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Existing classification algorithms use a set of training examples to select classification features, which are
then used for all future applications of the classifier. A major problem with this approach is the selection
of a training set: a small set will result in reduced performance, and a large set will require extensive
training. In addition, class appearance may change over time requiring an adaptive classification system.
In this paper, we propose a solution to these basic problems by developing an on-line feature selection
method, which continuously modifies and improves the features used for classification based on the
examples provided so far. The method is used for learning a new class, and to continuously improve clas-
sification performance as new data becomes available. In ongoing learning, examples are continuously
presented to the system, and new features arise from these examples. The method continuously mea-
sures the value of the selected features using mutual information, and uses these values to efficiently
update the set of selected features when new training information becomes available. The problem is
challenging because at each stage the training process uses a small subset of the training data. Surpris-
ingly, with sufficient training data the on-line process reaches the same performance as a scheme that
has a complete access to the entire training data.

� 2008 Elsevier B.V. All rights reserved.
1. Introduction set of features, which is optimal for classification and minimal in
Current classification schemes typically use a set of examples
for selecting appropriate classification features and training the
classifier. The features used for a given class remain unchanged
in subsequent applications of the classifier. This fixed learning is
deficient for several reasons. First, properties of the class may
change over time, requiring continual adjustment. Second, it is dif-
ficult to determine an optimal size for the training set: a small set
will result in reduced performance, and a large set will require
extensive training. Finally, it may be desirable to be able to per-
form classification as early as possible, and yet continue to improve
when new data becomes available. A better approach is therefore
to use an on-line scheme that adapts to changes in class appear-
ance and continues to learn from new data as it becomes available.
In this paper, we propose such an approach, focusing on the ongo-
ing selection of classification features.

The selection of useful features is a fundamental problem in
learning a classification task. Irrelevant and redundant features
not only complicate subsequent stages in the classification, but
also degrade classification performance [1]. By selecting only rele-
vant features, higher performance can be achieved with a smaller
set of parameters in the model. Therefore, the goal is to select a
ll rights reserved.
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their redundancy.
The setting of the classical feature selection problem is the fol-

lowing. We are given initially a large set of n potential features
measured on a fixed training set. Our goal is to select from
this set the optimal subset of k features for the classification task.
The problem can be summarized in the following way:

Feature selection ðn; kÞ: Given an initial set of n features, find the
subset with k < n features that is maximally informative about the
class.

For the use of information as a criterion for selecting effective
features, see [2,3]. In the online learning scenario, examples and
features extracted from them are continuously presented. This en-
ables an ongoing improvement of the classifier focusing on the
most recently seen examples. Such an improvement is possible if
the learning algorithm is adaptive, in the sense that it improves
the classifier each time a new example or a new feature is pre-
sented. Specifically, an adaptive feature selection algorithm is
one that improves the subset of selected features in an online
learning environment. The online feature selection problem can
be stated in the following way:

Online feature selection ðn; k; eÞ: Given a time point in the on-
line learning process following the presentation of e examples
and n features, find the subset with k < n features that is max-
imally informative about the class, estimated on the e
examples.

The main advantage of using an online learning scheme is the
ability of the learning system to utilize new information while
lassify by ongoing feature selection, Image Vis. Comput. (2008),
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already functioning, and to adapt to a changing environment. This
is important for several reasons. First, in cases in which the class
appearance changes over time and cannot be foreseen in advance.
For example, when learning to recognize a specific face, future
appearance changes such as aging, glasses and facial hair, cannot
be fully anticipated. Second, for recognition tasks with high vari-
ability, a large number of examples will be required. For example
in handwritten character recognition hundreds of thousands of
examples are used for training, and performance can still be im-
proved if the system is trained on a new handwriting. Finally, for
computational efficiency, an on-line selection method will also
be of use when the set of features to consider is large, even in a
non-online scheme. It then becomes possible to consider initially
a limited set of candidate features, and consider new ones incre-
mentally until an optimal subset is selected.

One approach to the online feature selection problem is simply
to consider at each time step all the features and all the examples
seen up to this time step, and apply a standard feature selection
technique. However, this is highly inefficient, since the training
set and feature set grow at each time step, and so does the running
time of the feature selection method. We will develop therefore a
method that considers only a fixed number of features and exam-
ples at each time step. As we shall see, such a method continues to
improve with new examples and eventually outperforms methods
that use a fixed number of examples.
1.1. Previous approaches

There are many different approaches to feature selection for
classification [4]. Standard feature selection methods have been
broadly divided into so-called wrapper and filter methods [5].
Wrapper methods directly evaluate the performance of a subset
of features by measuring the performance of a model trained on
this subset. A wrapper approach would require multiple model
trainings at each update step, to compare different sets of features,
and is therefore inappropriate due to online time constraints. Filter
methods use some measure to estimate the importance of different
features, independent of a specific classifier. A successful filter
approach initiated with the MIFS algorithm [6] uses mutual infor-
mation to measure the importance of features. Additional informa-
tion-based methods were developed in [7,3,8]. The mutual
information between a set of features F attaining discrete values
belonging to F and a class variable C with optional values C is de-
fined as

IðF; CÞ ¼
X
F2F

X
C2C

PðF;CÞ log
PðF; CÞ

PðFÞ � PðCÞ : ð1Þ

IðF; CÞ measures the reduction in uncertainty about the identity of
class C given the observed features F, and high mutual information
is necessary to obtain low classification error ([9,10]). For these rea-
sons, it is a natural measure to use for extracting useful classifica-
tion features [2,3].

