice that △A′B′C ′ ∼ △ABC since after triangle A′B′C ′ is rotated through
an angle of α its sides become parallel to the sides of triangle ABC.

5.55. Let a1 = BA1, a2 = A1C, b1 = CB1, b2 = B1A, c1 = AC1 and c2 = C1B. The
products of the lengths of segments of intersecting lines that pass through one point are
equal and, therefore, a1(a1 + x) = c2(c2 − z), i.e.,

a1x + c2z = c2
2 − a2

1.

We similarly get two more equations for x, y and z:

b1y + a2x = a2
2 − b2

1 and c1z + b2y = b2
2 − c2

1.

Let us multiply the first equation by b2n; multiply the second and the third ones by c2n and
a2n, respectively, and add the equations obtained. Since, for instance, c2b

n − c1a
n = 0 by

the hypothesis, we get zero in the right-hand side. The coefficient of, say, x in the left-hand
side is equal to

a1b
2n + a2c

2n =
acnb2n + abnc2n

bn + cn
= abncn.

Hence,
abncnx + bancny + canbnz = 0.

Dividing both sides of this equation by (abc)n we get the statement desired.
5.56. Let in the initial triangle ∠A = 3α, ∠B = 3β and ∠C = 3γ. Let us take an

equilateral triangle A2B2C2 and construct on its sides as on bases isosceles triangles A2B2R,
B2C2P and C2A2Q with angles at the bases equal to 60◦ − γ, 60◦ − α, 60◦ − β, respectively
(Fig. 58).

Let us extend the lateral sides of these triangles beyond points A2, B2 and C2; denote the
intersection point of the extensions of sides RB2 and QC2 by A3, that of PC2 and RA2 by
B3, that of QA2 and PB2 by C3.Through point B2 draw the line parallel to A2C2 and denote
by M and N the its intersection points with lines QA3 and QC3, respectively. Clearly, B2 is
the midpoint of segment MN . Let us compute the angles of triangles B2C3N and B2A3M :

∠C3B2N = ∠PB2M = ∠C2B2M = ∠C2B2P = α;

∠B2NC3 = 180◦ − ∠C2A2Q = 120◦ + β;

hence, ∠B2C3N = 180◦ − α − (120◦ + β) = γ. Similarly, ∠A3B2M = γ and ∠B2A3M = α.
Hence, △B2C3N ∼ △A3B2M . It follows that C3B2 : B2A3 = C3N : B2M and since
B2M = B2N and ∠C3B2A3 = ∠C3NB2, it follows that C3B2 : B2A3 = C3N : NB2 and
△C3B2A3 ∼ △C3NB2; hence, ∠B2C3A3 = γ.
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Figure 58 (Sol. 5.56)

Similarly, ∠A2C3B3 = γ and, therefore, ∠A3C3B3 = 3γ = ∠C and C3B3, C3A2 are the
trisectors of angle C3 of triangle A3B3C3. Similar arguments for vertices A3 and B3 show
that △ABC ∼ △A3B3C3 and the intersection points of the trisectors of triangle A3B3C3

are vertices of an equilateral triangle A2B2C2.
5.57. Point A1 lies on the bisector of angle ∠BAC, hence, point A lies on the extension

of the bisector of angle ∠B2A1C2. Moreover, ∠B2AC2 = α = 180◦−∠B2A1C2

2
. Hence, A is the

center of an escribed circle of triangle B2A1C2 (cf. Problem 5.3). Let D be the intersection
point of lines AB and CB2. Then

∠AB2C2 = ∠AB2D = 180◦ − ∠B2AD − ∠ADB2 = 180◦ − γ − (60◦ + α) = 60◦ + β.

Since

∠AB2C = 180◦ − (α + β) − (β + γ) = 120◦ − β,

it follows that

∠CB2C2 = ∠AB2C − ∠AB2C2 = 60◦ − 2β.

Similarly, ∠AB2A2 = 60◦ − 2β. Hence,

∠A2B2C2 = ∠AB2C − ∠AB2A2 − ∠CB2C2 = 3β.

Similarly, ∠B2A2C2 = 3α and ∠A2C2B2 = 3γ.
5.58. Let the projection to a line perpendicular to line A1B1 send points A, B and C to

A′, B′ and C ′, respectively; point C1 to Q and points A1 and B1 into one point, P . Since

A1B

A1C
=

PB′

PC ′ ,
B1C

B1A
=

PC ′

PA′ and
C1A

C1B
=

QA′

QB′ ,

it follows that

A1B

A1C
· B1C

B1A
· C1A

C1B
=

PB′

PC ′ ·
PC ′

PA′ ·
QA′

QB′ =
PB′

PA′ ·
QA′

QB′ =
b′

a′ ·
a′ + x

b′ + x
,

where |x| = PQ. The equality b′

a′
· a′+x

b′+x
= 1 is equivalent to the fact that x = 0. (We have

to take into account that a′ 6= b′ since A′ 6= B′.) But the equality x = 0 means that P = Q,
i.e., point C1 lies on line A1B1.

5.59. Let point P lie on arc ⌣ BC of the circumscribed circle of triangle ABC. Then

BA1

CA1

= −BP cos ∠PBC

CP cos ∠PCB
,

CB1

AB1

= −CP cos ∠PCA

AP cos PAC
,

AC1

BC1

= −AP cos ∠PAB

PB cos ∠PBA
.
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By multiplying these equalities and taking into account that

∠PAC = ∠PBC, ∠PAB = ∠PCB and ∠PAC + ∠PBA = 180◦

we get
BA1

CA1

· CB1

AB1

· AC1

BC1

= 1.

5.60. Let O, O1 and O2 be the centers of circles S, S1 and S2; let X be the intersection
point of lines O1O2 and A1A2. By applying Menelaus’s theorem to triangle OO1O2 and
points A1, A2 and X we get

O1X

O2X
· O2A2

OA2

· OA1

O1A1

= 1

and, therefore, O1X : O2X = R1 : R2, where R1 and R2 are the radii of circles S1 and S2,
respectively. It follows that X is the intersection point of the common outer or common
inner tangents to circles S1 and S2.

5.61. a) Let, for definiteness, ∠B < ∠C. Then ∠DAE = ∠ADE = ∠B + ∠A
2

; hence,
∠CAE = ∠B. Since

BE

AB
=

sin ∠BAE

sin ∠AEB
and

AC

CE
=

sin ∠AEC

sin ∠CAE
,

it follows that

BE

CE
=

c sin ∠BAE

b sin ∠CAE
=

c sin(∠A + ∠B)

b sin ∠B
=

c sin ∠C

b sin ∠B
=

c2

b2
.

b) In heading a) point E lies on the extension of side BC since ∠ADC = ∠BAD+∠B >
∠CAD. Therefore, making use of the result of heading a) and Menelaus’s theorem we get
the statement desired.

5.62. Since ∠BCE = 90◦ − ∠B
2

, we have: ∠BCE = ∠BEC and, therefore, BE = BC.
Hence,

CF : KF = BE : BK = BC : BK and AE : KE = CA : CK = BC : BK.

Let line EF intersect AC at point D. By Menelaus’s theorem AD
CD

· CF
KF

· KE
AE

= 1. Taking
into account that CF : KF = AE : KE we get the statement desired.

5.63. Proof is similar to that of Problem 5.79; we only have to consider the ratio of
oriented segments and angles.

5.64. Let A2, B2 and C2 be the intersection points of lines BC with B1C1, AC with A1C1,
AB with A1B1, respectively. Let us apply Menelaus’s theorem to the following triangles and
points on their sides: OAB and (A1, B1, C2), OBC and (B1, C1, A2), OAC and (A1, C1, B2).
Then

AA1

OA1

· OB1

BB1

· BC2

AC2

= 1,
OC1

CC1

· BB1

OB1

· CA2

BA2

= 1,
OA1

AA1

· CC1

OC1

· AB2

CB2

= 1.

By multiplying these equalities we get

BC2

AC2

· AB2

CB2

· CA2

BA2

= 1.

Menelaus’s theorem implies that points A2, B2, C2 lie on one line.
5.65. Let us consider triangle A0B0C0 formed by lines A1B2, B1C2 and C1A2 (here A0

is the intersection point of lines A1B2 and A2C1, etc), and apply Menelaus’s theorem to this
triangle and the following five triples of points:

(A,B2, C1), (B,C2, A1), (C,A2, B1), (A1, B1, C1) and (A2, B2, C2).
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As a result we get

B0A

C0A
· A0B2

B0B2

· C0C1

A0C1

= 1,
C0B

A0B
· B0C2

C0C2

· A0A1

B0A1

= 1,

A0C

B0C
· C0A2

A0A2

· B0B1

C0B1

= 1,
B0A1

A0A1

· C0B1

B0B1

· A0C1

C0C1

= 1,(2)

A0A2

C0A2

· B0B2

A0B2

· C0C2

B0C2

= 1.(3)

By multiplying these equalities we get B0A
C0A

· C0B
A0B

· A0C
B0C

= 1 and, therefore, points A, B and

C lie on one line.
5.66. Let N be the intersection point of lines AD and KQ, P ′ the intersection point of

lines KL and MN . By Desargue’s theorem applied to triangles KBL and NDM we derive
that P ′, A and C lie on one line. Hence, P ′ = P .

5.67. It suffices to apply Desargues’s theorem to triangles AED and BFC and Pappus’
theorem to triples of points (B,E,C) and (A,F,D).

5.68. a) Let R be the intersection point of lines KL and MN . By applying Pappus’
theorem to triples of points (P,L,N) and (Q,M,K), we deduce that points A, C and R lie
on one line.

b) By applying Desargues’s theorem to triangles NDM and LBK we see that the inter-
section points of lines ND with LB, DM with BK, and NM with LK lie on one line.

5.69. Let us make use of the result of Problem 5.68 a). For points P and Q take points
P2 and P4, for points A and C take points C1 and P1 and for K, L, M and N take points
P5, A1, B1 and P3, respectively. As a result we see that line P6C1 passes through point P1.

5.70. a) This problem is a reformulation of Problem 5.58 since the number BA1 : CA1

is negative if point A1 lies on segment BC and positive otherwise.
b) First, suppose that lines AA1, BB1 and CC1 meet at point M . Any three (nonzero)

vectors in plane are linearly dependent, i.e., there exist numbers λ, µ and ν (not all equal

to zero) such that λ
−−→
AM + µ

−−→
BM + ν

−−→
CM = 0. Let us consider the projection to line BC

parallel to line AM . This projection sends points A and M to A1 and points B and C into

themselves. Therefore, µ
−−→
BA1 + ν

−−→
CA1 = 0, i.e.,

BA1

CA1

= −ν

µ
.

Similarly,

CB1

AB1

= −λ

ν
and

AC1

BC1

= −µ

λ
.

By multiplying these three equalities we get the statement desired.
If lines AA1, BB1 and CC1 are parallel, in order to get the proof it suffices to notice that

BA1

CA1

=
BA

C1A
and

CB1

AB1

=
C1B

AB
.

Now, suppose that the indicated relation holds and prove that then lines AA1, BB1 and
CC1 intersect at one point. Let C∗

1 be the intersection point of line AB with the line that
passes through point C and the intersection point of lines AA1 and BB1. For point C∗

1 the
same relation as for point C1 holds. Therefore, C∗

1A : C∗
1B = C1A : C1B. Hence, C∗

1 = C1,
i.e., lines AA1, BB1 and CC1 meet at one point.
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It is also possible to verify that if the indicated relation holds and two of the lines AA1,
BB1 and CC1 are parallel, then the third line is also parallel to them.

5.71. Clearly, AB1 = AC1, BA1 = BC1 and CA1 = CB1, and, in the case of the
inscribed circle, on sides of triangle ABC, there are three points and in the case of an
escribed circle there is just one point on sides of triangle ABC. It remains to make use of
Ceva’s theorem.

5.72. Let AA1, BB1 and CC1 be heights of triangle ABC. Then

AC1

C1B
· BA1

A1C
· CB1

B1A
=

b cos ∠A

a cos ∠B
· c cos ∠B

b cos ∠C
· a cos ∠C

c cos ∠A
= 1.

5.73. Let A2, B2 and C2 be the midpoints of sides BC, CA and AB. The considered
lines pass through the vertices of triangle A2B2C2 and in heading a) they divide its sides
in the same ratios in which lines AP , BP and CP divide sides of triangle ABC whereas in
heading b) they divide them in the inverse ratios. It remains to make use of Ceva’s theorem.

5.74. Since △AC1B2 ∼ △BC1A1 and △AB1C2 ∼ △CB1A1, it follows that AB2 ·C1B =
AC1 · BA1 and AC2 · CB1 = A1C · B1A. Hence,

AB2

AC2

=
AC1

C1B
· BA1

A1C
· CB1

B1A
= 1.

5.75. Let lines AA1, BB1 and CC1 intersect lines BC, CA and AB at points A1, B2

and C2.
a) If ∠B + β < 180◦ and ∠C + γ < 180◦, then

BA2

A2C
=

SABA1

SACA1

=
AB · BA1 sin(∠B + β)

AC · CA1 sin(∠C + γ)
=

AB

AC
· sin γ

sin β
· sin(∠B + β)

sin(∠C + γ)
.

The latter expression is equal to BA2 : A2C in all the cases. Let us write similar expressions
for CB2 : B2A and AC2 : C2B and multiply them. Now it remains to make use of Ceva’s
theorem.

b) Point A2 lies outside segment BC only if precisely one of the angles β and γ is greater
than the corresponding angle ∠B or ∠C. Hence,

BA2

A2C
=

AB

AC
· sin γ

sin β
· sin(∠B − β)

sin(∠C − γ)
.

5.76. It is easy to verify that this problem is a particular case of Problem 5.75.

Remark. A similar statement is also true for an escribed circle.

5.77. The solution of the problem obviously follows from Ceva’s theorem.
5.78. By applying the sine theorem to triangles ACC1 and BCC1 we get

AC1

C1C
=

sin ∠ACC1

sin ∠A
and

CC1

C1B
=

sin ∠B

sin ∠C1CB
,

i.e.,
AC1

C1B
=

sin ∠ACC1

sin ∠C1CB
· sin ∠B

sin ∠A
.

Similarly,

BA1

A1C
=

sin ∠BAA1

sin ∠A1AC
· sin ∠C

sin ∠B
and

CB1

B1A
=

sin ∠CBB1

sin ∠B1BA
· sin ∠A

sin ∠C
.

To complete the proof it remains to multiply these equalities.

Remark. A similar statement is true for the ratios of oriented segments and angles in
the case when the points are taken on the extensions of sides.
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5.79. We may assume that points A2, B2 and C2 lie on the sides of triangle ABC. By
Problem 5.78

AC2

C2B
· BA2

A2C
· CB2

B2A
=

sin ∠ACC2

sin ∠C2CB
· sin ∠BAA2

sin ∠A2AC
· sin ∠CBB2

sin ∠B2BA
.

Since lines AA2, BB2 and CC2 are symmetric to lines AA1, BB1 and CC1, respectively,
through the bisectors, it follows that ∠ACC2 = ∠C1CB, ∠C2CB = ∠ACC1 etc., hence,

sin ∠ACC2

sin ∠C2CB
· sin ∠BAA2

sin ∠A2AC
· sin ∠CBB2

sin ∠B2BA
=

sin ∠C1CB

sin ∠ACC1

· sin ∠A1AC

sin ∠BAA1

· sin ∠B1BA

sin ∠CBB1

=

C1B

AC1

· A1C

BA1

· B1A

CB1

= 1.

Therefore,
AC2

C2B
· BA2

A2C
· CB2

B2A
= 1,

i.e., lines AA2, BB2 and CC2 meet at one point.

Remark. The statement holds also in the case when points A1, B1 and C1 are taken on
the extensions of sides if only point P does not lie on the circumscribed circle S of triangle
ABC; if P does lie on S, then lines AA2, BB2 and CC2 are parallel (cf. Problem 2.90).

5.80. Let diagonals AD and BE of the given hexagon ABCDEF meet at point P ; let
K and L be the midpoints of sides AB and ED, respectively. Since ABDE is a trapezoid,
segment KL passes through point P (by Problem 19.2). By the law of sines

sin ∠APK : sin ∠AKP = AK : AP and sin ∠BPK : sin ∠BKP = BK : BP.

Since sin ∠AKP = sin ∠BKP and AK = BK, we have

sin ∠APK : sin ∠BPK = BP : AP = BE : AD.

Similar relations can be also written for the segments that connect the midpoints of the
other two pairs of the opposite sides. By multiplying these relations and applying the result
of Problem 5.78 to the triangle formed by lines AD, BE and CF , we get the statement
desired.

5.81. Let us consider the homothety with center P and coefficient 2. Since PA1A3A2 is
a rectangle, this homothety sends line A1A2 into line la that passes through point A3; lines
la and A3P are symmetric through line A3A. Line A3A divides the angle B3A3C3 in halves
(Problem 1.56 a)).

We similarly prove that lines lb and lc are symmetric to lines B3P and C3P , respectively,
through bisectors of triangle A3B3C3. Therefore, lines la, lb and lc either meet at one point
or are parallel (Problem 1.79) and, therefore, lines A1A2, B1B2 and C1C2 meet at one point.

5.82. By Problems 5.78 and 5.70 b)) we have

sin ∠ASP

sin ∠PSD
· sin ∠DAP

sin ∠PAS
· sin ∠SDP

sin ∠PDA
= 1 =

sin ∠ASQ

sin ∠QSD
· sin ∠DAQ

sin ∠QAS
· sin ∠SDQ

sin ∠QDA
.

But

∠DAP = ∠SDQ, ∠SDP = ∠DAQ, ∠PAS = ∠QDA and ∠PDA = ∠QAS.

Hence,
sin ∠ASP

sin ∠PSD
=

sin ∠ASQ

sin ∠QSD
.
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This implies that points S, P and Q lie on one line, since the function sin(α−x)
sin x

is monotonous
with respect to x: indeed,

d

dx

(

sin(α − x)

sin x

)

= − sin α

sin2 x
.

5.83. a) By Ceva’s theorem

AC1

C1B
=

CA1

A1B
· AB1

B1C

and by the law of sines

CA1 = CA sin ∠CAA1

sin ∠AA1B
, A1B = AB sin ∠BAA1

sin ∠AA1B
,

AB1 = AB sin ∠ABB1

sin ∠AB1B
, B1C = BC sin ∠CBB1

sin ∠AB1B
.

Substituting the last four identities in the first identity and taking into account that AC =
BC, we get the statement desired.

b) Let us denote the intersection points of lines CM and CN with base AB by M1

and N1, respectively. We have to prove that M1 = N1. From heading a) it follows that
AM1 : M1B = AN1 : N1B, i.e., M1 = N1.

5.84. Let segments BM and BN meet side AC at points P and Q, respectively. Then

sin ∠PBB1

sin PBA
=

sin ∠PBB1

sin ∠BPB1

· sin ∠APB

sin ∠PBA
=

PB

BB1

· AB

PA
.

If O is the intersection point of bisectors of triangle ABC, then AP
PB1

· B1O
OB

· BC1

C1A
= 1 and,

therefore,
sin ∠PBB1

sin ∠PBA
=

AB

BB1

· B1O

OB
· BC1

C1A
.

Observe that BC1 : C1A = BC : CA and perform similar calculations for sin∠QBB1 :
sin ∠QBC; we deduce that

sin ∠PBB1

sin ∠PBA
=

sin ∠QBB1

sin ∠QBC
.

Since ∠ABB1 = ∠CBB1, we have: ∠PBB1 = ∠QBB1.
5.85. a) Let point P lie on arc ⌣ AC of the circumscribed circle of triangle ABC; let

A1, B1 and C1 be the bases of perpendiculars dropped from point P to lines BC, CA and
AB. The sum of angles at vertices A1 and C1 of quadrilateral A1BC1P is equal to 180◦,
hence, ∠A1PC1 = 180◦ −∠B = ∠APC. Therefore, ∠APC1 = ∠A1PC, where one of points
A1 and C1 (say, A1) lies on a side of the triangle and the other point lies on the extension
of a side. Quadrilaterals AB1PC1 and A1B1PC are inscribed ones, hence,

∠AB1C1 = ∠APC1 = ∠A1PC = ∠A1B1C

and, therefore, point B1 lies on segment A1C1.
b) By the same arguments as in heading a) we get

∠(AP,PC1) = ∠(AB1, B1C) = ∠(CB1, B1A1) = ∠(CP, PA1).

Add ∠(PC1, PC) to ∠(AP,PC1); we get

∠(AP,PC) = ∠(PC1, PA1) = ∠(BC1, BA1) = ∠(AB,BC),

i.e., point P lies on the circumscribed circle of triangle ABC.
5.86. Let A1, B1 and C1 be the midpoints of segments PA, PB and PC, respectively;

let Oa, Ob and Oc be the centers of the circumscribed circles of triangles BCP , ACP and
ABP , respectively. Points A1, B1 and C1 are the bases of perpendiculars dropped from point
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P to sides of triangle OaObOc (or their extensions). Points A1, B1 and C1 lie on one line,
hence, point P lies on the circumscribed circle of triangle OaOcOc (cf. Problem 5.85, b).

5.87. Let the extension of the bisector AD intersect the circumscribed circle of triangle
ABC at point P . Let us drop from point P perpendiculars PA1, PB1 and PC1 to lines
BC, CA and AB, respectively; clearly, A1 is the midpoint of segment BC. The homothety
centered at A that sends P to D sends points B1 and C1 to B′ and C ′ and, therefore, it
sends point A1 to M , because M(???) lies on line B1C1 and PA1 ‖ DM .

5.88. a) The solution of Problem 5.85 can be adapted without changes to this case.
b) Let A1 and B1 be the bases of perpendiculars dropped from point P to lines BC and

CA, respectively, and let points A2 and B2 from lines BC and AC, respectively, be such
that ∠(PA2, BC) = α = ∠(PB2, AC). Then △PA1A2 ∼ △PB1B2 hence, points A1 and B1

turn under a rotational homothety centered at P into A2 and B2 and ∠A1PA2 = 90◦ − α is
the angle of the rotation.

5.89. a) Let the angle between lines PC and AC be equal to ϕ. Then PA = 2R sin ϕ.
Since points A1 and B1 lie on the circle with diameter PC, the angle between lines PA1 and
A1B1 is also equal to ϕ. Hence, PA1 = d

sin ϕ
and, therefore, PA · PA1 = 2Rd.

b) Since PA1 ⊥ BC, it follows that cos α = sin ϕ = d
PA1

. It remains to notice that

PA1 = 2Rd
PA

.
5.90. Points A1 and B1 lie on the circle with diameter PC, hence, A1B1 = PC sin ∠A1CB1 =

PC sin ∠C. Let the angle between lines AB and A1B1 be equal to γ and C1 be the projection
of point P to line A1B1. Lines A1B1 and B1C1 coincide, hence, cos γ = PC

2R
(cf. Problem

5.89). Therefore, the length of the projection of segment AB to line A1B1 is equal to

AB cos γ =
(2R sin ∠C)PC

2R
= PC sin ∠C.

5.91. Let A1 and B1 be the bases of perpendiculars dropped from point P to lines BC and
AC. Points A1 and B1 lie on the circle with diameter PC. Since sin ∠A1CB1 = sin ∠ACB,
the chords A1B1 of this circle are of the same length. Therefore, lines A1B1 are tangent to
a fixed circle.

5.92. Let A1 and B1 be the bases of perpendiculars dropped from point P to lines BC
and CA. Then

∠(A1B1, PB1) = ∠(A1C,PC) =
⌣ BP

2
.

It is also clear that for all points P lines PB1 have the same direction.
5.93. Let P1 and P2 be diametrically opposite points of the circumscribed circle of

triangle ABC; let Ai and Bi be the bases of perpendiculars dropped from point Pi to lines BC
and AC, respectively; let M and N be the midpoints of sides AC and BC, respectively; let
X be the intersection point of lines A1B1 and A2B2, respectively. By Problem 5.92 A1B1 ⊥
A2B2. It remains to verify that ∠(MX,XN) = ∠(BC,AC). Since AB2 = B1C, it follows
that XM is a median of right triangle B1XB2. Hence, ∠(XM,XB2) = ∠(XB2, B2M).

Similarly, ∠(XA1, XN) = ∠(A1N,XA1). Therefore,

∠(MX,XN) = ∠(XM,XB2) + ∠(XB2, XA1) + ∠(XA1, XN) =

∠(XB2, B2M) + ∠(A1N,XA1) + 90◦.

Since

∠(XB2, B2M) + ∠(AC,CB) + ∠(NA1, A1X) + 90◦ = 0◦,

we have: ∠(MN,XN) + ∠(AC,CB) = 0◦.
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5.94. If point R on the given circle is such that ∠(
−→
OP,

−→
OR) = 1

2
(β +γ), then OR ⊥ BC.

It remains to verify that ∠(OR,OQ) = ∠(PA1, A1B1). But ∠(OR,OQ) = 1
2
α and

∠(PA1, A1B1) = ∠(PB,BC1) =
∠(

−→
OP,

−→
OA)

2
=

α

2
.

5.95. Let lines AC and PQ meet at point M . In triangle MPC draw heights PB1

and CA1. Then A1B1 is Simson’s line of point P with respect to triangle ABC. More-
over, by Problem 1.52 ∠(MB1, B1A1) = ∠(CP, PM). It is also clear that ∠(CP, PM) =
∠(CA,AQ) = ∠(MB1, AQ). Hence, A1B1 ‖ AQ.

5.96. Let us draw chord PQ perpendicular to BC. Let points H ′ and P ′ be symmetric
to points H and P , respectively, through line BC; point H ′ lies on the circumscribed circle
of triangle ABC (Problem 5.9). First, let us prove that AQ ‖ P ′H. Indeed, ∠(AH ′, AQ) =
∠(PH ′, PQ) = ∠(AH ′, P ′H). Simson’s line of point P is parallel to AQ (Problem 5.95),
i.e., it passes through the midpoint of side PP ′ of triangle PP ′H and is parallel to side P ′H;
hence, it passes through the midpoint of side PH.

5.97. Let Ha, Hb, Hc and Hd be the orthocenters of triangles BCD, CDA, DAB and
ABC, respectively. Lines la, lb, lc and ld pass through the midpoints of segments AHa, BHb,
CHc and DHd, respectively (cf. Problem 5.96). The midpoints of these segments coincide

with point H such that 2
−−→
OH =

−→
OA +

−−→
OB +

−→
OC +

−−→
OD, where O is the center of the circle

(cf. Problem 13.33).
5.98. a) Let B1, C1 and D1 be the projections of point P to lines AB, AC and AD,

respectively. Points B1, C1 and D1 lie on the circle with diameter AP . Lines B1C1, C1D1

and D1B1 are Simson’s lines of point P with respect to triangles ABC, ACD and ADB,
respectively. Therefore, projections of point P to Simson’s lines of these triangles lie on one
line — Simson’s line of triangle B1C1D1.

We similarly prove that any triple of considered points lies on one line.
b) Let P be a point of the circumscribed circle of n-gon A1 . . . An; let B2, B3, . . . , Bn be

the projections of point P to lines A1A2, . . . , A1An, respectively. Points B2, . . . , Bn lie on
the circle with diameter A1P .

