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and Instituto de Pesquisa Econômica Aplicada, Brası́lia DF, 70076-900, Brasil
(e-mail: dcoelho@idea.uab.es)

Received June 2003 / Accepted September 2004

Abstract. In the context of a probabilistic voting model with dichotomous choice,
we investigate the consequences of choosing among voting rules according to the
maximin criterion. A voting rule is the minimum number of voters who vote favor-
ably on a change from the status quo required for it to be adopted. We characterize
the voting rules that satisfy the maximin criterion as a function of the distribution of
voters’ probabilities to favor change from the status quo. We prove that there are at
most two maximin voting rules, at least one is Pareto efficient and is often different
to the simple majority rule. If a committee is formed only by “conservative voters”
(i.e. voters who are more likely to prefer the status quo to change) then the maximin
criterion recommends voting rules that require no more voters supporting change
than the simple majority rule. If there are only “radical voters”, then this criterion
recommends voting rules that require no less than half of the total number of votes.
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1. Introduction

A group of decision makers must, at some stage, agree on a decision making rule,
and the criteria that govern the choice of such rules and how such rules can be
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chosen in practice are both at the heart of social choice theory and at the centre of
constitutional debates, for instance, when discussing the rules that govern future
decision making on the European level.

When this constitutional choice has to be made, voters often do not know which
issues will come up and how one or the other decision will affect their own well-
being. This amount of uncertainty about own and others’ future preferences is often
seen as an advantage when groups have to decide on voting rules which will apply
for making decisions on future policy issues: “... the uncertainty introduced in any
choice among rules or institutions serves the salutary function of making potential
agreement more rather than less likely...” (Brennan and Buchanan, 1985, pp. 29).
This may be true even if the decision makers know that they will disagree on
practical policy choices in the future, as long as they do not know at all how the
precise disagreement looks like.

An early, but influential contribution on this issue is by Rae (1969). He proposes
a model where a group of decision makers that will be called committee hereafter
must agree on a voting rule, which will then be used in a sequence of decisions
involving the rejection or the adoption of proposals of change from the status
quo. More specifically, they must choose the minimum number of voters who
vote favorably on a proposal required for it to be adopted (this minimum number
of voters will be called voting rule hereafter). He assumes that all the voters are
identical ex-ante in the sense that they attribute the same probability of being in
favour of the upcoming proposals, but non-identical ex-post in the sense that they
actual preferences are independently distributed with this identical distribution.
Moreover, each voter gets utility of value equal to 1 whenever his vote coincides
with the decision taken by the commiteee about a proposal, and utility of value 0
otherwise. Rae (1969) shows that under this setup the simple majority rule always
maximizes the voters’ expected utilities over voting rules.

However, the more the voters already know about the future proposals and their
own and other preferences, less likely it is that ex-ante homogeneity assumption
is a good approximation of the reality. Curtis (1972), Badger (1972) and Barberà
and Jackson (2004) consider how robust Rae’s (1969) result is if some voters are
more likely than others to like or to dislike the upcoming policy proposals. Curtis
(1972) proves that the simple majority rule always satisfies the utilitarian criterion,
i.e., maximizes the sum of voters’ expected utilities over voting rules1. By contrast,
Badger (1972) and Barberà and Jackson (2004) discuss the choice of voting rules
by means of a vote. Badger (1972) shows that a voting rule that cannot be defeated
by any other alternative rule on the basis of simple majority rule always exists by
proving that voters’ endogenous preferences over voting rules are single peaked.
Barberà and Jackson (2004) claim that a voting rule is likely to persist in a group
if it cannot be defeated by any other alternative rule when the choice between the
rules is based on this same rule. They call this property by self stability and show
that sometimes there exists no self stable rule.

1 In a similar model, Guttman (1998) uses Harsanyi’s construction of veil of ignorance to justify the
use of this criterion in the choice of voting rules. See Buchanan, 1998; Tullock, 1998 and Arrow, 1998
for further discussion on this issue.
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Our main contribution is to consider the role of Rawlsian maximin criterion as
a normative guideline for making the constitutional choice on voting rules. That
is, we characterize the voting rules that maximizes the expected utility of the voter
who is worst off in the committee. Our analysis shows that ex-ante heterogeneity
plays a major role. The voters who have the highest and lowest probability of being
in favour for the proposal and the magnitude of this probability are crucial for the
constitutional choice. We show that there is an endogenous threshold such that for
any voting rule smaller than it (i.e. any voting rule that requires less votes to adopt
a proposal than it), the worst-off voter is the one who has the highest probability of
being against of a proposal. For voting rules larger than this threshold the reverse
holds, i.e. the worst off voter is the one who has the lowest probability of being
against of a proposal.

After investigating the relationship between the distribution of well being across
voters and voting rules, we are able to prove that there are at most two maximin
voting rules, at least one is Pareto efficient and is often different to the simple
majority rule. If a committee is formed only by “conservative voters” (i.e. voters
who are more likely to prefer the status quo to a change) then the maximin criterion
recommends voting rules that require no more votes than the simple majority rule.
If there are only “radical voters”, then this criterion recommends voting rules that
require no less than half of the total number of voters.

The outline of this paper is as follows: In Sect. 2, we describe the model. In
Sect. 3, we present some known properties of individual preferences over voting
rules, proved in Badger (1972), Barberà and Jackson (2004) and Rae (1969), this
serves as an introduction to our results. Our characterization of voting rules that
satisfy the maximin criteria are presented in Sect. 4. Finally, in Sect. 5, we close
with some final remarks.