We follow this line of work by using mutual information to
measure feature quality, together with a novel strategy that is
applicable in the online scenario. In [11], a filter type method
was proposed for a simplified version of the online feature selec-
tion problem, in which all examples are available in advance, and
the update step includes only new features. This problem formula-
tion is inappropriate for our problem, since in learning online clas-
sification, new examples are continuously presented. Our
algorithm, described in the following section, is the first to treat
the on-line problem fully, and handles efficiently both feature up-
dates and novel examples.

The remainder of the paper is organized as follows. In the next
section, we describe in detail the proposed algorithm. Experimen-
Please cite this article in press as: D. Levi, S. Ullman, Learning to c
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tal evaluation of the scheme tested on different visual object
classification tasks is presented in Section 3. These results and
future directions for research are discussed in Section 4.
2. The on line selection algorithm

2.1. General overview

The proposed method is designed to select features for classi-
fication in an online training scheme. We assume a scheme in
which new labeled examples and new features extracted from
these examples are continuously provided to the method by a
separate, task specific process (see Section 3). The proposed algo-
rithm proceeds in an iterative manner: it receives at each time
step either a new example or a new feature or both, and adjusts
the current set of selected features. When a new feature is pro-
vided, the algorithm makes a decision regarding whether to sub-
stitute an existing feature with the new one, or maintain the
current set of features, according to a value computed for each
feature relative to the current feature set. The value of each fea-
ture is evaluated by the amount of class information it contrib-
utes to the features in the selected set. The algorithm also keeps
a fixed-size set of the most recent examples, used to evaluate
newly provided features. In this way, the evaluation time of
the features value, which depends only on the number of exam-
ples and the number of features in the selected set, is constant
throughout the learning.

It is convenient to divide the design of such a scheme into
two main components: search strategy and merit value. The
search strategy handles the problem of searching the space of
all subsets of features, which is of exponential size in the num-
ber of features n. Most feature selection algorithms exploit gree-
dy search strategies (e.g. sequential search [12]), which
iteratively select the most informative feature given a set of al-
ready selected features ([6,7,5]). In an online environment, this
strategy requires the re-use of the entire set of training exam-
ples and features at each update step, and it is therefore inappli-
cable in the online setting. Our algorithm uses therefore a
different search strategy, termed substitution, in which each new-
ly examined feature is added to an evaluated set of features, and
then the least contributing feature in the resulting set is dis-
carded. This strategy allows the algorithm to evaluate and com-
pare only the features in the selected set of features, and not the
entire set of features as greedy search strategies require, and it is
a key to the algorithm’s ability to perform in an online manner.
The merit value (MV) of a feature expresses the value of a feature
for classification given an already selected set of features. Several
merit values were suggested in [6,8,7], and were incorporated in
greedy search based methods. In order to evaluate the merit va-
lue of a feature, these methods require the entire set of training
examples. We use a small set of examples instead for evaluating
a merit value similar to the one suggested in [8], and continue to
update its evaluation as new examples are seen. In the next sec-
tions we present the details of our algorithm, starting with the
details of our implementation for measuring the feature value
online.

2.2. Measuring feature merit value

In this section, we describe the computation of the classification
value of each feature. In our method, for each feature belonging to
the selected set, this value should express the value for classifica-
tion lost by eliminating it, or, equivalently, the value for classifica-
tion gained by adding it to an already selected set of features. We
assume that each feature f has discrete values on each example,
lassify by ongoing feature selection, Image Vis. Comput. (2008),
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and can be viewed as a discrete random variable. Similarly, we re-
gard the class label C to be a discrete random variable.

Given a feature f and a set of selected features S, the desired
merit value MVðf ; SÞ should express the additional class informa-
tion gained by adding f to S. This can be measured using mutual
information by

MVðf ; SÞ ¼ Iðf ; S; CÞ � IðS; CÞ; ð2Þ

where I stands for mutual information. This merit value can be com-
puted given the joint distribution Pðf ; S;CÞ, of all the variables in
S [ ffg [ fCg. Unfortunately, estimating the joint distribution
function of jSj þ 2 random variables is impractical in real world
applications, due to sample size limitations, and therefore an
approximation is often used. Several approximations were sug-
gested in [8,6,7]. We chose for our implementation the merit value
suggested in [8], which was shown in empirical comparisons to pro-
duce highly effective classification features [2]. This value considers
only second order relations between the feature variables and the
class, and is expressed by

