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1. Introduction. In this paper, we consider a control system described by two
differential inclusions—a “slow” one and a “fast” one, the latter indicated by a “small”
parameter ε multiplying the derivative. The problem has the following form:

ẋ(t) ∈ F (x, y, u(t)), x(0) = x0,
εẏ(t) ∈ G(x, y, u(t)), y(0) = y0,

(1)

where F : E1 ×E2 ×U →→ E1 and G : E1 ×E2 ×U →→ E2 are set-valued mappings, E1

and E2 are Banach spaces with uniformly convex duals E∗
1 and E∗

2 , respectively, U is
a compact metric space, and t ∈ I := [0, 1]. Throughout the paper, we assume that
for every (x, y, u) ∈ E1 × E2 × U , the values F (x, y, u) and G(x, y, u) are nonempty,
convex, compact subsets of E1 and E2, respectively, and that F and G are upper
semicontinuous (USC) in E1 ×E2 ×U and lower semicontinuous with respect to u in
U for fixed (x, y) ∈ E := E1 × E2. The parameter ε is a positive scalar which may
become zero, thus changing the system to a differential-algebraic inclusion, a change
justifying the name “singular perturbations.” A control u(·) is defined as a Lebesgue
measurable function with values u(t) ∈ U for almost every (a.e.) t ∈ T . A solution
of (1) is any absolutely continuous (AC) function (x(·), y(·)) for which there exists a
control u(·) such that the relations (1) hold for a.e. t ∈ I. For a fixed ε > 0 we denote
by Z(ε) the set of all solutions to (1). The slow x-part of Z(ε) is denoted by X(ε),
that is, X(ε) = {x | (x, y) ∈ Z(ε)}, and the fast y-part by Y (ε). In this paper, we
study the asymptotic behavior of the family of sets X(ε) as ε→ 0.

If F and G are single-valued and U consists of a single point (there is no control)
and also E1 = R

n, E2 = R
m are real Euclidean spaces, (1) becomes a system of

singularly perturbed differential equations. The grounds for the modern theory of
such equations were already laid in the 1940s, centered around the question of the
dependence of solutions on the parameter ε. The earliest publication on this subject
seems to be due to Levinson [24]; it was apparently a predecessor of the work of
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Tikhonov in [25], [26], [27], which evolved in a basic result, now known as Tikhonov’s
theorem. Assuming that F and G in (1) are continuous functions acting in Euclidean
spaces and there is no control, Tikhonov’s theorem can be roughly stated in the
following way. For a fixed x and ε > 0, let εẏ = G(x, y) have a unique solution
yε(x) which converges as ε→ 0 to the unique solution y(x) of the algebraic equation
0 = G(x, y) obtained for ε = 0, and, moreover, let the solution of the associate
equation ẏ ∈ G(x, y) on [0,∞) be asymptotically stable uniformly in x. Then for any
solution (x0, y0) of the differential-algebraic equation obtained from (1) for ε = 0,
there is a solution (xε, yε) of (1) for ε > 0 which converges to (x0, y0) uniformly in
I for x and on [δ, 1] for y as ε → 0, for any δ satisfying 1 > δ > 0. One should
note that in the original work of Tikhonov, the uniform in x stability of the associate
equation was not assumed; the necessity of such a condition and a complete version
of Tikhonov’s theorem was given by Hoppensteadt [19], [20].

It was first shown in [12] that a formal generalization of Tikhonov’s theorem for
differential inclusions, in particular for control systems, is false in the sense that the set
of values of the solutions at a given “time” t (the reachable set at t) is not convergent,
as ε → 0, to the set of values of the reduced inclusion obtained for ε = 0. This is
mainly caused by the possibility for “rapid” switchings of the control function u(·),
with frequency which is proportional to the reciprocal to the value of the parameter
ε. A variety of effects may occur when set-valued mappings are involved, to which
different “Tikhonov-type” theorems correspond. Since the early 1980s, the literature
on Tikhonov-type theorems for differential inclusions and control systems has grown
rapidly. Major advances has been made by Artstein [1], Gaitsgory [15], [16], Grammel
[17], [18], Donchev and Slavov [9], [10], and Veliov [28], [29]. In particular, Veliov [29]
found a Tikhonov-type theorem for differential inclusions in finite dimensions from
which the classical theorem of Tikhonov follows directly when the inclusion is an
equation.

The present paper is, to the authors’ knowledge, a first attempt to obtain a
Tikhonov-type theorem for control systems described by differential inclusions in
infinite-dimensional spaces. The passage from finite to infinite dimensions requires
overcoming several not only technical difficulties, most of which are related to the
lack of compactness in the state space. Here, we follow the averaging approach to
singular perturbations which in finite dimensions has been developed by Gaitsgory
[15], [16] and Grammel [17], [18]. Specifically, along with the system (1) we consider
the associate system

x = const,
ẏ(τ) ∈ G(x, y(τ), u(τ)) for τ > 0, y(0) = y0,

(2)

and define

V̂ (x, S, y0) = cl
⋃
v(·)

{
1

S

∫ S

0

F (x, y(τ), v(τ)) dτ | y(·) ∈ Ỹ (x, S, y0, v(·))
}
.