2. The model

Let us represent the set of voters by N = {1, ..., n}. We shall assume that N is finite
and n ≥ 3. The voters, with conflicting interests, need to choose the voting rule to
be used in a series of dichotomous choices involving the rejection or the adoption of
proposed changes from the status quo. Each voter casts a vote in {yes, no}. Voting
for “yes” is interpreted as being in favor of the proposed change. Voting for “no” is
interpreted as being against the change. A voting rule is a number s ∈ {1, ..., n}.
Given a voting rule s, the proposed change is adopted if there are at least s voters
in favor of it.

The voters have expectations over future issues that will be voted on, but do
not know their exact realization. The voters are simply characterized by a param-
eter pi ∈ (0, 1)2. This represents the probability that they will support change at
the time of the vote. Each voter’s probability distribution of supporting change is
independent of any other voter’s probability distribution. Badger (1972) offers a
convincing justification for this assumption:

2 In the Jury Condorcet model, the voters do not have conflict interests and the parameter p is
interpreted as the voters’ ability in identifing their best alternative (see Grofman, 1979).
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“We shall also make the admittedly highly unrealistic assumption that the
action each legislator takes on any given proposal is completely independent
of the action taken by others. This eliminates the consideration of factional
disputes, logrolling, and the entire gamut of political and historical dynamics
which are basic to the evolution of any real legislative structure. But then
we shall not attempt to analyze such structures. By eliminating “interactive”
political dynamics entirely, we hope to get a much narrower yet somewhat
clearer view of the relationship between an individual legislative will and
optimal collective policy.”(Badger, 1972, p. 35)

A voter gets utility 1 if his preferred alternative is chosen in the vote, and utility
0 otherwise. Henceforth, a committee is a set of voters N = {1, ..., n} associated
with a vector p = (p1, ..., pn).

For any m ∈ {1, ...., n − 1}, let Pi(m) denote the probability that exactly m
individuals in N\ {i} support change:

Pi(m) =
∑

B⊂N\{i}:|B|=m

×j∈B pj ×l/∈B (1 − pl). (1)

Let Ui(s) be the expected utility of voter i when voting rule s is used. This is
expressed as follows:

Ui(s) = pi

n−1∑
m=s−1

Pi(m) + (1 − pi)
s−1∑
m=0

Pi(m). (2)

In the right hand side of expression (2) above, the first term is the probability,
under voting rule s, of a proposal of change being accepted when i supports it. The
second term is the probability, under voting rule s, of a proposal being rejected
when i opposes it. Thus Ui(s) can be interpreted as the frequency, generated by the
rule s, with which voter i expects to support a proposal and have it adopted and to
oppose a proposal and have it defeated.

Notice that if we move from s to s′ (s′ > s) then the first term of the right hand
side decreases while the second term increases. Whether or not i’s expected utility
will increases with the movement from s to s′, will depend on the intensity of these
two effects.

3. Choosing how to choose:
Utilitarianism, Condorcet winner and self-stability

Rae (1969), the proposer of this model, considers only homogeneous committees,
i.e. pi = pj for every i, j ∈ N. It is easy to see from expression (2) that for
any i, j ∈ N , if pi = pj then Ui(s) = Uj(s) for every s ∈ {1, ..n}. So, in any
homogeneous committees, all the voters have the same expected utilities over voting
rules. Let the simple majority rule be referred as smaj and defined as smaj ≡ (n+1)

2
ifn is odd and n

2 +1 ifn is even. Rae (1969) shows, for any homogeneous committee,
that for any value of the parameters p, the voters’ preferred voting rule is smaj if
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n is odd and smaj and s = n
2 , if n is even. This result is due to two facts: The

first one is that only under voting rules smaj and s = n
2 , any collective decision is

never taken in disagreement with the majority of voters. The second one is that, in a
homogeneous committee, for any voter i ∈ N the probability that voter i’s opinion
about a proposal coincides with the majoritarian one is higher than fifty percent.

Notice that this last fact would not hold if voter i ∈ N had a very small parameter
p compared with the other voters. For example, consider a committee represented
N = {1, 2, 3} with p1 = 0.1 and p2 = p3 = 0.90. It follows that the probability
of voter 1’s opinion about a proposal coincides with the majoritarian one is equal
to 0.27.

Curtis (1972) considers heterogeneous committees. He generalizes Rae’s (1969)
result by showing that even in heterogeneous committee, the only rules that maxi-
mizes the sum of voters’expected utilities (i.e., that satisfies the utilitarian criterion)
is smaj if n is odd and smaj and s = n

2 if n is even (see for example Muller, 1989,
p. 100). The intuition of this result is that only simple majority rule (and s = n

2
if n is even) maximizes the probability that a decision taken by the committee is
supported by the majority of the voters3.

If the committee is heterogeneous, i.e. not homogeneous, the distribution of
well being across voters in terms of expected utilities may depend drastically on
the voting rule. So, consensus over the choice of a voting rule to be adopted by
the committee may be difficult if the voters are not utilitarians or if utilities are not
transferable. Example 1 below illustrates this point.

Example 1 Let N = {1, 2, 3, 4, 5, 6, 7}, p1 = 0.9, p2 = 0.8, p3 = 0.7, p4 = 0.6,
p5 = 0.5, p6 = 0.4 and p7 = 0.1 be a representation of a committee. Knowing the
parameters p’s for each voter, expression (2) can be applied to compute the voters
expected utility generated by each voting rule. The voters’ expected utilities over
voting rules are illustrated in Fig. 1 below.4

Badger (1972) shows that there exist at most two voting rules that maximize
voter i’s expected utility. In the case where s′ and s” both maximize Ui(·) and
s′ < s”, he proves that s′ and s” are adjacent, i.e. s′ = s” − 1.