Let us prove by induction that Simson’s line of point P with respect to n-gon A1 . . . An

coincides with Simson’s line of point P with respect to (n− 1)-gon B2 . . . Bn (for n = 4 this
had been proved in heading a)). By the inductive hypothesis Simson’s line of the (n−1)-gon
A1A3 . . . An coincides with Simson’s line of (n − 2)-gon B3 . . . Bn. Hence, the projections of
point P to Simson’s line of (n− 1)-gons whose vertices are obtained by consecutive deleting
points A2, . . . , An from the collection A1, . . . , An ????? lie on Simson’s line of the (n−1)-gon
B2 . . . Bn. The projection of point P to Simson’s line of the (n − 1)-gon A2 . . . An lies on
the same line, because our arguments show that any n − 1 of the considered n points of
projections lie on one line.

5.99. Points B1 and C1 lie on the circle with diameter AP . Hence, B1C1 = AP sin ∠B1AC1 =
AP

(

BC
2R

)

.
5.100. This problem is a particular case of Problem 2.43.
5.101. Clearly,

∠C1AP = ∠C1B1P = ∠A2B1P = ∠A2C2P = ∠B3C2P = ∠B3A3P.

(The first, third and fifth equalities are obtained from the fact that the corresponding quadri-
laterals are inscribed ones; the remaining equalities are obvious.) Similarly, ∠B1AP =
∠C3A3P . Hence,

∠B3A3C3 = ∠B3A3P + ∠C3A3P = ∠C1AP + ∠BAP = ∠BAC.
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Similarly, the equalities of the remaining angles of triangles ABC and A3B3C3 are similarly
obtained.

5.102. Let A1, B1 and C1 be the bases of perpendiculars dropped from point P to lines
BC, CA and AB, respectively; let A2, B2 and C2 be the intersection points of lines PA,
PB and PC, respectively, with the circumscribed circle of triangle ABC. Further, let S, S1

and S2 be areas of triangles ABC, A1B1C1 and A2B2C2, respectively. It is easy to verify
that a1 = a·AP

2R
(Problem 5.99) and a2 = a·B2P

CP
. Triangles A1B1C1 and A2B2C2 are similar

(Problem 5.100); hence, S1

S2
= k2, where k = a1

a2
= AP ·CP

2R·B2P
. Since B2P · BP = |d2 − R2|, we

have:
S1

S2

=
(AP · BP · CP )2

4R2(d2 − R2)2
.

Triangles A2B2C2 and ABC are inscribed in one circle, hence, S2

S
= a2b2c2

abc
(cf. Problem

12.1). It is also clear that, for instance,

a2

a
=

B2P

CP
=

|d2 − R2|
BP · CP

.

Therefore,
S2 : S = |d2 − R2|3 : (AP · BP · CP )2.

Hence,
S1

S
=

S1

S2

· S2

S
=

|d2 − R2|
4R2

.

5.103. Points B1 and C1 lie on the circle with diameter PA and, therefore, the midpoint
of segment PA is the center of the circumscribed circle of triangle AB1C1. Consequenly, la
is the midperpendicular to segment B1C1. Hence, lines la, lb and lc pass through the center
of the circumscribed circle of triangle A1B1C1.

5.104. a) Let us drop from points P1 and P2 perpendiculars P1B1 and P2B2, respectively,
to AC and perpendiculars P1C1 and P2C2 to AB. Let us prove that points B1, B2, C1 and
C2 lie on one circle. Indeed,

∠P1B1C1 = ∠P1AC1 = ∠P2AB2 = ∠P2C2B2;

and, since ∠P1B1A = ∠P2C2A, it follows that ∠C1B1A = ∠B2C2A. The center of the
circle on which the indicated points lie is the intersection point of the midperpendiculars to
segments B1B2 and C1C2; observe that both these perpendiculars pass through the midpoint
O of segment P1P2, i.e., O is the center of this circle. In particular, points B1 and C1 are
equidistant from point O. Similarly, points A1 and B1 are equidistant from point O, i.e., O
is the center of the circumscribed circle of triangle A1B1C1. Moreover, OB1 = OB2.

b) The preceding proof passes virtually without changes in this case as well.
5.105. Let A1, B1 and C1 be the midpoints of sides BC, CA and AB. Triangles A1B1C1

and ABC are similar and the similarity coefficient is equal to 2. The heights of triangle
A1B1C1 intersect at point O; hence, OA1 : HA = 1 : 2. Let M ′ be the intersection point of
segments OH and AA1. Then OM ′ : M ′H = OA1 : HA = 1 : 2 and AM ′ : M ′A1 = OA1 :
HA = 1 : 2, i.e., M ′ = M .

5.106. Let A1, B1 and C1 be the midpoints of sides BC, CA and AB, respectively; let
A2, B2 and C2 the bases of heights; A3, B3 and C3 the midpoints of segments that connect
the intersection point of heights with vertices. Since A2C1 = C1A = A1B1 and A1A2 ‖ B1C1,
point A2 lies on the circumscribed circle of triangle A1B1C1. Similarly, points B2 and C2 lie
on the circumscribed circle of triangle A1B1C1.

Now, consider circle S with diameter A1A3. Since A1B3 ‖ CC2 and A3B3 ‖ AB, it follows
that ∠A1B3A3 = 90◦ and, therefore, point B3 lies on S. We similarly prove that points C1,
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B1 and C3 lie on S. Circle S passes through the vertices of triangle A1B1C1; hence, it is its
circumscribed circle.

The homothety with center H and coefficient 1
2

sends the circumscribed circle of trian-
gle ABC into the circumscribed circle of triangle A3B3C3, i.e., into the circle of 9 points.
Therefore, this homothety sends point O into the center of the circle of nine points.

5.107. a) Let us prove that, for example, triangles ABC and HBC share the same circle
of nine points. Indeed, the circles of nine points of these triangles pass through the midpoint
of side BC and the midpoints of segments BH and CH.

b) Euler’s line passes through the center of the circle of 9 points and these triangles share
one circle of nine points.

c) The center of symmetry is the center of the circle of 9 points of these triangles.
5.108. Let AB > BC > CA. It is easy to verify that for an acute and an obtuse

triangles the intersection point H of heights and the center O of the circumscribed circle
are positioned precisely as on Fig. 59 (i.e., for an acute triangle point O lies inside triangle
BHC1 and for an acute triangle points O and B lie on one side of line CH).

Figure 59 (Sol. 5.108)

Therefore, in an acute triangle Euler’s line intersects the longest side AB and the shortest
side AC, whereas in an acute triangle it intersects the longest side AB, and side BC of
intermediate length.

5.109. a) Let Oa, Ob and Oc be the centers of the escribed circles of triangle ABC. The
vertices of triangle ABC are the bases of the heights of triangle OaObOc (Problem 5.2) and,
therefore, the circle of 9 points of triangle OaObOc passes through point A, B and C.

b) Let O be the intersection point of heights of triangle OaObOc, i.e., the intersection
point of the bisectors of triangle ABC. The circle of 9 points of triangle OaObOc divides
segment OOa in halves.

5.110. Let AA1 be an height, H the intersection point of heights. By Problem 5.45 b)
AH = 2R| cos ∠A|. The medians are divided by their intersection point in the ratio of 1:2,

hence, Euler’s line is parallel to BC if and only if AH : AA1 = 2 : 3 and vectors
−−→
AH and−−→

AA1 are codirected, i.e.,

2R cos ∠A : 2R sin ∠B sin ∠C = 2 : 3.

Taking into account that

cos ∠A = − cos(∠B + ∠C) = sin ∠B sin ∠C − cos ∠B cos ∠C

we get
sin ∠B sin ∠C = 3 cos ∠B cos ∠C.

5.111. Let CD be a height, O the center of the circumscribed circle, N the midpoint of
side AB and let point E divide the segment that connects C with the intersection point of the
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heights in halves. Then CENO is a parallelogram, hence, ∠NED = ∠OCH = |∠A − ∠B|
(cf. Problem 2.88). Points N , E and D lie on the circle of 9 points, hence, segment ND is
seen from its center under an angle of 2∠NED = 2|∠A − ∠B|.

5.112. Let O and I be the centers of the circumscribed and inscribed circles, respectively,
of triangle ABC, let H be the intersection point of the heights; lines AI and BI intersect
the circumscribed circle at points A1 and B1. Suppose that triangle ABC is not an isosceles
one. Then OI : IH = OA1 : AH and OI : IH = OB1 : BH. Since OB1 = OA1, we see that
AH = BH and, therefore, AC = BC. Contradiction.

5.113. Let O and I be the centers of the circumscribed and inscribed circles, respectively,
of triangle ABC, H the orthocenter of triangle A1B1C1. In triangle A1B1C1, draw heights
A1A2, B1B2 and C1C2. Triangle A1B1C1 is an acute one (e.g., ∠B1A1C1 = ∠B+∠C

2
< 90◦),

hence, H is the center of the inscribed circle of triangle A2B2C2 (cf. Problem 1.56, a).
The corresponding sides of triangles ABC and A2B2C2 are parallel (cf. Problem 1.54 a)
and, therefore, there exists a homothety that sends triangle ABC to triangle A2B2C2. This
homothety sends point O to point I and point I to point H; hence, line IH passes through
point O.

5.114. Let H be be the intersection point of the heights of triangle ABC, let E and M
be the midpoints of segments CH and AB, see Fig. 60. Then C1MC2E is a rectangle.

Figure 60 (Sol. 5.114)

Let line CC2 meet line AB at point C3. Let us prove that AC3 : C3B = tan 2α : tan 2β.
It is easy to verify that

C3M : C2E = MC2 : EC, EC = R cos γ,
MC2 = C1E = 2R sin α sin β − R cos γ

and C2E = MC1 = R sin(β − α)

Hence,

C3M =
R sin(β − α)(2 sin β sin α − cos γ)

cos γ
=

R sin(β − α) cos(β − α)

cos γ
.

Therefore,

AC3

C3B
=

AM + MC3

C3M + MB
=

sin 2γ + sin 2(α − β)

sin 2γ − sin 2(α − β)
=

tan 2α

tan 2β
.

Similar arguments show that

AC3

C3B
· BA3

A3C
· CB3

B3A
=

tan 2α

tan 2β
· tan 2β

tan 2γ
· tan 2γ

tan 2α
= 1.

5.115. Let us solve a more general heading b). First, let us prove that lines AA1, BB1

and CC1 meet at one point. Let the circumscribed circles of triangles A1BC and AB1C
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intersect at point O. Then

∠(BO,OA) = ∠(BO,OC) + ∠(OC,OA) = ∠(BA1, A1C) + ∠(CB1, B1A) =
= ∠(BA,AC1) + ∠(C1B,BA) = ∠(C1B,AC1),

i.e., the circumscribed circle of triangle ABC1 also passes through point O. Hence,

∠(AO,OA1) = ∠(AO,OB) + ∠(BO,OA1) = ∠(AC1, C1B + ∠(BC,CA1) = 0◦,

i.e., line AA1 passes through point O. We similarly prove that lines BB1 and CC1 pass
through point O.

Now, let us prove that point O coincides with point P we are looking for. Since ∠BAP =
∠A−∠CAP , the equality ∠ABP = ∠CAP is equivalent to the equality ∠BAP +∠ABP =
∠A, i.e., ∠APB = ∠B + ∠C. For point O the latter equality is obvious since it lies on the
circumscribed circle of triangle ABC1.

5.116. a) Let us prove that ⌣ AB =⌣ B1C1, i.e., AB = B1C1. Indeed, ⌣ AB =⌣
AC1+ ⌣ C1B and ⌣ C1B =⌣ AB1; hence, ⌣ AB =⌣ AC1+ ⌣ AB1 =⌣ B1C1.

b) Let us assume that triangles ABC and A1B1C1 are inscribed in one circle, where
triangle ABC is fixed and triangle A1B1C1 rotates. Lines AA1, BB1 and CC1 meet at one
point for not more than one position of triangle A1B1C1, see Problem 7.20 b). We can obtain
12 distinct families of triangles A1B1C1: triangles ABC and A1B1C1 can be identified after
a rotation or an axial symmetry; moreover, there are 6 distinct ways to associate symbols
A1, B1 and C1 to the vertices of the triangle.

From these 12 families of triangles 4 families can never produce the desired point P . For
similarly oriented triangles the cases

△ABC = △A1C1B1, △ABC = △C1B1A1, △ABC = △B1A1C1

are excluded: for example, if △ABC = △A1C1B1, then point P is the intersection point of
line BC = B1C1 with the tangent to the circle at point A = A1; in this case triangles ABC
and A1B1C1 coincide.

For differently oriented triangles the case △ABC = △A1B1C1 is excluded: in this case
AA1 ‖ BB1 ‖ CC1.

Remark. Brokar’s points correspond to differently oriented triangles; for the first Brokar’s
point △ABC = △B1C1A1 and for the second Brokar’s point we have △ABC = △C1A1B1.

5.117. a) Since PC = AC sin ∠CAP
sin ∠APC

and PC = BC sin ∠CBP
sin ∠BPC

, it follows that

sin ϕ sin β

sin γ
=

sin(β − ϕ) sin α

sin β
.

Taking into account that

sin(β − γ) = sin β cos ϕ − cos β sin ϕ

we get cot ϕ = cot β + sin β
sin α sin γ

. It remains to notice that

sin β = sin(α + γ) = sin α cos γ + sin γ cos α.

b) For the second Brokar’s angle we get precisely the same expression as in heading a).
It is also clear that both Brokar’s angles are acute ones.

c) Since ∠A1BC = ∠BCA and ∠BCA1 = ∠CAB, it follows that △CA1B ∼ △ABC.
Therefore, Brokar’s point P lies on segment AA1 (cf. Problem 5.115 b)).

5.118. a) By Problem 10.38 a)

cot ϕ = cot α + cot β + cot γ ≥
√

3 = cot 30◦;

hence, ϕ ≤ 30◦.
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b) Let P be the first Brokar’s point of triangle ABC. Point M lies inside (or on the
boundary of) one of the triangles ABP , BCP and CAP . If, for example, point M lies inside
triangle ABP , then ∠ABM ≤ ∠ABP ≤ 30◦.

5.119. Lines A1B1, B1C1 and C1A1 are the midperpendiculars to segments AQ, BQ and
CQ, respectively. Therefore, we have, for instance, ∠B1A1C1 = 180◦ − ∠AQC = ∠A. For
the other angles the proof is similar.

Moreover, lines A1O, B1O and C1O are the midperpendiculars to segments CA, AB
and BC, respectively. Hence, acute angles ∠OA1C1 and ∠ACQ, for example, have pair-
wise perpendicular sides and, consecutively, they are equal. Similar arguments show that
∠OA1C1 = ∠OB1A1 = ∠OC1B1 = ϕ, where ϕ is the Brokar’s angle of triangle ABC.

5.120. By the law of sines

R1 =
AB

2 sin ∠APB
, R2 =

BC

2 sin ∠BPC
and R3 =

CA

2 sin ∠CPA
.

It is also clear that

sin ∠APB = sin ∠A, sin ∠BPC = sin ∠B and sin ∠CPA = sin ∠C.

5.121. Triangle ABC1 is an isosceles one and the angle at its base AB is equal to
Brokar’s angle ϕ. Hence, ∠(PC1, C1Q) = ∠(BC1, C1A) = 2ϕ. Similarly

∠(PA1, A1Q) = ∠(PB1, B1Q) = ∠(PC1, C1Q) = 2ϕ.

5.122. Since ∠CA1B1 = ∠A + ∠AB1A1 and ∠AB1A1 = ∠CA1C1, we have ∠B1A1C1 =
∠A. We similarly prove that the remaining angles of triangles ABC and A1B1C1 are equal.

The circumscribed circles of triangles AA1B1, BB1C1 and CC1A1 meet at one point O.
(Problem 2.80 a). Clearly, ∠AOA1 = ∠AB1A1 = ϕ. Similarly, ∠BOB1 = ∠COC1 = ϕ.
Hence, ∠AOB = ∠A1OB1 = 180◦−∠A. Similarly, ∠BOC = 180◦−∠B and ∠COA = 180◦−
∠C, i.e., O is the first Brokar’s point of both triangles. Hence, the rotational homothety by
angle ϕ with center O and coefficient AO

A1O
sends triangle A1B1C1 to triangle ABC.

5.123. By the law of sines AB
BM

= sin ∠AMB
sin ∠BAM

and AB
BN

= sin ∠ANB
sin ∠BAN

. Hence,

AB2

BM · BN
=

sin ∠AMB sin ∠ANB

sin ∠BAM sin ∠BAN
=

sin ∠AMC sin ∠ANC

sin ∠CAN sin ∠CAM
=

AC2

CM · CN
.

5.124. Since ∠BAS = ∠CAM , we have

BS

CM
=

SBAS

SCAM

=
AB · AS

AC · AM
,

i.e., AS
AM

= 2b·BS
ac

. It remains to observe that, as follows from Problems 5.123 and 12.11 a),

BS = ac2

b2+c2
and 2AM =

√
2b2 + 2c2 − a2.

5.125. The symmetry through the bisector of angle A sends segment B1C1 into a segment
parallel to side BC, it sends line AS to line AM , where M is the midpoint of side BC.

5.126. On segments BC and BA, take points A1 and C1, respectively, so that A1C1 ‖
BK. Since ∠BAC = ∠CBK = ∠BA1C1, segment A1C1 is antiparallel to side AC. On the
other hand, by Problem 3.31 b) line BD divides segment A1C1 in halves.

5.127. It suffices to make use of the result of Problem 3.30.
5.128. Let AP be the common chord of the considered circles, Q the intersection point

of lines AP and BC. Then

BQ

AB
=

sin ∠BAQ

sin ∠AQB
and

AC

CQ
=

sin ∠AQC

sin ∠CAQ
.
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Hence, BQ
CQ

= AB sin ∠BAP
AC sin ∠CAP

. Since AC and AB are tangents to circles S1 and S2, it follows that

∠CAP = ∠ABP and ∠BAP = ∠ACP and, therefore, ∠APB = ∠APC. Hence,

AB

AC
=

AB

AP
· AP

AC
=

sin ∠APB

sin ∠ABP
· sin ∠ACP

sin ∠APC
=

sin ∠ACP

sin ∠ABP
=

sin ∠BAP

sin ∠CAP
.

It follows that BQ
CQ

= AB2

AC2 .

5.129. Let S be the intersection point of lines AX and BC. Then AS
AB

= CS
CX

and
AS
AC

= BSBX and, therefore,
CS

BS
=

AC

AB
· XC

XB
.

It remains to observe that XC
XB

= AC
AB

(see the solution of Problem 7.16 a)).
5.130. Let L, M and N be the midpoints of segments CA,CB and CH. Since △BAC ∼

△CAH, it follows that △BAM ∼ △CAN and, therefore, ∠BAM = ∠CAN . Similarly,
∠ABL = ∠CBN .

5.131. Let B1C1, C2A2 and A3B3 be given segments. Then triangles A2XA3, B1XB3

and C1XC2 are isosceles ones; let the lengths of their lateral sides be equal to a, b and c.
Line AX divides segment B1C1 in halves if and only if this line contains a simedian. Hence,
if X is Lemoin’s point, then a = b, b = c and c = a. And if B1C1 = C2A2 = A3B3, then
b + c = c + a = a + b and, therefore, a = b = c.

5.132. Let M be the intersection point of medians of triangle ABC; let a1, b2, c1 and a2,
b2, c2 be the distances from points K and M , respectively, to the sides of the triangle. Since
points K and M are isogonally conjugate, a1a2 = b1b2 = c1c2. Moreover, aa2 = bb2 = cc2

(cf. Problem 4.1). Therefore, a
a1

= b
b1

= c
c1

. Making use of this equality and taking into

account that areas of triangles A1B1K, B1C1K and C1A1K are equal to a1b1c
4R

, b1c1a
4R

and c1a1b
4R

,
respectively, where R is the radius of the circumscribed circle of triangle ABC, we deduce
that the areas of these triangles are equal. Moreover, point K lies inside triangle A1B1C1.
Therefore, K is the intersection point of medians of triangle A1B1C1 (cf. Problem 4.2).

5.133. Medians of triangle A1B1C1 intersect at point K (Problem 5.132); hence, the
sides of triangle ABC are perpendicular to the medians of triangle A1B1C1. After a rotation
through an angle of 90◦ the sides of triangle ABC become pairwise parallel to the medians
of triangle A1B1C1 and, therefore, the medians of triangle ABC become parallel to the
corresponding sides of triangle A1B1C1 (cf. Problem 13.2). Hence, the medians of triangle
ABC are perpendicular to the corresponding sides of triangle A1B1C1.

5.134. Let A2, B2 and C2 be the projections of point K to lines BC, CA and AB,
respectively. Then △A1B1C1 ∼ △A2B2C2 (Problem 5.100) and K is the intersection point
of medians of triangle A2B2C2 (Problem 5.132). Hence, the similarity transformation that
sends triangle A2B2C2 to triangle A1B1C1 sends point K to the intersection point M of
medians of triangle A1B1C1. Moreover, ∠KA2C2 = ∠KBC2 = ∠B1A1K, i.e., points K and
M are isogonally conjugate with respect to triangle A1B1C1 and, therefore, K is Lemoin’s
point of triangle A1B1C1.

5.135. Let K be Lemoin’s point of triangle ABC; let A1, B1 and C1 be the projections
of point K on the sides of triangle ABC; let L be the midpoint of segment B1C1 and N
the intersection point of line KL and median AM ; let O be the midpoint of segment AK
(Fig. 61). Points B1 and C1 lie on the circle with diameter AK, hence, by Problem 5.132
OL ⊥ B1C1. Moreover, AN ⊥ B1C1 (Problem 5.133) and O is the midpoint of segment
AK, consequently, OL is the midline of triangle AKN and KL = LN . Therefore, K is
the midpoint of segment A1N . It remains to notice that the homothety with center M that
sends N to A sends segment NA1 to height AH.
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Figure 61 (Sol. 5.135)



Chapter 6. POLYGONS

Background

1) A polygon is called a convex one if it lies on one side of any line that connects two of
its neighbouring vertices.

2) A convex polygon is called a circumscribed one if all its sides are tangent to a circle.
A convex quadrilateral is a circumscribed one if and only if AB + CD = BC + AD.

A convex polygon is called an inscribed one if all its vertices lie on one circle. A convex
quadrilateral is an inscribed one if and only if

∠ABC + ∠CDA = ∠DAB + ∠BCD.

3) A convex polygon is called a regular one if all its sides are equal and all its angles are
also equal.

A convex n-gon is a regular one if and only if under a rotation by the angle of 2π
n

with
center at point O it turns into itself. This point O is called the center of the regular polygon.

Introductory problems

1. Prove that a convex quadrilateral ABCD can be inscribed into a circle if and only if
∠ABC + ∠CDA = 180◦.

2. Prove that a circle can be inscribed in a convex quadrilateral ABCD if and only if
AB + CD = BC + AD.

3. a) Prove that the axes of symmetry of a regular polygon meet at one point.
b) Prove that a regular 2n-gon has a center of symmetry.
4. a) Prove that the sum of the angles at the vertices of a convex n-gon is equal to

(n − 2) · 180◦.
b) A convex n-gon is divided by nonintersecting diagonals into triangles. Prove that the

number of these triangles is equal to n − 2.

§1. The inscribed and circumscribed quadrilaterals

6.1. Prove that if the center of the circle inscribed in a quadrilateral coincides with the
intersection point of the quadrilateral’s diagonals, then this quadrilateral is a rhombus.

6.2. Quadrilateral ABCD is circumscribed about a circle centered at O. Prove that
∠AOB + ∠COD = 180◦.

6.3. Prove that if there exists a circle tangent to all the sides of a convex quadrilateral
ABCD and a circle tangent to the extensions of all its sides then the diagonals of such a
quadrilateral are perpendicular.

6.4. A circle singles out equal chords on all the four sides of a quadrilateral. Prove that
a circle can be inscribed into this quadrilateral.

6.5. Prove that if a circle can be inscribed into a quadrilateral, then the center of this
circle lies on one line with the centers of the diagonals.

137
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6.6. Quadrilateral ABCD is circumscribed about a circle centered at O. In triangle
AOB heights AA1 and BB1 are drawn. In triangle COD heights CC1 and DD1 are drawn.
Prove that points A1, B1, C1 and D1 lie on one line.

6.7. The angles at base AD of trapezoid ABCD are equal to 2α and 2β. Prove that the
trapezoid is a circumscribed one if and only if BC

AD
= tan α tan β.

6.8. In triangle ABC, segments PQ and RS parallel to side AC and a segment BM are
drawn as plotted on Fig. 62. Trapezoids RPKL and MLSC are circumscribed ones. Prove
that trapezoid APQC is also a circumscribed one.

Figure 62 (6.8)

6.9. Given convex quadrilateral ABCD such that rays AB and CD intersects at a
point P and rays BC and AD intersect at a point Q. Prove that quadrilateral ABCD is a
circumscribed one if and only if one of the following conditions hold:

AB + CD = BC + AD, AP + CQ = AQ + CP BP + BQ = DP + DQ.

6.10. Through the intersection points of the extension of sides of convex quadrilateral
ABCD two lines are drawn that divide it into four quadrilaterals. Prove that if the quadri-
laterals adjacent to vertices B and D are circumscribed ones, then quadrilateral ABCD is
also a circumscribed one.

6.11. Prove that the intersection point of the diagonals of a circumscribed quadrilateral
coincides with the intersection point of the diagonals of the quadrilateral whose vertices are
the tangent points of the sides of the initial quadrilateral with the inscribed circle.

* * *

6.12. Quadrilateral ABCD is an inscribed one; Hc and Hd are the orthocenters of
triangles ABD and ABC respectively. Prove that CDHcHd is a parallelogram.

6.13. Quadrilateral ABCD is an inscribed one. Prove that the centers of the inscribed
circles of triangles ABC, BCD, CDA and DAB are the vertices of a rectangle.

6.14. The extensions of the sides of quadrilateral ABCD inscribed in a circle centered
at O intersect at points P and Q and its diagonals intersect at point S.

a) The distances from points P , Q and S to point O are equal to p, q and s, respectively,
and the radius of the circumscribed circle is equal to R. Find the lengths of the sides of
triangle PQS.

b) Prove that the heights of triangle PQS intersect at point O.

* * *

6.15. Diagonal AC divides quadrilateral ABCD into two triangles whose inscribed
circles are tangent to diagonal AC at one point. Prove that the inscribed circles of triangle
ABD and BCD are also tangent to diagonal BD at one point and their tangent points with
the sides of the quadrilateral lie on one circle.
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6.16. Prove that the projections of the intersection point of the diagonals of the inscribed
quadrilateral to its sides are vertices of a circumscribed quadrilateral only if the projections
do not lie on the extensions of the sides.

6.17. Prove that if the diagonals of a quadrilateral are perpendicular, then the pro-
jections of the intersection points of the diagonals on its sides are vertices of an inscribed
quadrilateral.

See also Problem 13.33, 13.34, 16.4.

§2. Quadrilaterals

6.18. The angle between sides AB and CD of quadrilateral ABCD is equal to ϕ. Prove
that

AD2 = AB2 + BC2 + CD2 − 2(AB · BC cos B + BC · CD cos C + CD · AB cos ϕ).

6.19. In quadrilateral ABCD, sides AB and CD are equal and rays AB and DC intersect
at point O. Prove that the line that connects the midpoints of the diagonals is perpendicular
to the bisector of angle AOD.

6.20. On sides BC and AD of quadrilateral ABCD, points M and N , respectively, are
taken so that BM : MC = AN : ND = AB : CD. Rays AB and DC intersect at point O.
Prove that line MN is parallel to the bisector of angle AOD.

6.21. Prove that the bisectors of the angles of a convex quadrilateral form an inscribed
quadrilateral.

6.22. Two distinct parallelograms ABCD and A1B1C1D1 with corresponding parallel
sides are inscribed into quadrilateral PQRS (points A and A1 lie on side PQ, points B and
B1 lie on side QR, etc.). Prove that the diagonals of the quadrilateral are parallel to the
corresponding sides of the parallelograms.

