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Abstract

Finding linear classifiers that maximize AUC scores is important in ranking re-
search. This is naturally formulated as a 1-norm hard/soft margin optimization
problem over pn pairs of p positive and n negative instances. However, directly
solving the optimization problems is impractical since the problem size (pn) is
quadratically larger than the given sample size (p+ n). In this paper, we give (ap-
proximate) reductions from the problems to hard/soft margin optimization prob-
lems of linear size. First, for the hard margin case, we show that the problem is
reduced to a hard margin optimization problem over p+ n instances in which the
bias constant term is to be optimized. Then, for the soft margin case, we show
that the problem is approximately reduced to a soft margin optimization problem
over p+ n instances for which the resulting linear classifier is guaranteed to have
a certain margin over pairs.

1 Introduction

Among the problems related to learning to rank, the bipartite ranking is a fundamental ranking
problem, which involves learning to obtain rankings over positive and negative instances. More
precisely, for a given sample consisting of positive and negative instances, the goal of the bipartite
ranking problem is to find a real-valued function h, which is referred to as a ranking function, with
the following property: For a randomly chosen test pair of positive instance x+ and negative instance
x−, the ranking function h maps x+ to a higher value than x− with high probability.

The bipartite ranking problem can be reduced to the binary classification problem over a new in-
stance space, consisting of all pairs (x+,x−) of positive and negative instances. More precisely,
the problem of maximizing the AUC is equivalent to finding a binary classifier f of the form of
f(x+,x−) = h(x+) − h(x−) so that the probability that f(x+,x−) > 0 is maximized for a ran-
domly chosen instance pair. Several studies including RankSVMs [2]have taken this approach with
linear classifiers as the ranking functions. RankSVMs are justified by generalization bounds [4]
which say that a large margin over pairs of positive and negative instances in the sample implies a
high AUC score under the standard assumption that instances are drawn i.i.d. under the underlying
distribution. The reduction approach, however, has a drawback that the sample constructed through
the reduction is of size pn when the original sample consists of p positive and n negative instances.
This is a quadratic blowup in size.

In this paper, we formulate AUC maximization as 1-norm hard/soft margin optimization problems1

over pn pairs of p positive and n negative instances. We show some reduction schemes to 1-norm
∗The full version of ths paper appeared in ALT 2011 [5].
1In this paper we refer to 1-norm soft margin optimization as a soft margin optimization with 1-norm of the

weight vector regularized. Note that sometimes the soft margin optimization of SVMs with 1-norm of slack
valuables optimized is also called 1-norm soft margin optimization.
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hard (or soft) margin optimization over p+n instances which approximate the original problem over
pairs. First, for the hard margin case where the resulting linear classifer is supposed to classfiy all
pairs correctly by some positive margin, we show that the original problem over pairs is equivalent
to the 1-norm hard margin problem over p+ n instances with the bias term.

Second, for the soft margin case in which the resulting classsfier is allowed to misclassify some pairs,
we show reduction methods to 1-norm soft margin optimization over instances which are guaranteed
to have a certain amount of margin over pairs of instance. When we solve the original problem over
pairs, it can be shown that for any ε s.t. 0 < ε < 1, the solution have margin at least ρ∗ ≥ γ∗

over at least (1− ε)pn pairs, where ρ∗ and γ∗ are optimal solutions of the primal and dual problems
of the original one. Note that the optimal solutions depend on ε respectively. On the other hand,
for an appropriate setting of parameters, one of our reduction methods guarantees that the resulting
classifier has margin at least γ∗ for (1 −

√
ε)2pn pairs. Note that, this guarantee might be rather

weak, since the guaranteed margin γ∗ is lower than the optimal margin ρ∗ in general. However,
if ρ∗ ≈ γ∗, say, when pairs are close to be linearly separable, our theoretical guarantee becomes
sharper. Also, theoretically guaranteed reduction methods from AUC maximization to classification
are quite meaningful since typical methods lack such properties.

In our experiments using artificial and real data, our practical heuristics derived from our analysis
(omitted and shown in [5]) achieve AUCs that are almost as high as the original soft margin for-
mulation over pairs while keeping the sample size linear. In addition, our methods also outperform
previous methods including RankBoost [1] and SoftRankBoost [3].