MVðf ; SÞ ¼min
g2S

Iðf ; g; CÞ � Iðg; CÞ: ð3Þ

The term Iðf ; g; CÞ � Iðg; CÞ expresses the additional class informa-
tion f delivers with respect to g, where g is an already selected fea-
ture. By taking the minimum over all features in S, we estimate
the minimal additional class information delivered by f with re-
spect to S. There are two factors affecting this value: the feature’s
individual contribution to the mutual information, and its redun-
dancy with respect to the set. If a feature g0 similar to f already ex-
ists in S, then the minimized expression for g ¼ g0 will be low,
regardless of how informative f is, resulting in a low value for
redundant features. In order to compute this merit value for each
feature f we need to estimate the joint probability of just two fea-
tures and the class, Pðf ¼ x; g ¼ y;C ¼ zÞ. For each new feature f, its
values on the set of latest examples maintained by the algorithm
are determined, and are used to estimate its distribution. In addi-
tion, each time a new example is seen, the values of f, g and C are
determined, and the probability estimates for all pairs of features
in the selected set are updated. In a similar manner, we also esti-
mate for each selected feature its joint probability with the class
(Pðf ;CÞ) for a purpose explained below. This method of update al-
lows us to utilize all the statistics seen for a feature in the selected
set from its arrival time onwards. Clearly, the joint distribution of
two features can be only estimated on the example set seen to-
gether by both features.

The online scheme poses the problem of different sample sets
for different features. Consider the case in which f old is an old fea-
ture and f new has just been presented, and we wish to re-estimate
the merit value of f old. The term Iðf old; f new; CÞ � Iðf new; CÞ can only
be estimated on the set of recent examples, although the old fea-
ture may have a much higher class information, estimated on pre-
viously seen examples. As a result, the new estimated score of f old

may become too low, leading to its elimination from the feature
set. In practice, since we would like the full information gathered
on f old to be expressed in its score, we use an approximation in-
stead of the discussed term. This approximation is motivated by
the following inequality:

Proposition. Let X;Y ;C be discrete random variables. If X and Y are
independent given C (i.e. PðX;YjCÞ ¼ PðXjCÞ � PðY jCÞ) then the follow-
ing inequality holds:

IðX; Y; CÞ � IðX; CÞ 6 IðY; CÞ:

Proof. From the conditional independence we compute IðX; Y jCÞ
using Eq. (1) to obtain IðX; YjCÞ ¼ 0. We next evaluate the left-hand
side of the inequality:
Please cite this article in press as: D. Levi, S. Ullman, Learning to c
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IðX;Y ; CÞ � IðX; CÞ ¼ ðmutual information chain ruleÞ
¼ IðX; CÞ þ IðY ; CjXÞ � IðX; CÞ ¼
¼ IðY ; CjXÞ ¼ ðmutual information chain ruleÞ
¼ IðY ; C;XÞ � IðY; XÞ ¼ ðmutual information chain ruleÞ
¼ IðY ; CÞ þ IðX; YjCÞ � IðY; XÞ ¼ ðconditional independence of X and YÞ
¼ IðY ; CÞ � IðY ; XÞ 6 ðnon-negativity of mutual informationÞ
6 IðY; CÞ �:

We have proved that under the common assumption that the
features are independent given the class, Iðf old; CÞ is an upper
bound for Iðf old; f new; CÞ � Iðf new; CÞ. When the bound is not tight,
this causes the score for f old to be higher than the desired score
(Eq. (3)), and therefore older features have a priority over new
ones. This property is justified due to the better estimation we
have of the score of older features and it also proved useful in prac-
tice. The bound can be computed directly from the feature’s joint
distribution with the class Pðf old;CÞ, which can be reliably esti-
mated from the entire set of examples seen for f old. The merit value
used is therefore:

MVðf ; SÞ ¼ min
g2Snffg

Iðf ; g; CÞ � Iðg; CÞ g < f ;
Iðf ; CÞ else;

�
ð4Þ

where g < f means that g precedes f. In the next section, we de-
scribe how features are selected incrementally by the algorithm
based on their estimated values.

2.3. Algorithm description

The algorithm maintains and updates three data structures: a
set of examples (recent_examples) containing the l most recently
seen examples, a set of features (selected_features), containing the
most informative k features seen so far, and the estimates of the
probability distributions (probability_estimates) for the features in
the selected set. The maintained probability estimates are:
(Pðf ; g;CÞ) for each pair of features in the selected set, estimated
on the common set of examples observed for both features, and
(Pðf ;CÞ) for each feature in the selected set, estimated on the
examples seen for that feature. The exact form of the features
and the examples is task specific (see examples in Section 3); we
only assume that we can obtain the discrete value of f on a given
example e. New examples are now observed, and from them some
new features are being extracted. The algorithm operates when-
ever a new example or a new feature is provided. The new exam-
ples are used for improving the feature probability estimates, and
the new features replace selected features if their measured merit
value is higher. The following pseudo-code summarizes the
algorithm:

(1) new_feature ðf Þ
(1.1) add(feature_set,f)
(1.2) probability_estimates estimate_new_feature