6.23. The midpoints M and N of diagonals AC and BD of convex quadrilateral ABCD
do not coincide. Line MN intersects sides AB and CD at points M1 and N1. Prove that if
MM1 = NN1, then AD ‖ BC.

6.24. Prove that two quadrilaterals are similar if and only if four of their corresponding
angles are equal and the corresponding angles between the diagonals are also equal.

6.25. Quadrilateral ABCD is a convex one; points A1, B1, C1 and D1 are such that
AB ‖ C1D1 and AC ‖ B1D1, etc. for all pairs of vertices. Prove that quadrilateral A1B1C1D1

is also a convex one and ∠A + ∠C1 = 180◦.
6.26. From the vertices of a convex quadrilateral perpendiculars are dropped on the

diagonals. Prove that the quadrilateral with vertices at the basis of the perpendiculars is
similar to the initial quadrilateral.

6.27. A convex quadrilateral is divided by the diagonals into four triangles. Prove that
the line that connects the intersection points of the medians of two opposite triangles is
perpendicular to the line that connects the intersection points of the heights of the other
two triangles.

6.28. The diagonals of the circumscribed trapezoid ABCD with bases AD and BC
intersect at point O. The radii of the inscribed circles of triangles AOD, AOB, BOC and
COD are equal to r1, r2, r3 and r4, respectively. Prove that 1

r1
+ 1

r3
= 1

r2
+ 1

r4
.

6.29. A circle of radius r1 is tangent to sides DA, AB and BC of a convex quadrilateral
ABCD; a circle of radius r2 is tangent to sides AB, BC and CD; the radii r3 and r4 are
similarly defined. Prove that AB

r1
+ CD

r3
= BC

r2
+ AD

r4
.

6.30. A quadrilateral ABCD is convex and the radii of the circles inscribed in triangles
ABC, BCD, CDA and DAB are equal. Prove that ABCD is a rectangle.
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6.31. Given a convex quadrilateral ABCD and the centers A1, B1, C1 and D1 of the
circumscribed circles of triangles BCD, CDA, DAB and ABC, respectively. For quadrilat-
eral A1B1C1D1 points A2, B2, C2 and D2 are similarly defined. Prove that quadrilaterals
ABCD and A2B2C2D2 are similar and their similarity coefficient is equal to

1

4
|(cot A + cot C)(cot B + cot D)| .

6.32. Circles whose diameters are sides AB and CD of a convex quadrilateral ABCD
are tangent to sides CD and AB, respectively. Prove that BC ‖ AD.

6.33. Four lines determine four triangles. Prove that the orthocenters of these triangles
lie on one line.

§3. Ptolemy’s theorem

6.34. Quadrilateral ABCD is an inscribed one. Prove that

AB · CD + AD · BC = AC · BD (Ptolemy’s theorem).

6.35. Quadrilateral ABCD is an inscribed one. Prove that

AC

BD
=

AB · AD + CB · CD

BA · BC + DA · DC
.

6.36. Let α = π
7
. Prove that

1

sin α
=

1

sin 2α
+

1

sin 3α
.

6.37. The distances from the center of the circumscribed circle of an acute triangle to
its sides are equal to da, db and dc. Prove that da + db + dc = R + r.

6.38. The bisector of angle ∠A of triangle ABC intersects the circumscribed circle at
point D. Prove that AB + AC ≤ 2AD.

6.39. On arc ⌣ CD of the circumscribed circle of square ABCD point P is taken. Prove
that PA + PC =

√
2PB.

6.40. Parallelogram ABCD is given. A circle passing through point A intersects seg-
ments AB, AC and AD at points P , Q and R, respectively. Prove that

AP · AB + AR · AD = AQ · AC.

6.41. On arc ⌣ A1A2n+1 of the circumscribed circle S of a regular (2n + 1)-gon
A1 . . . A2n+1 a point A is taken. Prove that:

a) d1 + d3 + · · · + d2n+1 = d2 + d4 + · · · + d2n, where di = AAi;
b) l1 + · · ·+ l2n+1 = l2 + · · ·+ l2n, where li is the length of the tangent drawn from point A

to the circle of radius r tangent to S at point Ai (all the tangent points are simultaneously
either inner or outer ones).

6.42. Circles of radii x and y are tangent to a circle of radius R and the distance between
the tangent points is equal to a. Calculate the length of the following common tangent to
the first two circles:

a) the outer one if both tangents are simultaneously either outer or inner ones;
b) the inner one if one tangent is an inner one and the other one is an outer one.
6.43. Circles α, β, γ and δ are tangent to a given circle at vertices A, B, C and D,

respectively, of convex quadrilateral ABCD. Let tαβ be the length of the common tangent
to circles α and β (the outer one if both tangent are simultaneously either inner or outer
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ones and the inner one if one tangent is an inner one and the other one is an outer one); tβγ,
tγδ, etc. are similarly determined. Prove that

tαβtγδ + tβγtδα = tαγtβδ (The generalized Ptolemy’s theorem)

See also Problem 9.67.

§4. Pentagons

6.44. In an equilateral (non-regular) pentagon ABCDE we have angle ∠ABC =
2∠DBE. Find the value of angle ∠ABC.

6.45. a) Diagonals AC and BE of a regular pentagon ABCDE intersect at point K.
Prove that the inscribed circle of triangle CKE is tangent to line BC.

b) Let a be the length of the side of a regular pentagon, d the length of its diagonal.
Prove that d2 = a2 + ad.

6.46. Prove that a square can be inscribed in a regular pentagon so that the vertices of
the square would lie on four sides of the pentagon.

Figure 63 (6.46)

6.47. Regular pentagon ABCDE with side a is inscribed in circle S. The lines that
pass through the pentagon’s vertices perpendicularly to the sides form a regular pentagon
with side b (Fig. 63). A side of a regular pentagon circumsribed about circle S is equal to
c. Prove that a2 + b2 = c2.

See also Problems 2.59, 4.9, 9.23, 9.44, 10.63, 10.67, 13.10, 13.56, 20.11.

§5. Hexagons

6.48. The opposite sides of a convex hexagon ABCDEF are pairwise parallel. Prove
that:

a) the area of triangle ACE constitutes not less than a half area of the hexagon.
b) the areas of triangles ACE and BDF are equal.
6.49. All the angles of a convex hexagon ABCDEF are equal. Prove that

|BC − EF | = |DE − AB| = |AF − CD|.
6.50. The sums of the angles at vertices A, C, E and B, D, F of a convex hexagon

ABCDEF with equal sides are equal. Prove that the opposite sides of this hexagon are
parallel.

6.51. Prove that if in a convex hexagon each of the three diagonals that connect the
opposite vertices divides the area in halves then these diagonals intersect at one point.

6.52. Prove that if in a convex hexagon each of the three segments that connect the
midpoints of the opposite sides divides the area in halves then these segments intersect at
one point.
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See also problems 2.11, 2.20, 2.46, 3.66, 4.6, 4.28, 4.31, 5.80, 9.45 a), 9.76–9.78, 13.3,
14.6, 18.22, 18.23.

§6. Regular polygons

6.53. The number of sides of a polygon A1 . . . An is odd. Prove that:
a) if this polygon is an inscribed one and all its angles are equal, then it is a regular

polygon;
b) if this polygon is a circumscribed one and all its sides are equal, then it is a regular

polygon.
6.54. All the angles of a convex polygon A1 . . . An are equal; an inner point O of the

polygon is the vertex of equal angles that subtend all the polygon’s sides. Prove that the
polygon is a regular one.

6.55. A paper band of constant width is tied in a simple knot and then tightened in
order to make the knot flat, cf. Fig. 64. Prove that the knot is of the form of a regular
pentagon.

Figure 64 (6.55)

6.56. On sides AB, BC, CD and DA of square ABCD equilateral triangles ABK,
BCL, CDM and DAN are constructed inwards. Prove that the midpoints of sides of these
triangles (which are not the sides of a square) and the midpoints of segments KL, LM , MN
and NK form a regular 12-gon.

* * *

6.57. Does there exist a regular polygon the length of one of whose diagonal is equal to
the sum of lengths of some other two diagonals?

6.58. A regular (4k + 2)-gon is inscribed in a circle of radius R centered at O. Prove
that the sum of the lengths of segments singled out by the legs of angle ∠AkOAk+1 on lines
A1A2k, A2A2k−1, . . . , AkAk+1 is equal to R.

6.59. In regular 18-gon A1 . . . A18, diagonals AaAd, AbAe and AcAf are drawn. Let
k = a− b, p = b− c, m = c−d, q = d− e, n = e− f and r = f −a. Prove that the indicated
diagonals intersect at one point in any of the following cases and only in these cases:

a)
−−−−→
k,m, n = −−−→p, q, r;

b)
−−−−→
k,m, n =

−−−→
1, 2, 7 and −−−→p, q, r =

−−−→
1, 3, 4;

c)
−−−−→
k,m, n =

−−−→
1, 2, 8 and −−−→p, q, r =

−−−→
2, 2, 3.

Remark. The equality
−−−−→
k,m, n = −−−→x, y, z means that the indicated tuples of numbers

coincide; the order in which they are written in not taken into account.

6.60. In a regular 30-gon three diagonals are drawn. For them define tuples
−−−−→
k,m, n and

−−−→p, q, r as in the preceding problem. Prove that if
−−−−→
k,m, n =

−−−−→
1, 3, 14 and −−−→p, q, r =

−−−→
2, 2, 8, then

the diagonals intersect at one point.
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6.61. In a regular n-gon (n ≥ 3) the midpoints of all its sides and the diagonals are
marked. What is the greatest number of marked points that lie on one circle?

6.62. The vertices of a regular n-gon are painted several colours so that the points of
one colour are the vertices of a regular polygon. Prove that among these polygons there are
two equal ones.

6.63. Prove that for n ≥ 6 a regular (n − 1)-gon is impossible to inscribe in a regular
n-gon so that on every side of the n-gon except one there lies exactly one vertex of the
(n − 1)-gon.

* * *

6.64. Let O be the center of a regular n-gon A1 . . . An and X an arbitrary point. Prove
that −−→

OA1 + · · · + −−→
OAn =

−→
0 and

−−→
XA1 + · · · + −−→

XAn = n
−−→
XO.

6.65. Prove that it is possible to place real numbers x1, . . . , xn all distinct from zero in
the vertices of a regular n-gon so that for any regular k-gon all vertices of which are vertices
of the initial n-gon the sum of the numbers at the vertices of the k-gon is equal to zero.

6.66. Point A lies inside regular 10-gon X1 . . . X10 and point B outside it. Let a =−−→
AX1 + . . .

−−−→
AX10 and b =

−−→
BX1 + . . .

−−−→
BX10. Is it possible that |a| > |b|?

6.67. A regular polygon A1 . . . An is inscribed in the circle of radius R centered at O;
let X be an arbitrary point. Prove that

A1X
2 + · · · + AnX

2 = n(R2 + d2), where d = OX.

6.68. Find the sum of squares of the lengths of all the sides and diagonals of a regular
n-gon inscribed in a circle of radius R.

6.69. Prove that the sum of distances from an arbitrary X to the vertices of a regular
n-gon is the least if X is the center of the n-gon.

6.70. A regular n-gon A1 . . . An is inscribed in the circle of radius R centered at O; let

ei =
−−→
OAi and x =

−−→
OX be an arbitrary vector. Prove that

∑

(ei,x)2 =
nR2 · OX2

2
.

6.71. Find the sum of the squared distances from the vertices of a regular n-gon inscribed
in a circle of radius R to an arbitrary line that passes through the center of the n-gon.

6.72. The distance from point X to the center of a regular n-gon is equal to d and r is
the radius of the inscribed circle of the n-gon. Prove that the sum of squared distances from

point X to the lines that contain the sides of the n-gon is equal to n
(

r2 + d2

2

)

.

6.73. Prove that the sum of squared lengths of the projections of the sides of a regular
n-gon to any line is equal to 1

2
na2, where a is the length of the side of the n-gon.

6.74. A regular n-gon A1 . . . An is inscribed in a circle of radius R; let X be a point on
this circle. Prove that

XA4
1 + · · · + XA4

n = 6nR4.

6.75. a) A regular n-gon A1 . . . An is inscribed in the circle of radius 1 centered at 0, let

ei =
−−→
OAi and u an arbitrary vector. Prove that

∑

(u, ei)ei = 1
2
nu.

b) From an arbitrary point X perpendiculars XA1, . . . , XAn are dropped to the sides

(or their extensions) of a regular n-gon. Prove that
∑−−→

XAi = 1
2
n
−−→
XO, where O is the center

of the n-gon.
6.76. Prove that if the number n is not a power of a prime, then there exists a convex

n-gon with sides of length 1, 2, . . . , n, all the angles of which are equal.
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See also Problems 2.9, 4.59, 4.62, 6.36, 6.41, 6.45–6.47, 9.83, 9.84, 11.46, 11.48, 17.31,
18.30, 19.47, 23.8, 24.2.

§7. The inscribed and circumscribed polygons

6.77. On the sides of a triangle three squares are constructed outwards. What should be
the values of the angles of the triangle in order for the six vertices of these squares distinct
from the vertices of the triangle belong to one circle?

6.78. A 2n-gon A1 . . . A2n is inscribed in a circle. Let p1, . . . , p2n be the distances
from an arbitrary point M on the circle to sides A1A2, A2A3, . . . , A2nA1. Prove that
p1p3 . . . p2n−1 = p2p4 . . . p2n.

6.79. An inscribed polygon is divided by nonintersecting diagonals into triangles. Prove
that the sum of radii of all the circles inscribed in these triangles does not depend on the
partition.

6.80. Two n-gons are inscribed in one circle and the collections of the length of their
sides are equal but the corresponding sides are not necessarily equal. Prove that the areas
of these polygons are equal.

6.81. Positive numbers a1, . . . , an are such that 2ai < a1 + · · · + an for all i = 1, . . . ,
n. Prove that there exists an inscribed n-gon the lengths of whose sides are equal to a1, . . . ,
an.

* * *

6.82. A point inside a circumscribed n-gon is connected by segments with all the vertices
and tangent points. The triangles formed in this way are alternately painted red and blue.
Prove that the product of areas of red triangles is equal to the product of areas of blue
triangles.

6.83. In a 2n-gon (n is odd) A1 . . . A2n circumscribed about a circle centered at O the
diagonals A1An+1, A2An+2, . . . , An−1A2n−1 pass through point O. Prove that the diagonals
AnA2n also passes through point O.

6.84. A circle of radius r is tangent to the sides of a polygon at points A1, . . . , An and
the length of the side on which point Ai lies is equal to ai. The distance from point X to
the center of the circle is equal to d. Prove that

a1XA2
1 + · · · + anXA2

n = P (r2 + d2),

where P is the perimeter of the polygon.
6.85. An n-gon A1 . . . An is circumscribed about a circle; l is an arbitrary tangent to

the circle that does not pass through any vertex of the n-gon. Let ai be the distance from
vertex Ai to line l and bi the distance from the tangent point of side AiAi+1 with the circle
to line l. Prove that:

a) the value b1...bn

a1...an
does not depend on the choice of line l;

b) the value a1a3...a2m−1

a2a4...a2m
does not depend on the choice of line l if n = 2m.

6.86. Certain sides of a convex polygon are red; the other ones are blue. The sum of the
lengths of the red sides is smaller than the semiperimeter and there is no pair of neighbouring
blue sides. Prove that it is impossible to inscribe this polygon in a circle.

See also Problems 2.12, 4.39, 19.6.

§8. Arbitrary convex polygons

6.87. What is the greatest number of acute angles that a convex polygon can have?
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6.88. How many sides whose length is equal to the length of the longest diagonal can a
convex polygon have?

6.89. For which n there exists a convex n-gon one side of which is of length 1 and the
lengths of the diagonals are integers?

6.90. Can a convex non-regular pentagon have exactly four sides of equal length and
exactly four diagonals of equal lengths? Can the fifth side of such a pentagon have a common
point with the fifth diagonal?

6.91. Point O that lies inside a convex polygon forms, together with each two of its
vertices, an isosceles triangle. Prove that point O is equidistant from the vertices of this
polygon.

See also Problems 4.49, 4.50, 9.82, 9.85, 9.86, 11.35, 13.14, 14.26, 16.8, 17.33, 17.34, 19.9,
23.13, 23.15.

§9. Pascal’s theorem

6.92. Prove that the intersection points of the opposite sides (if these sides are not
parallel) of an inscribed hexagon lie on one line. (Pascal’s theorem.)

6.93. Point M lies on the circumscribed cirlce of triangle ABC; let R be an arbitrary
point. Lines AR, BR and CR intersect the circumscribed circle at points A1, B1 and C1,
respectively. Prove that the intersection points of lines MA1 and BC, MB1 and CA, MC1

and AB lie on one line and this line passes through point R.
6.94. In triangle ABC, heights AA1 and BB1 and bisectors AA2 and BB2 are drawn;

the inscribed circle is tangent to sides BC and AC at points A3 and B3, respectively. Prove
that lines A1B1, A2B2 and A3B3 either intersect at one point or are parallel.

6.95. Quadrilateral ABCD is inscribed in circle S; let X be an arbitrary point, M and
N be the other intersection points of lines XA and XD with circle S. Lines DC and AX,
AB and DX intersect at points E and F , respectively. Prove that the intersection point of
lines MN and EF lies on line BC.

6.96. Points A and A1 that lie inside a circle centered at O are symmetric through point
O. Rays AP and A1P1 are codirected, rays AQ and A1Q1 are also codirected. Prove that
the intersection point of lines P1Q and PQ1 lies on line AA1. (Points P , P1, Q and Q1 lie
on the circle.)

6.97. On a circle, five points are given. With the help of a ruler only construct a sixth
point on this circle.

6.98. Points A1, . . . , A6 lie on one circle and points K, L, M and N lie on lines A1A2,
A3A4, A1A6 and A4A5, respectively, so that KL ‖ A2A3, LM ‖ A3A6 and MN ‖ A6A5.
Prove that NK ‖ A5A2.

Problems for independent study

6.99. Prove that if ABCD is a rectangle and P is an arbitrary point, then AP 2 +CP 2 =
DP 2 + BP 2.

6.100. The diagonals of convex quadrilateral ABCD are perpendicular. On the sides
of the quadrilateral, squares centered at P , Q, R and S are constructed outwards. Prove
that segment PR passes through the intersection point of diagonals AC and BD so that
PR = 1

2
(AC + BD).

6.101. On the longest side AC of triangle ABC, points A1 and C1 are taken so that
AC1 = AB and CA1 = CB and on sides AB and BC points A2 and C2 are taken so that
AA1 = AA2 and CC1 = CC2. Prove that quadrilateral A1A2C2C1 is an inscribed one.
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6.102. A convex 7-gon is inscribed in a circle. Prove that if certain three of its angles
are equal to 120◦ each, then some two of its sides are equal.

6.103. In plane, there are given a regular n-gon A1 . . . An and point P . Prove that from
segments A1P , . . . , AnP a closed broken line can be constructed.

6.104. Quadrilateral ABCD is inscribed in circle S1 and circumscribed about circle S2;
let K, L, M and N be tangent points of its sides with circle S2. Prove that KM ⊥ LN .

6.105. Pentagon ABCDE the lengths of whose sides are integers and AB = CD = 1 is
circumscribed about a circle. Find the length of segment BK, where K is the tangent point
of side BC with the circle.

6.106. Prove that in a regular 2n-gon A1 . . . A2n the diagonals A1An+2, A2n−1A3 and
A2nA5 meet at one point.

6.107. Prove that in a regular 24-gon A1 . . . A24 diagonals A1A7, A3A11 and A5A21

intersect at a point that lies on diameter A4A16.

Solutions

6.1. Let O be the center of the inscribed circle and the intersection point of the diagonals
of quadrilateral ABCD. Then ∠ACB = ∠ACD and ∠BAC = ∠CAD. Hence, triangles
ABC and ADC are equal, since they have a common side AC. Therefore, AB = DA.
Similarly, AB = BC = CD = DA.

6.2. Clearly,

∠AOB = 180◦ − ∠BAO − ∠ABO = 180◦ − ∠A + ∠B

2

and ∠COD = 180◦ − ∠C+∠D
2

. Hence,

∠AOB + ∠COD = 360◦ − ∠A + ∠B + ∠C + ∠D

2
= 180◦.

6.3. Let us consider two circles tangent to the sides of the given quadrilateral and their
extensions. The lines that contain the sides of the quadrilateral are the common inner and
outer tangents to these circles. The line that connects the midpoints of the circles contains
a diagonal of the quadrilateral and besides it is an axis of symmetry of the quadrilateral.
Hence, the other diagonal is perpendicular to this line.

6.4. Let O be the center of the given circle, R its radius, a the length of chords singled
out by the circle on the sides of the quadrilateral. Then the distances from point O to the

sides of the quadrilateral are equal to
√

R2 − a2

4
, i.e., point O is equidistant from the sides

of the quadrilateral and is the center of the inscribed circle.
6.5. For a parallelogram the statement of the problem is obvious therefore, we can

assume that lines AB and CD intersect. Let O be the center of the inscribed circle of
quadrilateral ABCD; let M and N be the midpoints of diagonals AC and BD. Then

SANB + SCND = SAMB + SCMD = SAOB + SCOD =
SABCD

2
.

It remains to make use of the result of Problem 7.2.
6.6. Let the inscribed circle be tangent to sides DA, AB and BC at points M , H and

N , respectively. Then OH is a height of triangle AOB and the symmetries through lines AO
and BO sends point H into points M and N , respectively. Hence, by Problem 1.57 points
A1 and B1 lie on line MN . Similarly, points C1 and D1 lie on line MN .

6.7. Let r be the distance from the intersection point of bisectors of angles A and D to
the base AD, let r′ be the distance from the intersection point of bisectors of angles B and
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C to base BC. Then AD = r(cot α + cot β) and BC = r′(tan α + tan β). Hence, r = r′ if
and only if

BC

AD
=

tan α + tan β

cot α cot β
= tan α · tan β.

6.8. Let ∠A = 2α, ∠C = 2β and ∠BMA = 2ϕ. By Problem 6.7, PK
RL

= tan α
tan ϕ

and
LS
MC

= cot ϕ tan β. Since PQ
RS

= PK
RL

and RS
AC

= LS
MC

, it follows that

PQ

AC
=

PK

RL

LS

MC
= tan α tan β.

Hence, trapezoid APQC is a circumscribed one.
6.9. First, let us prove that if quadrilateral ABCD is a circumscribed one, then all the

conditions take place. Let K, L, M and N be the tangent points of the inscribed circle with
sides AB, BC, CD and DA. Then

AB + CD = AK + BK + CM + DM = AN + BL + CL + DN = BC + AD,
AP + CQ = AK + PK + QL − CL = AN + PM + QN − CM = AQ + CP,

BP + BQ = AP − AB + BC + CQ = (AP + CQ) + (BC − AB) =
AQ + CP + CD − AD = DP + DQ.

Now, let us prove, for instance, that if BP +BQ = DP +DQ, then quadrilateral ABCD
is a circumscribed one. For this let us consider the circle tangent to side BC and rays BA
and CD. Assume that line AD is not tangent to this circle; let us shift this line in order for
it to touch the circle (Fig. 65).

Figure 65 (Sol. 6.9)

Let S be a point on line AQ such that Q′S ‖ DD′. Since BP + BQ = DP + DQ and
BP + BQ′ = D′P + D′Q′, it follows that QS + SQ′ = QQ′. Contradiction.

In the other two cases the proof is similar.
6.10. Let rays AB and DC intersect at point P , let rays BC and AD intersect at point

Q; let the given lines passing through points P and Q intersect at point O. By Problem 6.9
we have BP + BQ = OP + OQ and OP + OQ = DP + DQ. Hence, BP + BQ = DP + DQ
and, therefore, quadrilateral ABCD is a circumscribed one.

6.11. Let sides AB, BC, CD and DA of quadrilateral ABCD be tangent of the inscribed
circle at points E, F , G and H, respectively. First, let us show that lines FH,EG and AC
intersect at one point. Denote the points at which lines FH and EG intersect line AC by
M and M ′, respectively. Since ∠AMH = ∠BFM as angles between the tangents and chord
HF , it follows that sin ∠AHM = sin ∠CFM . Hence,

AM · MH

FM · MC
=

SAMH

SFMC

=
AH · MH

FC · FM
,
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i.e., AM
MC

= AH
FC

. Similarly,

AM ′

M ′C
=

AE

CG
=

AH

FC
=

AM

MC
;

hence, M = M ′, i.e., lines FH, EG and AC intersect at one point.
Similar arguments show that lines FH, EG and BD intersect at one point and therefore,

lines AC, BD, FH and EG intersect at one point.
6.12. Segments CHd and DHc are parallel because they are perpendicular to line BC.

Moreover, since ∠BCA = ∠BDA = ϕ, the lengths of these segments are equal to AB| cot ϕ|,
cf. Problem 5.45 b).

6.13. Let Oa, Ob, Oc and Od be the centers of the inscribed circles of triangles BCD,
ACD, ABD and ABC, respectively. Since ∠ADB = ∠ACB, it follows that

∠AOcB = 90◦ +
∠ADB

2
= 90◦ +

∠ACB

2
= ∠AOdB,

cf. Problem 5.3. Therefore, quadrilateral ABOdOc is an inscribed one, i.e.,

∠OcOdB = 180◦ − ∠OcAB = 180◦ − ∠A

2
.

Similarly, ∠OaOdB = 180◦ − ∠C
2

. Since ∠A + ∠C = 180◦, it follows that ∠OcOdB +
∠OaObB = 270◦ and, therefore, ∠OaOdOc = 90◦. We similarly prove that the remaining
angles of quadrilateral OaObOcOd are equal to 90◦.

6.14. a) Let rays AB and DC intersect at point P and rays BC and AD intersect at
point Q. Let us prove that point M at which the circumscribed circles of triangles CBP
and CDQ intersect lies on segment PQ. Indeed,

∠CMP + ∠CMQ = ∠ABC + ∠ADC = 180◦.

Hence, PM + QM = PQ and since

PM · PQ = PD · PC = p2 − R2 and QM · PQ = QD · QA = q2 − R2,

it follows that PQ2 = PM ·PQ+QM ·PQ = p2 + q2−2R2. Let N be the intersection point
of the circumscribed circles of triangles ACP and ABS. Let us prove that point S lies on
segment PN . Indeed,

∠ANP = ∠ACP = 180◦ − ∠ACD = 180◦ − ∠ABD = ∠ANS.

Hence, PN − SN = PS and since

PN · PS = PA · PB = p2 − R2 and SN · PS = SA · SC = R2 − s2,

it follows that

PS2 = PN · PS − SN · PS = p2 + s2 − 2R2.

Similarly, QS2 = q2 + s2 − 2R2.
b) By heading a)

PQ2 − PS2 = q2 − s2 = OQ2 − OS2.

Hence, OP ⊥ QS, cf. Problem 7.6. We similarly prove that OQ ⊥ PS and OS ⊥ PQ.
6.15. Let the inscribed circles of triangles ABC and ACD be tangent to diagonal AC

at points M and N , respectively. Then

AM =
AC + AB − BC

2
andquadAN =

AC + AD − CD

2
,

cf. Problem 3.2. Points M and N coincide if and only if AM = AN , i.e., AB + CD =
BC + AD. Thus, if points M and N coincide, then quadrilateral ABCD is a circumscribed
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one and similar arguments show that the tangent points of the inscribed circles of triangles
ABD and BCD with the diagonal BD coincide.

