
THE MONODROMY-WEIGHT CONJECTURE
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Abstract. These are the notes for my (3 hours) lectures at the Summer
school on Perfectoid Spaces held in in Bressanone in 2015. Half of the time

is devoted to presenting the monodromy-weight conjecture (MWC) and the

other half concerns (some details about) the proof of P. Scholze.
Since the school addresses to M2 and PhD students we will try to recall the

necessary background : in particular the basics of the Galois theory of local
fields and the local monodromy theorem of Grothendieck. We assume the

reader familiar with a bit of algebraic geometry and the coherent cohomology

of the projective space.
We do not assume the reader familiar with étale cohomology, but we will

not have time to give a reasonable account on that, so we will just recall some

of the formal properties of the theory without any proof and definition.
We try to give all the needed references and strongly suggest the interested

reader to look for them and check the details.

We are sorry for all possible mistakes and inaccuracies.
Comments are very welcome.

1. Motivation

In this section we review some well known facts about the following classical
problems

(1) How to describe the absolute Galois group GQ := Gal(Q̄/Q) or its repre-
sentations?

(2) How to count points on schemes over finite fields?

These two problems turn out to be related.

1.1. The Galois group. Instead of describing (the representation of) GQ we can
focus on the decomposition subgroup at p and we identify it with Gal(Q̄p/Qp).
As p varies over all the primes these subgroups cover GQ. We have the classical
devissage1

1→ I = GQur
p
→ GQp → GFp = Gal(Qur

p /Qp)→ 1

where I is called the inertia and Qur
p = Qp(ζm : p - m); GFp = ẐFrp where

Frp : x→ x1/p is the geometric Frobenius. For more details see [11].
Let ` 6= p. An `-adic representation of GQp

is a continuous homomorphism of
groups

ρ : GQp
→ AutQ`

(V )

where V is a finite dimensional Q`-vecor space. The continuity here boils down to
the existence of a Z`-lattice Λ ⊂ V such that ρ factors through AutZ`

(Λ) (This is
true whenever the source is profinite group).

Date: September 2, 2015.
1[en] unscrewing, [it] svitatura.
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1.1.1. Roots of unity. Let Gm be the multiplicative group over Qp we define its
(`-adic) Tate module by

Z`(1) = T`(Gm) := lim
n
{x ∈ Q̄∗p|x`

n

= 1}

endowed with the natural action of GQp . The group Z`(1) is in fact a Z`-module
of rank 1: a (topological) generator t is given by system (ti)i∈N such that ti ∈
µ`i(Q̄p), (ti+1)` = ti and (ti)i 6= 1 (not the trivial system). The associated `-adic
representation is Q`(1) := Z`(1)⊗Z`

Q`.

Exercise 1. Show that Q`(1) is an unramified representation (the action of I is
trivial) and Frp act by multiplication with 1/p.

1.2. Étale cohomology. Motivated by the Weil conjectures Grothendieck con-
structed the so called étale cohomology. For any scheme X over a field K and any
i ∈ N there is an `-adic representation of GK (` 6= charK)

Hi
ét(X) := (lim

n
Hi

ét(XK̄ ,Z/`nZ))⊗Q`

which functorial (contravariant) in X. In the following we just recall the properties
needed for the remainder of these notes:

(1) Hi
ét(X) = 0 if i > 2 dimX.

(2) H0
ét(Spec(K)) = Q` (trivial action) and H1

ét(Gm) = Q`(−1) = Q`(1)∨.
(3) (Poincaré duality) If X is projective and smooth of dimension d then there

is a canonical isomorphism H2d
ét (X) ∼= Q`(−d). Moreover there exists a

perfect pairing

Hi
ét(X)⊗H2d−i

ét (X)→ H2d
ét (X) ∼= Q`(−d) .

For further details on étale cohomology see [9, 3]

1.2.1. Elliptic curve. Let E be an elliptic curve over K we define its (`-adic) Tate
module as before

T`(E) := lim
n
{x ∈ E(Q̄p)|`n · x = 0}

endowed with the natural action of GQp . It is isomorphic to Z2
` as Z`-module. This

is the first homology of E, in fact we have

H1
ét(E) = (T`(E)⊗Q`)∨ ((−)∨ is the dual representation) .

