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Assuming a discount factor of δ = 0.8, your assignment is to compute
the set of all Sub-Game Perfect equilibria of the repeated 2 player prisoner’s
dilemma with stage game payoff matrix:

player 2

Actions C D

player 1 C (4,4) (0,6)

D (6,0) (2,2)

The algorithm we will use to compute the equilibrium set is laid out in
Conklin, Judd and Yeltekin (ECTA 2003) (CJY hereafter). The longer, more
complete version is available at http://bucky.stanford.edu/papers/sgame.pdf
and is on my webpage. That paper uses the techniques in Abreu, Pearce and
Stacchetti (1990). The idea you are to use in this project is to “sandwich”
the true equilibrium set between a lower bound and an upper bound which
we will call the inner and outer approximations respectively.

In general , we let the actions of player i in the stage game be in Si, i =
1, . . . , N. Elements of S ≡ S1 × · · · × SN represent all possibe combinations
of player actions. Player i0s payoff in the stage game will be Πi : Si → R.
For future reference we define s−i ≡ (s1, · · · , si−1, si+1, · · · , sN ). The payoff
for the best response of player i to his opponents actions, s−1, is given by

Π∗i (s−i) ≡ max
si∈Si

Πi(si, s−i).

Our game satisfies the following assumptions:

A 1: Si, i = 1, · · · ,N is a finite set. In particular, Si = {C,D}.

A 2: The stage game has a pure strategy Nash Equilibrium: (D,D).

Define a map B(W ) as follows:

B(W ) =
[

(s,w)∈S×W

©
(1− δ)Π(s) + δw|∀i(IRi ≥ 0)

ª
(1)
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where
IRi ≡ [(1− δ)Π(s) + δwi]− [(1− δ)Π∗(s−i) + δwi]

is the individual rationality condition for player i, and

wi ≡ inf
w∈W

wi.

is player i0s minimum possible continuation value in W .
The key to finding the subgame perfect equilibrium payoffs of supergames

is the construction of self-generating sets. Intuitively, a set W ⊆ RN is
self-generating if each value of W can be supported by continuation values
which themselves have values in W (see APS and the class notes). The
largest fixed-point of the mapping B(W ) is the set of equilibrium payoffs V
(see Propositions 4 and 8 in CJY).

While this definition of the equilibrium payoffs is elegant and intuitive,
there are important difficulties associated with computing V . The main
problem is that V can be difficult to represent in a computer. As in CJY,
you are to use convex polytopes since they can be represented in a finite
fashion. We will refer to two kinds of convex polytope approximations of
convex sets W :

• Outer Approximation. In this case you approximate W as the
convex combination of a finite number of half-spaces which can be
represented as a collection of linear inequalities. In this case, W =
∩L=1{z|h z ≤ c } where h ∈ RN is the gradient orthogonal to the
face of W , and c ∈ R is a scalar which we call a level.

• Inner Approximation. In this case we approximateW as the convex
hull of some finite number of vertices Z, that isW = co(Z), the convex
hull of Z.

See Figures 1, 2 and 3 in the working paper version of CJY for an illus-
tration of these methods.

1. Hyperplane Outer Approximation Method

The main steps are stated in Algorithms 1 and 2 in the working paper
version of CJY.

This is simply a linear programming problem. You can use the built-
in function fmincon to solve it if you use Matlab. You need to specify the
search subgradients h and levels c for = 1, . . . , L. The inputs in fmincon
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are these linear constraints and the objective function. The approximation
improves as we use larger sets of h but the algorithm will take longer. To
construct the initial guess for the levels use the search subgradients and
define extreme points z0. Then set c0 = h · z0.

In our 2 player game, if the number of the search subgradients denoted
L, then an example of the matrix of search subgradients H for L = 4 could
be

H =

⎡⎢⎢⎣
1 0
0 1
−1 0
0 −1

⎤⎥⎥⎦ ,
and the polytope will be a rectangle in this case. You are to compute the
set of all Sub-Game Perfect equilibria for L = 4, 8, 24.

For each s ∈ S, you can include the incentive compatibility constraints
in the set of linear constraints because they are linear in wi. The key com-
putation occurs in step 1. For each subgradient h and action profile s, we
find the continuation value w which makes s individually rational and max-
imizes the weighted sum of player payoffs where the weights are given by
h . You will iterate on the levels c until convergence. Note that the search
subgradients and the approximation subgradients can be the same.

2. Inner Hyperplane Approximation Method

The main steps are stated in Algorithms 3 and 4 in the working paper
version of CJY.

The problem to solve is the same as in the outer approximation method.
However, the setW is defined in a different way. Now it is the convex hull of
the vertices and in the previous algorithm it was defined as the intersection of
half-spaces. You can construct an initial guess by shrinking the set obtained
by the outer approximation subroutine by 2/3% (CJY found this number
to be appropriate to find the self generating (inner) sets).

Suppose you have points z ∈ Z. To find the convex hull of these points
you can use the function convhull in Matlab. This function will return the
indices of the points in the convex hull. Then, you can set W = co(Z). To
solve the problem, you use a procedure similar to a grid search where the
points in the grid are a finite number of convex combinations between con-
secutive points in the convex hull (like connecting the points in the vertices).
As you increase the points you will gain precision and the solution will be
more reliable.
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