Here the union is with respect to all controls v(·) defined on the interval [0, S], that is,
measurable functions on [0, S] with v(τ) ∈ U for a.e. τ ∈ [0, S], and Ỹ (x, S, y0, v(·))
is the set of all solutions y(·) of (2) on [0, S] corresponding to the control v(·) and the
initial condition y0. In our main Theorem 1 stated below, we give conditions under
which for every x ∈ E1 the Hausdorff limit limS→∞ V̂ (x, S, y0) exists and is the same
for every fixed y0 ∈ E2; that is, this limit depends on x only—we denote it by V (x).
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Moreover, the set of slow solutions X(ε) of (1) has a Hausdorff limit for ε→ 0 in the
supremum norm on I, and this limit, denoted X0, coincides with the set of solutions
of the differential inclusion

ẋ(t) ∈ V (x(t)), x(0) = x0.(3)

Throughout the paper, ‖ · ‖ denotes any norm. Let X be a Banach space with
uniformly convex dual X ∗. For x ∈ X , y ∈ X ∗,

〈
y, x
〉
denotes the value of y at x, and

the dual mapping is defined as J(x) := {y ∈ X ∗ | ‖y‖ = ‖x‖ and
〈
y, x
〉
= ‖x‖2}. It is

known that for the space X the dual mapping J is single-valued and uniformly con-
tinuous on bounded sets. The support function is defined as σ(y,A) := supx∈A

〈
x, y
〉
,

and the Hausdorff distance between the sets A,B is denoted by DH(A,B). The
closed hull of a set A is denoted by clA and the convex closed hull by coA. Let Γ
be a set-valued mapping acting between Banach spaces which is nonempty-, convex-,
and compact-valued and continuous and bounded on bounded sets. For positive reals
δ and N we define

ωΓ(δ,N) = sup
{
DH(Γ(z1),Γ(z2)) | ‖z1 − z2‖ ≤ δ, max{‖z1‖, ‖z2‖} ≤ N

}
.

When it is clear from the context what N is, we write simply ωΓ(δ). If Γ is uniformly
continuous on bounded sets, then ωΓ is bounded and ωΓ(δ,N) → 0 as δ → 0. Our
main result follows.

Theorem 1. Assume the following:
(i) There exist positive constants A,B,C, µ such that for all (x1, y1), (x2, y2) ∈

E = E1 × E2, u ∈ U the following inequalities hold:

σ(J(x1 −x2), F (x1, y1, u))−σ(J(x1 −x2), F (x2, y2, u)) ≤ A‖x1 −x2‖2 +B‖y1 − y2‖2;

σ(J(y1 − y2), G(x1, y1, u))− σ(J(y1 − y2), G(x2, y2, u)) ≤ C‖x1 − x2‖2 − µ‖y1 − y2‖2.

(ii) For any positive reals m and r,

sup
‖x‖≤r,u∈U

∫ ∞

0

ωF (x,·,u)(m exp (−µτ), r) dτ <∞,

where µ is the constant in the second condition in (i).
Then a mapping V : E1 →→ E1 can be constructed as in (3) such that, if X(ε) ={

x(·) | (x(·), y(·)) is a solution of (1)
}
and X0 is the set of solutions of (3), we have

lim
ε→0

DH(X(ε), X0) = 0,

where the Hausdorff distance is defined with the supremum norm on I.
Remark 1. The conditions in (i) for F and G are specific forms of a general

property called the relaxed one-sided Lipschitz (ROSL) condition. Let X be a Banach
space. A set-valued mapping H from X into bounded subsets of X is said to be
one-sided Lipschitz (OSL) when there exists a constant L such that for every u, v ∈ X〈

J(u− v), hu − hv
〉 ≤ L‖u− v‖2 for every hu ∈ H(u) and every hv ∈ H(v).

The mapping H is said to be ROSL when there exists a constant L such that for every
u, v ∈ X ,

σ(J(u− v), H(u))− σ(J(u− v), H(v)) ≤ L‖u− v‖2.

Note that in the assumption (i) the ROSL condition for G is with a negative constant
with respect to y.
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The OSL condition has been used for quite some time as a dissipative condition;
see [22]. The ROSL condition was introduced by the first author in [4] under a different
name. Examples and applications of this condition can be found in [6], [7], [8], [23].
In particular, the mapping x̃ → co f(x̃, U), where f(x̃, U) =

⋃
u∈U f(x̃, u), is ROSL

with a constant L when f(·, u) is ROSL (e.g., Lipschitz continuous) with a constant
L for every u ∈ U .

Remark 2. The mapping ωΓ is a modulus of continuity of the set-valued mapping
Γ. The condition (ii) holds, for example, when F (x, ·, u) is hölderian; that is, there
exist constants α ∈ (0, 1) and β > 0 such that DH(F (x, y, u), F (x, z, u)) ≤ β(‖y −
z‖α + ‖y − z‖1+α), as pointed out in [10].

When F and G are single-valued and Lipschitz continuous with respect to (x, y),
the Hausdorff continuity of X(·) at ε = 0 was proved in [16] and in [18] under dif-
ferent assumptions. A related result was also proved in [10] for F and G that are
ROSL and continuous. Under weaker assumptions, [13] proved the weaker inclusion
lim supε→0X(ε) ⊂ X(0). We refer also to [14], where upper and lower approximations
of singularly perturbed systems are comprehensively studied and interesting examples
are considered.

All papers cited above deal with finite-dimensional spaces, and important steps
in the proofs in these papers use the compactness of the unit ball. In this paper, we
go around such arguments and manage to tackle the infinite-dimensional singularly
perturbed differential inclusion of the form (1). It may look specific, but actually it
covers a lot of territory. In particular, we cover the case of a control system where the
control acting on both x and y appears explicitly while the (different) controls acting
separately on x and y are inscribed in the set-valued character of the mappings F
and G. The partial differential inclusion described in [21, section I.7] can serve as an
example of application of our results.

We do not know whether it would be possible to obtain a Tikhonov theorem of the
type of Theorem 1 for a general singularly perturbed infinite-dimensional differential
inclusion, such as the inclusion (9) in section 5 of this paper.