1.3. Counting points. Let X/Fp be a variety, the Hasse-Weil zeta function of X
is the formal power series

Z(X, t) := exp

∑
n≥1

#X(Fpn)
tn

n

 =
∏

x∈X(F̄p)

(1− tdeg(x))−1 2

it is the generating function for the effective zero cycles on X.

1.3.1. Some examples. The basic examples are

Z(P1
Fp
, t) =

1

(1− t)(1− pt)
, Z(AnFp

, t) =
1

(1− pnt)
.

Exercise 2. Prove the above formulas (using the above definition).

Let now E be an elliptic curve and define the number ap := #P1(Fp)−#E(Fp).
Then one can show (not an exercise) that

Z(E, t) =
1− apt+ pt2

(1− t)(1− pt)
.

2To get the usual holomorphic function one set ζ(X, s) := Z(X, p−s)
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1.4. Weil conjectures.

(1) (Grothendieck-Lefschetz) Assume X to be projective and smooth. Let
Pi(t) := det(id−t · Frp|Hi

ét(XF̄p
) then

Z(X, t) =
P1(t)P3(t) · · ·P2d−1(t)

P0(t)P2(t) · · ·P2d(t)
d := dimX .

(2) (Deligne) As before X projective and smooth, then Pi ∈ Z̄[t] and the eigen-
values of Frp, acting on Hi

ét(X), are Weil numbers of weight i3.

We encourage the reader to read the fundamental papers by Deligne [5, 6].

1.5. Why the MWC?. Now let X be a smooth and projective scheme over a
local field K (such as Qp or Fp((t))) with residue field k. Then its (`-adic) étale
cohomology Hi

ét(X) is an `-adic representation of the absolute Galois group GK of
K. To describe this representation we need to know the action of the inertia and
the action of the Frobenius. If we assume that X has good reduction4, say X0/k,
then we get a Galois equivariant isomorphism

Hi
ét(X) ∼= Hi

ét(X0)

meaning that the action of GK factors trough Gk, since the inertia acts trivially on
the RHS. In this case the representation is completely described by the action of
the Frobenius and so can be described by counting the Fpn -rational points of X.

Question. What can we say about Hi
ét(X) and the action of the Frobenius when

X has no longer good reduction?

The monodromy-weight conjecture proposes an answer to this question.

2. The conjecture

In this section we state the MWC, recall the result of Deligne and state the
theorem of Scholze.

2.1. Setting. We fix a local field k with finite residue field Fq, q = pn for some
prime p > 0 (e.g. k = Qp,Fq((t))). As before we have the exact sequence of Galois
groups

1→ I → Gal(k̄/k)→ Gal(F̄q/Fq)→ 1

and the inertia I = Gkur fits in the following exact sequence

1→ P` → I → Z`(1)→ 1

where Z`(1) denotes the inverse limit limn µ`n(F̄q)5; if we denote by k` = kur(π1/`n :
n ∈ N), then P` = Gk` .

We denote by and τ` : I → Z`(1) the projection induced by π1/`nτ`,n(g) =

g(π1/`n).
We can identify Z`(1) with Gal(k`/k

ur). This is compatible with the action of
Gk: it acts in a natural way on the roots of unity and so on Z`(1) = limn µ`n(ksep):
it acts by inner automorphism on Gal(k`/k

ur). So if t ∈ Z`(1) is a topological
generator we we have the `-adic cyclotomic character χ` : Gk → Z∗` defined by

tχ(g) = g(t) = gtg−1 .

There is a canonical identification image(χ`) = Gal(k(µ`∞)/k), which infinite when
the residue field of k is finite. For more details [11].

3By construction the eigenvalues λ of Frp live in Q̄` and for any isomorphism α : Q̄` → C we

have |α(λ)| = pi/2 or 2 logp(|α(λ)|) = i. Such numbers are called p-Weil numbers of weight i.
4meaning
5µ`n (F̄q) = {x ∈ F̄q : x`

n
= 1} and by Hensel’s lemma µ`n (F̄q) = µ`n (k̄).
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2.2. The Local Monodromy Theorem. Let us recall an important result due
to Grothendieck. It appears for the first time in [2, letter 24 Sept. 1964 p.183]6,
see also [12, Appendix] or [7, 1, 6].