(probability_estimates,f,recent_examples)
(1.3) foreach f 2 feature_set
(1.4) MVðf Þ  compute_merit_value

(f,feature_setnffg,probability_estimates)
(1.5) if jfeature_setj > k

remove(feature_set,arg minf ðMVÞ)
(2) new_exampleðeÞ

(2.1) probability_estimates update_estimates
(probability_estimates,e)

(2.2) enqueue(recent_examples,e)
(2.3) if jrecent_examplesj> l

dequeue(recent_examples)

The learning process can be presented either with a new exam-
ple, in which case new_example is applied, or with a new feature,
lassify by ongoing feature selection, Image Vis. Comput. (2008),



4 D. Levi, S. Ullman / Image and Vision Computing xxx (2008) xxx–xxx

ARTICLE IN PRESS
in which case new_feature is applied. When a new feature f is pro-
vided, it is added to the set of selected features (1.1), its value is
determined on the set of recent examples and used to estimate
its distribution (1.2). The value for classification (MV) of each fea-
ture (Eq. (4)) is computed according to its probability estimates
(1.4). The feature with the lowest value is discarded from the fea-
ture set (1.5). When a new example is presented, the values of each
feature are determined for that example, and the feature probabil-
ity estimates are updated accordingly (2.1). In addition, the new
example replaces the oldest one in the set of most recent examples
(2.2 and 2.3).

Notice that by first adding the new feature to the selected set,
the algorithm ensures that each seen feature is evaluated in the
set at least once. During the ongoing presentation of features, the
feature space is searched by occasionally substituting a feature in
the set with the newly presented one. The properties of the merit
value measure (Eq. (4)) ensure that the elimination of the selected
feature results in the minimum possible loss in class information of
the entire set. In the next section, we analyze the time complexity
of the algorithm, an important aspect in online learning schemes.

2.4. Complexity analysis

An important property of the algorithm is its ability to maintain
a constant running time for each update step throughout the on-
line learning process, as we show in this section. The new_exam-
ple procedure performs an update of the joint probability estimate
for each pair of selected features (2.1), and since there are k fea-
tures in this set, this update is performed in Hðk2Þ time. The
new_feature procedure first computes the joint probabilities of
the new feature with the selected features (1.2) estimated on the
current examples set which is of size l, and can therefore be accom-
plished in Hðl � kÞ time. The procedure then computes the feature
merit values (1.4), calculating the class mutual information of
every pair of selected features from their joint distributions, and
is therefore computed in Hðk2Þ. In total, the new_feature proce-
dure time complexity is Hðk2 þ l � kÞ. The running time of both up-
date procedures is therefore independent of the number of features
or examples seen so far. In contrast, the running time of standard
feature selection algorithms applied on a set of n features and e
examples, depends on n and e, and will therefore increase at each
time step in an online environment. We compare our algorithm to
the Max–Min algorithm [8,2], which uses a similar approach for
feature selection and performs the task in time complexity
Hðk � n � eÞ. Consequently, the Max–Min algorithm is not applicable
in an online environment, since each update requires the evalua-
tion of the entire feature and example set which constantly grows
in the online learning scheme.

The proposed algorithm offers a computational improvement of
the Max–Min algorithm even in the standard feature selection
case. Since k and l can be viewed as relatively small constants,
the running time of the proposed algorithm for a fixed set of exam-
ples and features is Hðnþ eÞ, obtained by summing the running
times of all update steps, which is an improvement to the Max–
Min running time, Hðn � eÞ. In terms of memory complexity, the
improvement is large, being constant for the proposed algorithm,
and Hðn � eÞ for the Max–Min algorithm. We conclude the algo-
rithms presentation with a short review of its key properties.

2.5. Key properties

The algorithm maintains at each time point a set of recent
examples of a constant size, and a set of the most informative fea-
tures seen so far. Each time a new example is observed, the statis-
tics of the features are updated, and the recent set of examples is
updated. Each time a new feature arrives, it is evaluated on the
Please cite this article in press as: D. Levi, S. Ullman, Learning to c
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set of recent examples, and competes together with the selected
features to remain in the feature set. The competition is mediated
by measuring each feature’s class information with respect to the
other features in the set. Each update step is performed in a con-
stant computation time throughout the online learning process.
In the next section, we examine the results obtained using this fea-
ture selection algorithm for visual classification tasks.
3. Experimental results

In this section, we describe the experiments testing the perfor-
mance of the proposed method, and compare it with unrestricted
methods that make full use of the entire sets of examples and fea-
tures. The first part of the section briefly describes the experimen-
tal setup, the second part analyzes the proposed online method,
and the last part compares the online method with an existing
off-line feature selection method.

3.1. Training and testing the classifier

In our experiments, we performed several different object
detection tasks. The class domains tested were faces, cows, planes
and cars. In all the domains, the task was to decide whether or not
the image contained a class instance. In order to accomplish the
task, the classifier was presented with roughly aligned class images
and non-class images. The images contained 50� 80 pixels in the
face detection task and 80� 50 pixels in the remaining tasks
(Fig. 1).