Our interests in considering infinite-dimensional systems stems from the natu-
ral question of whether and how the well-developed theory in finite dimensions can
be extended to tackle infinite-dimensional problems. However, our ultimate goal is
broader—not only to generalize but also to understand the meaning of the abstract
results for specific infinite-dimensional models such as systems described by differen-
tial equations with delay or partial differential equations. In this paper, we chose to
present applications of our result to other theoretical works in the area, leaving the
exploration of applications to, e.g., distributed parameter systems for future research.

In the next section, we present preliminary results that set the stage for a proof of
Theorem 1. Section 3 contains this proof. In section 4, we demonstrate an application
of Theorem 1 to establish convergence for the fast subsystem in terms of invariant
measures, in the sense of Artstein [1]. Section 5 contains another application of
Theorem 1 to obtain an infinite-dimensional version of a result of the authors’ with I.
Slavov [11], regarding the convergence of sequences of both x and y trajectories that
are equi-Lipschitz continuous.

2. Preliminaries. A mapping Γ from a topological space X into a topological
space Y is said to be upper-semicontinuous (USC) at a given x ∈ X if for every open
V ⊃ Γ(x) there exists a neighborhood W � x such that V ⊃ Γ(y) for y ∈ W . If Γ(·)
is USC at every point of its domain, we call it USC. When X and Y are metric spaces
and Γ is compact-valued, Γ is USC iff for every δ > 0 there exists λ > 0 such that
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Γ(B(x, δ)) ⊂ B(Γ(x), λ) for any x ∈ X , where B(A, δ) = {x ∈ X | dist(x,A) < δ}. A
mapping Γ : I × X →→ Y is said to be almost USC when for any ε > 0 there exists a
compact set Iε ⊂ I with Lebesgue measure meas(Iε) > 1 − ε such that Γ(·, ·) is USC
at every point of Iε × X . We refer to [3] for all the concepts used in the paper but
not explicitly defined. We denote the closed unit balls in E1 and E2 by B1 and B2,
respectively, where E1 and E2 are the spaces where the basic inclusion (1) is defined.

In the first two lemmas of this section, we assume that the condition (i) in The-
orem 1 holds. These lemmas are based on standard arguments; for the first lemma,
see, e.g., the proofs of Lemma 3.1 in [9], while for the second, see [5] or [10].

Lemma 1. There exist constants M and N > 0 such that for every solution
(x̃ε(·), ỹε(·)) of the initial value problem

ẋ(t) ∈ coF (x+ B1, y + B2, U), x(0) = x0,
εẏ(t) ∈ coG(x+ B1, y + B2, U), y(0) = y0,

and for every t ∈ I we have
‖x̃ε(t)‖+ ‖ỹε(t)‖ ≤M

and

‖F (x̃ε(t) + B1, ỹε(t) + B2, U)‖+ ‖G(x̃ε(t) + B1, ỹε(t) + B2, U)‖ ≤ N.

Lemma 2. For every y1, y2 ∈ E2, any x ∈ E1, and any control u(·), if y1(·) is a
solution of the associate system (2) with y(0) = y1, then there exists a solution y2(·)
of (2) with y(0) = y2 such that

‖y1(τ)− y2(τ)‖ ≤ exp (−µτ)‖y1 − y2‖ for all τ > 0,

where µ is the constant in condition (i).
In the remaining part of this section, we assume that both conditions (i) and (ii)

of Theorem 1 hold with m = 2M and r = M , where M is the constant in Lemma 1.
The supremum in (ii) is denoted by L1. The following corollary will be useful later.

Corollary 1. For compact sets P ⊂ E1 and Q ⊂ E2, consider the following
differential inclusion:

ẏ(τ) ∈ coG(P, y(τ), U), y(0) ∈ Q.(4)

There exists a compact set K̂ ⊂ E2 such that y(t) ∈ K̂ for every solution y(·) of (4)
and every t ≥ 0.

Proof. First, observe that the set-valued mapping H(x) := coG(P, x, U) is ROSL
with a constant −µ. Consequently, σ(J(x(t) − 0), H(x(t))) − σ(J(x(t) − 0), H(0)) ≤
−µ|x(t)|2. Therefore, for every solution y(·) of (4) we have〈

J(x(t)), ẋ(t)
〉 ≤ −µ|x(t)|2 + |x(t)||H(0)|.

Using a standard argument, one can show that

d

dt
|x(t)| ≤ −µ|x(t)|+ |H(0)|.

Letm = |H(0)|. Then either |x(t)| ≤ m or d
dt |x(t)| < 0. Hence |x(t)| ≤ max{|Q|,m}=

M̂ . From Theorem 1 in [5] we know that the solution set of (4) is nonempty
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and precompact in C([0, T ], E2) for every T > 0. Let K(t) be the set of values
y(t) at t of all trajectories y(·) of (4) (the reachable set at t). Denote N(s, t) =
max{exp(−sµ), exp(−tµ)}. Then DH(K(t),K(s)) ≤ 2N(s, t)M̂ , thanks to Lemma 2.
Hence the net {K(t)}t≥0 is a Cauchy net. Therefore, there exists a compact set

K = limt→∞K(t). Since the multimap t →→ K(t) is continuous, one has that K̂ =
K
⋃

(
⋃

t≥0K(t)) is compact.

Lemma 3. Let y1, y2 ∈ MB2, where M is the constant in Lemma 1. For every
solution y1(·) of (2) with y1(0) = y1 there exists a solution y2(·) of (2) with y2(0) = y2

such that

1

S

∫ S

0

DH

(
F (x, y1(τ), u(τ)), F (x, y2(τ), u(τ))

)
dτ ≤ L1

S
.