Let the inscribed circle of triangle ABC be tangent to sides AB, BC and CA at points P ,
Q and M , respectively and the inscribed circle of triangle ACD be tangent to sides AC, CD
and DA at points M , R and S, respectively. Since AP = AM = AS and CQ = CM = CR,
it follows that triangles APS, BPQ, CQR and DRS are isosceles ones; let α, β, γ and δ be
the angles at the bases of these isosceles triangles. The sum of the angles of these triangles
is equal to

2(α + β + γ + δ) + ∠A + ∠B + ∠C + ∠D;

hence, α + β + γ + δ = 180◦. Therefore,

∠SPQ + ∠SRQ = 360◦ − (α + β + γ + δ) = 180◦,

i.e., quadrilateral PQRS is an inscribed one.
6.16. Let O be the intersection point of diagonals AC and BD; let A1, B1, C1 and D1

be the projections of O to sides AB, BC, CD and DA, respectively. Points A1 and D1 lie
on the circle with diameter AO, hence, ∠OA1D1 = ∠OAD1. Similarly, ∠OA1B1 = ∠OBB1.
Since ∠CAD = ∠CBD, we have: ∠OA1D1 = ∠OA1B1.

We similarly prove that B1O, C1O and D1O are the bisectors of the angles of quadrilateral
A1B1C1D1, i.e., O is the center of its inscribed circle.

Figure 66 (Sol. 6.17)

6.17. Let us make use of the notations on Fig. 66. The condition that quadrilateral
A1B1C1D1 is an inscribed one is equivalent to the fact that (α+β)+(γ+δ) = 180◦ and the the
fact that AC and BD are perpendicular is equivalent to the fact that (α1 + δ1)+ (β1 +γ1) =
180◦. It is also clear that α = α1, β = β1, γ = γ1 and δ = δ1.

6.18. By the law of cosines

AD2 = AC2 + CD2 − 2AC · CD cos ACD, AC2 = AB2 + BC2 − 2AB · BC cos B.

Since the length of the projection of segment AC to line l perpendicular to CD is equal to
the sum of the lengths of projections of segments AB and BC to line l,

AC cos ACD = AB cos ϕ + BC cos C.

6.19. Let ∠AOD = 2α; then the distances from point O to the projections of the
midpoints of diagonals AC and BD to the bisector of angle ∠AOD are equal to OA+OC

2
cos α

and OB+OD
2

cos α, respectively. Since

OA + OC = AB + OB + OC = CD + OB + OC = OB + OD,

these projections coincide.
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6.20. Let us complement triangles ABM and DCM to parallelograms ABMM1 and
DCMM2. Since AM1 : DM2 = BM : MC = AN : DN , it follows that △ANM1 ∼
△DNM2. Hence, point N lies on segment M1M2 and

MM1 : MM2 = AB : CD = AN : ND = M1N : M2N,

i.e., MN is the bisector of angle M1MM2.
6.21. Let a, b, c and d be (the lengths of) the bisectors of the angles at vertices A, B,

C and D. We have to verify that ∠(a, b) + ∠(c, d) = 0◦. Clearly,

∠(a, b) = ∠(a,AB) + ∠(AB, b) and ∠(c, d) = ∠(c, CD) + ∠(CD, d).

Since quadrilateral ABCD is a convex one and

∠(a,AB) =
∠(AD,AB)

2
, ∠(AB, b) =

∠(AB,BC)

2
,

∠(c, CD) =
∠(CB,CD)

2
, ∠(CD, d) =

∠(CD,DA)

2
,

it follows that

∠(a, b) + ∠(c, d) =
∠(AD,AB) + ∠(AB,BC) + ∠(CB,CD) + ∠(CD,DA)

2
=

360◦

2
= 0◦

(see Background to Chapter 2).

6.22. Let, for definiteness, AB > A1B1. The parallel translation by vector
−−→
CB sends

triangle SD1C1 to S ′D′
1C

′
1 and segment CD to BA. Since QA1 : QA = A1B1 : AB = S ′D′

1 :
S ′A, we see that QS ′ ‖ A1D

′
1. Hence, QS ‖ AD. Similarly, PR ‖ AB.

6.23. Suppose that lines AD and BC are not parallel. Let M2, K, N2 be the midpoints
of sides AB, BC, CD, respectively. If MN ‖ BC, then BC ‖ AD, because AM = MC and
BN = ND. Therefore, let us assume that lines MN and BC are not parallel, i.e., M1 6= M2

and N1 6= N2. Clearly,
−−−→
M2M = 1

2

−−→
BC =

−−→
NN2 and

−−−→
M1M =

−−→
NN1. Hence, M1M2 ‖ N1N2.

Therefore, KM ‖ AB ‖ CD ‖ KN , i.e., M = N . Contradiction.
6.24. By a similarity transformation we can identify one pair of the corresponding sides

of quadrilaterals, therefore, it suffices to consider quadrilaterals ABCD and ABC1D1 whose
points C1 and D1 lie on rays BC and AD and such that CD ‖ C1D1. Denote the intersection
points of diagonals of quadrilaterals ABCD and ABC1D1 by O and O1, respectively.

Suppose that points C and D lie closer to points B and A, then points C1 and D1,
respectively. Let us prove then that ∠AOB > ∠AO1B. Indeed, ∠C1BA > ∠CAB and
∠D1BA > ∠DBA, hence,

∠AO1B = 180◦ − ∠C1AB − ∠D1BA < 180◦ − ∠CAB − ∠DBA = ∠AOB.

We have obtained a contradiction and, therefore, C1 = C, D1 = D.
6.25. Any quadrilateral is determined up to similarity by the directions of its sides and

diagonals. Therefore, it suffices to construct one example of a quadrilateral A1B1C1D1 with
the required directions of sides and diagonals. Let O be the intersection point of diagonals
AC and BD. On ray OA, take an arbitrary point D1 and draw D1A1 ‖ BC, A1B1 ‖ CD
and B1C1 ‖ DA (Fig. 67).



SOLUTIONS 151

Figure 67 (Sol. 6.25)

Since

OC1 : OB1 = OD : OA, OB1 : OA1 = OC : OD and OA1 : OD1 = OB : OC,

it follows that OC1 : OD1 = OB : OA, consequently, C1D1 ‖ AB. The obtained plot shows
that ∠A + ∠C1 = 180◦.

6.26. Let O be the intersection point of the diagonals of quadrilateral ABCD. Without
loss of generality we may assume that α = ∠AOB < 90◦. Let us drop perpendiculars AA1,
BB1, CC1, DD1 to the diagonals of quadrilateral ABCD. Since

OA1 = OA cos α, OB1 = OB cos α, OC1 = OC cos α, OD1 = OD cos α,

it follows that the symmetry through the bisector of angle AOB sends quadrilateral ABCD

into a quadrilateral homothetic to quadrilateral A1B1C1D1 with coefficient
−−→
BC1cos α.

6.27. Let the diagonals of quadrilateral ABCD intersect at point O; let Ha and Hb

be the orthocentres of triangles AOB and COD; let Ka and Kb be the midpoints of sides
BC and AD; let P be the midpoint of diagonal AC. The intersection point of medians of
triangles AOD and BOC divide segments KaO and KbO in the ratio of 1 : 2 and, therefore,
we have to prove that HaHb ⊥ KaKb.

Since OHa = AB| cot ϕ| and OHb = CD| cot ϕ|, where ϕ = ∠AOB, cf. Problem 5.45 b),
then OHa : OHb = PKa : PKb. The correspondiong legs of angles ∠HaOHb and ∠KaPKb

are perpendicular; moreover, vectors
−−→
OHa and

−−→
OHb are directed towards lines AB and CD

for ϕ < 90◦ and away from these lines for ϕ > 90◦. Hence, ∠HaOHb = ∠KaPKb and
△HaOHb ∼ △KaPKb. It follows that HaHb ⊥ KaKb.

6.28. Let S = SAOD, x = AO, y = DO, a = AB, b = BC, c = CD, d = DA and k the
similarity coefficient of triangles BOC and AOD. Then

2

(

1

r1

+
1

r3

)

=
d + x + y

S
+

kd + kx + ky

k2S
,

2

(

1

r2

+
1

r4

)

=
a + x + ky

kS
+

c + kx + y

kS

because SBOC = k2S and SAOB = SCOD = kS. Since

x + y

S
+

x + y

k2S
=

x + ky

kS
+

kx + y

kS
,

it remains to notice that a + c = b + d = kd + d.
6.29. It is easy to verify that

AB = r1

(

cot
A

2
+ cot

B

2

)

and CD = r3

(

cot
C

2
+ cot

D

2

)

.

Hence,
AB

r1

+
CD

r3

= cot
A

2
+ cot

B

2
+ cot

C

2
+ cot

D

2
=

BC

r2

+
AD

r4

.
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6.30. Let us complete triangles ABD and DBC to parallelograms ABDA1 and DBCC1.
The segments that connect point D with the vertices of parallelogram ACC1A1 divide it into
four triangles equal to triangles DAB, CDA, BCD and ABC and, therefore, the radii of
the inscribed circles of these triangles are equal.

Let us prove that point D coincides with the intersection point O of the diagonals of
the parallelogram. If D 6= 0, then we may assume that point D lies inside triangle AOC.
Then rADC < rAOC = rA1OC1 < rA1DC1 = rABC , cf. Problem 10.86. We have obtained a
contradiction, hence, D = O.

Since p =
−−→
BCSr and the areas and radii of the inscribed circles of triangles into which the

diagonals divide the parallelogram ACC1A1 are equal, the triangles’ perimeters are equal.
Hence, ACC1A1 is a rhombus and ABCD is a rectangular.

6.31. Points C1 and D1 lie on the midperpendicular to segment AB, hence, AB ⊥ C1D1.
Similarly, C1D1 ⊥ A2B2 and, therefore, AB ‖ A2B2. We similarly prove that the remaining
corresponding sides and the diagonals of quadrilaterals ABCD and A2B2C2D2 are parallel.
Therefore, these quadrilaterals are similar.

Let M be the midpoint of segment AC. Then B1M = |AM cot D| and D1M = |AM cot B|,
where B1D1 = | cot B + cot D| · 1

2
AC. Let us rotate quadrilateral A1B1C1D1 by 90◦. Then

making use of the result of Problem 6.25 we see that this quadrilateral is a convex one and
cot A = − cot C1, etc. Therefore,

A2C2 = | cot A + cot C| · 1

2
B1D1 =

1

4
|(cot A + cot C)(cot B + cot D)| · AC.

6.32. Let M and N be the midpoints of sides AB and CD, respectively. Let us drop
from point D perpendicular DP to line MN and from point M perpendicular MQ to line
CD. Then Q is the tangent point of line CD and a circle with diameter AB. Right triangles
PDN and OMN are similar, hence,

DP =
ND · MQ

MN
=

ND · MA

MN
.

Similarly, the distance from point A to line MN is equal to
−−→
BCND · MAMN . Therefore,

AD ‖ MN . Similarly, BC ‖ MN .
6.33. It suffices to verify that the orthocentres of any three of the four given triangles

lie on one line. Let a certain line intersect lines B1C1, C1A1 and A1B1 at points A, B and
C, respectively; let A2, B2 and C2 be the orthocentres of triangles A1BC, AB1C and ABC1,
respectively. Lines AB2 and A2B are perpendicular to line A1B1 and, therefore, they are
parallel. Similarly, BC2 ‖ B2C and CA2 ‖ C2A. Points A, B and C lie on one line and,
therefore, points A2, B2 and C2 also lie on one line, cf. Problem 1.12 b).

6.34. On diagonal BD, take point M so that ∠MCD = ∠BCA. Then △ABC ∼
△DMC, because angles ∠BAC and ∠BDC subtend the same arc. Hence, AB · CD =
AC ·MD. Since ∠MCD = ∠BCA, then ∠BCM = ∠ACD and △BCM ∼ △ACD because
angles ∠CBD and ∠CAD subtend one arc. Hence, BC · AD = AC · BM . It follows that

AB · CD + AD · BC = AC · MD + AC · BM = AC · BD.

6.35. Let S be the area of quadrilateral ABCD, let R be the radius of its circumscribed
circle. Then

S = SABC + SADC =
AC(AB · BC + AD · DC)

4R
,

cf. Problem 12.1. Similarly,

S =
BD(AB · AD + BC · CD)

4R
.
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By equating these equations for S we get the desired statement.
6.36. Let regular hexagon A1 . . . A7 be inscribed in a circle. By applying Ptolemey’s

theorem to qudrilateral A1A3A4A5 we get

A1A3 · A5A4 + A3A4 · A1A5 = A1A4 · A3A5,

i.e.,
sin 2α sin α + sin α sin 3α = sin 3α sin 2α.

6.37. Let A1, B1 and C1 be the midpoints of sides BC, CA and AB, respectively. By
Ptolemy’s theorem

AC1 · OB1 + AB1 · OC1 = AO · B1C1,

where O is the center of the circumscribed circle. Hence, cdb+bdc = aR. Similarly, adc+cda =
bR and adb + bda = cR. Moreover, ada + bdb + cdc = 2S = (a + b + c)r. By adding all these
equalities and dividing by a + b + c we get the desired statement.

6.38. By Ptolemy’s theorem

AB · CD + AC · BD = AD · BC.

Taking into account that CD = BD ≥ 1
2
BC we get the desired statement.

6.39. By applying Ptolemy’s theorem to quadrilateral ABCP and dividing by the lengths
of the square’s side we get the desired statement.

6.40. By applying Ptolemy’s theorem to quadrilateral APQR we get

AP · RQ + AR · QP = AQ · PR.

Since ∠ACB = ∠RAQ = ∠RPQ and ∠RQP = 180◦ − ∠PAR = ∠ABC, it follows that
△RQP ∼ △ABC and, therefore, RQ : QP : PR = AB : BC : CA. It remains to notice
that BC = AD.

6.41. a) Let us express Ptolemy’s theorem for all quadrilaterals with vertices at point
A and three consecutive vertices of the given polygon; then let us group in the obtained
equalities the factors in which di with even indices enter in the right-hand side. By adding
these equalities we get

(2a + b)(d1 + · · · + d2n+1) = (2a + b)(d2 + · · · + d2n),

where a is the side of the given polygon and b is its shortest diagonal.

b) Let R be the radius of circle S. Then li = di

√

R±r
R

, cf. Problem 3.20. It remains to

make use of the result of heading a).

Figure 68 (Sol. 6.42)

6.42. Let both tangent be exterior ones and x ≤ y. The line that passes through the
center O of the circle of radius x parallel to the segment that connects the tangent points
intersects the circle of radius y−x (centered in the center of the circle of radius y) at points
A and B (Fig. 68).
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Then OA = a(R+x)
R

and

OB = OA +
a(y − x)

R
=

a(R + y)

R
.

The square of the length to be found of the common outer tangent is equal to

OA · OB =
( a

R

)2

(R + x)(R + y).

Similar arguments show that if both tangent are inner ones, then the square of the lengths

of the outer tangent is equal to
(

a
R

)2
(R − x)(R − y) and if the circle of radius x is tangent

from the outside and the circle of radius y from the inside, then the square of the length of

the inner tangent is equal to
(

a
R

)2
(R − y)(R + x).

Remark. In the case of an inner tangency of the circles we assume that R > x and
R > y.

6.43. Let R be the radius of the circumscribed circle of quadrilateral ABCD; let ra, rb,
rc and rd be the radii of circles α, β, γ and δ, respectively. Further, let a =

√
R ± ra, where

the plus sign is taken if the tangent is an outer one and the minus sign if it is an inner one;
numbers b, c and d are similarly defined. Then tαβ = ab·AB

R
, cf. Problem 6.42, etc. Therefore,

by multiplying the equality

AB · CD + BC · DA = AC · BD

by abcd
R

we get the desired statement.
6.44. Since ∠EBD = ∠ABE + ∠CBD, it is possible to take a point P on side ED

so that ∠EBP = ∠ABE = ∠AEB, i.e., BP ‖ AE. Then ∠PBD = ∠EBD − ∠EBP =
∠CBD = ∠BDC, i.e., BP ‖ CD. Therefore, AE ‖ CD and since AE = CD, CDEA is a
parallelogram. Hence, AC = ED, i.e., triangle ABC is an equilateral one and ∠ABC = 60◦.

6.45. a) Let O be the center of the circumscribed circle of triangle CKE. It suffices to
verify that ∠COK = 2∠KCB. It is easy to calculate both these angles:

∠COK = 180◦ − 2∠OKC = 180◦ − ∠EKC = 180◦ − ∠EDC = 72◦

and ∠KCB = 180◦−∠ABC
2

= 36◦.
b) Since BC is a tangent to the circumscribed circle of triangle CKE, then BE ·BK =

BC2, i.e., d(d − a) = a2.
6.46. Let the perpendiculars erected to line AB at points A and B intersect sides DE

and CD at points P and Q, respectively. Any point of segment CQ is a vertex of a rectangle
inscribed in pentagon ABCDE (the respective sides of this pentagon are parallel to AB and
AP ); as this point moves from Q to C the ratio of the lengths of the sides of the rectangles
varies from AP

AB
to 0. Since angle ∠AEP is an obtuse one, AP > AE = AB. Therefore, for

a certain point of segment QC the ratio of the lengths of the sides of the rectangle is equal
to 1.

6.47. Let points A1, . . . , E1 be symmetric to points A, . . . , E through the center of
circle S; let P , Q and R be the intersection points of lines BC1 and AB1, AE1 and BA1,
BA1 and CB1, see Fig. 69.

Then PQ = AB = a and QR = b. Since PQ ‖ AB and ∠ABA1 = 90◦, it follows
that PR2 = PQ2 + QR2 = a2 + b2. Line PR passes through the center of circle S and
∠AB1C = 4 · 18◦ = 72◦, hence, PR is a side of a regular pentagon circumscribed about the
circle with center B1 whose radius B1O is equal to the radius of circle S.
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Figure 69 (Sol. 6.47)

Figure 70 (Sol. 6.48)

6.48. Through points A, C and E draw lines l1, l2 and l3 parallel to lines BC, DE and
FA, respectively. Denote the intersection points of lines l1 and l2, l2 and l3, l3 and l1 by P ,
Q, R, see Fig. 70. Then

SACE =
SABCDEF − SPQR

2
+ SPQR =

SABCDEF + SPQR

2
≥ SABCDEF

2
.

Similarly, SBDF = 1
2
(SABCDEF + SP ′Q′R′). Clearly,

PQ = |AB − DE|, QR = |CD − AF |, PR = |EF − BC|,
hence, triangles PQR and P ′Q′R′ are equal. Therefore, SACE = SBDF .

6.49. Let us construct triangle PQR as in the preceding problem. This triangle is an
equilateral one and

PQ = |AB − DE|, QR = |CD − AF |, RP = |EF − BC|.
Hence, |AB − DE| = |CD − AF | = |EF − BC|.

6.50. The sum of the angles at vertices A, C and E is equal to 360◦, hence, from isosceles
triangles ABF , CBD and EDF we can construct a triangle by juxtaposing AB to CB, ED
to CD and EF to AF . The sides of the obtained triangle are equal to the respective sides
of triangle BDF . Therefore, the symmetry through lines FB, BD and DF sends points A,
C and E, respectively, into the center O of the circumscribed circle of triangle BDF , and,
therefore, AB ‖ OF ‖ DE.

6.51. Let us suppose that the diagonals of the hexagon form triangle PQR. Denote the
vertices of the hexagon as follows: vertex A lies on ray QP , vertex B on RP , vertex C on
RQ, etc. Since lines AD and BE divide the area of the hexagon in halves, then

SAPEF + SPED = SPDCB + SABP and SAPEF + SABP = SPDCB + SPED.
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Hence, SABP = SPED, i.e.,

AP · BP = EP · DP = (ER + RP )(DQ + QP ) > ER · DQ.

Similarly, CQ · DQ > AP · FR and FR · ER > BP · CQ. By multiplying these inequalities
we get

AP · BP · CQ · DQ · FR · ER > ER · DQ · AP · FR · BP · CQ

which is impossible. Hence, the diagonals of the hexagon intersect at one point.

Figure 71 (Sol. 6.52)

6.52. Denote the midpoints of the sides of convex hexagon ABCDEF as plotted on Fig.
71. Let O be the intersection point of segments KM and LN . Let us denote the areas of
triangles into which the segments that connect point O with the vertices and the midpoints
of the sides divide the hexagon as indicated on the same figure. It is easy to verify that
SKONF = SLOMC , i.e., a + f = c + d. Therefore, the broken line POQ divides the hexagon
into two parts of equal area; hence, segment PQ passes through point O.

6.53. a) Let O be the center of the circumscribed circle. Since

∠AkOAk+2 = 360◦ − 2∠AkAk+1Ak+2 = ϕ

is a constant, the rotation through an angle of ϕ with center O sends point Ak into Ak+2.
For n odd this implies that all the sides of polygon A1 . . . An are equal.

b) Let a be the length of the side of the given polygon. If one of its sides is divided
by the tangent point with the inscribed circle into segments of length x and a − x, then its
neighbouring sides are also divided into segments of length x and a − x (the neighbouring
segments of neighbouring sides are equal), etc. For n odd this implies that all the sides
of polygon A1 . . . An are divided by the tangent points with the inscribed circle in halves;
therefore, all the angles of the polygon are equal.

6.54. The sides of polygon A1 . . . An are parallel to respective sides of a regular n-gon.
On rays OA1, . . . , OAn mark equal segments OB1, . . . , OBn. Then polygon B1 . . . Bn is a
regular one and the sides of polygon A1 . . . An form equal angles with the respective sides of
polygon B1 . . . Bn. Therefore,

OA1 : OA2 = OA2 : OA3 = · · · = OAn : OA1 = k,

i.e.,
OA1 = kOA2 = k2OA3 = · · · = knOA1;

thus, k = 1.
6.55. Denote the vertices of the pentagon as indicated on Fig. 72. Notice that if in a

triangle two heights are equal, then the sides on which these heights are dropped are also
equal.
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Figure 72 (Sol. 6.55)

From consideration of triangles EAB, ABC and BCD we deduce that EA = AB,
AB = BC and BC = CD. Therefore, trapezoids EABC and ABCD are isosceles ones,
i.e., ∠A = ∠B = ∠C. By considering triangles ABD and BCE we get AD = BD and
BE = CE. Since triangles EAB, ABC, BCD are equal, it follows that BE = AC = BD.
Hence, AD = BE and BD = CE, i.e., trapezoids ABDE and CDEB are isosceles ones.
Therefore, ED = AB = BC = CD = AE and ∠E = ∠A = ∠B = ∠C = ∠D, i.e., ABCDE
is a regular pentagon.

6.56. Triangles BAM and BCN are isosceles ones with angle 15◦ at the base, cf. Problem
2.26, and, therefore, triangle BMN is an equilateral one. Let O be the centre of the square,
P and Q the midpoints of segments MN and BK (Fig. 73). Since OQ is the midline of
triangle MBK, it follows that OQ = 1

2
BM = MP = OP and ∠QON = ∠MBA = 15◦.

Therefore, ∠POQ = ∠PON − ∠QON = 30◦.
The remaining part of the proof is carried out similarly.

Figure 73 (Sol. 6.56)

6.57. Let us consider a regular 12-gon A1 . . . A12 inscribed in a circle of radius R. Clearly,
A1A7 = 2R, A1A3 = A1A11 = R. Hence, A1A7 = A1A3 + A1A11.

6.58. For k = 3 the solution of the problem is clear from Fig. 74. Indeed, A3A4 = OQ,
KL = QP and MN = PA14 and, therefore,

A3A4 + KL + MN = OQ + QP + PA14 = OA14 = R.

Proof is carried out in a similar way for any k.
6.59. In the proof if suffices to apply the result of Problems 5.78 and 5.70 b) to triangle

AaAcAe and lines AaAd, AcAf and AeAb. Solvling heading b) we have to notice additionally
that

sin 20◦ sin 70◦ = sin 20◦ cos 20◦ =
sin 40◦

2
= sin 30◦ sin 40◦

and in the solution of heading c) that sin 10◦ sin 80◦ = sin 30◦ sin 20◦.
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Figure 74 (Sol. 6.58)

6.60. As in the preceding problem we have to verify the equality

sin 2α sin 2α sin 8α = sin α sin 3α sin 14α, where α =
180◦

30
= 6◦.

Clearly, sin 14α = cos α, hence, 2 sin α sin 3α sin 14α = sin 2α sin 3α. It remains to verify
that

sin 3α = 2 sin 2α sin 8α = cos 6α − cos 10α = 1 − 2 sin2 3α − 1

2
,

i.e., 4 sin2 18◦ + 2 sin 18◦ = 1, cf. Problem 5.46.
6.61. First, let n = 2m. The diagonals and sides of a regular 2m-gon have m distinct

lengths. Therefore, the marked points lie on m− 1 concentric circles (having n points each)
or in the common center of these circles. Since distinct circles have not more than two
common points, the circle that does not belong to this family of concentric circles contains
not more than 1 + 2(m − 1) = 2m − 1 = n − 1 of marked points.

Now, let n = 2m + 1. There are m distinct lengths among the lengths of the diagonals
and sides of a regular (2m + 1)-gon. Hence, the marked points lie on m concentric circles (n
points on each). A circle that does not belong to this family of concentric circles contains
not more than 2m = n − 1 marked points.

In either case the greatest number of marked points that lie on one circle is equal to n.
6.62. Denote the center of the polygon by O and the vertices of the polygon by

A1, . . . , An. Suppose that there are no equal polygons among the polygons of the same
colour, i.e., they have m = m1 < m2 < m3 < · · · < mk sides, respectively. Let us consider a
transformation f defined on the set of vertices of the n-gon as the one that sends vertex Ak

to vertex Amk : f(Ak) = Amk (we assume that Ap+qn = Ap). This transformation sends the

vertices of a regular m-gon into one point, B, hence, the sum of vectors
−−−−→
Of(Ai), where Ai

are the vertices of an m-gon, is equal to m
−−→
OB 6= −→

0 .
Since ∠AmiOAmj = m∠AiOAj, the vertices of any regular polygon with the number of

sides greater than m pass under the considered transformation into the vertices of a regular

polygon. Therefore, the sum of vectors
−−−−→
Of(Ai) over all vertices of an n-gon and similar

sums over the vertices of m2-, m3-, . . . ,mk-gons are equal to zero. We have obtained a

contradiction with the fact that the sum of vectors
−−−−→
Of(Ai) over the vertices of an m-gon is

not equal to zero.
Therefore, among the polygons of one color there are two equal ones.
6.63. Let a regular (n − 1)-gon B1 . . . Bn−1 be inscribed into a regular n-gon A1 . . . An.

We may assume that A1 and B1 are the least distant from each other vertices of these
polygons and points B2, B3, B4 and B5 lie on sides A2A3, A3A4, A4A5 and A5A6. Let
αi = ∠Ai+1BiBi+1 and βi = ∠BiBi+1Ai+1, where i = 1, 2, 3, 4. By the sine theorem
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A2B2 : B1B2 = sin α1 : sin ϕ and B2A3 : B2B3 = sin β2 : sin ϕ, where ϕ is the angle at a
vertex of a regular n-gon. Therefore, sin α1 + sin β2 = an sin ϕ

an−1
, where an and an−1 are the

(lengths of the) sides of the given polygons.
Similar arguments show that

sin α1 + sin β2 = sin α2 + sin β3 = sin α3 + sin β4.