Theorem (Grothendieck). Let ρ : Gal(k̄/k) → Gl(V ) be a finite dimensional Q̄l
representation. Then there exists an open subgroup I1 ⊂ I such that ρ restricted to
I1 is unipotent.7

Proof. First notice that, up to replace k by a finite extension, ρ|I factors through

Z`(1) 8 and we can reduce to prove that ρ(t) is quasi-unipotent, for t ∈ Z`(1) a
generator.

First we need to show the following :

Exercise 3. Let a be an eigenvalue of ρ(t), i.e. ρ(t) · v = av, then for all g

ρ(t)(w) = aχ(g)w for w := ρ(g−1)v .

By the previous exercise we get that aχ(g) is an eigenvalue of ρ(t) for all g in
Gk. Since we assume that the residue filed is finite we get that the image of the
cyclotomic character is infinite. Since V is finite dimensional we deduce that a is a
root of unity and ρ(t) is quasi-unipotent as expected. �

2.3. Monodromy filtration. Let V (1) := V ⊗Z Z`(1).
Let T ∈ EndQ`

(V ) be unipotent, we can define the nilpotent endomorphism

log(T ) := −
∑
n=1

(id−T )n

n
.

Now let t ∈ Z`(1) be a generator and define

N : V ⊗Q`(Gk) Q`(1)→ V , v ⊗ t 7→ log(ρ(t))(v)

called the logarithm of the unipotent par of the monodromy.

Exercise 4. N is a morphism of `-adic representations: it is Gk-equivariant and
Q`-linear.

Moreover

∀ g ∈ I1, ρ(g) = exp(N(−⊗ τ`(g)))

A formal consequence of the above theorem is the existence of a unique nilpotent
operator N : V (1)→ V such that ρ(g) = exp(N · τ`(g)), for all g ∈ I1. The map N
is called the logarithm of the nilpotent part of the local monodromy.

Lemma (Jacob-Morosov). Given a nilpotent endomorphism N on a vector space V ,
then there is a unique (increasing, separated exhaustive) filtration Vi ⊂ Vi+1 ⊂ ...V
such that N(Vi) ⊂ Vi−2 and N i induces an isomorphism grNi V → grN−i V , where

grNi V := Vi/Vi−1.

Proof. We construct Vi by induction d such that Nd+1 = 0: if d = 0, then N = 0
and we set V−1 = 0 ⊂ V0 = V ; if d > 0 we set

V−d−1 = 0 ⊂ V−d = imageNd ⊂ Vd−1 = kerNd ⊂ Vd = V ,

so that the following sequence is exact

0→ V−d → Vd−1 → kerNd/imageNd → 0

6Serre answers Grondendieck saying: Ton théorème sur l’action du groupe d’inertie est

rupinant – si tu l’as vraiment montré.
7i.e. for any g ∈ I1, (ρ(g)− id)r = 0 for some positive integer r (depending of g).
8Since ρ(P`) ⊂ Aut(Λ/`Λ) is a finite group.
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and N induces nilpotent endomorphism N̄ on the latter term such that N̄d = 0.
Now by induction there exists a filtration on kerNd/imageNd (associated with N̄):
taking the pull-back of this filtration we get a filtration with the desired properties
on V . �

In our setting we can identify V and V (1) after choosing a topological generator
of Q`(1) and we get the so called the local monodromy filtration. Mind that this
implies that I1 acts trivially on the graded quotients grNi V .

2.3.1. Tate Elliptic curve. Let E/Qp be the Tate elliptic curve whose group of
Q̄p-rational points is E(Q̄p) = Q̄∗p/pZ.

Exercise 5. Prove that we get the following exact sequence

1→ Z`(1)→ T`E → Z` → 0 .

(Hint: start with `n-torsion points)

Given the above exact sequence the rational Tate module V`(E) = T`E ⊗Q` =
H1(E)∨ is isomorphic to Q`(1) · t⊕Q` · 1 and the matrix of ρ(t) in that basis is

M =

(
1 1
0 1

)
so that N = log(M) =

(
0 1
0 0

)
and the monodromy filtration is V−1 = imageN ⊂ V0 = kerN ⊂ V1 = V . In
particular one gets

gr1 V = Q` , gr−1 V = Q`(1)

where Q` is the trivial 1-dimensional representation of GFp
, so the Frobenius acts

as 1 = p0; the action of Frp on Q`(1) is the multiplication by p−1. If we pass to the
dual representation H1(E) we find out that the Frobenius acts (on the dual of the
graded pieces above) by 1 and p according to the MWC.