Proof. It is sufficient to observe that∫ S

0

DH

(
F (x, y1(τ), u(τ)), F (x, y2(τ), u(τ))

)
dτ

≤
∫ ∞

0

ωF (x,·,u)(2M exp (−µτ),M) dτ.

Lemma 4. For every S > 0 the map V̂ (·, S) := ∪y∈MB2 V̂ (·, S, y) is ROSL with a
constant independent of S > 0.

Proof. Let x1, x2 be given points in E1. Let y1(·) be a solution of (2) with x
replaced by x1 and corresponding control u(·). Define the mapping

(τ, v) → Γ(τ, v) = {w ∈ G(x2, v, u(τ)) |
〈
J(y1(τ)− v), ẏ1(τ)− w

〉
≤ C‖x1 − x2‖2 − µ‖y1(τ)− v‖},

where C is from condition (i). The mapping Γ(·, ·) is almost USC with nonempty,
convex, and compact values. Therefore, the inclusion ẏ(t) ∈ Γ(t, y), y(0) = y0 admits
a solution; see, e.g., Theorem 1 in [5]. That is, there exists y(·) such that〈

J(y1(t)− y(t)), ẏ1(t)− ẏ(t)
〉 ≤ C‖x1 − x2‖2 − µ‖y1(t)− y(t)‖2.

Hence

‖y1(t)− y(t)‖2 ≤ exp (−2µt)

∫ t

0

exp (2µτ){2C‖x1 − x2‖2} dτ

= exp (−2µt)

(
C

µ
‖x1 − x2‖2

)
[exp (2µt)− 1] <

C

µ
‖x1 − x2‖2.

Therefore,

σ

(
J(x1 − x2),

1

S

∫ S

0

F (x1, y1(τ), u(τ)) dτ

)

−σ
(
J(x1 − x2),

1

S

∫ S

0

F (x2, y2(τ), u(τ)) dτ

)

≤ 1

S

∫ S

0

[
A‖x1 − x2‖2 +B‖x1 − x2‖‖y1 − y2‖

]
dτ≤A‖x1 − x2‖2 +

BC

µ
‖x1 − x2‖2.

Hence V̂ (·, S,MB2) is ROSL with a constant A+BC/µ.
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Proposition 1. There exist a mapping V : E1 →→ E1 and a constant L2 such
that for every x ∈MB1, every y ∈MB2, and every sufficiently large S,

DH(V (x), co V̂ (x, S, y)) ≤ L2

S
.

Furthermore, V (·) is USC and ROSL, and for any x ∈MB1

lim
S→∞

DH(V (x), V̂ (x, S, y)) = 0 uniformly in y ∈MB2.

Proof. The proof is similar to the proof of Proposition 3.2 of Grammel [17] and
will be only sketched. Let x ∈MB1. If for a y′ ∈MB2 the set co V̂ (x, S, y′) converges
in the Hausdorff sense to some V (x), then it also converges for any other y ∈ MB2

to the same V (x). We fix y(0) = y′ ∈ MB2, and, by using the argument in the
proof of Proposition 3.2 of [17] which also works in infinite dimensions, we obtain the
following.

Claim 1. DH(V̂ (x, (k+h)S, y′), V̂ (x, kS, y′)) ≤ 2N/k, where N is as in Lemma 1.
Indeed, for all k, all h ∈ [0, 1), and all S > 0, we have

V̂ (x, (k + h)S, y′)

= cl
⋃
u(·)

⋃
y(·)∈Y (x,S,y′,u(·))

{
1

(k + h)S

(∫ kS

0

+

∫ (k+h)S

kS

)
F (x, y(τ), u(τ)) dτ

}
.

Hence

V̂ (x, (k + h)S, y′) ⊂ k

k + h
V̂ (x, kS, y′) +

h

k + h
NB1 ⊂ V̂ (x, kS, y′) +

2Nh

k + h
B1.

Analogously,

V̂ (x, kS, y′) ⊂ V̂ (x, (k + h)S, y′) +
2Nh

k + h
B1.

Claim 2. For all k = 1, 2, . . . and for all S > 0, we have

DH

(
V̂ (x, kS, y),

1

k

k∑
i=1

V̂ (x, S, y)

)
≤ L1

S
.

The proof of Claim 2 is by induction and closely follows the proof of an analogous
result in Grammel [17]. Since DH(coA, coB) ≤ DH(A,B), applying the triangle
inequality, one obtains

DH

(
co V̂ (x, (k + h)S, y), co V̂ (x, S, y)

) ≤ 2N

k
+
L1

S
(5)

for all k = 1, 2, . . . , S > 0 and h ∈ [0, 1]. Fix ε > 0. Let S1 > 4L1/ε and k > 4N/ε.
Then

DH(co V̂ (x, (k + h)S1, y
′), co V̂ (x, S1, y

′)) ≤ ε

2
.

Consequently, for Ŝ and S̃ > kS1 one has DH(co V̂ (x, Ŝ, y′), co V̂ (x, S̃, y′)) ≤ ε. Thus
{co V̂ (x, S, y′)}S>0 is a Cauchy net, and therefore it has a limit V (x). Due to Lemma 2
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the limit does not depend on y(0) = y′ ∈MB2. Furthermore, V (·) is ROSL thanks to
Lemma 4. The claim that V is USC follows from the USC property of V̂ . By virtue
of (5) we have

DH(V (x), co V̂ (x, S, y′)) ≤ L2

S
.

To complete the proof, we use the following fact: Given a compact set A in an arbitrary
Banach space with unit ball B, for every ε > 0 there exists nε such that

DH

(
coA,

1

k

k∑
i=1

A

)
< ε for k > nε.