Now, observe that

sin αi + sin βi+1 = 2 sin
αi + βi+1

2
cos

αi − βi+1

2

and compute αi +βi+1 and αi −βi+1. Since αi +βi = 2π
n

and αi+1 +βi = 2π
n−1

, it follows that

αi+1 = αi + 2π
n(n−1)

and βi+1 = βi − 2π
n(n−1)

; therefore,

αi + βi+1 =
2π

n
− 2π

n(n − 1)

is a constant and

αi − βi+1 = αi−1 − βi +
4π

n(n − 1)
.

Hence,

cos θ = cos

(

θ +
2π

n(n − 1)

)

= cos

(

θ +
4π

(n − 1)n

)

for θ =
α1 − β2

2
.

We have obtained a contradiction because on an interval shorter than 2π the cosine cannot
attain the same value at three distinct points.

Remark. A square can be inscribed in a regular pentagon, cf. Problem 6.46.

6.64. Let a =
−−→
OA1 + · · · +

−−→
OAn. A rotation about point O by 360◦

n
sends point Ai to

Ai+1 and, therefore, sends vector a into itself, i.e., a = 0.

Since
−−→
XAi =

−−→
XO +

−−→
OAi and

−−→
OA1 + · · ·+−−→

OAn =
−→
0 , it follows that

−−→
XA1 + · · ·+−−→

XAn =

n
−−→
XO.

6.65. Through the center of a regular polygon A1 . . . An, draw line l that does not pass
through the vertices of the polygon. Let xi be equal to the length of the projection of vector−−→
OAi to a line perpendicular to l. Then all the xi are nonzero and the sum of numbers xi

assigned to the vertices of a regular k-gon is equal to zero since the corresponding sum of

vectors
−−→
OAi vanishes, cf. Problem 6.64.

6.66. By Problem 6.64 a = 10
−→
AO and b = 10

−−→
BO, where O is the center of polygon

X1 . . . X10. Clearly, if point A is situated rather close to a vertex of the polygon and point
B rather close to the midpoint of a side, then AO > BO.

6.67. Since

AiX
2 = |−−→AiO +

−−→
OX|2 = AiO

2 + OX2 + 2(
−−→
AiO,

−−→
OX) =

R2 + d2 + 2(
−−→
AiO,

−−→
OX),

it follows that
∑

AiX
2 = n(R2 + d2) + 2(

∑−−→
AiO,

−−→
OX) = n(R2 + d2),

cf. Problem 6.64.
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6.68. Denote by Sk the sum of squared distances from vertex Ak to all the other vertices.
Then

Sk = AkA
2
1 + AkA

2
2 + · · · + AkA

2
n = AkO

2 + 2(
−−→
AkO,

−−→
OA1) + A1O

2 + . . .

+ AkO
2 + 2(

−−→
AkO,

−−→
OAn) + AnO

2 = 2nR2

because
∑n

i=1

−−→
OAi =

−→
0 . Hence,

∑n
i=1 Sk = 2n2R2. Since each squared side and diagonal

enters this sum twice, the sum to be found is equal to n2R2.
6.69. Consider the rotation of the given n-gon about the n-gon’s center O that sends

Ak to A1. Let Xk be the image of point X under the rotation. This rotation sends segment
AkX to A1Xk. Therefore,

A1X + · · · + AnX = A1X1 + · · · + A1Xn.

Since n-gon X1 . . . Xn is a regular one,

−−−→
A1X1 + · · · + −−−→

A1Xn = n
−−→
A1O,

cf. Problem 6.64. Therefore, A1X1 + · · · + AnXn ≥ n
−−→
A1O.

6.70. Let Bi be the projection of point X to line OAi. Then

(ei,x) = (
−−→
OAi,

−−→
OBi +

−−→
BiX) = (

−−→
OAi,

−−→
OBi) = ±R · OBi.

Points B1, . . . , Bn lie on the circle with diameter OX and are vertices of a regular n-gon
for n odd and vertices of an n

2
-gon counted twice for n even, cf. Problem 2.9. Therefore,

∑

OB2
i = 1

2
n · OX2, cf. Problem 6.67.

6.71. Let e1, . . . , en be the vectors that go from the center of the given n-gon into
its vertices; x a unit vector perpendicular to line l. The sum to be found is equal to
∑

(ei,x)2 = 1
2
n · R2, cf. Problem 6.70.

6.72. Let e1, . . . , en be the unit vectors directed from the center O of a regular n-gon

into the midpoints of its sides; x =
−−→
OX. Then the distance from point X to the i-th side is

equal to |(x, ei) − r|. Hence, the sum to be found is equal to

∑

((x, ei)
2 − 2r(x, ei) + r2) =

∑

(x, ei)
2 + nr2.

By Problem 6.70
∑

(x, ei)
2 = 1

2
nd2.

6.73. Let x be the unit vector parallel to line l and ei =
−−−−→
AiAi+1. Then the squared length

of the projection of side AiAi+1 to line l is equal to (x, ei)
2. By Problem 6.70

∑

(x, ei)
2 =

1
2
na2.

6.74. Let a =
−−→
OX, ei =

−−→
OAi. Then

XA4
i = |a + ei|4 = (|a|2 + 2(a, ei) + |ei|2)2 =

4(R2 + (a, ei))
2 = 4(R4 + 2R2(a, ei) + (a, ei)

2).

Clearly,
∑

(a, ei) = (a,
∑

ei) = 0. By Problem 6.70
∑

(a, ei)
2 = 1

2
nR4; hence, the sum to

be found is equal to 4
(

nR4 + nR4

2

)

= 6nR4.
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6.75. a) First, let us prove the required relation for u = e1. Let ei = (sin ϕi, cos ϕi),
where cos ϕ1 = 1. Then

∑

(e1, ei)ei =
∑

cos ϕiei =
∑

(sin ϕi cos ϕi, cos2 ϕi) =

∑

(

sin 2ϕi

2
,
1 + cos 2ϕi

2

)

=
(

0,
n

2

)

=
ne1

2
.

For u = e2 the proof is similar.
It remains to notice that any vector u can be represented in the form u = λe1 + µe2.

b) Let B1, . . . , Bn be the midpoints of sides of the given polygon, ei =
−−→
OBi

OBi
, u =

−−→
XO.

Then
−−→
XAi =

−−→
OBi + (u, ei)ei. Since

∑−−→
OBi =

−→
0 , it follows that

∑−−→
XAi =

∑

(u, ei)ei =
nu

2
=

n
−−→
XO

2
.

6.76. Let e0, . . . , en−1 be the vectors of sides of a regular n-gon. It suffices to prove that
by reordering these vectors we can get a set of vectors −−−−−−−→a1, . . . , an such that

∑n
k=1 kak = 0.

A number n which is not a power of a prime can be represented in the form n = pq, where
p and q are relatively prime. Now, let us prove that the collection

e0, ep, . . . , e(q−1)p; eq, eq+p, . . . , eq+(q−1)p;

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

e(p−1)q, e(p−1)q+p, . . . , e(p−1)q+(q−1)p

is the one to be found. First, notice that if

x1q + y1p ≡ x2q + y2p ( mod pq),

then x1 ≡ x2 ( mod p) and y1 ≡ y2 ( mod q); therefore, in the considered collection each
of the vectors e0, . . . , en−1 is encountered exactly once.

The endpoints of vectors eq, eq+p, . . . , eq+(q−1)p with a common beginning point des-
tinguish a regular q-gon and, therefore, their sum is equal to zero. Moreover, vectors e0,
ep, . . . , e(q−1)p turn into eq, eq+p, . . . , eq+(p−1)q under the rotation by an angle of ϕ = 2π

p
.

Hence, if e0 + 2ep + · · · + qe(q−1)p = b, then

(q + 1)eq + (q + 2)eq+p + · · · + 2qeq+(q−1)p =

q(eq + · · · + eq+(q−1)p) + eq + 2eq+p + · · · + qeq+(q−1)p = Rϕb,

where Rϕb is the vector obtained from b after the rotation by ϕ = 2π
p

. Similar arguments

show that for the considered set of vectors we have
n

∑

k=1

kak = b + Rϕb + · · · + R(p−1)ϕb = 0.

6.77. Suppose that on the sides of triangle ABC squares ABB1A1, BCC2B2, ACC3A3

are constructed outwards and vertices A1, B1, B2, C2, C3, A3 lie on one circle S. The mid-
perpendiculars to segments A1B1, B2C2, A3C3 pass through the center of circle S. It is clear
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that the midperpendiculars to segments A1B1, B2C2, A3C3 coincide with the midperpendic-
ulars to sides of triangle ABC and therefore, the center of circle S coincides with the center
of the circumscribed circle of the triangle.

Denote the center of the circumscribed circle of triangle ABC by O. The distance from
O to line B2C2 is equal to R cos ∠A + 2R sin ∠A, where R is the radius of the circumscribed
circle of triangle ABC. Hence,

OB2
2 = (R sin ∠A)2 + (R cos ∠A + 2R sin ∠A)2 =

R2(3 + 2(sin ∠2A − cos 2∠A)) = R2(3 − 2
√

2 cos(45◦ + 2∠A)).

Clearly, in order for the triangle to possess the desired property, it is necessary and sufficient
that OB2

2 = OC2
3 = OA2

1, i.e.,

cos(45◦ + 2∠A) = cos(45◦ + 2∠B) = cos(45◦ + 2∠C).

This equality holds for ∠A = ∠B = ∠C = 60◦. If, contrarywise, ∠A 6= ∠B, then (45◦ +
2∠A) + (45◦ + 2∠B) = 360◦, i.e., ∠A + ∠B = 135◦. Hence, ∠C = 45◦ and ∠A = ∠C = 45◦,
∠B = 90◦ (or ∠B = 45◦, ∠A = 90◦). We see that the triangle should be either an equilateral
or an isosceles one.

6.78. In any triangle we have hc = ab
2R

(Problem 12.33); hence, pk = MAk·MAk+1

2R
. There-

fore,

p1p3 . . . p2n−1 =
MA1 · MA2 . . . MA2n

(2R)n
= p2p4 . . . p2n.

6.79. Let ABC be a triangle inscribed in circle S. Denote the distances from the center
O of S to sides BC, CA and AB by a, b and c, respectively. Then R + r = a + b + c if point
O lies inside triangle ABC and R + r = −a + b + c if points A and O lie on various sides of
line BC, cf. Problem 12.38.

Each of the diagonals of the partition belongs to two triangles of the partition. For one
of these triangles point O and the remaining vertex lie on one side of the diagonal, for the
other one the points lie on different sides.

A partition of an n-gon by nonintersecting diagonals into triangles consists of n − 2
triangles. Therefore, the sum (n−2)R+ r1 + · · ·+ rn−2 is equal to the sum of distances from
point O to the sides of an n-gon (the distances to the sides are taken with the corresponding
signs). This implies that the sum r1 + · · · + rn−2 does not depend on the partition.

6.80. Let polygon A1 . . . An be inscribed in a circle. Let us consider point A′
2 symmetric

to point A2 through the midperpendicular to segment A1A3. Then polygon A1A
′
2A3 . . . An

is an inscribed one and its area is equal to the area of polygon A1 . . . An. Therefore, we can
transpose any two sides. Therefore, we can make any side, call it X, a neighbouring side of
any given side, Y ; next, make any of the remaining sides a neighbour of X, etc. Therefore,
the area of an n-gon inscribed into the given circle only depends on the set of lengths of the
sides but not on their order.

6.81. Without loss of generality we may assume that an is the greatest of the numbers
a1, . . . , an. Let n-gon A1 . . . An be inscribed into a circle centered at O. Then

AiAi+1 : A1An = sin
∠AiOAi+1

2
: sin

∠A1OAn

2
.

Therefore, let us proceed as follows. From the relation sin ϕi

2
: sin ϕ

2
= ai : an the angle ϕi

is uniquely determined in terms of ϕ if ϕi < π. On a circle of radius 1, fix a point An and
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consider variable points A1, . . . , An−1, A′
n such that

⌣ AnA1 = ϕ, ⌣ A1A2 = ϕ1, . . . ,⌣ An−2An−1 = ϕn−2 and ⌣ An−1A
′
n = ϕn−1.

Denote these points in two distinct ways as plotted on Fig. 75. (The first way — Fig. 75 a)
— corresponds to an n-gon that contains the center of the circle, and the second way — Fig.
75 b) — corresponds to an n-gon that does not contain the center of the circle). It remains
to prove that as ϕ varies from 0 to π, then in one of these cases point A′

n coincides with An

(indeed, then up to a similarity we get the required n-gon). Suppose that in the first case
points A′

n and An never coincide for 0 ≤ ϕ ≤ π, i.e., for ϕ = π we have ϕ1 + · · ·+ ϕn−1 < π.

Figure 75 (Sol. 6.81)

Fig. 75 b) requires certain comments: sinα ≈ α for small values of α; hence, the
conditions of the problem imply that for small angles point An does indeed lie on arc ⌣ A1A

′
n

because ϕ1 + · · ·+ ϕn−1 > ϕ. Thus, for small angles ϕ1 + · · ·+ ϕn−1 > ϕ and if ϕ = π, then
by the hypothesis ϕ1 + · · ·+ ϕn−1 < π = ϕ. Hence, at certain moment ϕ = ϕ1 + · · ·+ ϕn−1,
i.e., points An and A′

n coincide.
6.82. Let h1, . . . , hn be the distances from the given point to the corresponding sides;

let a1, . . . , an be the distances from the vertices of the polygon to tangent points. Then the
product of areas of red as well as blue triangles is equal to a1...anh1...hn

2n .
6.83. Let OHi be a height of triangle OAiAi+1. Then ∠Hi−1OAi = ∠HiOAi = ϕi. The

conditions of the problem imply that

ϕ1 + ϕ2 = ϕn+1 + ϕn+2,
ϕn+2 + ϕn+3 = ϕ2 + ϕ3,
ϕ3 + ϕ4 = ϕn+3 + ϕn+4,

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . ,
ϕn−2 + ϕn−1 = ϕ2n−2 + ϕ2n−1

(expressing the last equality we have taken into account that n is odd) and

ϕn−1 + 2ϕn + ϕn+1 = ϕ2n−1 + 2ϕ2n + ϕ1.

Adding all these equalities we get

ϕn−1 + ϕn = ϕ2n−1 + ϕ2n,

as required.

6.84. Let O be the center of the given circle. Then
−−→
XAi =

−−→
XO +

−−→
OAi and, therefore,

XA2
i = XO2 + OA2

i + 2(
−−→
OX,

−−→
OAi) = d2 + r2 + 2(

−−→
XO,

−−→
OAi).

Since a1
−−→
OA1 + · · · + An

−−→
OAn =

−→
0 (cf. Problem 13.4), it follows that

a1XA2
1 + · · · + anXA2

n = (a1 + · · · + an)(d2 + r2).
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6.85. By Problem 5.8 bi−1bi

a2
i

= sin2 ∠Ai

2
. To solve heading a) it suffices to multiply all

these equalities and to solve heading b) we have to divide the product of all equalities with
even index i by the product of all equalities with odd index i.

6.86. Let BC be a blue side, AB and CD be the sides neighbouring with BC. By the
hypothesis sides AB and CD are red ones. Suppose that the polygon is a circumscribed one;
let P , Q, R be the tangent points of sides AB, BC, CD, respectively, with the inscribed
circle. Clearly, BP = BQ, CR = CQ and segments BP , CR only neighbour one blue
segment. Therefore, the sum of the lengths of the red sides is not smaller than the sum of
the lengths of the blue sides. We have obtained a contradiction with the fact that the sum
of the lengths of red sides is smaller than the semiperimeter. Therefore, a circle cannot be
inscribed into the polygon.

6.87. Let the given n-gon have k acute angles. Then the sum of its angles is smaller
than k · 90◦ + (n− k) · 180◦. On the other hand, the sum of the angles of the n-gon is equal
to (n − 2) · 180◦. Hence,

(n − 2) · 180◦ < k · 90◦ + (n − k) · 180◦, i.e., k < 4.

Since k is an integer, k ≤ 3.

Figure 76 (Sol. 6.87)

For any n ≥ 3 there exists a convex n-gon with three acute angles (Fig. 76).
6.88. Suppose that the lengths of nonadjacent sides AB and CD are equal to the

length of the greatest diagonal. Then AB + CD ≥ AC + BD. But by Problem 9.14
AB + CD < AC + BD. We have obtained a contradiction and therefore, the sides whose
length is equal to the length of the longest diagonal should be adjacent ones, i.e., there are
not more than two of such sides.

Figure 77 (Sol. 6.88)

An example of a polygon with two sides whose lengths are equal to the length of the
longest diagonal is given on Fig. 77. Clearly, such an n-gon exists for any n > 3.

6.89. Let us prove that n ≤ 5. Let AB = 1 and C the vertex not adjacent to either A or
B. Then |AC−BC| < AB = 1. Hence, AC = BC, i.e., point C lies on the midperpendicular
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to side AB. Therefore, in addition to vertices A, B, C the polygon can have only two more
vertices.

Figure 78 (Sol. 6.89)

An example of a pentagon with the required property is given on Fig. 78. Let us elucidate
its construction. Clearly, ACDE is a rectangle, AC = ED = 1 and ∠CAD = 60◦. Point B
is determined from the condition BE = BD = 3.

An example of a quadrilateral with the desired property is rectangle ACDE on the same
figure.

6.90. An example of a pentagon satisfying the conditions of the problem is plotted on
Fig. 79. Let us clarify its construction. Take an equilateral right triangle EAB and draw
midperpendiculars to sides EA, AB; on them construct points C and D, respectively, so
that ED = BC = AB (i.e., lines BC and ED form angles of 30◦ with the corresponding
midperpendiculars). Clearly,

DE = BC = AB = EA < EB < DC and DB = DA = CA = CE > EB.

Now, let us prove that the fifth side and the fifth diagonal cannot have a common point.
Suppose that the fifth side AB has a common point A with the fifth diagonal. Then the
fifth diagonal is either AC or AD. Let us consider these two cases.

Figure 79 (Sol. 6.90)

In the first case △AED = △CDE; hence, under the symmetry through the midper-
pendicular to segment ED point A turns into point C. This symmetry preserves point B
because BE = BD. Therefore, segment AB turns into CB, i.e., AB = CB. Contradiction.
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In the second case △ACE = △EBD; hence, under the symmetry through the bisector
of angle ∠AED segment AB turns into DC, i.e., AB = CD. Contradiction.

6.91. Let us consider two neighbouring vertices A1 and A2. If ∠A1OA2 ≥ 90◦, then
OA1 = OA2 because neither right nor acute angle can be adjacent to the base of an isosceles
triangle.

Figure 80 (Sol. 6.91)

Now, let ∠A1OA2 < 90◦. Let us draw through point O lines l1 and l2 perpendicular
to lines OA1 and OA2, respectively. Denote the regions into which these lines divide the
plane as indicated on Fig. 80. If in region 3 there is a vertex, Ak, then A1O = AkO = A2O
because ∠A1OAk ≥ 90◦ and ∠A2OAk ≥ 90◦. If region 3 has no vertices of the polygon, then
in region 1 there is a vertex Ap and in region 2 there is a vertex Aq (if neither of the regions
1 or 2 would have contained vertices of the polygon, then point O would have been outside
the polygon). Since ∠A1OAq ≥ 90◦, ∠A2OAp ≥ 90◦ and ∠ApOAq ≥ 90◦, it follows that
A1O = AqO = ApO = A2O.

It remains to notice that if the distances from point O to any pair of the neighbouring
vertices of the polygon are equal, then all the distances from point O to the vertices of the
polygon are equal.

6.92. Let us prove that if A, B, C, D, E, F are points on the circle placed in an
arbitrary order; lines AB and DE, BC and EF , CD and FA, intersect at points G, H, K,
respectively. Then points G, H and K lie on one line.

Let a, b, . . . , f be oriented angles between a fixed line and lines OA, OB, . . . , OF ,
respectively, where O is the center of the circumscribed circle of the hexagon. Then

∠(AB,DE) =
a + b − d − e

2
, ∠(CD,FA) =

c + d − f − a

2
,

∠(EF,BC) =
e + f − b − c

2

and, therefore, the sum of these angles is equal to 0.
Let Z be the intersection point of circumscribed circles of triangles BDG and DFK.

Let us prove that point B, F , Z and H lie on one circle. For this we have to verify that
∠(BZ,ZF ) = ∠(BH,HF ). Clearly,

∠(BZ,ZF ) = ∠(BZ,ZD) + ∠(DZ,ZF ),
∠(BZ,ZD) = ∠(BG,GD) = ∠(AB,DE),
∠(DZ,ZF ) = ∠(DK,KF ) = ∠(CD,FA)

and, as we have just proved,

∠(AB,DE) + ∠(CD,FA) = −∠(EF,BC) = ∠(BC,EF ) = ∠(BH,HF ).
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Now, let us prove that points H, Z and G lie on one line. For this it suffices to verify
that ∠(GZ,ZB) = ∠(HZ,ZB). Clearly,

∠(GZ,ZB) = ∠(GD,DB) = ∠(ED,DB), ∠(HZ,ZB) = ∠(HF,FB) = ∠(ED,DB).

We similarly prove that points K, Z and G lie on one line:

∠(DZ,ZG) = ∠(DB,BG) = ∠(DB,BA);
∠(DZ,ZK) = ∠(DF,FK) = ∠(DB,BA)

We have deduced that points H and K lie on line GZ, consequently, points G, H and K lie
on one line.

6.93. Let A2, B2 and C2 be the indicated intersection points of lines. By applying
Pascal’s theorem to points M , A1, A, C, B, B1 we deduce that A2, B2 and R lie on one line.
Similarly, points A2, C2 and R lie on one line. Hence, points A2, B2, C2 and R lie on one
line.

6.94. Points A1 and B1 lie on circle S of diameter AB. Let A4 and B4 be the intersection
points of lines AA2 and BB2 with line A3B3. By Problem 2.41 a) these points lie on circle
S. Lines A1B and A4A intersect at point A2 and lines BB4 and AB1 at point B2. Therefore,
applying Pascal’s theorem to points B1, A1, B, B4, A4, A we see that the intersection point
of lines B1A1 and B4A4 (the latter line coincides with A3B3) lies on line A2B2.

6.95. Let K be the intersection point of lines BC and MN . Apply Pascal’s theorem to
points A, M , N , D, C, B. We see that points E, K, F lie on one line and, therefore, K is
the intersection point of lines MN and EF .

6.96. Let rays PA and QA intersect the circle at points P2 and Q2, i.e., P1P2 and Q1Q2

are diameters of the given circle. Let us apply Pascal’s theorem to hexagon PP2P1QQ2Q1.
Lines PP2 and QQ2 intersect at point A and lines P1P2 and Q1Q2 intersect at point O,
hence, the intersection point of lines P1Q and Q1P lies on line AO.

6.97. Let given points A, B, C, D, E lie on one line. Suppose that we have constructed
point F of the same circle. Denote by K, L, M the intersection points of lines AB and DE,
BC and EF , CD and FA, respectively. Then by Pascal’s theorem points K, L, M lie on
one line.

The above implies the following construction. Let us draw through point E an arbitrary
line a and denote its intersection point with line BC by L. Then construct the intersection
point K of lines AB and DE and the intersection point M of lines KL and CD. Finally, let
F be the intersection point of lines AM and a. Let us prove that F lies on our circle. Let
F1 be the intersection point of the circle and line a. From Pascal’s theorem it follows that
F1 lies on line AM , i.e., F1 is the intersection point of a and AM . Hence, F1 = F .

6.98. Let P and Q be the intersection points of line A3A4 with A1A2 and A1A6, respec-
tively, and R and S be the intersection points of line A4A5 with A1A6 and A1A2, respectively.
Then

A2K : A3L = A2P : A3P, A3L : A6M = A3Q : A6Q, A6M : A5N = A6R : A5R.

Therefore, the desired relation A2K : A5N = A2S : A5S takes the form

A2P

A3P
· A3Q

A6Q
· A6R

A5R
· A5S

A2S
= 1.

Let T be the intersection point of lines A2A3 and A5A6; by Pascal’s theorem points S, Q
and T lie on one line. By applying Menelau’s theorem (cf. Problem 5.58) to triangle PQS
and points T , A2, A3 and also to triangle RQS and points T , A5, A6 we get

A2P

A2S
· A3Q

A3P
· TS

TQ
= 1 and

TQ

TS
· A5S

A5R
· A6R

A6Q
= 1.
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By multiplying these equalities we get the statement desired. (The ratio of segments should
be considered oriented ones.)



Chapter 7. LOCI

Background

1) A locus is a figure consisting of all points having a cirtain property.
2) A solution of a problem where a locus is to be found should contain the proof of the

following facts:
a) the points with a required property belong to figure Φ which is the answer to the

problem;
b) All points of Φ have the required property.
3) A locus possessing two properties is the intersection of two figures: (1) the locus of

points possessing the first property and (2) the locus of points possessing the other property.
4) Three most important loci:
a) The locus of points equidistant from points A and B is the midperpendicular to

segment AB;
b) The locus of points whose distance from a given point O is equal to R is the circle of

radius R centered at O;
c) The locus of vertices of a given angle that subtend given segment AB is the union of

two arcs of circles symmetric through line AB (points A and B do not belong to the locus).

Introductory problems

1. a) Find the locus of points equidistant from two parallel lines.
b) Find the locus of points equidistant from two intersecting lines.
2. Find the locus of the midpoints of segments with the endpoints on two given parallel

lines.
3. Given triangle ABC, find the locus of points X satisfying inequalities AX ≤ BX ≤CX.
4. Find the locus of points X such that the tangents drawn from X to the given circle

have a given length.
5. A point A on a circle is fixed. Find the locus of points X that divide chords with A

as an endpoint in the ratio of 1 : 2 counting from point A.

§1. The locus is a line or a segment of a line

7.1. Two wheels of radii r1 and r2 roll along line l. Find the set of intersection points
M of their common inner tangents.

7.2. Sides AB and CD of quadrilateral ABCD of area S are not parallel. Inside the
quadrilateral find the locus of points X for which SABX + SCDX = 1

2
S.

7.3. Given two lines that meet at point O. Find the locus of points X for which the sum
of the lengths of projections of segments OX to these lines is a constant.

7.4. Given rectangle ABCD, find the locus of points X for which AX+BX = CX+DX.
7.5. Find the locus of points M that lie inside rhombus ABCD and with the property

that ∠AMD + ∠BMC = 180◦.

169
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7.6. Given points A and B in plane, find the locus of points M for which the difference
of the squared lengths of segments AM and PM is a constant.

7.7. A circle S and a point M outside it are given. Through point M all possible circles
S1 that intersect S are drawn; X is the intersection point of the tangent at M to S1 with
the extension of the common chord of circles S and S1. Find the locus of points X.

7.8. Given two nonintersecting circles, find the locus of the centers of circles that divide
the given circles in halves (i.e., that intersect the given circles in diametrically opposite
points).

7.9. A point A inside a circle is taken. Find the locus of the intersection points of
tangents to circles drawn through the endpoints of possible chords that contain point A.

7.10. a) Parallelogram ABCD is given. Prove that the quantity

AX2 + CX2 − BX2 − DX2

does not depend on the choice of point X.
b) Quadrilateral ABCD is not a parallelogram. Prove that all points X that satisfy

the relation AX2 + CX2 = BX2 + DX2 lie on one line perpendicular to the segment that
connects the midpoints of the diagonals.

See also Problems 6.14, 15.14.

§2. The locus is a circle or an arc of a circle

7.11. A segment moves along the plane so that its endpoints slide along the legs of a
right angle ∠ABC. What is the trajectory traversed by the midpoint of this segment? (We
naturally assume that the length of the segment does not vary while it moves.)