Conjecture (Monodromy-weight, [4]). 9 Assume X to be proper and smooth over
k and V := Hn

ét(Xk̄, Q̄`). For all i and for any geometric Frobenius element φ ∈
Gal(k̄/k), the eigenvalues of φ on grNi V are Weil numbers of weight n + i, i.e.
algebraic number α s.t. |α|σ = q(i+n)/2 for any embedding σ : Q̄` → C.

Theorem (Deligne, [6]). The MWC holds true for X := Y ×C\{x} Spec k, where

(1) C be a smooth curve over Fq;
(2) k is the (equal characteristic) local field of C at x ∈ C(Fq), i.e. k is the

quotient field of the henselian local ring OhC,x (e.g. k = Fq((t)));

(3) Y be a proper and smooth scheme over C\{x}.

If chark = the MWC is proved only in a few case before the work of Scholze.

Theorem (Scholze [10, Theorem 9.6]). Let Y be a geometrically connected smooth
and proper variety over a local field k of characteristic 0. Assume that Y is a set
theoretic complete intersection in a projective toric variety X over k. Then the
MWC is true for X.

We will give some details of the proof in the remainder of this note.

3. Sketch of the proof

In this section we give an account on the proof of the Scholze’s theorem in the
case X = PdK is the d-dimensional projective space and Y is an hypersurface defined
by a homogeneus polynomial f of degree m.

9There are several formulations. We give the original one. See Ito [8] for a detailed account.

Sometimes people uses weight-monodromy. The original conjecture is in french with the name
monodromie-poids.
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3.1. FW. We can identify the algebraic closures k̄ = Q̄p since k/Qp is finite. Let Cp
be the completion of k̄, then the action of Gk on k̄ can be extended, by continuity,
to an action on Cp. Since the tilt is functorial we get an action of Gk on C[p. Now

let $ ∈ k be a uniformizer, then K = ̂k($1/p∞) is a perfectoid field and GK ⊂ Gk
ancts on C[p. The tilt K[ of K is the completion of the perfection10 of the field

E = Fq(($[)). Since K̄[ ⊂ C[p is dense we have an action GK[ on C[p giving the

identification of Galois groups GK = GK[ . Also Ē ⊂ C[p is dense and stable by the
action of GK[ , thus

GK = GK[ = GE (Fontaine-Wintenberger) .

3.2. Go perfectoid. We base change X and Y to the perfectoid field K. We want
to prove that the MWC holds for V = Hi

ét(YCp
) as representation of GK . Note

that Hi
ét(YCp

) = Hi
ét(Yk̄) as Q`-vector space but GK (acting on both terms) is

just a subgroup of Gk (acting on the second term). Nevertheless the monodromy
filtration is the same since K/k is a totally ramified pro-p-extension11.

3.3. From p to 0. The adic space limφ(PNK)ad is perfectoid with tilt

lim
φ

(PNK[)
ad , where φ(x0 : ... : xN ) = (xp0 : ... : xpN ) .

By almost purity there is an equivalence of topoi (PN
K[)

ad,∼
ét

∼= (limφ(PNK)ad)∼ét.
From this we get a projection map of topological spaces (and also étale topoi) π :

(PN
K[)

ad → (PNK)ad, which is given on coordinates π(x0 : ... : xN ) = (x]0 : ... : x]N ).
This gives an ismorphism of `-adic étale cohomology.

The same holds true for any toric varieties X, any how since the conjecture needs
a projective toric variety, the map π is defined as above on projective coordinates.

3.4. Approximation. Note that the preimage π−1(YK) ⊂ (Pd
K[)

ad is not alge-

braic: e.g. Let Y = V (x0 + x1 + x2) ⊂ P2
k, then π−1(YK) is given by the inverse

limit (over n ≥ 0) of

V (xp
n

0 + xp
n

1 + xp
n

2 ) ⊂ (P2
K)ad .

Anyhow we have the following result.

Proposition (cf. [10, Proposition 8.7]). Let K be a perfectoid field and Y ⊂ PdK
be an hyper surface defined by an homogeneus polynomial f of degree m, then for a

small neighborhood Ỹ ⊃ Y ad
K there exists an algebraic hyper surface Z ⊂ Pd

K[ such

that Z is defined over a dense subfield F ⊂ K[ and Zad ⊂ π−1(Ỹ ).