Indeed, for ε > 0 there exist a finite number of points ai ∈ coA, i = 1, . . . , nε, such
that if Aε is the set of those points, then DH(coA,Aε) < δ. Further, since coA is the
closure of the set of all finite convex combinations of elements of A, one has that for
every ai ∈ Aε there exists a finite convex combination of points aj ∈ A, j = 1, 2, . . . , ki,
such that ∥∥∥∥∥∥ai −

ki∑
j=1

λja
j

∥∥∥∥∥∥ < ε.
On the other hand, there exists a natural number N such that for every n > N every
such λj can be approximated with accuracy 1/n by a rational number having the

form pj/n, where
∑kj

j=1 pj/n = 1. Hence

∥∥∥∥∥∥ai −
ki∑
j=1

pj
n
aj

∥∥∥∥∥∥ ≤ ε+
ki
n
q,

where q ∈ R+ such that A ⊂ qB. Therefore,

DH

(
coA,

1

n

n∑
i=1

A

)
≤ ε+

k

n
q,

where k = maxi{ki}. From the arguments above it is clear that for a closed set B
with DH(A,B) < ε there exists k(ε) such that DH(Bn, coA) < 2ε for every n > k(ε),
where Bn = 1

n

∑n
i=1B. Thus one obtains that for every S > 0 and every δ > 0 there

exists n such that

DH

(
co V̂ (x, S, y′), V̂ (x, (k + h)S, y′)

)
< δ for k > n.

Consequently, limS→∞DH(V (x), V̂ (x, S, y)) = 0. The proof is complete.
We will also use the following (refined) version of Plis’s lemma (see Lemma 8.3 of

[3] and [28]).
Lemma 5. Given a control u(·) and functions f : I → I and g : I → I, if (x, y)

is AC and such that

ẋ(t) ∈ F (x(t) + f(t)B1, y(t) + g(t)B2, u(t)),

εẏ(t) ∈ G(x(t) + f(t)B1, y(t) + g(t)B2, u(t)),



SINGULAR PERTURBATIONS 1803

then there exist constants Kx and Ky and a solution (w, z) of (1) with

‖x(t)− w(t)‖ ≤
√
r(t), ‖y(t)− z(t)‖ ≤

√
s(t),

where

ṙ(t) = Ar +Bs+Kx(f(t) + g(t) + ωJ(f(t))), r(0) = ‖x0 − w(0)‖2,

εṡ(t) = Cr − µs+Ky(f(t) + g(t) + ωJ(g(t))), s(0) = ‖y0 − z(0)‖2.

Proof. Consider the mappings

(t, w, z, u) → F̃ (t, w, z, u) = cl{α ∈ F (w, z, u) | 〈J(x(t)− w + f(t)), ẋ(t)− α〉
≤ A‖x(t)− w + f(t)‖2 +B‖y(t)− z + g(t)‖2},

(t, w, z, u) → G̃(t, w, z, u) = cl{β ∈ G(w, z, u) | ε〈J(y(t)− z + g(t)), ẏ(t)− β〉
≤ C‖x(t)− w + f(t)‖2 − µ‖y(t)− z + g(t)‖2}.

The so-defined F̃ and G̃ are almost USC with nonempty, convex, compact values.
Furthermore, the system

ẋ(t) ∈ F̃ (t, x, y, u), x(0) = w(0),

εẏ(t) ∈ G̃(t, x, y, u), y(0) = z(0),

has a solution (w(t), z(t)) such that〈
J(x(t)−w(t)+f(t)), ẋ(t)−ẇ(t)

〉 ≤ A‖x(t)−w(t)+f(t)‖2+B‖y(t)−z(t)+g(t)‖2 := P
and

ε
〈
J(y(t)− z(t) + g(t)), ẏ(t)− ż(t)〉 ≤ C‖x(t)−w(t) + f(t)‖2 − µ‖y(t)− z(t) + g(t)‖2.

Consequently,〈
J(x(t)− w(t)), ẋ(t)− ẇ(t)

〉 ≤ P
+‖〈J(x(t)− w(t) + f(t)), ẋ(t)− ẇ(t)

〉− 〈J(x(t)− w(t)), ẋ(t)− ẇ(t)
〉‖

≤ P + ‖ẋ(t)− ẇ(t)‖‖J(x(t)− w(t))− J(x(t)− w(t) + f(t))‖≤P + 2NωJ(f(t)).

On the other hand,∣∣‖x(t)− w(t) + f(t)‖2 − ‖x(t)− w(t)‖2
∣∣

=
∣∣‖x(t)− w(t) + f(t)‖ − ‖x(t)− w(t)‖∣∣ · ∣∣‖x(t)− w(t) + f(t)‖+ ‖x(t)− w(t)‖∣∣

≤ f(t)(2‖x(t)‖+ 2‖w(t)‖+ f(t)) ≤ ‖f(t)‖(4M + 1).

Hence〈
J(x−w), ẋ−ẇ〉≤A‖x−w‖2+B‖y−z‖2+2NωJ(f(t))+(4M+1)Af(t)+(4M+1)Bg(t)).

Analogously

ε
〈
J(y − z), ẋ− ẇ〉 ≤ C‖x− w‖2 − µ‖y − z‖2 + 2NεωJ(g(t))

+ (4M + 1)Cf(t) + (4M + 1)‖µ‖g(t)).
Therefore, ‖x(t) − w(t)‖2 ≤ r(t), ‖y(t) − z(t)‖2 ≤ s(t), where r and s are defined in
the statement of the lemma.
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3. Proof of Theorem 1. We divide the interval [0, ε−1] on subintervals [ti, ti+1]
with lengths εSε > 0 such that limε→0 Sε = ∞, limε→0(εSε) = 0. Let tj = jεSε,
τj = jSε for j = 0, 1, . . . , Eε, where Eε is the largest integer less or equal to (εSε)

−1.
We also let tEε+1 = 1.