Let ŝi denote the peak for voter i, i.e. the voting rule that maximizes the voter
i’s expected utility. If s∗ and s∗ − 1 are both peaks of voter i then ŝi = s∗ and we
say that s∗ is a twin-peak. Examining Fig. 1, we can see that smaj = 4, ŝ1 = 2,
ŝ2 = 3, ŝ3 = 3, ŝ4 = 4, ŝ5 = 5, ŝ6 = 5 and ŝ7 = 7. For any m ∈ {1, ..., n}, let us
denote by qi(m) the conditional probability that voter i supports a proposal given
that the number of voters that support it is exactly equal to m. And let Z(m) be
the probability that exactly m voters in N support a proposal. Notice that qi(m) =
piPi(m−1)

Z(m) and 1 − qi(m) = (1−pi)Pi(m−1)
Z(m) . After some algebraic manipulations

of expression (2), it can be shown that the difference between Ui(s + 1) and Ui(s)

3 Schofield (1972) points out that the marginal advantage of simple majority over any other voting
rule does become vanishingly small as the size of the committee increases.

4 The author has written a program in Matlab that computes the voters’ expected utilities over voting
rules. This program is available upon request.
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Expected Utility Over Voting Rules
P=( 0.9, 0.8, 0.7, 0.6,0.5,0.4,0.1 )
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Figure 1

can be expressed as follows:

Ui(s + 1) − Ui(s) = (1 − 2qi(s))Z(s) for every s ∈ {1, ..., n − 1} (3)

The assumption of independence of voters support implies that Z(m) > 0 for
any m ∈ {1, ..., n} and 0 < qi(1) < qi(m − 1) < qi(m) < qi(n) = 1 for
any m ∈ {3, ..., n − 1}. Hence with the help of expression (3) it can be easily
proved that the peak for voter i, ŝi, can be characterized as follows: ŝi is the largest
s′ ∈ {1, ..., n} such that qi(s′) ≥ 1/2 and qi(s) ≤ 1/2 for any s < s′.5 Moreover
if qi(ŝi − 1) = 1/2 then ŝi is a twin-peak.

As can be verified in Fig. 1, the expected utility of any voter i ∈ N is strictly
increasing in {1, ..., ŝi − 1} and strictly decreasing in {ŝi, ..., 7}. Badger (1972)
proves that this is a regularity of this model. Thus, following the literature, Badger
(1972) proves that, for any committee, the voters’ preferences over voting rules
belong to the domain of single-plateaued preferences. However, Badger (1972)
and Barberà and Jackson (2004) adopted the term single-peaked preferences since,
in this model, indifferences can occur only between two adjacent rules on top and
happens non-generically (in p).

Again in Fig. 1, notice that p1 ≥ ... ≥ p7 and ŝ1 ≤ ŝ2 ≤ ... ≤ ŝ7. That is, if
voter i expects to support proposals more often than voter j, then voter i’s peak ŝi

cannot be larger than ŝj . This is a very intuitive property of this model pointed out
by Barberà and Jackson (2004). Writing it formally, for any committee (N, p) and
any i, j ∈ N we have that ŝj ≥ ŝi whenever pi ≥ pj . They also show that for any
committee there is a pair of voters where one of them has a peak smaller than or
equal to the simple majority rule and the other has a peak larger than or equal to it.
That is, for any committee (N, p), there exist i, j ∈ N such that ŝj ≥ smaj ≥ ŝi.
In Example 1, smaj = 4 and 2 = ŝ1 ≥ smaj ≥ ŝ7 = 7.

Take the voters characterized by the highest p (smallest p) in the committee
and select only one of them to be referred as voter R (voter C). Thus R (C) is the

5 This characterization was first proposed by Barberà and Jackson (2004).
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voter that has the highest probability of supporting (reject) a proposal of change at
the time of the vote. Let ŝR (ŝC) denote the peak for voter R (voter C). Thus, in
Example 1, voter 1 with p1 = 0.9 is voter R since he has the highest p, while voter
7 with p7 = 0.1 is voter C. A direct corollary of the properties proved by Barberà
and Jackson (2004), is that for any committee ŝC ≥ smaj ≥ ŝR.

Badger (1972) studies the set of weak Condorcet winner voting rules. A voting
rule s ∈ {1, ..., n} is a weak Condorcet winner if |{i ∈ N |Ui(s′) > Ui(s)}| <
smaj for every s′ ∈ {1, ..., n}\{s}. Such voting rules are particular interesting in
situations where voting rules are chosen on the basis of simple majority rule. The
single peakedness property guarantees that the set of weak Condorcet winner rules
is never empty. In Example 1, there is only one weak Condorcet winner rule and it
is the simple majority rule.6

Barberà and Jackson (2004) also analyse the case where voting rules are chosen
by voting. They say that a voting rule s is self-stable if |{i ∈ N |Ui(s′) > Ui(s)}| <
s for every s′ ∈ {1, ..., n}\{s}. That is, a rule s ∈ {1, ..., n} is self stable if it cannot
be defeated by any other rule when s is used to choose between rules. They argue
that a self stable rule tends to prevail in a committee. They provide examples of
committees where self-stable rules do not exist.7 In Example 1, s = 4 is a self
stable voting rule since there is no rule s′ ∈ {1, 2, 3, 5, 6, 7} such that the number
of voters that prefer s′ to s = 4 is larger or equal than four. Notice also that s = 6
is not self stable since there are six voters that prefer s′ = 5 to s = 6. For that
committee the set of self stable rules is {4, 5, 7}.