Moreover Hn(Ỹ ) = Hn(Y ad
K ).

Proof. Recall that PdK = Proj(K[T0, ..., Td]) is constructed by gluing the affine
schemes

Ui = Spec(K[
Tj
Ti

: j 6= i])

and there is a line bundle O(m) whose zero sections are

H0(PdK ,O(m)) = homogeneus polynomial of degree m in K[T0, ..., Td]

which is the K-vector space generated by monomials of degree m. Also

K[T0, ..., Td] =
⊕
m≥0

H0(PdK ,O(m)) 12.

10colture radicielle
11some details on this!
12We emphasize these well known facts since any projective toric variety share the same fea-

tures: an explicit construction by gluing nice affine schemes and an explicit basis for the coherent
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We can now consider the perfectoidization of PdK , namely Pd,perf
K which is ob-

tained by gluing the perfectoid affinoids

Uperf
i := Spa(K〈(Tj

Ti
)1/p∞ : j 6= i〉,K◦〈(Tj

Ti
)1/p∞ : j 6= i〉) .

We denote by Operf(m) the pull-back of (the adification of) O(m) via canonical

map of adic spaces Pd,perf
K → Pd,ad

K and we get that

H0(Pd,perf
K ,Operf(m))

is the completion of the K-vs generated by monomials of degree m/ps, for some

s, in the Ti. This is a subspace of the affinoid algebra R = K〈T 1/p∞

0 , ..., T
1/p∞

d 〉
whose tilt R[ is K[〈T 1/p∞

0 , ..., T
1/p∞

d 〉 and contains H0(Pd,perf
K[ ,Operf(m)).

We have that the neighborhood Ỹ is of the form

Ỹ = {x ∈ Pd,ad
K : |f(x)| ≤ |$[,(0)(x)|} !!13

with $[ running over the pseudo-uniformizer of K[.
Now we need the following technical result.

Lemma. For any ε > 0 and N ∈ N there exists g ∈ R[, homogeneus of degree m
and such that ∀ x ∈ Spa(R,R◦) we have

|f(x)− g(0)(x)| ≥ |$(x)|1−ε max{|f(x)|, |$(x)|N} .

From the lemma we get

π−1(Ỹ ) = {x ∈ Pd,ad
K : |g(x)| ≤ |$[(x)|} .

Now we can modify the coefficients of g so that they are defined over F a dense
subfiled of K[. Mind that g is a linear combination of homogeneus elements of

degree m in K[,◦〈T 1/p∞

0 , ..., T
1/p∞

d 〉 (for instance T
m2/p5

0 · Tm(p5−m)/p5

1 ), but for N
big enough we get

gp
N

∈ H0(PdF ,O(pNm))

and Z =the zero locus of gp
N

has the desired properties. �

3.5. End of the proof. First we recall a result of Huber: for any algebraic variety
Y there is a canonical isomorphism of étale cohomology groups Hn(Y ad) = Hn(Y ).

Then we obtain the following commutative digram

Hn
ét(PNK)

iso

��

// Hn
ét(ỸK)

��

iso // Hn
ét(YK)

Hn
ét(PNK[) // Hn

ét(π
−1(X̃)K[ , ) // Hn

ét(ZK[)

and we get a map α(n) : Hn(YK)→ Hn(Z). Up to alteration, we can assume Z to
be smooth over (a finite extension of) E which is dense in K[ so that the result of
Deligne applies to Hn(Z). Then we can easily conclude in the following way. First
one proves that α(2d) is an isomorphism for d = dimZ = dimX: it is sufficient to
prove that it is non zero and this follows from the non vanishing of the first Chern
class of the canonical line bundle on Pn. Then we prove the following

cohomology (independent of the characteristic of K). These properties make possible to extend

the current proof to the general case.
13To make sense of |f(x)| we need f to be a function, not a section of a line bundle. Nevertheless

we can trivialize over the affinoids Uperf
i where f become a function, well defined up to an invertible

element, so that |f(x)| make sense.
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Exercise 6. α(n) is injective for any n. (Hint: Poincaré duality)

This completes the proof of the theorem.
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