Step I. Let (xε(·), yε(·)) be a solution of (1) for a control uε(·) and for a sufficiently
small ε. We will show that there exists a solution z(·) of (3) the uniform in I distance
from which to xε(·) can be made arbitrary small.

Denote ∆ = εSε and xj = xε(tj). We will apply Proposition 1 for xε(tj), but
first we have to adjust yε(·). Define on [tj , tj+1] the mapping (t, v, w) → Pε(t, v, w),
where

Pε(t, v, w) = cl
{
g ∈ G(v, w, uε(t)) |

〈
J(yε(t)− w), εẏε(t)− g

〉
≤ C‖xε(t)− v‖2 − µ‖yε(t)− w‖2

}
.

The mapping Pε is almost USC with nonempty, convex, and compact values. Let
yz(·) be a solution of the differential inclusion

εẏ(t) ∈ Pε(t, xj , y(t)), y(tj) = yj := lim
t→tj

y(t), and yz(0) = y0.

Since ȳ(τ) = yz(ε(τ + τj)) is a solution of the associate system (2) with ȳ(0) = yz(τj)
on [0, sε], we have

ε
〈
J(yε(t)− yz(t)), ẏε(t)− ẏz(t)

〉 ≤ C‖xε(t)− xj‖2 − µ‖yε(t)− yz(t)‖2,

that is,

ε
〈
J(yε(t)− yz(t)), ẏε(t)− ẏz(t)

〉 ≤ N2C‖t− tj‖2 − µ‖yε(t)− yz(t)‖2.

Thus

ε
d

dt
‖yε(t)− yz(t)‖2 ≤ r(t),

where

εṙ(t) ≤ 2CN2∆2 − 2µr(t), r(0) = 0.

Furthermore,

e−2µt/ε

∫ t

0

e2µτ/ε2CN2∆2/ε dτ =
CN2∆2

µ
(1− e−2µ/ε).

Hence there exists a constant C1 such that

‖yz(t)− yε(t)‖ ≤ C1∆.

Now we want to approximate xε(·) with a function with a “piecewise” constant deriva-
tive. For t ∈ [tj , tj+1], j = 0, 1, . . . , Eε, consider the mapping

Wε(t) = cl
{
w ∈ F (hj , yz(t), uε(t)) |

〈
J(xε(t)− hj), ẋε(t)− w

〉
≤ A‖xε(t)− hj‖2 +B‖yε(t)− yz(t)‖2

}
.
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Define h(t) = hj +
∫ t

tj
w(τ) dτ , where w(t) ∈ Wε(t) is strongly measurable. Since

‖w(τ)‖ ≤ N (Lemma 1), we have〈
J(xε(t)−h(t)), ẋε(t)−ḣ(t)

〉≤2NωJ(N∆)+BC1∆
2+A

∣∣‖xε(t)−hj‖2−‖xε(t)−h(t)‖2
∣∣.

Thus

d

dt
‖xε(t)h(t)‖2 ≤ 4NωJ(N∆) +BC1∆

2 + 4MA∆ + 2A‖xε(t)− h(t)‖2.

Hence ‖xε(t)−h(t)‖≤C1

√
ωJ(N∆)+M∆ for some constant C2. Since limε→0 ∆(ε) =

0, one has that ‖xε(t) − h(t)‖ ≤ λ(t), where limε→0 λ(ε) = 0. Due to Proposition 1,
there exists vj ∈ V (xj), j = 1, 2, . . . , Eε − 1, with∥∥∥∥ 1

Sε

∫ τj+1

τj

(
ḣ(τ)− vj

)
dτ

∥∥∥∥ ≤ L2

Sε

(where L2 is from Proposition 1). The function m(t) = m(tj) + (t − tj)vj for t ∈
[tj , tj+1], j = 0, 1, . . . , Eε, and m(0) = x0 satisfies

‖h(t)−m(t)‖ ≤ L2

Sε
for all t ∈ I.

Clearly,

‖m(t)− xε(t)‖ ≤ ‖h(t)−m(t)‖+ ‖h(t)− xε(t)‖ ≤ 2M∆ + 2Cλ(ε).

Furthermore, ṁ(t) ∈ V (xj) and ‖xj − xε(t)‖ ≤ N∆. Hence

ṁ(t) ∈ V (m(t) +
(
2N∆ + 2M∆ + 2Cλ(ε)

)
B1

)
.

Consequently, there exists ν(ε) > 0 with limε→0 ν(ε) = 0 such that ṁ(t) ∈ V (m(t) +
ν(ε)B1). Therefore, we can apply Theorem 1 of [5], obtaining that there exists a
solution z(·) of (3) such that

‖z(t)−m(t)‖ ≤ D1

√
ν(ε) + ωJ(C2

√
ν(ε)).

Step II. We will show now that for every solution z(·) of (3) there exists a solution
(xε, yε) of (1) such that ‖xε(t)− z(t)‖ → 0 as ε→ 0. To this end we employ the idea
of partition used in Step I.