2 1-norm soft margin over pairs of positive and negative instances

Let X+ and X− be the sets of positive instances and negative instances, respectively. Let X = X+∪
X− be the instance space. In this paper, we assume a finite set H ={h1, h2, . . . , hN} of ranking
functions, functions from X to [−1,+1]. Our hypothesis class F is the set of convex combination of
ranking functions in H, that is, F = {f

∣∣∣ f(x) = ∑N
k=1 αkhk(x), hk ∈ H,

∑N
k=1 αk = 1, αk ≥

0}. Now, our goal is to find a linear combination of ranking functions f ∈ F which has large margin
ρ over pairs of instances in S+ and S−.

More formally, we formulate our problem as optimizing the soft margin over pairs of positive and
negative instances. For convenience, for any q ≥ 1, let Pq be the q-dimensional probability simplex,
i.e., Pq = {p ∈ [0, 1]q |

∑
i pi = 1}. Then, for positive and negative sets of instances S+ and S−,

the set H of ranking functions, and any fixed ν ∈ {1, . . . , pn}, the 1-norm soft margin optimization
problem is given in (1).

(ρ∗,α∗, ξ∗) = max
ρ,α,ξ

ρ− 1

ν

p∑
i=1

n∑
j=1

ξij (1)

s.t.
∑
k

αk(hk(x
+
i )− hk(x

−
j ))/2 ≥ ρ− ξij

(i = 1, . . . , p, j = 1, . . . , n),
α ∈ PN , ξ ≥ 0.

(γ∗,d∗) = min
γ,d

γ (2)

s.t.
∑
i,j

dij(hk(x
+
i )− hk(x

−
j ))/2 ≤ γ

(k = 1, . . . , N ),

d ≤ 1

ν
1, d ∈ Ppn.

In this problem, the goal is to maximize the margin ρ of the linear combination α of ranking func-
tions w.r.t. instances as well as to minimizing the sum of “losses” ξij , the quantity by which the
target margin ρ is violated. Here ν ∈ {1, . . . , pn} controls the tradeoff between the two objec-
tives. Then, using Lagrangian multipliers, the dual problem is given in (2). Since the problem is
a linear program, by duality, we have ρ∗ − 1

ν

∑
i,j ξ

∗
ij = γ∗. Furthermore, by using KKT condi-

tions, it can be shown that, the optimal solution guarantees the number of pairs (x+
i ,x

−
j ) for which∑

k αk(hk(x
+
i )− hk(x

−
j ))/2 ≤ ρ∗ is at most ν.
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3 The 1-norm hard margin optimization over pairs

In this section, we show the equivalence between two hard margin optimization problems, the 1-
norm hard margin problem over pairs and 1-norm hard margin with bias. The hard margin opti-
mization problem is a special case of the soft margin one in that the resulting classifier or ranking
function is supposed to predict all the instances or pairs correctly with some positive margin. The
first problem we consider is the 1-norm hard margin optimization (3) over pairs of positive and
negative instances.

max
ρ,α∈PN

ρ (3)

s.t.
N∑

k=1

αk(hk(x
+
i )− hk(x

−
j ))/2 ≥ ρ

(i = 1, . . . , p, j = 1, . . . , n).

max
ρ,α∈PN ,b

ρ (4)

s.t.
N∑

k=1

αkhk(x
+
i ) + b ≥ ρ (i = 1, . . . , p),

N∑
k=1

αkhk(x
−
j ) + b ≤ −ρ (j = 1, . . . , n).

The second hard margin problem is the 1-norm hard margin optimization with bias (4). In the
following, we show that both of these problems are equivalent to each other, in the sense that we can
construct an optimal solution of one problem from an optimal solution of the other problem.

Theorem 1 Let (ρb,αb, bb) be an optimal solution of the 1-norm hard margin optimization with
bias (4). Then, (ρb,αb) is also an optimal solution of the 1-norm hard margin optimization over
pairs (3).

4 Reduction methods from 1-norm soft margin optimization over pairs

In this section, we propose reduction methods from the 1-norm soft margin optimization over pairs
to that over instances.

