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Simple Version of Quantitative Bankruptcy Model

This homework has you “construct and verify” an equilibrium for an ex-
tremely simplified version of the model in Chatterjee, Corbae, Nakajima, and
Rios-Rull (2007, Econometrica). The key differences in the environment are that
it is a small exchange economy that takes the risk free real rate r as given, there
is only one shock, there is no type heterogeneity, and a very sparse asset space.
Specifically, let the exogenous earnings process be given by e ∈ {eL, eH} where
eL < eH and pr(e = eL) = φ. Let asset choices be given by ∈ L = {−x, 0, x}.
Let eL > x to avoid empty budget sets.
Let vd(e, , h) denote the value function of an agent in state (e, , h) if he

takes the default decision d ∈ {0, 1} where h ∈ {0, 1} with h = 1 denoting
a bankruptcy in the individual’s credit record. If an agent borrows (i.e. if
0 = −x), then let the price q( 0) he faces be denoted qm. If the agent does not
borrow (i.e. if 0 ∈ L+ = {0, x}), then let the price be given by q( 0) = 1/(1+r).
There are some restrictions/laws of motion implied by the environment:

• If ∈ {0, x},then d = 0. Alternatively, d = 1 can occur only if = −x.

• If h = 1, then 0 ∈ L+ and pr(h0 = 1) = λ.

• If d = 1, then 0 = 0 and h0 = 1.

The decision problem when h = 0 is given by:

v(e, , 0) = max{v0(e, , 0), v1(e, , 0)}
where

v0(e, , 0) = max
0∈L

u(e+ − q 0) + βEe0 [v(e
0, 0, 0)] ,

v1(e,−x, 0) = u(e) + βEe0 [v(e
0, 0, 1)] ,

and the decision problem when h = 1 is given by:

v(e, , 1) = max
0∈L+

u(e+ − 0/(1+r))+β {λEe0 [v(e
0, 0, 1)] + (1− λ)Ee0 [v(e

0, 0, 0)]} for ∈ L+.

There are 10 states to consider in the value function: for h = 1, 2× 2 (L+×E)
and for h = 0, 3× 2 (L×E).
Parameters: u(c) = log(c), β = 0.95, r = .95/β − 1, eH = 5, eL = 2.5,

x = 2 < eL (to assure non-empty budget set), φ = 0.1, λ = 0.25.
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Construct an equilibrium where the household decision rules are given by:

(e, , h) (d, 0)
(eL,−x, 0) (1, 0)
(eH ,−x, 0) (0, 0)
(eL, 0, 0) (0,−x)
(eH , 0, 0) (0, 0)
(eL, x, 0) (0, 0)
(eH , x, 0) (0, x)
(eL, 0, 1) (0, 0)
(eH , 0, 1) (0, 0)
(eL, x, 1) (0, 0)
(eH , x, 1) (0, 0)

1) Under this conjecture, what is the borrowing price qm?
Answer: qm = 1−φ

1+r .
2) Verify that at those prices, decision rules are optimal. Hint: solve for the

value functions under the conjecture (there should be one for each state - i.e.
10) using matlab, then check that they satisfy the incentive conditions (there
should be 17 of them).
Answer: Under this conjecture, we have the following system of 10 equa-

tions:
v(eL,−x, 0) = u(eL) + βEe0 [v(e

0, 0, 1)] (1)

v(eH ,−x, 0) = u(eH − x) + βEe0 [v(e
0, 0, 0)] (2)

v(eL, 0, 0) = u(eL + qmx) + βEe0 [v(e
0,−x, 0)] (3)

v(eH , 0, 0) = u(eH) + βEe0 [v(e
0, 0, 0)] (4)

v(eL, x, 0) = u(eL + x) + βEe0 [v(e
0, 0, 0)] (5)

v(eH , x, 0) = u(eH + x− x/(1 + r)) + βEe0 [v(e
0, x, 0)] (6)

v(eL, 0, 1) = u(eL) + β {λEe0 [v(e
0, 0, 1)] + (1− λ)Ee0 [v(e

0, 0, 0)]} (7)

v(eH , 0, 1) = u(eH − x/(1 + r)) + β {λEe0 [v(e
0, x, 1)] + (1− λ)Ee0 [v(e

0, x, 0)]}
(8)

v(eL, x, 1) = u(eL + x) + β {λEe0 [v(e
0, 0, 1)] + (1− λ)Ee0 [v(e

0, 0, 0)]} (9)

v(eH , x, 1) = u(eH+x−x/(1+r))+β {λEe0 [v(e
0, x, 1)] + (1− λ)Ee0 [v(e

0, x, 0)]}
(10)

where
Ee0 [v(e

0, 0, h0)] = φ [v(eL,
0, h0)] + (1− φ) [v(eH ,

0, h0)] .