4. Choosing voting rules according to the maximin criterion

We follow the approach adopted by Rae (1969) and Curtis (1972), where voting
rules are chosen according to a criterion.

4.1. The maximin criterion

We consider the possibility of choosing among voting rules according to the max-
imin criterion which requires the choice of a rule that maximizes the expected utility
of the worst off voter on the basis of fairness.

Definition 1 A voting rule s ∈ {1, ..., n} satisfies the maximin criterion if
Min{U1(s), ..., Un(s)} ≥ Min{U1(s′), ..., Un(s′)} for every s′ ∈ {1, ...., n}.
We denote by SRawls the set of voting rules that satisfy the maximin criterion in a
committee.

It follows that, in Example 1, SRawls = {5} so for that committee, the recom-
mendation of the maximin and the utilitarian principles do not coincide.

6 This is only a coincidence.
7 They also show that in any dichotomous committee there exists at least one self-stable rule. A

committee (N, p) is dichotomous if for every i ∈ N1 �= {∅} and j ∈ N2 �= {∅} we have that pi = p1
and pj = p2 such that N = N1 ∪ N2, N1 ∩ N2 = {∅} and p1 �= p2.
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Our aim is to provide a characterization of the voting rules that satisfy the
maximin criterion as a function of the distribution of voters’ probabilities to favor
change from the status quo. It is easy to see that if a committee is homogeneous then
maximin and utilitarian criteria give the same recommendation. The reason is that
expression (2) implies that: if pi = pj then Ui(s) = Uj(s) for any s ∈ {1, ..., n}.

Proposition 1 For any homogeneous committee, if n is odd then SRawls =
{
smaj

}
otherwise SRawls =

{
n
2 , smaj

}
.

The proof is trivial since it is a direct consequence of the utilitarian characteri-
zation of voting rules proved by Rae (1969).

Before presenting our characterization result for a heterogeneous committee,
we first need to study how the distribution of expected utilities across voters change
with voting rules.

4.2. Distribution of voters’ expected utility over voting rules

It is straightforward to see in Example 1, that Min{U1(s), U2(s), ..., U7(s)} =
U7(s) for any s < 5 and Min{U1(s), U2(s), ..., U7(s)} = U1(s) for any s ≥ 5.
In this subsection we will show that it is a regularity of this model. More specif-
ically, we will prove that in our model voters’ preferences over voting rules sat-
isfy the strict single-crossing and p-monotonic strict single-crossing properties.
These two properties together imply the existence of a voting rule, denoted by
sR,C , that will play a important role in our analysis. As will be shown, for any
rule lower than sR,C , the worst off agent is the voter C, and for any voting rule
larger or equal than it, voter R is the worst off agent. Thus in Example 1, we have
that sR,C = 5 since Min{U1(s), U2(s), ..., U7(s)} = UC(s) for any s < 5 and
Min{U1(s), U2(s), ..., U7(s)} = UR(s) for any s ≥ 5.

Definition 2 We say that a committee has preferences over voting rules that satisfy
the strict single-crossing property, if for any pair of voters i, j ∈ N , with pi > pj ,
there is a threshold si,j ∈ {2, ..., n} such that: (1) Ui(s) > Uj(s) for any s < si,j ,
(2) Ui(s) ≤ Uj(s) for s = si,j and (3) Ui(s) < Uj(s) for any s > si,j .

Putting it differently, a committee has preferences over voting rules that satisfy
the strict single-crossing property, if for any pair of voters i, j ∈ N , with pi > pj ,
there is a threshold si,j ∈ {2, ..., n} such that, for any voting rule larger or equal
to it, the one that rejects proposals more often has higher expected utility than the
other, and for any voting rule smaller than it, the reverse holds.

Proposition 2 Every committee has preferences over voting rules that satisfy the
strict single-crossing property.

The proof of Proposition 2 is in the Appendix. In Example 1, s1,7 = 5. Notice
that U1(s) > U7(s) for any s ∈ {1, 2, 3, 4} and U1(s) < U7(s) for any s ∈
{5, 6, 7}.

In order to give an intuition about why Proposition 2 holds we need the fol-
lowing definition: For any m ∈ {2, ..., n} and i, j ∈ N, let denote by Gi,j(m) the
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probability that there are no more than m−2 voters, other than i and j, that support
change. Let Gi,j(1) ≡ 0.

After some algebraic manipulations of expression (2), it can be shown that the
difference between Ui(s) and Uj(s) can be expressed as follows:8

Ui(s) − Uj(s) = (pi − pj)(1 − 2Gi,j(s)) for any s ∈ {1, ..., n} (4)

Recall that si,j is only defined for heterogeneous committees. Its existence is
guaranteed because Gi,j(n) = 1, Gi,j(1) = 0 and Gi,j(·) is a strictly increasing.

The intuition behind Proposition 2 is that Gi,j(s) > 1
2 means that under the

voting rule s if voter i or voter j do not support a proposal the probability of the
proposal being rejected is higher than fifty percent. Thus voters i and j are decisive
under voting rule s. Moreover, since pi > pj , the probability that voter i supports
change and voter j does not is higher than the reverse since pi(1−pj) > (1−pi)pj .
This means that voter j is more decisive than voter i under voting rule s. Therefore,
under this rule, voter j will have higher expected utility than voter i. Not only
for s, but for any s′ ≥ s since Gi,j(s) is strictly increasing. When Gi,j(s) < 1

2 ,
the situation is reversed and then voter i has higher expected utility than voter
j. Therefore si,j can be characterized as the smallest s′ ∈ {1, ..., n} such that
Gi,j(s′) ≥ 1/2. Note that for any pi > pj , {si,j} �= {1} since Gi,j(1)≡0.