We would like to approximate the dual problem of the 1-norm soft margin optimization over pairs
(2). The dual problem is concerned with finding a distribution over pn pairs of positive and negative
instances satisfying linear constraints. Our key idea is to replace the distribution dij with a product
distribution d+i d

−
j , where d+, d− are distributions over positive and negative instances, respectively.

γ̂(ν+) = min
d+,d−,γ

γ (5)

s.t.
∑
i

d+i hk(x
+
i )/2−

∑
j

d−j hk(x
−
j )/2 ≤ γ

(k = 1, . . . , N ),

d+ ∈ Pp,d
− ∈ Pn,

d+i ≤ 1/ν+, d−j ≤ 1/ν− = ν+/ν.

Letting dij = d+i d
−
j and rearranging, we obtain

the resulting problem (shown in [5]). Since we
restrict distributions to be products of two dis-
tributions, the optimal solution yields a feasible
solution of the original problem (1). The prob-
lem has p + n + 1 variables, whereas the orig-
inal one has pn + 1 variables. So this problem
would be easier to solve. But, unfortunately,
this problem is not convex since the constraints
d+i d

−
j ≤ 1/ν (i = 1, . . . , p, j = 1, . . . , n) are

not convex. In [5], we propose a method to find a local minimum of the non-convex problem.
First, however, we show a restricted problem whose solution has a certain amount of margin over
pairs. In order to avoid non-convex constraints, we fix ν+ and ν− such that ν = ν+ν− and enforce
d+i ≤ 1/ν+ and d−j ≤ 1/ν−. Equivalently, we fix ν− = ν+/ν. As a result, we obtain the following
problem (5).

Note that it is not straightforward to optimize ν+ since problem (5) is not convex w.r.t. ν+. On the
other hand, for any fixed choice of ν+ and ν−, we can guarantee that the solution of problem (5)
has a certain amount of margin for many of pairs.

Theorem 2 Given ν+ and ν−, the solution of problem (5) has margin at least γ∗ for at least pn−
ν+n− ν−p+ ν+ν− pairs.
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Table 2: AUCs for UCI data sets, when N , p, and n stand for the dimension, the number of positive
and negative instances of each data sets, respectively.

Data N p n RankBoost SoftRankBoost LP-Pair our method
hypothyroid 43 151 3012 0.9488 0.96 0.9511 1.0
ionosphere 34 225 126 0.9327 0.9917 0.9768 0.9865

kr-vs-kp 73 1669 1527 0.8712 0.9085 1.0 0.9276
sick-euthroid 43 293 2870 0.7727 0.7847 1.0 1.0

spambase 57 1813 2788 0.8721 0.9359 1.0 1.0

Corollary 3 For ν = εpn, ν+ =
√
εp and ν− =

√
εn, a solution of problem (5) has margin at least

γ∗ for (1−
√
ε)2pn pairs.

5 Experiments

In this section, we show preliminary experimental results. The data sets are drawn from UCI Ma-
chine Learning Repository. We compare RankBoost [1], SoftRankBoost [3], 1-norm soft margin
over pairs (LP-Pair) which solves naively solves problem (1), and our method. For RankBoost, we
set the number of iterations as T = 1000, respectively. For the other methods, we set the parameter
ν = εpn, where ε ∈ {0.05, 0.1, 0.15, 0.2, 0.25, 0.3}. We evaluate each method by 5-fold cross val-
idation. As can be seen in Table 2, our method archives high AUCs for all data sets and competive
with LP-Pair.

Table 1: Computation time(sec.).

m LP-Pair our method
100 0.102 0.11
500 24.51 0.514
1000 256.78 0.86
1500 1353 1.76

We last examine the computation time of LP-Pair and our
method. We use the machine with 4 cores of Intel Xeon 5570
2.93GHz and 32GByte memory. We use artificial data sets
with N = 100 and m = 100, 500, 1000, 1500, respectively.
We set ε = 0.2 for both LP-Pair and our method and evaluate
each execution time by 5-fold cross validation. As is shown
in Table 1, clearly our method is faster than LP-Pair.
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