For the conjectured decision rules to be an equilibrium, we must verify the
following incentive conditions are satisfied. For the case where h = 0:

2



• an agent with low earnings and debt chooses to default rather than not:

v(eL,−x, 0) ≥
½

u(eL − x+ qmx) + βEe0 [v(e
0,−x, 0)]

u(eL − x) + βEe0 [v(e
0, 0, 0)]

,

We do not check if v(eL,−x, 0) ≥ u(eL− x− x/(1+ r)) + βEe0 [v(e
0, x, 0)]

because eL − x− x/(1 + r) < 0.

• an agent with high earnings and debt does not choose to default or choose
another asset position

v(eH ,−x, 0) ≥

⎧⎨⎩ u(eH) + βEe0 [v(e
0, 0, 1)]

u(eH − x+ qmx) + βEe0 [v(e
0,−x, 0)]

u(eH − x− x/(1 + r)) + βEe0 [v(e
0, x, 0)]

,

• an agent with low earnings and no debt chooses to borrow rather than
another asset position

v(eL, 0, 0) ≥
½

u(eL) + βEe0 [v(e
0, 0, 0)]

u(eL − x/(1 + r)) + βEe0 [v(e
0, x, 0)]

,

• an agent with high earnings and no debt chooses not to enter asset market
rather than another asset position

v(eH , 0, 0) ≥
½

u(eH + qmx) + βEe0 [v(e
0,−x, 0)]

u(eH − x/(1 + r)) + βEe0 [v(e
0, x, 0)]

,

• an agent with low earnings and assets chooses not to enter asset market
rather than another asset position

v(eL, x, 0) ≥
½

u(eL + x+ qmx) + βEe0 [v(e
0,−x, 0)]

u(eL + x− x/(1 + r)) + βEe0 [v(e
0, x, 0)]

,

• an agent with high earnings and assets chooses to save rather than another
asset position

v(eH , x, 0) ≥
½

u(eH + x+ qmx) + βEe0 [v(e
0,−x, 0)]

u(eH + x) + βEe0 [v(e
0, 0, 0)]

,

For the case where h = 1 :

• an agent with low earnings and no assets chooses not to save:

v(eL, 0, 1) ≥ u(eL−x/(1+r))+β {λEe0 [v(e
0, x, 1)] + (1− λ)Ee0 [v(e

0, x, 0)]}

• an agent with high earnings and no assets chooses not to stay out of
market:

v(eH , 0, 1) ≥ u(eH−x/(1+r))+β {λEe0 [v(e
0, x, 1)] + (1− λ)Ee0 [v(e

0, x, 0)]}
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• an agent with low earnings and assets chooses not to save:

v(eL, x, 1) ≥ u(eL+x−x/(1+r))+β {λEe0 [v(e
0, x, 1)] + (1− λ)Ee0 [v(e

0, x, 0)]}

• an agent with high earnings and assets chooses not to stay out of market:

v(eH , x, 1) ≥ u(eH+x−x/(1+r))+β {λEe0 [v(e
0, x, 1)] + (1− λ)Ee0 [v(e

0, x, 0)]} .

The Matlab programs main.m and simplefun.m verify that this is indeed an
equilibrium.
3) Suppose the fraction of people who receive the low earnings realization

climbs to 20% (i.e. let φ = 0.2). Is this still an equilibrium? Which incentive
constraints are violated? Why? If you change the conjectured decision rules to
try to satisfy the constraints, can you still find an equilibrium with prices given
by qm?
Answer: The last incentive condition (an agent with high earnings and

assets chooses not to stay out of market) is violated, so this is not an equilibrium.
The increased variance of earnings leads the agent to save more. If you change
the decision rule in state (eH , x, 1) to (d, 0) = (0, x), all incentive conditions are
satisfied and the price is still given by qm = 1− 0.2.
4) Suppose the fraction of people who receive the low earnings realization

climbs to 50% (i.e. let φ = 0.5). Can you find an equilibrium like that in
question 3?
Answer: The incentive condition when an agent with high earnings and

debt does not choose to default or choose another asset position is now violated.
In particular, at the price qm = (1−0.5), he now prefers to default. But if agents
with both low and high earnings default, then the price would have to be zero.
Autarky is always an equilibrium...
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