The solution set X0 of (3) is compact. Therefore, the set L =
⋃

t∈I{z(t) | z(·) ∈
X0} is compact and hence for every λ > 0 there exists a finite λ-net {z̃i}nλ

i=1 of it.
Observe that

A =

nλ⋃
i=1

(z̃i + λB1) ⊃ L+ νB1

for some ν > 0 because A is open and L ⊂ A is compact. Furthermore, for every
δ > 0 there exists Sδ such that

DH

(
V (z̃i),

1

S

⋃
v(·)

{∫ S

0

F (z̃i, y(τ), v(τ)) dτ | y ∈ Y (z̃i, S,MB2, v(·))
})

< δ
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for every i and every S > Sδ, where the union is with respect to the feasible controls
v(·) and

Y (x, S,MB2, v(·)) :=
⋃

y0∈MB2

Ỹ (x, S, y0, v(·)).

If z(·) is a solution of (3), then for j = 1, 2, . . . , Eε, one has

ż(t) ∈ V (z(tj) +N∆B1

)
.

In order to apply Proposition 1, we find an approximate solution of (3), which is near
z(·). Iteratively, we define a function w(·) and then a mapping W of the form

(t, p) →W (t, p) = cl{v ∈ V (w(tj)) |
〈
J(z(t)− p), ż(t)− v〉

≤ (L+ 1)(‖z(t) + w(tj)‖2 + ‖J(w(tj))− J(w(t))‖2)},

where L is the ROSL constant of V . For j = 0 we set w(0) = x0. The mapping W is
nonempty-, convex-, and compact-valued and almost USC. Therefore, there exists a
solution w(t) on [tj , tj+1] of

ẇ(t) ∈W (t, w), w(tj) = lim
t→tj

w(t).

Thus

‖w(t)− z(t)‖ ≤
√
r(t), where ṙ(t) = Lr(t) + ωJ(N∆), r(0) = 0.

If 0<δ<ν, we can choose ∆ so small that ‖w(t)−z(t)‖<δ. Let zj = ∆−1
∫ tj+1

tj
ẇ(t) dt.

By the definition of w(·) we have zj ∈ V (w(tj)). Now we will use Proposition 1 and
the change of time scale τ = t/ε. Due to Proposition 1 there exists ε(δ) > 0 such that
for every 0 < ε < ε(δ) there exists a control u(·) on (τj , τj+1] which satisfies

dist

(
z̃j ,

1

Sε

{∫ τj+1

τj

F (w(τj), v(τ), u(τ)) dτ | v(·) ∈ Y (w(τj), Sε;MB2, u(·))
})

< δ

for some z̃j with ‖zj−z̃j‖ < δ. By the definition of Y (w(τj), Sε;MB2, u(·)) there exists
an AC function yw(·) defined as follows: yw(0) = y0, ẏw(τ) ∈ G(w(τj), yw(τ), u(τ)),
with the convention v(τj) = limt→τj−0 v(t), on [τj , τj+1] = [jSε, (j + 1)Sε], such that

dist

(
z̃j ,

1

Sε

{∫ τj+1

τj

F (w(τj), yw(τ), u(τ)) dτ

})
< δ.

Let ḣ(·) be a measurable selection of F (w(tj), yw(·), u(·)) such that∥∥∥∥∥z̃j − 1

∆

∫ tj+1

tj

ḣ(t) dt

∥∥∥∥∥ ≤ δ.

Now we define an approximate solution h(·) of (1) which is near w(·). Let h(t) =∫ t

0
ḣ(τ) dτ + x0. Then ‖h(t)− w(t)‖ ≤ 2δ +N∆/2. Therefore,

ḣ(t) ∈ F (h(t) + (2δ +N∆/2)B1, yw(t), u(t)).
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Let (xε, yε) be a solution of

ẋ(t) ∈ F̃ (t, x(t), y(t), u(t)), x(0) = x0,

εẏ(t) ∈ G̃(t, x(t), y(t), u(t)), y(0) = y0,

where F̃ and G̃ are defined on [tj , tj+1] for j = 0, 1, . . . , Eε as follows:

F̃ (t, α, β, u(t)) = {p ∈ F (α, β, u(t)) | 〈J(α− h1(t)), p− ḣ(t)
〉

≤ A‖α− h1(t)‖2 +B‖β − yw(t)‖2}, where ‖h1(t)− h(t)‖ ≤ 2δ +
N∆

2
;

G̃(t, α, β, u(t)) = {q ∈ G(α, β, u(t)) | 〈J(β − yw(tj)), q − εẏw(t)
〉

≤ C‖α− w(t)‖2 − µ‖β − yw(t)‖2.

The mappings F̃ , G̃ are almost USC with nonempty, convex, compact values. Fur-
thermore,

|〈J(α− h1(t)), p− ḣ(t)
〉− 〈J(α− h(t)), p− ḣ(t)〉| ≤ ωJ(‖h1(t)− h(t)‖)‖p− ḣ(t)‖

≤ 2NωJ

(
2δ +

N∆

2

)
2N,

A
∣∣‖α− h1(t)‖2 − ‖α− h(t)‖2

∣∣ ≤ A

(
2δ +

N∆

2

)
4M

and

C
∣∣‖α− w(tj)‖2 − ‖α− h(t)‖2

∣∣ ≤ C‖h(t)− w(tj)‖(2‖α‖+ ‖w(tj)‖+ ‖h(t)‖)

≤ 4CM

(
2δ +

N∆

2

)
.

Due to Lemma 5

‖xε − z(t)‖2 ≤ m(t) and ‖yε(t)− yw(t)‖2 ≤ s(t),

where

ṁ(t) ≤ Am+Bs+ 4∆2 + C1

(
ωJ

(
2δ +

N∆

2

)
+ 2δ

)
, m(0) = 0,

εṡ(t) ≤ Cm− µs+ 4∆2 + 4CM

(
2δ +

N∆

2

)
, s(0) = 0.