Now, let us introduce the p-monotonic strict single-crossing property.

Definition 3 We say that a committee has preferences over voting rules that satisfy
p-monotonic strict single-crossing property if for any i, j, k ∈ N we have that
si,j ≤ si,k ≤ sj,k whenever pi > pj > pk.

Proposition 3 Every committee has preferences over voting rules that satisfy the
p-monotonic strict single-crossing property.

In Example 1, we have that s1,3 ≤ s1,7 ≤ s3,7 since s1,3=4 and s1,7=s3,7=5.
The proof of Proposition 3 is in the Appendix. We prove Proposition 3 by

showing that for any pi > pj > pk, we have that: (1) Gi,j(s) ≥ Gi,k(s), (2)
Gi,j(s) ≥ Gj,k(s) and (3) Gi,k(s) ≥ Gj,k(s). Notice that it implies that si,j ≤
si,k ≤ sj,k.

Notice that Propositions 2 and 3 imply that sR,j ≤ sR,C ≤ sj,C for any j ∈ N
with pj �= pC and pj �= pR. Thus, we have the following corollary.

Corollary 1 For any heterogeneous committee there is a sR,C ∈ {2, .., n}, such
that for all j ∈ N, we have that: (1) Uj(s) ≥ UC(s) whenever s < sR,C and (2)
Uj(s) ≥ UR(s) whenever s ≥ sR,C .

Corollary 1 tells us that for any heterogeneous committee there is a rule sR,C ∈
{2, .., n} such that for any rule smaller than it, the most conservative member of
the committee (every i ∈ N such that pi = pC) is the worst-off voter. And for rules
larger than sR,C the reverse holds (i.e., the worst-off voter is the most radical voter
(every i ∈ N such that pi = pR)).

8 Lemma 1 in the Appendix shows how to reach expression (4) from (2).



168 D. Coelho

Expected Utility over Voting Rules
P=(0.93,0.93,0.89,0.89,0.89,0.85,0.85)
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Notice that in a heterogeneous committee only sR,C and sR,C −1 can minimize
the difference between UR(s) and UC(s). At first glance one could imagine that
only sR,C and sR,C − 1 can satisfy the maximin criterion. However, this is not
always true. To clarify this point let us examine Example 2 below.

Example 2 Let N = {1, 2, 3, 4, 5, 6, 7}, p1 = p2 = 0.93, p3 = p4 = p5 = 0.89
and p6 = p7 = 0.85 be a representation of a committee. The voters’ expected
utilities over voting rules are illustrated in Fig. 2 above.

Notice that in Fig. 2 above, sR,C = 7. If we move from sR,C or sR,C − 1 to
s = 5 then all the voters will be better off. Thus, sR,C and sR,C − 1 do not satisfy
the maximin criterion. As it can be verified in Fig. 2, SRawls = {5} and smaj = 4.

Definition 4 A voting rule s ∈ {1, ..., n} is Pareto efficient if there is no other voting
rule s′ ∈ {1, ..., n} such that Ui(s′) ≥ Ui(s) for all i ∈ N and Uj(s′) > Uj(s)
for some j ∈ N.

In Fig. 2, only sR,C and sR,C −1 are not Pareto efficient. The following propo-
sition identifies the voting rules that are Pareto efficient.

Proposition 4 If s ∈ {1, ..., n} is Pareto efficient, then ŝR − 1 ≤ s ≤ ŝC ;
If s ∈ {1, ..., n} is not Pareto efficient, then s ≥ ŝC or s < ŝR.

Proof. It follows by single peakedness and by the fact that for any committee, if
pi ≥ pj then ŝi ≤ ŝj . ��



Maximin choice of voting rules for committees 169

Remark 1 Notice that ŝC is not Pareto efficient if and only if ŝC is a twin-peak and
ŝR �= ŝC . Moreover ŝR − 1 is Pareto efficient if and only if ŝR is a twin-peak and
the committee is homogeneous.

4.3. Maximin characterization

The next result characterizes the voting rules that satisfy the maximin criterion in
a heterogeneous committees.

Theorem 1 For any heterogeneous committee,
SRawls ⊆ {sR,C − 1, sR,C} whenever sR,C is Pareto efficient;
SRawls ⊆ {ŝC − 1, ŝC} whenever sR,C is Pareto inefficient and larger than smaj ;
SRawls ⊆ {ŝR − 1, ŝR} whenever sR,C is Pareto inefficient and smaller than smaj .

Remark 2 Let sR,C be Pareto inefficient and larger than smaj , if ŝC is a twin-
peak then SRawls = {ŝC − 1, ŝC} otherwise SRawls = {ŝC} . Let sR,C be Pareto
inefficient and smaller than smaj , if ŝR is a twin-peak then SRawls = {ŝR − 1, ŝR}
otherwise SRawls = {ŝR} .

Notice also that the theorem above implies that the set of voting rules that
satisfy the maximin criterion, SRawls, has at most two voting rules and at least one
is Pareto efficient. The intuition behind it is that there are only two configurations in
which a Pareto inefficient voting rule satisfies the maximin criterion. The first one
is when sR,C = ŝC and ŝC is a twin peak and the second is when sR,C = ŝR − 1
and ŝR is a twin peak. If the first configuration occurs then SRawls = {ŝC − 1, ŝC}
and ŝC is Pareto inefficient. If the second one occurs then SRawls = {ŝR − 1, ŝR}
and ŝR − 1 is Pareto inefficient.