7.12. Find the locus of the midpoints of the chords of a given circle, provided the chords
pass through a given point.

7.13. Given two points, A and B and two circles that are tangent to line AB: one circle
is tangent at A and the other one at B, and the circles are tangent to each other at point
M . Find the locus of points M .

* * *

7.14. Two points, A and B in plane are given. Find the locus of points M for which
AM : BM = k. (Apollonius’s circle.)

7.15. Let S be Apollonius’s circle for points A and B where point A lies outside circle
S. From point A tangents AP and AQ to circle S are drawn. Prove that B is the midpoint
of segment PQ.

7.16. Let AD and AE be the bisectors of the inner and outer angles of triangle ABC
and Sa be the circle with diameter DE; circles Sb and Sc are similarly defined. Prove that:

a) circles Sa, Sb and Sc have two common points, M and N , such that line MN passes
through the center of the circumscribed circle of triangle ABC;

b) The projections of point M (and N) to the sides of triangle ABC distinguish an
equilateral triangle.

7.17. Triangle ABC is an equilateral one, M is a point. Prove that if the lengths
of segments AM , BM and CM form a geometric progression, then the quotient of this
progression is smaller than 2.

See also Problems 14.19 a), 18.14.
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§3. The inscribed angle

7.18. Points A and B on a circle are fixed and a point C runs along the circle. Find the
set of the intersection points of a) heights; b) bisectors of triangles ABC.

7.19. Point P runs along the circumscribed circle of square ABCD. Lines AP and BD
intersect at point Q and the line that passes through point Q parallel to AC intersects line
BP at point X. Find the locus of points X.

7.20. a) Points A and B on a circle are fixed and points A1 and B1 run along the same
circle so that the value of arc ⌣ A1B1 remains a constant; let M be the intersection point
of lines AA1 and BB1. Find the locus of points M .

b) Triangles ABC and A1B1C1 are inscribed in a circle; triangle ABC is fixed and triangle
A1B1C1 rotates. Prove that lines AA1, BB1 and CC1 intersect at one point for not more
than one position of triangle A1B1C1.

7.21. Four points in the plane are given. Find the locus of the centers of rectangles
formed by four lines that pass through the given points.

7.22. Find the locus of points X that lie inside equilateral triangle ABC and such that
∠XAB + ∠XBC + ∠XCA = 90◦.

See also Problems 2.5, 2.37.

§4. Auxiliary equal triangles

7.23. A semicircle centered at O is given. From every point X on the extension of the
diameter of the semicircle a ray tangent to the semicircle is drawn. On the ray segment XM
equal to segment XO is marked. Find the locus of points M obtained in this way.

7.24. Let A and B be fixed points in plane. Find the locus of points C with the following
property: height hb of triangle ABC is equal to b.

7.25. A circle and a point P inside it are given. Through every point Q on the circle
the tangent is drawn. The perpendicular dropped from the center of the circle to line PQ
and the tangent intersect at a point M . Find the locus of points M .

§5. The homothety

7.26. Points A and B on a circle are fixed. Point C runs along the circle. Find the set
of the intersection points of the medians of triangles ABC.

7.27. Triangle ABC is given. Find the locus of the centers of rectangles PQRS whose
vertices Q and P lie on side AC and vertices R and S lie on sides AB and BC, respectively.

7.28. Two circles intersect at points A and B. Through point A a line passes. It
intersects the circles for the second time at points P and Q. What is the line plotted by the
midpoint of segment PQ while the intersecting line rotates about point A.

7.29. Points A, B and C lie on one line; B is between A and C. Find the locus of points
M such that the radii of the circumscribed circles of triangles AMB and CMB are equal.

See also Problems 19.10, 19.21, 19.38.

§6. A method of loci

7.30. Points P and Q move with the same constant speed v along two lines that intersect
at point O. Prove that there exists a fixed point A in plane such that the distances from A
to P and Q are equal at all times.

7.31. Through the midpoint of each diagonal of a convex quadrilateral a line is drawn
parallel to the other diagonal. These lines meet at point O. Prove that segments that connect
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O with the midpoints of the sides of the quadrilateral divide the area of the quadrilateral
into equal parts.

7.32. Let D and E be the midpoints of sides AB and BC of an acute triangle ABC and
point M lies on side AC. Prove that if MD < AD, then ME > EC.

7.33. Inside a convex polygon points P and Q are taken. Prove that there exists a vertex
of the polygon whose distance from Q is smaller than that from P .

7.34. Points A, B and C are such that for any fourth point M either MA ≤ MB or
MA ≤ MC. Prove that point A lies on segment BC.

7.35. Quadrilateral ABCD is given; in it AB < BC and AD < DC. Point M lies on
diagonal BD. Prove that AM < MC.

§7. The locus with a nonzero area

7.36. Let O be the center of rectangle ABCD. Find the locus of points M for which
AM ≥ OM , BM ≥ OM , CM ≥ OM and DM ≥ OM .

7.37. Find the locus of points X from which tangents to a given arc AB of a circle can
be drawn.

7.38. Let O be the center of an equilateral triangle ABC. Find the locus of points M
satisfying the following condition: any line drawn through M intersects either segment AB
or segment CO.

7.39. In plane, two nonintersecting disks are given. Does there necessarily exist a point
M outside these disks that satisfies the following condition: each line that passes through
M intersects at least one of these disks?

Find the locus of points M with this property.

See also Problem 18.11.

§8. Carnot’s theorem

7.40. Prove that the perpendiculars dropped from points A1, B1 and C1 to sides BC,
CA, AB of triangle ABC intersect at one point if and only if

A1B
2 + C1A

2 + B1C
2 = B1A

2 + A1C
2 + C1B

2. (Carnot’s formula)

7.41. Prove that the heights of a triangle meet at one point.
7.42. Points A1, B1 and C1 are such that AB1 = AC1, BC = BA1 and CA1 = CB1.

Prove that the perpendiculars dropped from points A1, B1 and C1 to lines BC, CA and AB
meet at one point.

7.43. a) The perpendiculars dropped from the vertices of triangle ABC to the corre-
sponding sides of triangle A1B1C1 meet at one point. Prove that the perpendiculars dropped
from the vertices of triangle A1B1C1 to the corresponding sides of triangle ABC also meet
at one point.

b) Lines drawn through vertices of triangle ABC parallelly to the corresponding sides of
triangle A1B1C1 intersect at one point. Prove that the lines drawn through the vertices of
triangle A1B1C1 parallelly to the corresponding sides of triangle ABC also intersect at one
point.

7.44. On line l points A1, B1 and C1 are taken and from the vertices of triangle ABC
perpendiculars AA2, BB2 and CC2 are dropped to this line. Prove that the perpendiculars
dropped from points A1, B1 and C1 to lines BC, CA and AB, respectively, intersect at one
point if and only if

A1B1 : B1C1 = A2B2 : B2C2.

The ratios of segments are oriented ones.
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7.45. Triangle ABC is an equilateral one, P an arbitrary point. Prove that the perpen-
diculars dropped from the centers of the inscribed circles of triangles PAB, PBC and PCA
to lines AB, BC and CA, respectively, meet at one point.

7.46. Prove that if perpendiculars raised at the bases of bisectors of a triangle meet at
one point, then the triangle is an isosceles one.

§9. Fermat-Apollonius’s circle

7.47. Prove that the set of points X such that

k1A1X
2 + · · · + knAnX2 = c

is either
a) a circle or the empty set if k1 + · · · + kn 6= 0;
b) a line, a plane or the empty set if k1 + · · · + kn = 0.
7.48. Line l intersects two circles at four points. Prove that the quadrilateral formed by

the tangents at these points is a circumscribed one and the center of its circumscribed circle
lies on the line that connects the centers of the given circles.

7.49. Points M and N are such that AM : BM : CM = AN : BN : CN . Prove that
line MN passes through the center O of the circumscribed circle of triangle ABC.

See also Problems 7.6, 7.14, 8.59–8.63.

Problems for independent study

7.50. On sides AB and BC of triangle ABC, points D and E are taken. Find the locus
of the midpoints of segments DE.

7.51. Two circles are tangent to a given line at two given points A and B; the circles
are also tangent to each other. Let C and D be the tangent points of these circles with
another outer tangent. Both tangent lines to the circles are outer ones. Find the locus of
the midpoints of segments CD.

7.52. The bisector of one of the angles of a triangle has inside the triangle a common
point with the perpendicular erected from the midpoint of the side opposite the angle. Prove
that the triangle is an isosceles one.

7.53. Triangle ABC is given. Find the locus of points M of this triangle for which
the condition AM ≥ BM ≥ CM holds. When the obtained locus is a) a pentagon; b) a
triangle?

7.54. Square ABCD is given. Find the locus of the midpoints of the sides of the squares
inscribed in the given square.

7.55. An equilateral triangle ABC is given. Find the locus of points M such that
triangles AMB and BCM are isosceles ones.

7.56. Find the locus of the midpoints of segments of length 2√
3

whose endpoints lie on

the sides of a unit square.
7.57. On sides AB, BC and CA of a given triangle ABC points P , Q and R, respectively,

are taken, so that PQ ‖ AC and PR ‖ BC. Find the locus of the midpoints of segments
QR.

7.58. Given a semicircle with diameter AB. For any point X on this semicircle, point
Y on ray XA is taken so that XY = XB. Find the locus of points Y .

7.59. Triangle ABC is given. On its sides AB, BC and CA points C1, A1 and B1,
respectively, are selected. Find the locus of the intersection points of the circumscribed
circles of triangles AB1C1, A1BC1 and A1B1C.
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Solutions

7.1. Let O1 and O2 be the centers of the wheels of radii r1 and r2, respectively. If M is
the intersection point of the inner tangents, then OM : O2M = r1 : r2. It is easy to derive
from this condition that the distance from point M to line l is equal to 2r1r2

r1+r2
. Hence, all

the intersection points of the common inner tangents lie on the line parallel to l and whose
distance from l is equal to 2r1r2

r1+r2
.

7.2. Let O be the intersection point of lines AB and CD. On rays OA and OD, mark
segments OK and OL equal to AB and CD, respectively. Then

SABX + SCDX = SKOX + SLOX = SKOL ± SKXL.

Therefore, the area of triangles KXL is a constant, i.e., point X lies on a line parallel to
KL.

7.3. Let a and b be unit vectors parallel to the given lines; x =
−−→
OX. The sum of

the lengths of the projections of vector x to the given lines is equal to |(a,x)| + |(b,x)| =
|(a±b,x)|, where the change of sign occurs on the perpendiculars to the given lines erected
at point O. Therefore, the locus to be found is a rectangle whose sides are parallel to
the bisectors of the angles between the given lines and the vertices lie on the indicated
perpendiculars.

7.4. Let l be the line that passes through the midpoints of sides BC and AD. Suppose
that point X does not lie on l; for instance, points A and X lie on one side of l. Then
AX < DX and BX < CX and, therefore, AX + BX < CX + DX. Hence, l is the locus to
be found.

7.5. Let N be a point such that
−−→
MN =

−−→
DA. Then ∠NAM = ∠DMA and ∠NBM =

∠BMC and, therefore, quadrilateral AMBN is an inscribed one. The diagonals of the
inscribed quadrilateral AMBN are equal, hence, either AM ‖ BN or BM ‖ AN . In the first
case ∠AMD = ∠MAN = ∠AMB and in the second case ∠BMC = ∠MBN = ∠BMA. If
∠AMB = ∠AMD, then ∠AMB + ∠BMC = 180◦ and point M lies on diagonal AC and if
∠BMA = ∠BMC, then point M lies on diagonal BD. It is also clear that if point M lies
on one of the diagonals, then ∠AMD + ∠BMC = 180◦.

7.6. Introduce a coordinate system selecting point A as the origin and directing Ox-axis
along ray AB. Let (x, y) be the coordinates of M . Then AM2 = x2 + y2 and BM2 =
(x − a)2 + y2, where a = AB. Hence, AM2 − BM2 = 2ax − a2. This quantity is equal to k

for points M whose coordinates are (a2+k
2a

, y). All such points lie on a line perpendicular to
AB.

7.7. Let A and B be the intersection points of circles S and S1. Then XM2 = XA·XB =
XO2 − R2, where O and R are the center and the radius, respectively, of circle S. Hence,
XO2−XM2 = R2 and, therefore, points X lie on the perpendicular to line OM (cf. Problem
7.6).

7.8. Let O1 and O2 be the centers of the given circles, R1 and R2 their respective radii.
The circle of radius r centered at X intersects the first circle in the diametrically opposite
points if and only if r2 = XO2

1 + R2
1; hence, the locus to be found consists of points X such

that XO2
1 + R2

1 = XO2
2 + R2

2. All such points X lie on a line perpendicular to O1O2, cf.
Problem 7.6.

7.9. Let O be the center of the circle, R its radius, M the intersection point of the
tangents drawn through the endpoints of the chord that contains point A, and P the midpoint
of this chord. Then OP · OM = R2 and OP = OA cos ϕ, where ϕ = ∠AOP . Hence,

AM2 = OM2 + OA2 − 2OM · OA cos ϕ = OM2 + OA2 − 2R2,
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and, therefore, the quantity

OM2 − AM2 = 2R2 − OA2

is a constant. It follows that all points M lie on a line perpendicular to OA, cf. Problem
7.6.

7.10. Let P and Q be the midpoints of diagonals AC and BD. Then

AX2 + CX2 = 2PX2 +
AC2

2
and BX2 + DX2 = 2QX2 +

BD2

2

(cf. Problem 12.11 a)) and, therefore, in heading b) the locus to be found consists of points
X such that PX2 − QX2 = 1

4
(BD2 − AC2) and in heading a) P = Q and, therefore, the

considered quantity is equal to 1
2
(BD2 − AC2).

7.11. Let M and N be the midpoints of the given segment, O its midpoint. Point B lies
on the circle with diameter MN , hence, OB = 1

2
MN . The trajectory of point O is the part

of the circle of radius 1
2
MN centered at B confined inside angle ∠ABC.

7.12. Let M be the given point, O the center of the given circle. If X is the midpoint of
chord AB, then XO ⊥AB. Therefore, the locus to be found is the circle with diameter MO.

7.13. Let us draw through point M a common tangent to the circles. Let O be the
intersection point of this tangent with line AB. Then AO = MO = BO, i.e., O is the
midpoint of segment AB. Point M lies on the circle with center O and radius 1

2
AB. The

locus of points M is the circle with diameter AB (points A and B excluded).
7.14. For k = 1 we get the midperpendicular to segment AB. In what follows we will

assume that k 6= 1.
Let us introduce a coordinate system in plane so that the coordinates of A and B are

(−a, 0) and (a, 0), respectively. If the coordinates of point M are (x, y), then

AM2

BM2
= (x + a)2 +

y2

(x − a)2
+ y2.

The equation AM2

BM2 = k2 takes the form

x + 1 − k2

1 − k2a
+ y2 =

2ka

1 − k2

2

.

This is an equation of the circle with center (−1 + k2

1−k2a
, 0) and radius 2ka

|1−k2| .

7.15. Let line AB intersect circle S at points E and F so that point E lies on segment
AB. Then PE is the bisector of triangle APB, hence, ∠EPB = ∠EPA = ∠EFP . Since
∠EPF = 90◦, it follows that PB ⊥ EF .

7.16. a) The considered circles are Apollonius’s circles for the pairs of vertices of triangle
ABC and, therefore, if X is a common point of circles Sa and Sb, then XB : XC = AB : AC
and XC : XA = BC : BA, i.e., XB : XA = CB : CA and, therefore, point X belongs to
circle Sc. It is also clear that if AB > BC, then point D lies inside circle Sb and point A
outside it. It follows that circles Sa and Sb intersect at two distinct points.

To complete the proof, it remains to make use of the result of Problem 7.49.
b) According to heading a) MA = λ

a
, MB = λ

b
and MC = λ

c
. Let B1 and C1 be the

projections of point M on lines AC and AB, respectively. Points B1 and C1 lie on the circle
with diameter MA, hence,

B1C1 = MA sin ∠B1AC1 =
λ

a

a

2R
=

λ

2R
,

where R is the radius of the circumscribed circle of triangle ABC. Similarly, A1C1 = A1B1 =
λ

2R
.
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7.17. Let O1 and O2 be points such that
−−→
BO1 = 4

3

−→
BA and

−−→
CO2 = 4

3

−−→
CB. It is easy to

verify that if BM > 2AM , then point M lies inside circle S1 of radius 2
3
AB with center O1

(cf. Problem 7.14) and if CM > 2BM , then point M lies inside circle S2 of radius 2
3
AB

centered at O2. Since O1O2 > BO1 = 4
3
AB and the sum of the radii of circles S1 and S2 is

equal to 4
3
AB, it follows that these circles do not intersect. Therefore, if BM = qAM and

CM = qBM , then q < 2.
7.18. a) Let O be the intersection point of heights AA1 and BB1. The points A1 and

B1 lie on the circle with diameter CO. Therefore, ∠AOB = 180◦ −∠C. Hence, the locus to
be found is the circle symmetric to the given one through line AB (points A and B should
be excluded).

b) If O is the intersection point of the bisectors of triangle ABC, then ∠AOB = 90◦ +
1
2
∠C. On each of the two arcs ⌣ AB the angles C are constant and, therefore, the desired

locus of the vertices of angles of 90◦ + 1
2
∠C that subtend segment AB is the union of two

arcs (points A and B should be excluded).
7.19. Points P and Q lie on the circle with diameter DX, hence,

∠(QD,DX) = ∠(QP,PX) = ∠(AP,PB) = 45◦,

i.e., point X lies on line CD.
7.20. a) If point A1 traverses along the circle an arc of value 2ϕ, then point B1 also

traverses an arc of value 2ϕ, consequently, lines AA1 and BB1 turn through an angle of ϕ
and the angle between them will not change.

Hence, point M moves along a circle that contains points A and B.
b) Let at some moment lines AA1, BB1 and CC1 meet at point P . Then, for instance,

the intersection point of lines AA1 and BB1 moves along the circumscribed circle of triangle
ABP . It is also clear that the circumscribed circles of triangles ABP , BCP and CAP have
a unique common point, P .

7.21. Suppose that points A and C lie on opposite sides of a rectangle. Let M and N be
the midpoints of segments AC and BD, respectively. Let us draw through point M line l1
parallel to the sides of the rectangle on which points A and C lie and through point N line l2
parallel to the sides of the rectangle on which points B and D lie. Let O be the intersection
point of lines l1 and l2. Clearly, point O lies on circle S constructed on segment MN as on
a diameter.

On the other hand, point O is the center of the rectangle. Clearly, the rectangle can be
constructed for any point O that lies on circle S.

It remains to notice that on the opposite sides of the rectangle points A and B or A and
D can also lie. Hence, the locus to be found is the union of three circles.

7.22. It is easy to verify that the points of heights of triangle ABC possess the required
property. Suppose that a point X not belonging to any of the heights of triangle ABC
possesses the required property. Then line BX intersects heights AA1 and CC1 at points
X1 and X2. Since

∠XAB + ∠XBC + ∠XCA = 90◦ = ∠X1AB + ∠X1BC + ∠X1CA,

it follows that

∠XAB − ∠X1AB = ∠X1CA − ∠XCA,

i.e., ∠(XA,AX1) = ∠(X1C,CX). Therefore, point X lies on the circumscribed circle of
triangle AXC ′, where point C ′ is symmetric to C through line BX. We similarly prove
that point X2 lies on the circle and, therefore, line BX intersects this circle at three distinct
points. Contradiction.
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7.23. Let K be the tangent point of line MX with the given semicircle and P the
projection of point M to the diameter. In right triangles MPX and OKX, the hypothenuses
are equal and ∠PXM = ∠OXK; hence, these triangles are equal. In particular, MP =
KO = R, where R is the radius of the given semicircle. It follows that point M lies on line
l parallel to the diameter of the semicircle and tangent to the semicircle. Let AB be the
segment of line l whose projection is the diameter of the semicircle. From a point on l that
does not belong to segment AB a tangent to the given semicircle cannot be drawn because
the tangent drawn to the circle should be tangent to the other semicircle as well.

The locus to be found is punctured segment AB: without points A, B, and the midpoint.
7.24. Let H be the base of height hb of triangle ABC and hb = b. Denote by B′

the intersection point of the perpendicular to line AB drawn through point A and the
perpendicular to line AH drawn through point C. Right triangles AB′C and BAH are
equal, becuase ∠AB′C = ∠BAH and ∠AC = BH. Therefore, AB′ = AB, i.e., point C lies
on the circle with diameter AB′.

Figure 81 (Sol. 7.24)

Let S1 and S2 be the images of circle S with diameter AB under the rotations through
angles of ±90◦ with center at A (Fig. 81). We have proved that point C 6= A belongs to the
union of circles S1 and S2.

Conversely, let a point C, C 6= A, belong to either of the circles S1 or S2; let AB′ be
a diameter of the corresponding circle. Then ∠AB′C = ∠HAB and A′B = AB; hence,
AC = HB.

7.25. Let O be the center of the circle, N the intersection point of lines OM and QP .
Let us drop from point M perpendicular MS to line OP . Since △ONQ ∼ △OQM and
△OPN ∼ △OMS, we derive that

ON : OQ = OQ : OM and OP : ON = OM : OS.

By multiplying these equalities we get OP : OQ = OQ : OS. Hence, OS = OQ2 : OP is a
constant. Since point S lies on line OP , its position does not depend on the choice of point
Q. The locus to be found is the line perpendicular to line OP and passing through point S.

7.26. Let O be the midpoint of segment AB, and M the intersection point of the medians
of triangle ABC. The homothety with center O and coefficient 1

3
sends point C to point M .

Therefore, the intersection point of the medians of triangle ABC lies on circle S which is
the image of the initial circle under the homothety with center O and coefficient 1

3
. To get

the desired locus we have to delete from S the images of points A and B.
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7.27. Let O be the midpoint of height BH; let M , D and E be the midpoints of segment
AC, and sides RQ and PS, respectively (Fig. 82).

Figure 82 (Sol. 7.27)

Points D and E lie on lines AO and CO, respectively. The midpoint of segment DE is
the center of rectangle PQRS. Clearly, this midpoint lies on segment OM . The locus in
question is segment OM without its endpoints.

7.28. Let O1 and O2 be the centers of the given circles (point P lies on the circle centered
at O1); O the midpoint of segment O1O2; P ′, Q′ and O′ the projections of points O1, O2 and
O to line PQ. As line PQ rotates, point O′ runs the circle S with diameter AO. Clearly, the
homothety with center A and coefficient 2 sends segment P ′Q′ to segment PQ, i.e., point O′

turns into the midpoint of segment PQ. Hence, the locus in question is the image of circle
S under this homothety.

7.29. Let P and Q be the centers of the circumscribed circles of triangles AMB and
CMB. Point M belongs to the locus to be found if BPMQ is a rhombus, i.e., point M is
the image of the midpoint of segment PQ under the homothety with center B and coefficient
2. Since the projections of points P and Q to line AC are the midpoints of segments AB
and BC, respectively, the midpoints of all segments PQ lie on one line. (The locus to be
found is the above-obtained line without the intersection point with line AC.)

7.30. Point P passes through point O at time t1, it passes point Q at time t2. At
time 1

2
(t1 + t2) the distances from O to points P and Q are equal to 1

2
|t1 + t2|v. At this

moment erect the perpendiculars to the lines at points P and Q. It is easy to verify that the
intersection point of these perpendiculars is the required one.

7.31. Denote the midpoints of diagonals AC and BD of quadrilateral ABCD by M and
N , respectively. Clearly, SAMB = SBMC and SAMD = SDMC , i.e., SDABM = SBCDM . Since
the areas of quadrilaterals DABM and BCDM do not vary as point M moves parallelly to
BD, it follows that SDABO = SCDAO. Similar arguments for point N show that SABCO =
SCDAO. Hence,

SADO + SABO = SBCO + SCDO and SABO + SBCO = SCDO + SADO

and, therefore,
SADO = SBCO = S1 and SABO = SCDO = S2,

i.e., the area of each of the four parts into which the segments that connect point O with
the midpoints of sides of the quadrilateral divide it is equal to 1

2
(S1 + S2).

7.32. Let us drop height BB1 from point B. Then AD = B1D and CE = B1E. Clearly,
if MD < AD, then point M lies on segment AB1, i.e., outside segment B1C. Therefore,
ME > EC.

7.33. Suppose that the distance from any vertex of the polygon to point Q is not shorter
than to point P . Then all the vertices of the polygon lie in the same half plane determined by
the perpendicular to segment PQ at point P ; point Q lies in the other half plane. Therefore,
point Q lies outside the polygon. This contradicts the hypothesis.
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7.34. Let us find the locus of points M for which MA > MB and MA > MC. Let us
draw midperpendiculars l1 and l2 to segments AB and AC. We have MA > MB for the
points that lie inside the half-plane bounded by line l1 and the one without point A. There-
fore, the locus in question is the intersection of half-planes (without boundaries) bounded
by lines l1 and l2 and not containing point A.

If points A, B and C do not lie on one line, then this locus is always nonempty. If A, B,
C lie on one line but A does not lie on segment BC, then this locus is also nonempty. If point
A lies on segment BC, then this locus is empty, i.e., for any point M either MA ≤ MB or
MA ≤ MC.

7.35. Let O be the midpoint of diagonal AC. The projections of points B and D to line
AC lie on segment AO, hence, the projection of point M also lies on segment AO.

7.36. Let us draw the midperpendicular l to segment AO. Clearly, AM ≥ OM if and
only if point M lies on the same side of line l as O (or lies on line l itself). Therefore, the
locus in question is the rhombus formed by the midperpendiculars to segments OA, OB,
OC and OD.

7.37. The locus to be found is shaded on Fig. 83 (the boundary belongs to the locus).

Figure 83 (Sol. 7.37)

7.38. Let A1 and B1 be the midpoints of sides CB and AC, respectively. The locus to
be found is the interior of quadrilateral OA1CB1.

Figure 84 (Sol. 7.39)

7.39. Let us draw the common tangents to given disks (Fig. 84). It is easy to verify
that the points that belong to the shaded domains (but not to their boundaries) satisfy the
required condition and the points that do not belong to these domains do not satisfy this
condition.

7.40. Let the perpendiculars dropped from points A1, B1, C1 to lines BC, CA, AB,
respectively, intersect at point M . Since points B1 and M lie on one perpendicular to line
AC, we have

B1A
2 − B1C

2 = MA2 − MC2.
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Similarly,

C1B
2 − C1A

2 = MB2 − MA2 and A1C
2 − A1B

2 = MC2 − MB2.

Adding these equalities we get

(∗) A1B
2 + C1A

2 + B1C
2 = B1A

2 + A1C
2 + C1B

2.

Conversely, let (∗) hold. Denote the intersection point of the perpendiculars dropped from
points A1 and B1 to lines BC and AC, respectively, by M . Let us draw through point M
line l perpendicular to line AB. If C ′

1 is a point on line l, then by the above

A1B
2 + C ′

1A
2 + B1C

2 = B1A
2 + A1C

2 + C ′
1B

2.

Hence, C ′
1A

2 − C ′
1B

2 = C1A
2 − C1B

2. By Problem 7.6 the locus of points X for which
XA2 − XB2 = k is a line perpendicular to segment AB. Therefore, the perpendicular
dropped from point C1 to line AB passes through point M , as required.

7.41. Set A1 = A, B1 = B and C1 = C. From the obvious identity

AB2 + CA2 + BC2 = BA2 + AC2 + CB2

we derive that the heights dropped from points A, B and C to sides BC, CA and AB,
respectively, intersect at one point.