The detection method used was a fragment-based classification
described in [8]. The basic features used by this method are image
patches, or fragments, at different positions and sizes, similar to a
number of recent schemes [13,14]. Except for the feature selection
stage, all other classification stages were kept the same in all the
experiments, allowing us to compare the feature selection stage
independent from the other classification stages. We next present
a detailed description of our implementation.

In order to determine the results in each experiment, we aver-
aged the results across 20 cross-validation iterations. At each iter-
ation we randomly selected several hundreds of images, equally
divided between class and non-class, for training. The remaining
500 images were used to test the classifier. In each experiment
we used for training the fragments extracted from the class train-
ing images. The fragments varied in size and proportions, from 5 to
50 pixels in height and width, and their locations spread over the
entire source image with equal spacing. These image fragments
form the initial pool of potential classification features, from which
a subset of useful features is selected during learning. Fig. 1(c)
shows examples of automatically extracted features for the differ-
ent tasks. The similarity between each fragment and each image
was measured by the maximal normalized cross-correlation be-
tween the fragment and the image, obtained across all possible im-
age locations.

Using the training set, a detection threshold was set for each
feature, by maximizing its mutual information with the class on
the training set. The threshold was then used to quantize each fea-
ture measurement to a binary feature. In the next stage we applied
the different feature selection methods to the set of binary feature
vectors created by previous stages. In the online learning scheme,
we sequentially presented the training examples in a random or-
der. The features were either presented in a random order during
the example presentation or presented immediately after their
source image example was presented. To measure the classifica-
tion performance of a selected feature set at any point in the pro-
cess, we used the selected features and the entire training set of
images to construct a Naive–Bayes classification function [15],
lassify by ongoing feature selection, Image Vis. Comput. (2008),



Fig. 1. Object detection tasks. (a) Examples of class images. (b) Examples of non-class images. (c) Examples of extracted fragments.
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and tested its performance on the test images. In this manner, we
tested the performance of feature sets using the same classifier by
different learning procedures.

3.2. Classification results and analysis

In this section, we analyze the properties and performance of
the on-line algorithm in the face and cow detection tasks. The algo-
rithm was tested for both tasks with l ¼ 50, and was gradually pre-
sented with all 400 training examples and the entire set of features
(about 8000) arranged in a random order. The examples were pre-
sented in 200 epochs, each epoch consisting of one class example,
one non-class example and a 1

200 fraction of the fragments. Fig. 2
summarizes the results of this experiment for both detection tasks.

The classification performance of the online feature selection
method was measured on the test images throughout the training
period. Fig. 2(b) shows the classification error of the resulting clas-
sifier as measured at selected time points during the training for
both detection tasks. The decrease in classification error illustrates
that the online feature selection method utilizes the new informa-
tion as it becomes available, demonstrating the feasibility of con-
stantly improving the set of selected features.

The algorithm can also be viewed as attempting to maximize an
objective function: at each feature substitution, the algorithm tries
to maximize the class information delivered by the remaining set.
This objective function can be measured by the average merit value
(Eq. (4)) across the features in the selected set. The value of this
objective function during the algorithms operation, shown in
Fig. 2(c), generally increases in time, and the increase in information
value is correlated with the improved classification performance.

Another relevant characteristic of the algorithm is the rate of
feature substitutions over time (Fig. 2(d)). The feature substitution
rate is high during the initial iterations, indicating a fast change in
the selected feature set, and gradually decreases to a low constant
level, indicating that the set remains adaptive throughout the
learning process.

One question that emerges from the scheme is the role of the l
parameter, the number of maintained recent examples. Large l in-
creases memory requirement and computation time which is line-
arly dependent on l (Section 2.4), but allows a better initial
estimate for each new feature. We compared the performance of
the algorithm with different values of l, summarized in Fig. 2(e).
As expected, large l improve classification performance, suggesting
a trade-off between performance, length of training, and computa-
tional cost.

In the next part, we compare the online method with a similar
off-line scheme that uses in a comprehensive manner the entire set
of examples and features, which we refer to as a ‘comprehensive’
selection method.
Please cite this article in press as: D. Levi, S. Ullman, Learning to c
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3.3. Comparison of online and comprehensive feature selection
methods

In the following experiments, we compared the on-line algo-
rithm to a similar but comprehensive classification scheme. We
used for comparison the feature selection method described in
[8], also called the Max–Min method. This method uses a similar
merit value to select features, allowing us to compare directly
the online scheme with a similar, but off-line and comprehensive
selection scheme. The Max–Min method is a greedy iterative pro-
cedure. It maintains a growing set of selected features S which is
initially empty. It In each iteration the merit of all features not se-
lected yet is computed according to Eq. (3) and the feature with the
highest merit value is added to S. The stopping criteria is either
reaching a minimal merit value or a size limit on S. We performed
two different comparisons, which we subsequently present. The
first compares the methods on the fixed cows and faces data-sets,
while in the second comparison we further stress the advantage of
using the on-line method by testing the methods in a changing
environment requiring an ability to adapt.
3.3.1. Comparison of on-line and comprehensive feature selection
methods on a fixed data-set