Theorem 1 follows basically from the single-peakedness property, Proposition 4
and by the fact that ŝC ≥ smaj ≥ ŝR. Its proof is in the Appendix. Next we present
a direct corollary of Theorem 1.

Corollary 2 For any committee, there are at most two voting rules that satisfy the
maximin criterion and at least one is Pareto efficient.

In what follows, we study the maximin criterion recommendations in two special
cases. The first case is when the committee is formed only by “conservative voters”,
i.e. pi ≤ 0.5 for any i ∈ N and the second one is when a committee is formed only
by “radical voters”, i.e. pi ≥ 0.5 for any i ∈ N .

Theorem 2 For any committee and any s ∈ SRawls we have that
ŝR − 1 ≤ s ≤ smaj whenever pi ≤ 1

2 for every i ∈ N ;
smaj − 1 ≤ s ≤ ŝC whenever pi ≥ 1

2 for every i ∈ N.

The theorem states that if a committee is formed only by “radical voters” then
the maximin criterion recommends voting rules that are not smaller than simple
majority rule minus one vote9 and not larger than the peak of the least radical among

9 Notice that smaj − 1 is equal to fifty percent majority if n is even.
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these voters. If a committee is formed by “conservative voters” then the maximin
criterion recommends voting rules that are not larger than the simple majority rule
and not smaller than the optimal voting rule of the least conservative among these
voters. The intuition behind this result is that in a committee formed only by radical
voters, i.e. pi ≥ 1/2 for every i ∈ N, is most unlikely that a proposal of change
be rejected under any rule smaller than smaj − 1. It means that voter C, the one
with lowest p, would be at a severe disadvantage compared with other voters if the
voting rule is smaller than smaj − 1. This is the intuition why maximin criterion
recommends voting rules that are larger than smaj − 1 in committees formed by
only radical voters. A similar argument explains the maximin recommendation for
conservative committees. Examining Example 2, we can see that all the commitee
members are radical and the maximin criterion recommends a voting rule that is
larger than the simple majority rule.

The proof of Theorem 2 is in the appendix.

5. Concluding remarks

In contrast to Barberà and Jackson (2004) and Badger (1972), who concentrate
on the voting rules that might be chosen if voters vote on rules, we take a norma-
tive point of view and investigate the choice of voting rules according to Rawls’s
maximin criterion. Specifically, we complement the utilitarian view (which leads
to the choice of simple majority as proved in Rae, 1969 and Curtis, 1972) with the
suggestion that fairness considerations may recommend the choice of a rule that
maximizes the expected utility of the individual that is worst off. By doing this we
hope to expand awareness of choice subject to criteria.

As part of our comparison of different rules, we are led to study their implications
on the distribution of well being across voters. We have pointed out new properties
of the model in terms of voters’ preferences over voting rules. The main property
which we have proved is that, for any pair of voters, with different probabilities of
being in favor of the status quo, there is a threshold such that, for any rule larger
than it, the voter with the highest probability to reject changes of the status quo
has a higher utility. And for any rule lower than this threshold, the reverse holds.
Moreover, this threshold changes depending on the pair of voters under analysis,
but in a particular way such that there is a threshold rule such that, for any rule
smaller than it, the most conservative voter among the members of the committee
(every i ∈ N such that pi = Min{p1, ..., pn}) is the worst off. For rules larger
than this threshold the reverse holds, i.e. the worst off voter is the most radical voter
(every i ∈ N such that pi = Max{p1, ..., pn}).

This last result is important because it restricts the set of rules which are candi-
dates to satisfy the maximin criterion. We proved that there are at most two voting
rules that maximizes this function, at least one is Pareto efficient and it is often
different from the simple majority. Indeed, if a committee is formed only by “con-
servative voters” (i.e. pi ≤ 0.5 for every i ∈ N ) then the maximin criterion recom-
mends voting rules that are between the optimal voting rule of the least conservative
among the voters and that of the simple majority rule (i.e. ŝR − 1 ≤ s ≤ smaj).
If a committee is formed only by “radical voters” (pi ≥ 0.5 for every i ∈ N)
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then the maximin criterion recommends voting rules that are between fifty percent
majority and the optimal voting rule of the least radical among these voters (i.e.
smaj − 1 ≤ s ≤ ŝC).

6. Appendix

The following lemma will be needed to prove Proposition 2.

Lemma 1 For any i, j ∈ N we have that: Ui(s)−Uj(s) = (pi−pj)(1−2Gi,j(s))
for any s ∈ {1, ..., n}.

Proof. Take any i, j ∈ N . For any m ∈ {0, ...., n − 2}, denote by Pi, j(m) the
probability that exactly m of the voters other than i and j support a proposal.
First note that for any m ∈ {1, ..., n − 2} we have that Pi(m) = pjPi,j(m −
1) + (1 − pj)Pi,j(m) and Pj(m) = piPi,j(m − 1) + (1 − pi)Pi,j(m) for any
m ∈ {1, ..., n − 2}. After some algebraic manipulation with these expressions we
have that:

piPi(m) − pjPj(m) (5)

= (pi − pj)Pi,j(m) for any m ∈ {0, ..., n − 2}
(1 − pi)Pi(m) − (1 − pj)Pj(m) (6)

= (pj − pi)Pi,j(m − 1) for any m ∈ {1, ..., n − 1}

Notice also that expression (2) implies that:

Ui(s) − Uj(s) =
n−1∑

m=s−1

(piPi(m) − pjPj(m)) (7)

+
s−1∑
k=0

((1 − pi)Pi(m) − (1 − pj)Pj(m)).