7.42. It suffices to make use of the result of Problem 7.40.
7.43. a) This problem is an obvious corollary of Problem 7.40.
b) Let the rotation by 90◦ about a point send triangle A1B1C1 to triangle A2B2C2.

The perpendiculars to sides of triangle A2B2C2 are parallel to the corresponding sides of
triangle A1B1C1 and, therefore, the perpendiculars dropped from the vertices of triangle
ABC to the corresponding sides of triangle A2B2C2 intersect at one point. It follows that
the perpendiculars dropped from the vertices of triangle A2B2C2 to the corresponding sides
of triangle ABC intersect at one point. It remains to notice that the rotation by 90◦ that
sends triangle A2B2C2 to triangle A1B1C1 sends these perpendiculars to the lines that pass
through the sides of triangle A1B1C1 parallelly the corresponding sides of triangle ABC.

7.44. We have to find out when the identity

AB2
1 + BC2

1 + CA2
1 = BA2

1 + CB2
1 + AC2

1

holds. By subtracting AA2
2 + BB2

2 + CC2
2 from both sides of this identity we get

A2B
2
1 + B2C

2
1 + C2A

2
1 = B2A

2
1 + C2B

2
1 + A2C

2
1 ,

i.e.,

(b1 − a2)
2 + (c1 − b2)

2 + (a1 − c2)
2 = (a1 − b2)

2 + (b1 − c2)
2 + (c1 − a2)

2,

where ai, bi and ci are the coordinates of points Ai, Bi and Ci on line l. After simplification
we get

a2b1 + b2c1 + c2a1 = a1b2 + b1c2 + c1a2

and, therefore,

(b2 − a2)(c1 − b1) = (b1 − a1)(c2 − b2), i.e., A2B2 : B2C2 = A1B1 : B1C1.

7.45. We may assume that the length of a side of the given equilateral triangle is equal
to 2. Let PA = 2a, PB = 2b and PC = 2c; let A1, B1 and C1 be the projections of the
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centers of the inscribed circles of triangles PBC, PCA and PAB to lines BC, CA and AB,
respectively. By Problem 3.2 we have

AB2
1 + BC2

1 + CA2
1 = (1 + a − c)2 + (1 + b − a)2 + (1 + c − b)2 =

3 + (a − c)2 + (b − a)2 + (c − b)2 = BA2
1 + CB2

1 + AC2
1 .

7.46. The segments into which the bisectors divide the sides of the triangle are easy to
calculate. As a result we see that if the perpendiculars raised from the bases of the bisectors
intersect, then

(
ac

b
+ c)2 + (

ab

a
+ c)2 + (

bc

a
+ b)2 = (

ab

b
+ c)2 + (

bc

a
+ c)2 + (

ac

a
+ b)2,

i.e.,

0 = a2 c − b

b + c
+ b2a − c

a + c
+ c2 b − a

a + b
= −(b − a)(a − c)

a2 + b2 + c2

(a + b)(a + c)(b + c)
.

7.47. Let (ai, bi) be the coordinates of point Ai and (x, y) the coordinates of point X.
Then the equation satisfied by point X takes the form

c =
∑

ki((x − ai)
2 + (x − bi)

2) =

(
∑

ki)(x
2 + y2) − (2

∑

kiai)x − (2
∑

kibi)y +
∑

ki(a
2
i + b2

i ).

If the coefficient of x2 + y2 is nonzero, then this equation determines either a circle or the
empty set and if it is zero, then the equation determines either a line, or a plane, or the
empty set.

Remark. If in case a) points A1, . . . , An lie on one line l, then this line can be taken for
Ox-axis. Then bi = 0 and, therefore, the coefficient of y is equal to zero, i.e., the center of
the circle lies on l.

7.48. Let line l cut on the given circles arcs ⌣ A1B1 and ⌣ A2B2 whose values are 2α1

and 2α2, respectively; let O1 and O2 be the centers of the circles, R1 and R2 their respective
radii. Let K be the intersection point of the tangents at points A1 and A2. By the law of
sines KA1 : KA2 = sin α2 : sin α1, i.e., KA1 sin α1 = KA2 sin α2. Since

KO2
1 = KA2

1 + R2
1 and KO2

2 = KA2
2 + R2

2,

it follows that

(sin2 α2)KO2
1 − (sin2 α2)KO2

2 = (R1 sin α1)
2 − (R2 sin α2)

2 = q.

We similarly prove that the other intersection points of the tangents belong to the locus of
points X such that

(sin2 α1)XO2
1 − (sin2 α2)XO2

2 = q.

This locus is a circle whose center lies on line O1O2 (cf. Remark to Problem 7.47).
7.49. Let AM : BM : CM = p : q : r. All the points X that satisfy

(q2 − r2)AX2 + (r2 − p2)BX2 + (p2 − q2)CX2 = 0

lie on one line (cf. Problem 7.47) and points M , N and O satisfy this relation.
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§1. The method of loci

8.1. Construct triangle ABC given a, ha and R.
8.2. Inside triangle ABC construct point M so that SABM : SBCM : SACM = 1 : 2 : 3.
8.3. Through given point P inside a given circle draw a chord so that the difference of

the lengths of the segments into which P divides the chord would be equal to the given value
a.

8.4. Given a line and a circle without common points, construct a circle of a given radius
r tangent to them.

8.5. Given point A and circle S draw a line through point A so that the chord cut by
circle S on this line would be of given length d.

8.6. Quadrilateral ABCD is given. Inscribe in it a parallelogram with given directions
of sides.

§2. The inscribed angle

8.7. Given a, mc and angle ∠A, construct triangle ABC.
8.8. A circle and two points A and B inside it are given. Inscribe a right triangle in the

circle so that the legs would pass through the given points.
8.9. The extensions of sides AB and CD of rectangle ABCD intersect a line at points

M and N , respectively, and the extensions of sides AD and BC intersect the same line at
points P and Q, respectively. Construct rectangle ABCD given points M , N , P , Q and the
length a of side AB.

8.10. Construct a triangle given its bisector, median and height drawn from one vertex.
8.11. Construct triangle ABC given side a, angle ConstructatriangleA and the radius

r of the inscribed circle.

§3. Similar triangles and a homothety

8.12. Construct a triangle given two angles ∠A, ∠B and the perimeter P .
8.13. Construct triangle ABC given ma, mb and mc.
8.14. Construct triangle ABC given ha, hb and hc.
8.15. In a given acute triangle ABC inscribe square KLMN so that vertices K and N

lie on sides AB and AC and vertices L and M lie on side BC.
8.16. Construct triangle ABC given ha, b − c and r.

Cf. also Problems 19.15-19.20, 19.39, 19.40.

§4. Construction of triangles from various elements

In the problems of this section it is necessary to construct triangle ABC given the
elements indicated below.

8.17. c, ma and mb.
8.18. a, b and ha.

183
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8.19. hb, hc and ma.
8.20. ∠A, hb and hc.
8.21. a, hb and mb.
8.22. ha, ma and hb.
8.23. a, b and mc.
8.24. ha, ma and ∠A.
8.25. a, b and lc.
8.26. ∠A, ha and p.

See also Problems 17.6-17.8.

§5. Construction of triangles given various points

8.27. Construct triangle ABC given (1) line l containing side AB and (2) bases A1 and
B1 of heights dropped on sides BC and AC, respectively.

8.28. Construct an equilateral triangle given the bases of its bisectors.
8.29. a) Construct triangle ABC given three points A′, B′, C ′ at which the bisectors of

the angles of triangle ABC intersect the circumscribed circle (both triangles are supposed
to be acute ones).

b) Construct triangle ABC given three points A′, B′, C ′ at which the heights of the
triangle intersect the circumscribed circle (both triangles are supposed to be acute ones).

8.30. Construct triangle ABC given three points A′, B′, C ′ symmetric to the center O
of the circumscribed circle of this triangle through sides BC, CA, AB, respectively.

8.31. Construct triangle ABC given three points A′, B′, C ′ symmetric to the intersection
point of the heights of the triangle through sides BC, CA, AB, respectively (both triangles
are supposed to be acute ones).

8.32. Construct triangle ABC given three points P , Q, R at which the height, the
bisector and the median drawn from vertex C, respectively, intersect the circumscribed
circle.

8.33. Construct triangle ABC given the position of points A1, B1, C1 that are the
centeres of the escribed circles of triangle ABC.

8.34. Construct triangle ABC given the center of the circumscribed circle O, the inter-
section point of medians, M , and the base H of height CH.

8.35. Construct triangle ABC given the centers of the inscribed, the circumscribed, and
one of the escribed circles.

§6. Triangles

8.36. Construct points X and Y on sides AB and BC, respectively, of triangle ABC so
that AX = BY and XY ‖ AC.

8.37. Construct a triangle from sides a and b if it is known that the angle opposite one
of the sides is three times the angle opposite the other side.

8.38. In given triangle ABC inscribe rectangle PRQS (vertices R and Q lie on sides
AB and BC and vertices P and S lie on side AC) so that its diagonal would be of a given
length.

8.39. Through given point M draw a line so that it would cut from the given angle with
vertex A a triangle ABC of a given perimeter 2p.

8.40. Construct triangle ABC given its median mc and bisector lc if ∠C = 90◦.
8.41. Given triangle ABC such that AB < BC, construct on side AC point D so that

the perimeter of triangle ABD would be equal to the length of side BC.
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8.42. Construct triangle ABC from the radius of its circumscribed circle and the bisector
of angle ∠A if it is known that ∠B − ∠C = 90◦.

8.43. On side AB of triangle ABC point P is given. Draw a line (distinct from AB)
through point P that cuts rays CA and CB at points M and N , respectively, such that
AM = BN .

8.44. Construct triangle ABC from the radius of the inscribed circle r and (nonzero)
lengths of segments AO and AH, where O is the center of the inscribed circle and H the
orthocenter.

See also Problems 15.12 b), 17.12-17.15, 18.10, 18.29.

§7. Quadrilaterals

8.45. Construct a rhombus two sides of which lie on two given parallel lines and two
other sides pass through two given points.

8.46. Construct quadrilateral ABCD given the lengths of the four sides and the angle
between AB and CD.

8.47. Through vertex A of convex quadrilateral ABCD draw a line that divides ABCD
into two parts of equal area.

8.48. In a convex quadrilateral three sides are equal. Given the midpoints of the equal
sides construct the quadrilateral.

8.49. A quadrilateral is both inscribed and circumscribed. Given three of its vertices,
construct its fourth vertex.

8.50. Given vertices A and C of an isosceles circumscribed trapezoid ABCD (AD ‖ BC)
and the directions of its bases, construct vertices B and D.

8.51. On the plane trapezoid ABCD is drawn (AD ‖ BC) and perpendicular OK from
the intersection point O is dropped on base AD; the midpoint EF is drawn. Then the
trapezoid itself was erased. How to recover the plot of the trapezoid from the remaining
segments OK and EF?

8.52. Construct a convex quadrilateral given the lengths of all its sides and one of the
midlines.

8.53. (Brachmagupta.) Construct an inscribed quadrilateral given its four sides.

See also Problems 15.10, 15.13, 16.17, 17.4, 17.5.

§8. Circles

8.54. Inside an angle two points A and B are given. Construct a circle that passes
through these points and intercepts equal segments on the sides of the angle.

8.55. Given circle S, point A on it and line l. Construct a circle tangent to the given
circle at point A and tangent to the given line.

8.56. a) Two points, A, B and line l are given. Construct a circle that passes through
point A, B and is tangent to l.

b) Two points A, B and circle S are given. Construct a circle that passes through points
A and B and is tangent to S.

8.57. Three points A, B and C are given. Construct three circles that are pairwise
tangent at these points.

8.58. Construct a circle the tangents to which drawn from three given points A, B and
C have given lengths a, b and c, respectively.

See also Problems 15.8, 15.9, 15.11, 15.12 a), 16.13, 16.14, 16.18–16.20, 18.24.
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§9. Apollonius’ circle

8.59. Construct triangle ABC given a, ha and b
c
.

8.60. Construct triangle ABC given the length of bisector CD and the lengths of
segments AD and BD into which the bisector divides side AB.

8.61. On a line four points A, B, C, D are given in the indicated order. Construct point
M — the vertex of equal angles that subtend segments AB, BC, CD.

8.62. Two segments AB and A′B′ are given in plane. Construct point O so that triangles
AOB and A′OB′ would be similar (equal letters stand for the corresponding vertices of
similar triangles).

8.63. Points A and B lie on a diameter of a given circle. Through A and B draw two
equal chords with a common endpoint.

§10. Miscellaneous problems

8.64. a) On parallel lines a and b, points A and B are given. Through a given point
C draw line l that intersects lines a and b at points A1 and B1, respectively, and such that
AA1 = BB1.

b) Through point C draw a line equidistant from given points A and B.
8.65. Construct a regular decagon.
8.66. Construct a rectangle with the given ratio of sides knowing one point on each of

its sides.
8.67. Given diameter AB of a circle and point C on the diameter. On this circle,

construct points X and Y symmetric through line AB and such that lines AX and Y C are
perpendicular.

See also Problems 15.7, 16.15, 16.16, 16.21, 17.9–17.11, 17.27–17.29, 18.41.

§11. Unusual constructions

8.68. With the help of a ruler and a compass divide the angle of 19◦ into 19 equal parts.
8.69. Prove that an angle of value n◦, where n is an integer not divisible by 3, can be

divided into n equal parts with the help of a compass and ruler.
8.70. On a piece of paper two lines are drawn. They form an angle whose vertex lies

outside this piece of paper. With the help of a ruler and a compass draw the part of the
bisector of the angle that lies on this piece of paper.

8.71. With the help of a two-sided ruler construct the center of the given circle whose
diameter is greater than the width of the ruler.

8.72. Given points A and B; the distance between them is greater than 1 m. The length
of a ruler is 10 cm. With the help of the ruler only construct segment AB. (Recall that with
the help of a ruler one can only draw straight lines.)

8.73. On a circle of radius a a point is given. With the help of a coin of radius a
construct the point diametrically opposite to the given one.

§12. Construction with a ruler only

In the problems of this section we have to perform certain constructions with the help of
a ruler only, without a compass or anything else. With the help of one ruler it is almost im-
possible to construct anything. For example, it is even impossible to construct the midpoint
of a segment (Problem 30.59).

But if certain additional lines are drawn on the plane, it is possible to perform certain
constructions. In particular, if an additional circle is drawn on the plane and its center is
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marked, then with the help of a ruler one can perform all the constructions that can be
performed with the help of a ruler and a compass. One has, however, to convene that a
circle is “constructed” whenever its center and one of its points are marked.

Remark. If a circle is drawn on the plane but its center is not marked then to construct
its center with the help of a ruler only is impossible (Problem 30.60).

8.74. Given two parallel lines and a segment that lies on one of the given lines. Divide
the segment in halves.

8.75. Given two parallel lines and a segment that lies on one of the given lines. Double
the segment.

8.76. Given two parallel lines and a segment that lies on one of the given lines. Divide
the segment into n equal parts.

8.77. Given two parallel lines and point P , draw a line through P parallel to the given
lines.

8.78. A circle, its diameter AB and point P are given. Through point P draw the
perpendicular to line AB.

8.79. In plane circle S and its center O are given. Then with the help of a ruler only
one can:

a) additionally given a line, draw a line through any point parallel to the given line and
drop the perpendicular to the given line from this point;

b) additionally given a line a point on it and a length of a segment, on the given line,
mark a segment of length equal to the given one and with one of the endpoints in the given
point;

c) additionally given lengths of a, b, c of segments, construct a segment of length ab
c
;

d) additionally given line l, point A and the length r of a segment, construct the inter-
section points of line l with the circle whose center is point A and the radius is equal to
r;

e) additionally given two points and two segments, construct the intersection points of
the two circles whose centers are the given points and the radii are the given segments.

See also Problem 6.97.

§13. Constructions with the help of a two-sided ruler

In problems of this section we have to perform constructions with the help of a ruler
with two parallel sides (without a compass or anything else). With the help of a two-sided
ruler one can perform all the constructions that are possible to perform with the help of a
compass and a ruler.

Let a be the width of a two-sided ruler. By definition of the two-sided ruler with the
help of it one can perform the following elementary constructions:

1) draw the line through two given points;
2) draw the line parallel to a given one and with the distance between the lines equal to

a;
3) through two given points A and B, where AB ≥ a, draw a pair of parallel lines the

distance between which is equal to a (there are two pairs of such lines).

8.80. a) Construct the bisector of given angle ∠AOB.
b) Given acute angle ∠AOB, construct angle ∠BOC whose bisector is ray OA.
8.81. Erect perpendicular to given line l at given point A.
8.82. a) Given a line and a point not on the line. Through the given point draw a line

parallel to the given line.
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b) Construct the midpoint of a given segment.
8.83. Given angle ∠AOB, line l and point P on it, draw through P lines that form

together with l an angle equal to angle ∠AOB.
8.84. Given segment AB, a non-parallel to it line l and point M on it, construct the

intersection points of line l with the circle of radius AB centered at M .
8.85. Given line l and segment OA, parallel to l, construct the intersection points of l

with the circle of radius OA centered at O.
8.86. Given segments O1A1 and O2A2, construct the radical axis of circles of radii O1A1

and O2A2 centered at O1 and O2, respectively.

§14. Constructions using a right angle

In problems of this section we have to perform the constructions indicated using a right

angle. A right angle enables one to perform the following elementary constructions:
a) given a line and a point not on it, place the right angle so that one of its legs lies on

the given line and the other leg runs through the given point;
b) given a line and two points not on it, place the right angle so that its vertex lies on

the given line and thelegs pass through two given points (if, certainly, for the given line and
points such a position of the right angle exists).

Placing the right angle in one of the indicated ways we can draw rays corresponding to
its sides.

8.87. Given line l and point A not on it, draw a line parallel to l.
8.88. Given segment AB, construct
a) the midpoint of AB;
b) segment AC whose midpoint is point B.
8.89. Given angle ∠AOB, construct
a) an angle of value 2∠AOB;
b) an angle of value 1

2
∠AOB.

8.90. Given angle ∠AOB and line l, draw line l1 so that the angle between lines l and
l1 is equal to ∠AOB.

8.91. Given segment AB, line l and point O on it, construct on l point X such that
OX = AB.

8.92. Given segment OA parallel to line l, construct the locus of points in which the
disc segment of radius OA centered at O intersects l.

Problems for independent study

8.93. Construct a line tangent to two given circles (consider all the possible cases).
8.94. Construct a triangle given (the lengths of) the segments into which a height divides

the base and a median drawn to a lateral side.
8.95. Construct parallelogram ABCD given vertex A and the midpoints of sides BC

and CD.
8.96. Given 3 lines, a line segment and a point. Construct a trapezoid whose lateral

sides lie on the given lines, the diagonals intersect at the given point and one of the bases is
of the given length.

8.97. Two circles are given. Draw a line so that it would be tangent to one of the circles
and the other circle would intersept on it a chord of a given length.

8.98. Through vertex C of triangle ABC draw line l so that the areas of triangles AA1C
and BB1C, where A1 and B1 are projections of points A and B on line l, are equal.
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8.99. Construct triangle ABC given sides AB and AC if it is given that bisector AD,
median BM , and height CH meet at one point.

8.100. Points A1, B1 and C1 that divide sides BC, CA and AB, respectively, of triangle
ABC in the ratio of 1 : 2 are given. Recover triangle ABC from this data.

Solutions

8.1. Let us construct segment BC of length a. The center O of the circumscribed circle
of triangle ABC is the intersection point of two circles of radius R centered at B and C.
Select one of these intersection points and construct the circumscribed circle S of triangle
ABC. Point A is the intersection point of circle S and a line parallel line BC and whose
distance from BC is equal to ha (there are two such lines).

8.2. Let us construct points A1 and B1 on sides BC and AC, respectively, so that
BA1 : A1C = 1 : 3 and AB1 : B1C = 1 : 2. Let point X lie inside triangle ABC. Clearly,
SABX : SBCX = 1 : 2 if and only if point X lies on segment BB1 and SABX : SACX = 1 : 3
if and only if point X lies on segment AA1. Therefore, the point M to be constucted is the
intersection point of segments AA1 and BB1.

8.3. Let O be the center of the given circle, AB a chord that passes through point P
and M the midpoint of AB. Then |AP − BP | = 2PM . Since ∠PMO = 90◦, point M lies
on circle S with diameter OP . Let us construct chord PM of circle S so that PM = 1

2
a

(there are two such chords). The chord to be constructed is determined by line PM .
8.4. Let R be the radius of the given circle, O its center. The center of the circle to be

constructed lies on circle S of radius R + r centered at O. On the other hand, the center
to be constructed lies on line l passing parallelly to the given line at distance r (there are
two such lines). Any intersection point of S with l can serve as the center of the circle to be
constructed.

8.5. Let R be the radius of circle S and O its center. If circle S intersepts on the line
that passes through point A chord PQ and M is the midpoint of PQ, then

OM2 + OQ2 − NQ2 = R2 − d2

4
.

Therefore, the line to be constructed is tangent to the circle of radius
√

R2 − d2

4
centered at

O.
8.6. On lines AB and CD take points E and F so that lines BF and CE would have had

prescribed directions. Let us considered all possible parallelograms PQRS with prescribed
directions of sides whose vertices P and R lie on rays BA and CD and vertex Q lies on side
BC (Fig. 85).

Figure 85 (8.6)
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Let us prove that the locus of vertices S is segment EF . Indeed, SR
EC

= PQ
EC

= BQ
BC

= FR
FC

,
i.e., point S lies on segment EF . Conversely if point S ′ lies on segment EF then let us draw
lines S ′P ′, P ′Q′ and Q′R′ so that S ′P ′ ‖ BF , P ′Q′ ‖ EC and Q′R′ ‖ BF , where P ′, Q′ and

R′ are some points on lines AB, BC, CD, respectively. Then S′P ′

BF
= P ′E

BE
= Q′C

BC
= Q′R′

BF
, i.e.,

S ′P ′ = Q′R′ and P ′Q′R′S ′ is a parallelogram.
This implies the following construction. First, construct points E and F . Vertex S is the

intersection point of segments AD and EF . The continuation of construction is obvious.
8.7. Suppose that triangle ABC is constructed. Let A1 and C1 be the midpoints of sides

CD and AB, respectively. Since C1A1 ‖ AC, it follows that ∠A1C1B = ∠A. This implies
the following construction.

First, let us construct segment CD of length a and its midpoint, A1. Point C1 is the
intersection point of the circle of radius mc centered at C and the arcs of the circles whose
points are vertices of the angles equal to ∠A that segment A1B subtends. Construct point
C1, then mark on ray BC1 segment BA = 2BC1. Then A is the vertex of the triangle to be
constructed.

8.8. Suppose that the desired triangle is constructed and C is the vertex of its right
angle. Since ∠ACB = 90◦, point C lies on circle S with diameter AB. Hence, point C is
the intersection point of circle S and the given circle. Constructing point C and drawing
lines CA and AB, we find the remaining vertices of the triangle to be constructed.

8.9. Suppose that rectangle ABCD is constructed. Let us drop perpendicular PR from
point P to line BC. Point R can be constructed because it lies on the circle with diameter
PQ and PR = AB = a. Constructing point R, let us construct lines BC and AD and drop
on them perpendiculars from points M and N , respectively.

8.10. Suppose that triangle ABC is constructed, AH is its height, AD its bisector, AM
its median. By Problem 2.67 point D lies between M and H. Point E, the intersection point
of line AD with the perpendicular drawn from point M to side BC, lies on the circumscribed
circle of triangle ABC. Hence, the center O of the circumscribed circle lies on the intersection
of the midperpendicular to segment AE and the perpendicular to side BC drawn through
point M .

The sequence of constructions is as follows: on an arbitrary line (which in what follows
turns out to be line BC) construct point H, then consecutively construct points A, D, M ,
E, O. The desired vertices B and C of triangle ABC are intersection points of the initial
line with the circle of radius OA centered at O.

8.11. Suppose that triangle ABC is constructed and O is the center of its inscribed
circle. Then ∠BOC = 90◦ + 1

2
∠A (Problem 5.3). Point O is the vertex of an angle of

90◦ + 1
2
∠A that subtends segment BC; the distance from O to line BC is equal to r, hence,

BC(??) can be constructed. Further, let us construct the inscribed circle and draw the
tangents to it from points B and C.

8.12. Let us construct any triangle with angles ∠A and ∠B and find its perimeter P1.
The triangle to be found is similar to the constructed triangle with coefficient P

P1
.

8.13. Suppose that triangle ABC is constructed. Let AA1, BB1 and CC1 be its medians,
M their intersection point, M ′ the point symmetric to M through point A1. Then MM ′ =
2
3
ma, MC = 2

3
mc and M ′C = 2

3
mb; hence, triangle MM ′C can be constructed. Point A is

symmetric to M ′ through point M and point B is symmetric to C through the midpoint of
segment MM ′.

8.14. Clearly,

BC : AC : AB =
S

ha

:
S

hb

:
S

hc

=
1

ha

:
1

hb

:
1

hc

.
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Let us take an arbitrary segment B′C ′ and construct triangle A′B′C ′ so that B′C ′ : A′C ′ =
hb : ha and B′C ′ : A′B′ = hc : ha. Let h′

a be the height of triangle A′B′C ′ dropped from
vertex A′. The triangle to be found is similar to triangle A′B′C ′ with coefficient ha

h′

a
.

8.15. On side AB, take an arbitrary point K ′ and drop from it perpendicular K ′L′

to side BC; then construct square K ′L′M ′N ′ that lies inside angle ∠ABC. Let line BN ′

intersect side AC at point N . Clearly, the square to be constructed is the image of square
K ′L′M ′N ′ under the homothety with center B and coefficient BN : BN ′.

8.16. Suppose that the desired triangle ABC is constructed. Let Q be the tangent point
of the inscribed circle with side BC; let PQ be a diameter of the circle, R the tangent point
of an escribed circle with side BC. Clearly,

BR =
a + b + c

2
− c =

a + b − c

2
and BQ =

a + c − b

2
.

Hence, RQ = |BR − BQ| = |b − c|. The inscribed circle of triangle ABC and the escribed
circle tangent to side BC are homothetic with A being the center of homothety. Hence,
point A lies on line PR (Fig. 86).

Figure 86 (Sol. 8.16)

This implies the following construction. Let us construct right triangle PQR from the
known legs PQ = 2r and RQ = |b − c|. Then draw two lines parallel to line RQ and whose
distances from RQ are equal to ha. Vertex A is the intersection point of one of these lines
with ray RP . Since the length of diameter PQ of the inscribed circle is known, it can be
constructed. The intersection points of the tangents to this circle drawn from point A with
line RQ are vertices B and C of the triangle.

8.17. Suppose that triangle ABC is constructed. Let M be the intersection point
of medians AA1 and BB1. Then AM = 2

3
ma and BM = 2

3
mb. Triangle ABM can be

constructed from the lengths of sides AB = c, AM and BM . Then on rays AM and BM
segments AA1 = ma and BB1 = mb should be marked. Vertex C is the intersection point of
lines AB1 and A1B.

8.18. Suppose triangle ABC is constructed. Let H be the base of the height dropped
from vertex A. Right triangle ACH can be constructed from its hypothenuse AC = b and
leg AH = ha. Then on line CH construct point B so that CB = a.

8.19. Suppose that triangle ABC is constructed. Let us draw from the midpoint A1 of
side BC perpendiculars A1B

′ and A1C
′ to lines AC and AB, respectively. Clearly, AA1 =

ma, A1B
′ = 1

2
hb and A1C

′ = 1
2
hc. This implies the following construction.