The following experiment was carried out on the the two data-
sets already presented including cow and face images, as well as
non-class examples, with the task of binary classification. For each
cross-validation iteration, the training examples and the features
were presented in an identical random order to both algorithms.
The presentation order was arranged in epochs as in the previous
experiment. The Max–Min method was applied every 4 epochs to
the entire set of features and examples seen until that epoch. The
limitation of any comprehensive method is that its training set is
fixed to a certain size, compared with the online method which
continues the learning process. We measured the classification
performance of the Max–Min method at each example presenta-
tion, and compared it with the final performance of the online
method using an l ¼ 50 example memory size (Fig. 3(a)). We
marked for example the point in Fig. 3(a) representing 100 exam-
ples seen by the offline method. For this point our algorithm shows
a 2:8% lower classification error (on cow detection), even though it
uses a buffer of 50 examples only. The results show that given a
large enough training period the online method outperforms the
comprehensive method trained with fixed sets of examples and
features. The improved performance is illustrated by the ROC
curves in Fig. 3(b), obtained in the same experiment, at the epoch
in which the number of examples used to train the Max–Min was
50. This is a relevant comparison, because the online method can
also maintain only 50 examples.
lassify by ongoing feature selection, Image Vis. Comput. (2008),
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Fig. 2. Analysis of the online feature selection method. The online algorithm was run with l ¼ 50 (number of maintained examples, except in (e)) and k ¼ 100 (number of
selected features); results are averaged over 20 cross-validation iterations. Left: cow detection task, right: face detection task. (a) Examples of selected features after the last
time step, shown in red outline over their source image. (b) Classification error of the classifier constructed with the currently selected features as a function of the percent of
presented examples and features during the online process. The classification error is measured at the equal error point in the ROC curve (i.e. equal false alarm and miss
rates). 100% of the examples = 400; 100% of the features = 10,530 cow features, 6292 face features. (c) Average merit value of the selected features as a function of the percent
of presented examples and features during the online process. (d) Feature substitution rate measured in the preceding 100 feature presentations, as a function of the percent
of presented examples and features during the online process. (e) Classification error at the end of the training process, as a function of l, the number of maintained examples.

6 D. Levi, S. Ullman / Image and Vision Computing xxx (2008) xxx–xxx

ARTICLE IN PRESS
When training both methods on the same sets of examples and
features, the comprehensive method has a clear advantage at esti-
mating each feature’s probabilities. The reason for this is that in the
comprehensive method each feature is sampled on the entire
example set, while in the online method the sample size per fea-
ture is much smaller (as low as l for each new feature). To separate
the difference in sample sizes from other factors, we performed an-
other experiment, allowing the number of recent examples saved
by the online method (l) to be 400, the size of the entire set of
examples. In this case the selected features at the end of the online
training process were evaluated on the entire training set, how-
Please cite this article in press as: D. Levi, S. Ullman, Learning to c
doi:10.1016/j.imavis.2008.10.010
ever, at each time point during the process, only the examples seen
so far were considered. The results (Fig. 3(c)) show that once the
sampling factor is reduced, the online algorithm performs as well
as the comprehensive method, even though it uses a smaller mem-
ory for features (k instead of n), and updates them in a random or-
der. In these settings, our algorithm addresses the simplified OFS
problem addressed in [11] (Section 1.1), in which all the examples
are available for evaluating each feature. The results illustrate that
our method provides an efficient solution to this problem, since it
performs under these settings as well as the compared comprehen-
sive method.
lassify by ongoing feature selection, Image Vis. Comput. (2008),
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Fig. 3. Performance of online and offline feature selection methods. The online algorithm was run with l ¼ 50, and the offline method was iteratively applied at each
presentation of a feature or an example. Both methods selected k ¼ 100 features. (a) Classification error of the offline method as a function of the number of presented
examples (dotted curve), and the classification error of the online method at the end of the training process (solid line). The marked point represents 100 observed examples.
During the example presentations features were also presented according to the training order described in Section 3. The classification error is measured at the equal error
point in the ROC curve. (b) ROC curves for online method (solid blue curve) trained with l ¼ 50 (number of maintained examples) and for the offline method (dotted red
curve) trained with the first 50 training examples, and the features provided so far. This is a detailed comparison of the methods for the point representing 50 examples in
graph (a). (c) ROC curves for the offline method (solid blue curve) trained on the entire training set and for the online method (dotted red curve) with l ¼ 400, allowing it to
remember all the examples seen at each time step.
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3.3.2. Classification in a changing environment
In the following experiment, we compared the proposed and

the Max–Min algorithms in a changing environment on two tasks:
car detection and plane detection. The changing environment was
simulated in the following way: the class examples consisted of
two subclasses of images presented one after the other. The plane
images contained military and civilian planes, and the car images
contained sedans and SUVs (sport utility vehicles). In both cases
the two subclasses are related and share common visual features,
but they also differ in others. The online method was first trained
and tested on one subclass and was then trained and tested on the
second, simulating a shift in the class appearance.