After some algebraic manipulation in (7) using expressions (5) and (6) and knowing
that piPi(n − 1) − pjPj(n − 1) = 0 and (1 − pi)Pi(0) = (1 − pj)Pj(0), we have
that:

Ui(s) − Uj(s) = (pi − pj)

(
1 − 2

s−2∑
m=o

Pi,j(m)

)
for any s ∈ {2, ..., n}, (8)

Ui(1) − Uj(1) = pi − pj (9)

Recall that for any m ∈ {2, ..., n} and i, j ∈ N,Gi,j(m) is the probability that there
are no more than m−2 voters, other than i and j that support change and Gi,j(1) ≡
0. Hence expressions (8) and (9) imply that: Ui(s)−Uj(s) = (pi−pj)(1−2Gi,j(s))
for any s ∈ {1, ..., n}. Therefore Lemma 1 is established. ��
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Proof of Proposition 2. Notice that Gi,j(·) is a strictly increasing function and
0 = Gi,j(1) < Gi,j(s) < Gi,j(n) = 1 for any s ∈ {2, ..., n − 1}. These two
properties hold because for any m ∈ {1, ..., n}, Pi,j(m) > 0 (This later argument
follows by the assumption of independence of the realization of voters’ support).
Given these two properties and Lemma 1 we have that: (1) Ui(s) > Uj(s) whenever
Gi,j(s) < 1

2 , (2) Ui(s) = Uj(s) whenever Gi,j(s) = 1
2 and (3) Ui(s) < Uj(s)

whenever Gi,j(s) > 1
2 . Therefore Proposition 2 is established. ��

The following lemma will be needed to prove Proposition 3.

Lemma 2 For any pi > pj > pk, we have that: (1) Gi,j(s) ≥ Gi,k(s), (2)
Gi,j(s) ≥ Gj,k(s) and (3) Gi,k(s) ≥ Gj,k(s).

Proof. For any m ∈ {0, ...., n − 3} and i, j, k ∈ N, Pi, j,k(m) is the probability
that exactly m of the voters other than i, j and k support the change. Notice also
that for any m ∈ {2, ...., n − 3} we have that Pi,j(m) = [pkPi,j,k(m − 1) + (1 −
pk)Pi,j,k(m)] and Pi,k(m) = [pjPi,j,k(m − 1) + (1 − pj)Pi,j,k(m)]. It follows
that:

Pi,j(m) − Pi,k(m) (10)

= (pj − pk)(Pi,j,k(m) − Pi,j,k(m − 1)) for any m ∈ {2, ...., n − 3}
Taking (10) and summing up over s we have that:

s−2∑
m=1

(Pi,j(m) − Pi,k(m)) (11)

= (pj − pk)(Pi,j,k(s − 2) − Pi,j,k(0)) for any s ∈ {3, ...., n − 1}
Notice that Pi,j(0) = (1−pk)Pi,j,k(0), Pi,k(0) = (1−pj)Pi,j,k(0), Pi,j(n−2) =
pkPi,j,k(n − 3) and Pi,k(n − 2) = pjPi,j,k(n − 3). Hence,

Pi,j(0) − Pi,k(0) = (pj − pk)Pi,j,k(0). (12)

Pi,j(n − 2) − Pi,k(n − 2) = (pk − pj)Pi,j,k(n − 3) (13)

By definition we have that: Gi,j(s) − Gi,k(s) =
∑s−2

m=0(Pi,j(m) − Pi,k(m)) for
any s ∈ {2, ...., n} and Gi,j(0) − Gi,j(0) = 0. After some algebraic manipulation
using (11), (12) and (13) imply that: Gi,j(s) − Gi,k(s) = (pj − pk)Pi,j,k(s − 2)
for any s ∈ {2, ...., n − 1}, Gi,j(1) − Gi,k(1) = 0 and Gi,j(n) − Gi,k(n) = 0.
Therefore we have established Lemma 2. ��

Proof of Proposition 3. Take any i, j, k ∈ N such that pi > pj > pk . It follows
by Lemma 2 that pi > pj > pk implies that: (a) Gi,j(s) ≥ Gi,k(s), (b) Gi,j(s) ≥
Gj,k(s) and (c) Gi,k(s) ≥ Gj,k(s). Notice also that by Lemma 1 we have that for
any i, j ∈ N :

{sij} = {s′ ∈ {2, ..., n}|Gi,j(s′) ≥ 1/2 and Gi,j(s) < 1/2 for any s < s′}.
(14)
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It follows that: Gi,j(s) ≥ Gi,k(s) and (14) imply that si,j ≤ si,k; Gi,j(s) ≥
Gj,k(s) and (14) imply that si,j ≤ sj,k ; Gi,k(s) ≥ Gj,k(s) and (14) imply that
si,k ≤ sj,k.Therefore we have that si,j ≤ si,k ≤ sj,k and the proof of Proposition 3
is established. ��

The following lemmas will be needed to prove Theorem 1:

Lemma 3 For any committee, ŝC ≥ smaj ≥ ŝR.

Proof. This statement is a direct consequence of Barberà and Jackson’s (2004)
propositions that tell us that for any i, j ∈ N we have that ŝj ≥ ŝi whenever pi ≥ pj

and for any committee (N, p), there exist i, j ∈ N such that ŝj ≥ smaj ≥ ŝi. ��
Lemma 4

a) If sR,C is Pareto inefficient and higher than smaj then sR,C ≥ ŝC .
b) If sR,C is Pareto inefficient and smaller than smaj then sR,C < ŝR.