First, let us construct segment AA1 of length ma. Then construct right triangles AA1B
′

and AA1C
′ from the known legs and hypothenuse so that they would lie on distinct sides

of line AA1. It remains to construct points B and C on sides AC ′ and AB′ of angle C ′AB′

so that segment BC would be divided by points A1 in halves. For this let us mark on ray
AA1 segment AD = 2AA1 and then draw through point D the lines parallel to the legs of
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Figure 87 (Sol. 8.19)

angle ∠C ′AB′. The intersection points of these lines with the legs of angle ∠C ′AB′ are the
vertices of the triangle to be constructed (Fig. 87).

8.20. Let us construct angle ∠B′AC ′ equal to ∠A. Point B is constructed as the
intersection of ray AB′ with a line parallel to ray AC ′ and passsing at distance hb from it.
Point C is similarly constructed.

8.21. Suppose that triangle ABC is constructed. Let us drop height BH from point B
and draw median BB1. In right triangles CBH and B1BH, leg BH and hypothenuses CB
and B1B are known; hence, these segments can be constructed. Then on ray CB1 we mark
segment CA = 2CB1. The problem has two solutions because we can construct triangles
CBH and B1BH either on one or on distinct sides of line BH.

8.22. Suppose that triangle ABC is constructed. Let M be the midpoint of segment
BC. From point A drop height AH and from point M drop perpendicular MD to side AC.
Clearly, MD = 1

2
hb. Hence, triangles AMD and AMH can be constructed.

Vertex C is the intersection point of lines AD and MH. On ray CM , mark segment
CB = 2CM . The problem has two solutions because triangles AMD and AMH can be
constructed either on one or on distinct sides of line AM .

8.23. Suppose that triangle ABC is constructed. Let A1, B1 and C1 be the midpoints of
sides BC, CA and AB, respectively. In triangle CC1B1 all the sides are known: CC1 = mc,
C1B1 = 1

2
a and CB1 = 1

2
b; hence, it can be constructed. Point A is symmetric to C through

point B1 and point B is symmetric to A through C1.
8.24. Suppose that triangle ABC is constructed, AM is its median, AH its height. Let

point A′ be symmetric to A through point M .
Let us construct segment AA′ = 2ma. Let M be the midpoint of AA′. Let us construct

right triangle AMH with hypothenuse AM and leg AH = ha. Point C lies on an arc of the
circle whose points are the vertices of the angles that subtend segment AA′; the values of
these angles are equal to 180◦−∠A because ∠ACA′ = 180◦−∠CAB. Hence, point C is the
intersection point of this arc and line MH. Point B is symmetric to C through point M .

8.25. Suppose triangle ABC is constructed. Let CD be its bisector. Let us draw line
MD parallel to side BC (point M lies on side AC). Triangle CMD is an isosceles one
because ∠MCD = ∠DCB = ∠MDC. Since

MC : AM = DB : AD = CB : AC = a : b and AM + MC = b,

it follows that MC = ab
a+b

. Let us construct an isosceles triangle CMD from its base CD = lc
and lateral sides MD = MC = ab

a+b
. Further, on ray CM , mark segment CA = b and on

the ray symmetric to ray CM through line CD mark segment CB = a.
8.26. Suppose that triangle ABC is constructed. Let S1 be the escribed circle tangent

to side BC. Denote the tangent points of circle S1 with the extensions of sides AB and AC
by K and L, respectively, and the tangent point of S1 with side BC by M . Since

AK = AL,AL = AC + CM and AK = AB + BM,
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it follows that AK = AL = p. Let S2 be the circle of radius ha centered at A. Line BC is a
common inner tangent to circles S1 and S2.

This implies the following construction. Let us construct angle ∠KAL whose value is
equal to that of A so that KA = LA = p. Next, construct circle S1 tangent to the sides of
angle ∠KAL at points K and L and circle S2 of radius ha centered at A. Then let us draw
a common inner tangent to circles S1 and S2. The intersection points of this tangent with
the legs of angle ∠KAL are vertices B and C of the triangle to be constructed.

8.27. Points A1 and B1 lie on the circle S with diameter AB. The center O of this
circle lies on the midperpendicular to chord A1B1. This implies the following construction.
First, let us construct point O which is the intersection point of the midperpendicular to
segment A1B1 with line l. Next, construct the circle of radius OA1 = OB1 centered at O.
The vertices A and B are the intersection points of circle S with line l. Vertex C is the
intersection point of lines AB1 and BA1.

8.28. Let AB = BC and A1, B1, C1 the bases of the bisectors of triangle ABC. Then
∠A1C1C = ∠C1CA = ∠C1CA1, i.e., triangle CA1C1 is an isosceles one and A1C = A1C1.

This implies the following construction.
Let us draw through point B1 line l parallel to A1C1. On l, construct point C such that

CA1 = C1A1 and ∠C1A1C > 90◦. Point A is symmetric to point C through point B1 and
vertex B is the intersection point of lines AC1 and A1C.

8.29. a) By Problem 2.19 a) points A, B and C are the intersection points of the
extensions of heights of triangle A′B′C ′ with its circumscribed circle.

b) By Problem 2.19 b) points A, B and C are the intersection points of the extensions
of bisectors of the angles of triangle A′B′C ′ with its circumscribed circle.

8.30. Denote the midpoints of sides BC, CA, AB of the triangle by A1, B1, C1, respec-
tively. Since BC ‖ B1C1 ‖ B′C ′ and OA1 ⊥ BC, it follows that OA′ ⊥ B′C ′. Similarly,
OB′ ⊥ A′C ′ and OC ′ ⊥ A′B′, i.e., O is the intersection point of the heights of triangle
A′B′C ′. Constructing point O, let us draw the midperpendiculars to segments OA′, OB′,
OC ′. These lines form triangle ABC.

8.31. Thanks to Problem 5.9 our problem coincides with Problem 8.29 b).
8.32. Let O be the center of the circumscribed circle, M the midpoint of side AB and

H the base of the height dropped from point C. Point Q is the midpoint of arc ⌣ AB,
therefore, OQ ⊥ AB. This implies the following construction. First, the three given points
determine the circumscribed circle S of triangle PQR. Point C is the intersection point of
circle S and the line drawn parallelly to OQ through point P . Point M is the intersection
point of line OQ and line RC. Line AB passes through point M and is perpendicular to
OQ.

8.33. By Problem 5.2, points A, B and C are the bases of the heights of triangle A1B1C1.
8.34. Let H1 be the intersection point of heights of triangle ABC. By Problem 5.105,

OM : MH1 = 1 : 2 and point M lies on segment OH1. Therefore, we can construct point
H1. Then let us draw line H1H and erect at point H of this line perpendicular l. Dropping
perpendicular from point O to line l we get point C1 (the midpoint of segment AB). On ray
C1M , construct point C so that CC1 : MC1 = 3 : 1. Points A and B are the intersection
points of line l with the circle of radius CO centered at O.

8.35. Let O and I be the centers of the circumscribed and inscribed circles, Ic the center
of the escribed circle tangent to side AB. The circumscribed circle of triangle ABC divides
segment IIc (see Problem 5.109 b)) in halves and segment IIc divides arc ⌣ AB in halves.
It is also clear that points A and B lie on the circle with diameter IIc. This implies the
following construction.
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Let us construct circle S with diameter IIc and circle S1 with center O and radius OD,
where D is the midpoint of segment IIc. Circles S and S1 intersect at points A and B. Now,
we can construct the inscribed circle of triangle ABC and draw tangents to it at points A
and B.

8.36. Suppose that we have constructed points X and Y on sides AB and BC, respec-
tively, of triangle ABC so that AX = BY and XY ‖ AC. Let us draw Y Y1 parallel to AB
and Y1C1 parallel to BC (points Y1 and C1 lie on sides AC and AB, respectively). Then
Y1Y = AX = BY , i.e., BY Y1C is a rhombus and BY1 is the bisector of angle ∠B.

This implies the following construction. Let us draw bisector BY1, then line Y1Y parallel
to side AB (we assume that Y lies on BC). Now, it is obvious how to construct point X.

8.37. Let, for definiteness, a < b. Suppose that triangle ABC is constructed. On side
AC, take point D such that ∠ABD = ∠BAC. Then ∠BDC = 2∠BAC and

∠CBD = 3∠BAC − ∠BAC = 2∠BAC,

i.e., CD = CB = a. In triangle BCD all the sides are known: CD = CB = a and
DB = AD = b − a. Constructing triangle BCD, draw ray BA that does not intersect side
CD so that ∠DBA = 1

2
∠DBC. Vertex A to be constructed is the intersection point of line

CD and this ray.
8.38. Let point B′ lie on line l that passes through point B parallelly to AC. Sides of

triangles ABC and AB′C intersept equal segments on l. Hence, rectangles P ′R′Q′S ′ and
PRQS inscribed in triangles ABC and AB′C, respectively, are equal if points R, Q, R′ and
Q′ lie on one line.

On line l, take point B′ so that ∠B′AC = 90◦. It is obvious how to inscribe rectangle
P ′R′Q′S ′ with given diagonal P ′Q′ in triangle AB′C (we assume that P ′ = A). Draw line
R′Q′; we thus find vertices R and Q of the rectangle to be found.

8.39. Suppose that triangle ABC is constructed. Let K and L be points at which
the escribed circle tangent to side BC is tangent to the extensions of sides AB and AC,
respectively. Since AK = AL = p, this escribed circle can be constructed; it remains to
draw the tangent through the given point M to the constructed circle.

8.40. Let the extension of the bisector CD intersect the circumscribed circle of triangle
ABC (with right angle ∠C) at point P , let PQ be a diameter of the circumscribed circle
and O its center. Then PD : PO = PQ : PC, i.e., PD · PC = 2R2 = 2m2

c . Therefore,
drawing a tangent of length

√
2mc to the circle with diameter CD, it is easy to construct a

segment of length PC. Now, the lengths of all the sides of triangle OPC are known.
8.41. Let us construct point K on side AC so that AK = BC − AB. Let point D

lie on segment AC. The equality AD + BD + AB = BC is equivalent to the equality
AD + BD = AK. For point D that lies on segment AK the latter equality takes the
form AD + BD = AD + DK and for point D outside segment AK it takes the form
AD + BD = AD − DK. In the first case BD = DK and the second case is impossible.
Hence, point D is the intersection point of the midperpendicular to segment BK and segment
AC.

8.42. Suppose that triangle ABC is constructed. Let us draw diameter CD of the
circumscribed circle. Let O be the center of the circumscribed circle, L the intersection
point of the extension of the bisector AK with the circumscribed circle (Fig. 88). Since
∠ABC − ∠ACB = 90◦, it follows that ∠ABD = ∠ACB; hence, ⌣ DA =⌣ AB. It is also
clear that ⌣ BL =⌣ LC. Therefore, ∠AOL = 90◦.

This implies the following construction. Let us construct circle S with center O and a
given radius. On circle S select an arbitrary point A. Let us construct a point L on circle
S so that ∠AOL = 90◦. On segment AL, construct segment AK whose length is equal to
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Figure 88 (Sol. 8.42)

that of the given bisector. Let us draw through point K line l perpendicular to OL. The
intersection points of l with circle S are vertices B and C of triangle ABC to be constructed.

8.43. On sides BC and AC, take points A1 and B1 such that PA1 ‖ AC and PB1 ‖ BC.
Next, on rays A1B and B1A mark segments A1B2 = AB1 and B1A2 = BA1. Let us prove
that line A2B2 is the one to be found. Indeed, let k = AP

AB
. Then

BA2

BP
=

(1 − k)a

ka
=

(1 − k)a + (1 − k)b

ka + kb
=

CA2

CB2

,

i.e., △A2B1P ∼ △A2CB2 and line A2B2 passes through point P . Moreover, AA2 = |(1 −
k)a − kb| = BB2.

8.44. Suppose that triangle ABC is constructed. Let B1 be the tangent point of the
inscribed circle with side AC. In right triangle AOB1 leg OB1 = r and hypothenuse AO
are known, therefore, we can construct angle ∠OAB1, hence, angle ∠BAC. Let O1 be the
center of the circumscribed circle of triangle ABC, let M be the midpoint of side BC. In
right triangle BO1M leg O1M = 1

2
AH is known (see solution to Problem 5.105) and angle

∠BO1M is known (it is equal to either ∠A or 180◦ − ∠A); hence, it can be constructed.

Next, we can determine the length of segment OO1 =
√

R(R − 2r), cf. Problem 5.11 a).
Thus, we can construct segments of length R and OO1 = d.

After this take segment AO and construct point O1 for which AO1 = R and OO1 = d
(there could be two such points). Let us draw from point A tangents to the circle of radius
r centered at O. Points B and C to be found lie on these tangents and their distance from
point O1 is equal to R; obviously, points B and C are distinct from point A.

8.45. Let the distance between the given parallel lines be equal to a. We have to draw
parallel lines through points A and B so that the distance between the lines is equal to
a. To this end, let us construct the circle with segment AB as its diameter and find the
intersection points C1 and C2 of this circle with the circle of radius a centered at B. A side
of the rhombus to be constructed lies on line AC1 (another solution: it lies on AC2). Next,
let us draw through point B the line parallel to AC1 (resp. AC2).

8.46. Suppose that quadrilateral ABCD is constructed. Let us denote the midpoints of
sides AB, BC, CD and DA by P , Q, R and S, respectively, and the midpoints of diagonals
AC and BD by K and L, respectively. In triangle KSL we know KS = 1

2
CD, LS = 1

2
AB

and angle ∠KSL equal to the angle between the sides AB and CD.
Having constructed triangle KSL, we can construct triangle KRL because the lengths of

all its sides are known. After this we complement triangles KSL and KRL to parallelograms
KSLQ and KRLP , respectively. Points A, B, C, D are vertices of parallelograms PLSA,
QKPB, RLQC, SKRD (Fig. 89).

8.47. Let us drop perpendiculars BB1 and DD1 from vertices B and D, respectively,
to diagonal AC. Let, for definiteness, DD1 > BB1. Let us construct a segment of length
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Figure 89 (Sol. 8.46)

a = DD1 − BB1; draw a line parallel to line AC and such that the distance between this
line and AC is equal to a and which intersects side CD at a point, E. Clearly,

SAED =
ED

CD
SACD =

BB1

DD1

SACD = SABC .

Therefore, the median of triangle AEC lies on the line to be constructed.
8.48. Let P , Q, R be the midpoints of equal sides AB, BC, CD of quadrilateral

ABCD. Let us draw the midperpendiculars l1 and l2 to segments PQ and QR. Since
AB = BC = CD, it is clear that points B and C lie on lines l1 and l2 and BQ = QC.

This implies the following construction. Let us draw the midperpendiculars l1 and l2
to segments PQ and QR, respectively. Then through point Q we draw a segment with
endpoints on lines l1 and l2 so that Q were its midpoint, cf. Problem 16.15.

8.49. Let vertices A, B and C of quadrilateral ABCD which is both inscribed and
circumscribed be given and AB ≥ BC. Then AD − CD = AB − BC ≥ 0. Hence, on side
AD we can mark segment DC1 equal to DC. In triangle AC1C the lengths of sides AC and
AC1 = AB −BC are known and ∠AC1C = 90◦ + 1

2
∠D = 180◦ − 1

2
∠B. Since angle ∠AC1C

is an obtuse one, triangle AC1C is uniquely recoverable from these elements. The remaining
part of the construction is obvious.

8.50. Let ABCD be a circumscribed equilateral trapezoid with bases AD and BC such
that AD > BC; let C1 be the projection of point C to line AD. Let us prove that AB = AC1.
Indeed, if P and Q are the tangent points of sides AB and AD with the inscribed circle,
then AB = AP + PB = AQ + 1

2
BC = AQ + QC1 = AC1.

This implies the following construction. Let C1 be the projection of point C to base AD.
Then B is the intersection point of line BC and the circle of radius AC1 centered at A. A
trapezoid with AD < BC is similarly constructed.

8.51. Let us denote the midpoints of bases AD and BC by L and N and the midpoint
of segment EF by M . Points L, O, N lie on one line (by Problem 19.2). Clearly, point M
also lies on this line. This implies the following construction.

Let us draw through point K line l perpendicular to line OK. Base AD lies on l. Point
L is the intersection point of l and line OM . Point N is symmetric to point L through point
M . Let us draw lines through point O parallel to lines EN and FN . The intersection points
of the lines we have just drawn are vertices A and D of the trapezoid. Vertices B and C are
symmetric to vertices A and D through points E and F , respectively.

8.52. Suppose that we have constructed quadrilateral ABCD with given lengths of sides
and a given midline KP (here K and P are the midpoints of sides AB and CD, respectively).
Let A1 and B1 be the points symmetric to points A and B, respectively, through point P .
Triangle A1BC can be constructed because its sides BC, CA1 = AD and BA1 = 2KP are
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known. Let us complement triangle A1BC to parallelogram A1EBC. Now we can construct

point D because CD and ED = BA are known. Making use of the fact that
−−→
DA =

−−→
A1C we

construct point A.
8.53. Making use of the formulas of Problems 6.34 and 6.35 it is easy to express the

lengths of the diagonals of the inscribed triangle in terms of the lengths of its sides. The
obtained formulas can be applied for the construction of the diagonals (for convenience it is
advisable to introduce an arbitrary segment e as the measure of unit length and construct
segments of length pq, p

q
and

√
p as pq

e
, pe

q
and

√
pe).

8.54. A circle intercepts equal segments on the legs of an angle if and only if the center
of the circle lies on the bisector of the angle. Therefore, the center of the circle to be found is
the intersection point of the midperpendicular to segment AB and the bisector of the given
angle.

8.55. Let us suppose that we have constructed circle S ′ tangent to the given circle S at
point A and the given line l at a point, B. Let O and O′ be the centers of circles S and S ′,
respectively (Fig. 90). Clearly, points O, O′ and A lie on one line and O′B = O′A. Hence,
we have to construct point O′ on line OA so that O′A = O′B, where B is the base of the
perpendicular dropped from point O′ to line l.

Figure 90 (Sol. 8.55)

To this end let us drop perpendiculr OB′ on line l. Next, on line AO mark segment OA′

of length OB′. Let us draw through point A line AB parallel to A′B′ (point B lies on line
l). Point O′ is the intersection point of line OA and the perpendicular to l drawn through
point B.

8.56. a) Let l1 be the midperpendicular to segment AB, let C be the intercection point
of lines l1 and l; let l′ be the line symmetric to l through line l1. The problem reduces to
the necessity to construct a circle that passes through point A and is tangent to lines l and
l′, cf. Problem 19.15.

b) We may assume that the center of circle S does not lie on the midperpendicular to
segment AB (otherwise the construction is obvious). Let us take an arbitrary point C on
circle S and construct the circumscribed circle of triangle ABC; this circle intersects S at a
point D. Let M be the intersection point of lines AB and CD. Let us draw tangents MP
and MQ to circle S. Then the circumscribed circles of triangles ABP and ABQ are the
ones to be found since MP 2 = MQ2 = MA · MB.

8.57. Suppose we have constructed circles S1, S2 and S3 tangent to each other pairwise
at given points: S1 and S2 are tangent at point C; circles S1 and S3 are tangent at point
B; circles S2 and S3 are tangent at point A. Let O1, O2 and O3 be the centers of circles
S1, S2 and S3, respectively. Then points A, B and C lie on the sides of triangle O1O2O3

and O1B = O1C, O2C = O2A and O3A = O3B. Hence, points A, B and C are the tangent
points of the inscribed circle of triangle O1O2O3 with its sides.
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This implies the following construction. First, let us construct the circumscribed circle
of triangle ABC and draw tangents to it at points A, B and C. The intersection points of
these tangents are the centers of circles to be found.

8.58. Suppose that we have constructed circle S whose tangents AA1, BB1 and CC1,
where A1, B1 and C1 are the tangent points, are of length a, b and c, respectively. Let us
construct circles Sa, Sb and Sc with the centers A, B and C and radii a, b and c, respectively
(Fig. 91). If O is the center of circle S, then segments OA1, OB1 and OC1 are radii of circle
S and tangents to circles Sa, Sb and Sc as well. Hence, point O is the radical center (cf.
§3.10) of circles Sa, Sb and Sc.

Figure 91 (Sol. 8.58)

This implies the following construction. First, construct circles Sa, Sb and Sc. Then let
us construct their radical center O. The circle to be found is the circle with center O and
the radius whose length is equal to that of the tangent drawn from point O to circle Sa.

8.59. First, let us construct segment BC of length a. Next, let us construct the locus
of points X for which CX : BX = b : c, cf. Problem 7.14. For vertex A we can take any of
the intersection points of this locus with a line whose distance from line BC is equal to ha.

8.60. Given the lengths of segments AD′ and BD, we can construct segment AB and
point D on this segment. Point C is the intersection point of the circle of radius CD centered
at D and the locus of points X for which AX : BX = AD : BD.

8.61. Let X be a point that does not lie on line AB. Clearly, ∠AXB = ∠BCX if and
only if AX : CX = AB : CB. Hence, point M is the intersection point of the locus of points
X for which AX : CX = AB : CB and the locus of points Y for which BY : DY = BC : DC
(it is possible for these loci not to intersect).

8.62. We have to construct a point O for which AO : A′O = AB : A′B′ and BO :
B′O = AB : A′B′. Point O is the intersection point of the locus of points X for which
AX : A′X = AB : A′B′ and the locus of points Y for which BY : B′Y = AB : A′B′.

8.63. Let O be the center of the given circle. Chords XP and XQ that pass through
points A and B are equal if and only if XO is the bisector of angle PXO, i.e., AX :
BX = AO : BO. The point X to be found is the intersection point of the corresponding
Apollonius’s circle with the given circle.

8.64. a) If line l does not intersect segment AB, then ABB1A1 is a parallelogram and
l ‖ AB. If line l intersects segment AB, then AA1BB1 is a parallelogram and l passes
through the midpoint of segment AB.

b) One of the lines to be found is parallel to line AB and another one passes through the
midpoint of segment AB.

8.65. Let us construct a circle of radius 1 and in it draw two perpendicular diameters, AB
and CD. Let O be the center of the circle, M the midpoint of segment OC, P the intersection
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point of line AM and the circle with diameter OC (Fig. 92). Then AM2 = 1 + 1
4

= 5
4

and,

therefore, AP = AM − PM =
√

5−1
2

= 2 sin 18◦ (cf. Problem 5.46), i.e., AP is the length of
a side of a regular decagon inscribed in the given circle.

Figure 92 (Sol. 8.65)

8.66. Suppose we have constructed rectangle PQRS so that the given points A, B, C,
D lie on sides PQ, QR, RS, SP , respectively, and PQ : QR = a, where a is the given ratio
of sides. Let F be the intersection point of the line drawn through point D perpendicularly
to line AC and line QR. Then DF : AC = a.

This implies the following construction. From point D draw a ray that intersects segment
AC at a right angle and on this ray construct a point F so that DF = a ·AC. Side QR lies
on line BF . The continuation of the construction is obvious.

8.67. Suppose that points X and Y with the required properties are constructed. Denote
the intersection point of lines AX and Y C by M , that of lines AB and XY by K. Right
triangles AXK and Y XM have a common acute angle ∠X, hence, ∠XAK = ∠XY M .
Angles ∠XAB and ∠XY B subtend the same arc, hence, ∠XAB = ∠XY B. Therefore,
∠XY M = ∠XY B. Since XY ⊥ AB, it follows that K is the midpoint of segment CB.

Conversely, if K is the midpoint of segment CB, then ∠MY X = ∠BY X = ∠XAB.
Triangles AXK and Y XM have a common angle ∠X and ∠XAK = ∠XY M ; hence,
∠Y MX = ∠AKX = 90◦.

This implies the following construction. Through the midpoint K of segment CB draw
line l perpendicular to line AB. Points X and Y are the intersection points of line l with
the given circle.

8.68. If we have an angle of value α, then we can construct angles of value 2α, 3α, etc.
Since 19 · 19◦ = 361◦, we can construct an angle of 361◦ that coincides with the angle of 1◦.

8.69. First, let us construct an angle of 36◦, cf. Problem 8.65. Then we can construct
the angle of 36◦−30◦

2
= 3◦. If n is not divisible by 3, then having at our disposal angles of n◦

and 3◦ we can construct an angle of 1◦. Indeed, if n = 3k + 1, then 1◦ = n◦ − k · 3◦ and if
n = 3k + 2, then 1◦ = 2n◦ − (2k + 1) · 3◦.

8.70. The sequence of constructions is as follows. On the piece of paper take an arbitrary
point O and perform the homothety with center O and sufficiently small coefficient k so that
this homothety sends the image of the intersection point of the given lines on the piece of
paper. Then we can construct the bisector of the angle between the images of the lines.
Next, let us perform the homothety with the same center and coefficient 1

k
which yields the

desired segment of the bisector.
8.71. Let us construct with the help of a two-sided ruler two parallel chords AB and CD.

Let P and Q be the intersection points of lines AC with BD and AD with BC, respectively.
Then line PQ passes through the center of the given circle. Constructing similarly one more
such line we find the center of the circle.
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8.72. Let us draw through point A two rays p and q that form a small angle inside
which point B lies (the rays can be constructed by replacing the ruler). Let us draw through
point B segments PQ1 and P1Q (Fig. 93). If PQ < 10 cm and P1Q1 < 10 cm, then we can
construct point O at which lines PQ and P1Q1 intersect.

Figure 93 (Sol. 8.72)

Through point O draw line P2Q2. If PQ2 < 10 cm and P2Q < 10 cm; then we can
construct point B′ at which lines PQ2 and P2Q intersect. If BB′ < 10 cm, then by Problem
5.67 we can construct line BB′; this line passes through point A.

8.73. The construction is based on the fact that if A and B are the intersection points of

equal circles centered at P and Q, then
−→
PA =

−−→
BQ. Let S1 be the initial circle, A1 the given

point. Let us draw circle S2 through point A1 and circle S3 through the intersection point
A2 of circles S1 and S2; circle S4 through the intersection point A3 of circles S2 and S3 and,
finally, circle S5 through the intersection points B1 and A4 of circles S1 and S3, respectively,
with circle S4. Let us prove that the intersection point B2 of circles S5 and S1 is the one to
be found.

Let Oi be the center of circle Si. Then
−−−→
A1O1 =

−−−→
O2A2 =

−−−→
A3O3 =

−−−→
O4A4 =

−−−→
B1O5 =

−−−→
O1B2.

Remark. There are two intersection points of circles S1 and S4; for point B1 we can
take any of them.

8.74. Let AB be the given segment, P an arbitrary point not on the given lines. Let
us construct the intersection points C and D of the second of the given lines with lines PA
and PB, respectively, and the intersection point Q of lines AD and BC. By Problem 19.2
line PQ passes through the midpoint of segment AB.

8.75. Let AB be the given segment; let C and D be arbitrary points on the second of
given lines. By the preceding problem we can construct the midpoint, M , of segment CD.
Let P be the intersection point of lines AM and BD; let E be the intersection point of lines
PC and AB. Let us prove that EB is the segment to be found.

Since △PMC ∼ △PAE and △PMD ∼ △PAB, it follows that

AB

AE
=

AB

AP
:
AE

AP
=

MD

MP
:
MC

MP
=

MD

MC
= 1.

8.76. Let AB be the given segment; let C and D be arbitrary points on the second of
the given lines. By the preceding problem we can construct points D1 = D, D2, . . . , Dn such
that all the segments DiDi+1 are equal to segment CD. Let P be the intersection point
of lines AC and BDn and let B1, . . . , Bn−1 be the intersection points of line AB with lines
PD1, . . . , PDn−1, respectively. Clearly, points B1, . . . , Bn−1 divide segment AB in n equal
parts.