The online method was trained as following. First, it was pre-
sented with a randomly ordered subset of examples belonging to
Please cite this article in press as: D. Levi, S. Ullman, Learning to c
doi:10.1016/j.imavis.2008.10.010
one subclass and non-class examples. After each class image pre-
sentation, the fragments extracted from that image were presented
to the algorithm as classification features. Following the first train-
ing period, the method was similarly trained with class images
belonging to the second subclass. In total 300 training images were
used in the car detection task and 200 training images in the plane
detection task. The test set contained 500 novel images. From each
class example about 500 fragments were extracted. The off-line
method is capable of selecting the best features from a fixed train-
ing set. We trained the method once with class images belonging
to one subclass, once with second one, and once with the combined
training set. For each training set the off-line method used the en-
tire set of fragments extracted from that training set to select the
classification features. The selected features were evaluated by
lassify by ongoing feature selection, Image Vis. Comput. (2008),



Table 1
Changing environment experiment. Equal error rates (and std) for the off-line and the
on-line methods. The training sets for the online method are listed in their
presentation order. The online method was tested at the end of each sub-class
training epoch. The lowest error rates are emphasized.

Method Train set Test: sedan Test: S.U.V

Car detection task
On-line Sedan!SUV 0:7� 0:15% 1:9� 0:20%

SUV!sedan 0:8� 0:13% 1:9� 0:21%

Off-line Sedan, SUV 1:2� 0:21% 2:4� 0:21%

Sedan 1:3� 0:26% 5:8� 0:67%

SUV 2:7� 0:32% 2:3� 0:29%

Method Train set Test: military Test: civil

Plane detection task
On-line military!civil 18:4� 0:4% 12:6� 0:4%

civil!military 18:6� 0:4% 11:4� 0:5%

Off-line military, civil 18:9� 0:5% 12:9� 0:5%

military 18:6� 0:5% 18:3� 0:5%

civil 20:5� 0:5% 11:9� 0:5%
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incorporating them in a Naive–Bayes classifier as in the previous
experiment. The results were averaged across 20 cross-validation
iterations and are summarized in Fig. 4 and Table 1.

The learning curves for the on-line method in Fig. 4 (solid line)
illustrate the method’s adaptation to the change in class appear-
ance in both tasks. Despite the observed adaptation, the classifica-
tion performance on the first subclass (gray bar) remains mostly
unharmed, demonstrating that the new learned ability does not re-
place the old one but is accumulative. In order to test the asymp-
totic behavior of the algorithm, we also trained it on 800
examples in the plane detection task. As shown in the bottom right
part of Fig. 4, increasing the number of training examples contrib-
utes an additional 12% decrease in the classification error. These re-
sults show that for classification tasks with large inner class
variability, the online method utilizes the ongoing example pre-
sentation to continually improve performance. Notice that the or-
der in which environments were presented had little affect on the
error of the online method (first 2 rows in Table 1).

In comparison to the off-line method our scheme has three
advantages. First, the results show that if the off-line was trained
in the first environment (dashed line in Fig. 4) it has a poor ability
to perform in the changed environment, in contrast with the online
scheme. The results demonstrate the benefit of using an adaptive
feature selection method instead of a comprehensive one, which
is fixed after training and cannot adapt to a changing environment.
Second, the online method outperforms the off-line trained with
both subclasses (dash–dot line in Fig. 4). By maintaining the most
recent examples only (Section 2), the online method is shown to
specialize in the current environment. Finally, when tested sepa-
rately on each data-set, the performance of the online method does
not fall from that of the off-line method trained specifically on that
data-set (two bottom rows in Table 1). These results are surprising
considering the approximations made by the online algorithm, and
its limited capacity for examples. They suggest that the more effi-
cient on-line algorithm can be a viable alternative to comprehen-
sive methods even when the training set is fixed.

4. Conclusions

We presented a novel method for learning classification fea-
tures in an online environment. The method enables classification
systems to continuously improve the features they use for classifi-
Fig. 4. A comparison of the on-line and off-line selection algorithms in a changing envir
rate of the classifiers averaged over 20 cross-validation iterations. The online classifier w
(right half). (l ¼ 60, cars: k ¼ 25, planes: k ¼ 50). The off-line method was trained with t
class methods were tested on the first subclass and in the right half on the second. The gra
data-set, after being trained on the second one. The results show the advantage of the o

Please cite this article in press as: D. Levi, S. Ullman, Learning to c
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cation, and consequently continuously improve the overall classifi-
cation performance. The method overcomes limitations of current
methods which first use a set of training examples to select classi-
fication features, and then use the features for all future applica-
tions of the classifier. The online method has the ability to adapt
effectively to drifting distributions. In fixed environments, using
limited computational resources, the online method continuously
improves, and with sufficient training will outperform off-line
selection methods. The method can also be employed for efficiently
exploring sets of features that are much larger then the ones used
today by classification systems.