Proof. It follows by Proposition 4 and Lemma 3. Recall that ŝC is Pareto inefficient
if and only if ŝC is a twin-peak and ŝR �= ŝC . ��
Lemma 5 If ŝR ≤ sR,C ≤ ŝC then SRawls ⊆ {sR,C − 1, sR,C}
Proof. Let ŝR ≤ sR,C ≤ ŝC . Take any s′ ∈ SRawls. Suppose by contradiction
that s′ > sR,C . Note that by Corollary 1 and single peakedness, we have that

Min{U1(s′), ..., Un(s′)} = UR(s′) < UR(sR,C)
= Min{U1(sR,C), ..., Un(sR,C)}

The inequality above contradicts the maximin criterion so s′ ≤ sR,C . Take any
s′ ∈ SRawls. Suppose by contradiction that s′ < sR,C − 1. Note that by Corollary
1 and single peakedness, we have that

Min{U1(s′), ..., Un(s′)} = UC(s′) < UC(sR,C − 1)
= Min{U1(sR,C − 1), ..., Un(sR,C − 1)}

The inequality above contradicts the maximin criterion so s′ ≥ sR,C −1. Therefore
we can conclude that s′ ∈ {sR,C − 1, sR,C} but then SRawls ⊆ {sR,C − 1, sR,C}.

��
Lemma 6

a) If ŝC < sR,C then SRawls ⊆ {ŝC − 1, ŝC}
b) If sR,C < ŝR then SRawls ⊆ {ŝR − 1, ŝR}
Proof. Let ŝC < sR,C . Take any s′ ∈ SRawls. First suppose by contradiction that
s′ < ŝC −1. But then it implies that s′ < sR,C . Note that by Corollary 1 and single
peakedness, s′ < sR,C implies that:

Min{U1(s′), ..., Un(s′)} = UC(s′) < UC(ŝC − 1)
= Min{U1(ŝC − 1), ..., Un(ŝC − 1)}.



174 D. Coelho

The inequality above contradicts the maximin criterion so s′ ≥ ŝC − 1. Now
suppose that s′ > ŝC . First note that it implies that s′ > ŝC ≥ ŝR. Thus by
single peakedness: UR(s′) < UR(ŝC) and UC(s′) < UC(ŝC). This leads to a
contradiction since by Corollary 1 and single peakedness, we have that

Min{U1(s′), ..., Un(s′)} = Min{UR(s′), UC(s′)} < Min{UR(ŝC), UC(ŝC)}

The inequality above contradicts the maximin criterion. Thus s′ ≤ ŝC . Therefore
SRawls ⊆ {ŝC − 1, ŝC}. Notice that ŝC − 1 ∈ SRawls only if ŝC is a twin peak.
The proof of the part (b) of the lemma is very similar from the part (a) so it is
omitted. ��

Proof of Theorem 1. Proposition 4 and Lemma 5 imply that Smax min ⊆ {sR,C −
1, sR,C} whenever sR,C is Pareto efficient. Lemma 4a and Lemma 6a imply that
SRawls ⊆ {ŝC − 1, ŝC} whenever sR,C is Pareto inefficient and larger than smaj .
Lemma 4b and Lemma 6b imply that SRawls ⊆ {ŝR − 1, ŝR} whenever sR,C is
Pareto inefficient and smaller than smaj . Therefore Theorem 1 is proved. ��

The following lemma will be needed to prove Theorem 2.

Lemma 7

a) sR,C ≥ smaj whenever pi ≥ 0.5 for every i ∈ N
b) sR,C ≤ smaj whenever pi ≤ 0.5 for every i ∈ N.

Proof. First notice that:

1) For any m ∈ {0, ...., n−2}, PR,C(m) ≤ PR,C(n−2−m) whenever pi ≥ 0.5
for every i ∈ N.

2) For any m ∈ {0, ...., n−2}, PR,C(m) ≥ PR,C(n−2−m) whenever pi ≤ 0.5
for every i ∈ N.
But then since

∑n−2
m=0 PR,C(m) = 1, the informations in (1) and (2) above

imply that:

3) GR,C(smaj) ≡∑smaj−2
m=0 PR,C(m) ≥ 1

2 whenever pi ≤ 0.5 for every i ∈ N

4) GR,C(smaj − 1) ≡ ∑smaj−3
m=0 PR,C(m) < 1

2 whenever pi ≥ 0.5 for every
i ∈ N and ∃ j ∈ N such that pj > 0.5.
Recall that Lemma 1 implies that {sR,C} = {s′ ∈ {1, ..., n}|GR,C(s′) ≥ 1/2
and GR,C(s) < 1/2 for any s < s′}. Thus Lemma 1 with the informations
in (3) and (4) imply that: sR,C ≤ smaj whenever pi ≤ 0.5 for every i ∈ N
and sR,C ≥ smaj whenever pi ≥ 0.5 for every i ∈ N. Therefore the proof of
Lemma 7 is established. ��

Proof of Theorem 2. Theorem 1, Lemma 5, Lemma 6a and Lemma 7a imply that
SRawls ⊆ {smaj − 1, ..., ŝC} whenever pi ≥ 0.5 for every i ∈ N. Theorem 1,
Lemma 5, Lemma 6b and Lemma 7b imply that SRawls ⊆ {ŝR − 1, ..., smaj}
whenever pi ≤ 0.5 for every i ∈ N.Therefore the proof of Theorem 2 is established.

��
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