Several extensions to our method may be considered. The fea-
ture evaluation method can be improved by considering higher or-
der dependencies between features, as suggested in [3], in addition
to second order dependencies, considered by our method. It may
also be of use to consider feedback from the classifier’s perfor-
mance affecting the feature selection during the online process, en-
abling it to focus on specific features for difficult examples. Such a
feedback may also be used to automatically determine the re-
quired number of features (k). For modelling biological vision, it
will be of interest to enable the algorithm to operate in the limiting
case l ¼ 1, where the system makes continual adjustments without
explicitly storing multiple examples.
onment. (a) Examples of features selected by the online method (b) The equal error
as first trained in one environment (left half), and then in a modified environment

he same examples in a comprehensive manner. In the left half of the graph for each
y bar at the right side of each graph marks the error of the online method on the first
n-line scheme in adapting to a shifting population.

lassify by ongoing feature selection, Image Vis. Comput. (2008),
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The proposed method provides a solution for a key component
in the online learning scheme, the feature selection stage. Future
work should examine the on-line learning of other aspects of the
learning process, such as on-line setting of the optimal detection
thresholds for the selected features, and training the parameters
of the classification function. This will lead in the future to com-
plete online learning systems, which no longer depend on a fixed
training set.

Acknowledgement

This work was supported by IMOS Grant 3-992 and EU IST
Grant FP6-2005-015803, and conducted at the Moross Laboratory
for Vision and Motor Control.

References

[1] I. Guyon, A. Elisseeff, An introduction to variable and feature selection, J. Mach.
Learn. Res. 3 (2003) 1157–1182.

[2] F. Fleuret, Fast binary feature selection with conditional mutual information, J.
Mach. Learn. Res. 5 (2004) 1531–1555.

[3] N. Vasconcelos, M. Vasconcelos, Scalable discriminant feature selection for
image retrieval and recognition, in: CVPR, No. 2, 2004, pp. 770–775.
Please cite this article in press as: D. Levi, S. Ullman, Learning to c
doi:10.1016/j.imavis.2008.10.010
[4] A. Blum, P. Langley, Selection of relevant features and examples in machine
learning, Artif. Intell. 97 (1–2) (1997) 245–271. citeseer.ist.psu.edu/
blum97selection.html .

[5] R. Kohavi, G.H. John, Wrappers for feature subset selection, Artif. Intell. 97 (1–
2) (1997) 273–324. citeseer.ist.psu.edu/kohavi96wrappers.html .

[6] R. Battiti, Using mutual information for selecting features in supervised neural
net learning, IEEE Trans. Neural Networks 5 (4).

[7] N. Kwak, C.H. Choi, Improved mutual information feature selector for neural
networks in supervised learning, in: Proc. of the 1999 Int. Joint Conf. on Neural
Networks, 1999.

[8] M. Vidal-Naquet, S. Ullman, Object recognition with informative features and
linear classification., in: ICCV, 2003, pp. 281–288.

[9] R. Fano, Transmission of Information: A Statistical theory of Communications,
Wiley, New York, NY, 1961.

[10] J. Principe, D. Xu, J. Fisher, Information Theoretic Learning, in: Simon Haykin
(Ed.), Unsupervised Adaptive Filtering, Wiley, New York, NY, 1999.

[11] S. Perkins, J. Theiler, Online feature selection grafting, in: Proc. of the 20th Int.
Conf. on Machine Learning, 2003, pp. 21–24.

[12] A. Jain, D. Zongker, Feature selection: evaluation, application, and small
sample performance, IEEE Trans. Pattern Anal. Mach. Intell. 19 (2) (1997) 153–
158.

[13] R. Fergus, P. Perona, A. Zisserman, Object class recognition by unsupervised
scale-invariant learning, in: Proc. of the IEEE Conf. on Computer Vision and
Pattern Recognition, vol. 2, Madison, Wisconsin, 2003, pp. 264–271.

[14] D.G. Lowe, Distinctive image features from scale-invariant keypoints, Int. J.
Comput. Vision 60 (2) (2004) 91–110.

[15] J. Pearl, Probabilistic Reasoning in Intelligent Systems: Networks of Plausible
Inference, Morgan Kaufmann, Los Altos, CA, 1988.
lassify by ongoing feature selection, Image Vis. Comput. (2008),

http://citeseer.ist.psu.edu/blum97selection.html
http://citeseer.ist.psu.edu/blum97selection.html
http://citeseer.ist.psu.edu/kohavi96wrappers.html

	Learning to classify by ongoing feature selection
	Introduction
	Previous approaches

	The on line selection algorithm
	General overview
	Measuring feature merit value
	Algorithm description
	Complexity analysis
	Key properties

	Experimental results
	Training and testing the classifier
	Classification results and analysis
	Comparison of online and comprehensive feature selection methods
	Comparison of on-line and comprehensive feature selection methods on a fixed data-set
	Classification in a changing environment


	Conclusions
	Acknowledgement
	References