Therefore,

‖h(t)− xε(t)‖ ≤ κ

√
ωJ

(
2δ +

N∆

2

)
+ δ

and

‖yw(t)− yε(t)‖ ≤ κ1

√
δ,

where κ and κ1 are constants. Applying the triangle inequality

‖z(t)− xε(t)‖ ≤ ‖z(t)− w(t)‖+ ‖w(t)− h(t)‖+ ‖h(t)− xε(t)‖,
we complete the proof.
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As a side result of the proof of Theorem 1, we obtain compactness of the set of
values of the trajectories, which we state as the following corollary.

Corollary 2. On the assumptions of Theorem 1, there exists a compact set
K such that every solution (xε(·), yε(·)) of (1) satisfies (xε(t), yε(t)) ∈ K for every
(ε, t) ∈ (0, 1]× I.

Proof. It is clear that the reachable set Xε(t) of the slow part of (1) at the
moment t is compact. Also, the reachable set of (3), X0(t) = limε→0Xε(t), is compact.
Moreover, the map (ε, t) → Xε(t) is continuous. Hence K = cl∪t∈I ∪ε∈[0,1]Xε(t) ⊂ E1

is a compact set. Due to Corollary 1, there exists a compact set K̂ such that y(t) ∈ K̂
for every t and every solution y(·) of (4) with P replaced by K. Therefore, for every
solution (xε(·), yε(·)) one has that xε(t) ∈ K and yε(t) ∈ K̂. Consequently, the set
K = K × K̂ is the one we need.

4. Convergence of the fast trajectories. Let f : I × E2 → R be almost
continuous and integrably bounded. The set of all such functions becomes a Banach
space with the norm

‖f‖2 =

∫
I

sup
‖y‖≤M

|f(t, y)| dt.

Denote this space by Ẽ. Every continuous function y : I → E2 can be considered as
an element of Ẽ∗. The sequence {νi}∞i=1 ⊂ Ẽ∗ is said to converge to ν in Ẽ∗-weak∗

topology if it converges to ν for every f(·, ·) ∈ Ẽ.
Consider the elements of Ẽ restricted on the compact set K̂ ⊂ E2 in Corollary 1.

The Banach space of all such elements is isometrically isomorphic to L1(I, C(K̂))∗.
With a measurable function f : R → E2 and an interval [a, b] ⊂ R, we associate the
probability measure

D(f(·), [a, b], ω) =
1

b− ameas{t ∈ [a, b] | f(t) ∈ ω},

where ω ⊂ E2 is a Borel set and meas is the Lebesgue measure. Consider the differ-
ential inclusion

ẏ(τ) ∈ S(y(τ)), y(t) = yτ , τ ∈ [t,∞).(6)

Denote by P (E) the set of all probability measures on E. For A ⊂ E2 define
Aη = {x ∈ E2 | dist(x,A) ≤ η}. If ν1, ν2 are probability measures in the Borel σ
algebra of E2, we define the Prochorov’s distance as

ρP (ν1, ν2) = inf{η > 0 | ν1(A) ≤ ν2(A
η) + η; ν2(A) ≤ ν1(A

η) + η

for every Borel setA ⊂ E2}.

Definition 1. A probability measure ν is a limit invariant measure of (6) if
there exists a solution y(·) defined on [t,∞) such that D(y(·), [t, Tk]) converges to ν
in P (E2) for some sequence Tk → ∞ with respect to Prochorov’s distance. If γ is in
the closed convex hull of the limit measures, then it is called an invariant measure of
(6).

Remark 3. The above definition is an equivalent form (cf. [2]) of Definition 3.1
of [1].

The following lemma is a consequence of Theorem 1.
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Lemma 6. Under the conditions of Theorem 1, there exists a limit measure ν of

ẏ(τ) ∈ coG(x, y(τ), U), y(0) = y0 ∈ K̂, x ∈ K,(7)

where K is as defined in the proof of Corollary 1.
The following theorem extends Theorem 4 of [10] and Theorem 7.4 of [1] to infinite

dimensions.
Theorem 2. Under the conditions of Theorem 1, the solution set Z(ε) of (1)

has a limit denoted by Z(0) with respect to C(I, E1)× [L1(I, C(K̂))]∗-weak* topology.
Furthermore, for every (x(·), ν(·)) ∈ Z(0) one has ẋ ∈ V (x), x(0) = x0, and ν(t) is
an invariant measure of (7) (with 0 replaced by t and x by x(t)) almost everywhere
in I.

Proof. Let ε → 0, and let {(xε, yε)}ε>0 be a net of solutions of (1). Due to
Corollary 1 there exists a compact K with (xε(t), yε(t)) ∈ K. The net {xε}ε>0 is
bounded and equicontinuous. Furthermore, {yε}ε>0 is [L1(I, C(K̂))]∗ bounded; i.e.,
there exists a point of density (x0, ν0) of this sequence. Denote by Z0 the set of all
such points of density for all sequences {(xε, yε)}ε>0 of solutions of (1). We will prove
that Z0 = Z(0).

Let (x, ν) ∈ Z0; i.e., there exist a sequence {εi}∞i=1 and a corresponding sequence
{(xi, yi)}∞i=1 of solutions of (1) converging to (x, ν) in the considered topology. It
remains to show the existence of (xε, yε) ∈ Z(ε) such that xε → x in C(I, E1) and
yε → ν in [L1(I, C(K,E2))]

∗-weak*. To this end consider the following systems
(denoted by (SS) for convenience):

ẋ(t) ∈ F (x, y, u), x(0) = x0,

ẇ1(t) ∈ f1(t, y(t)), w1(0) = 0,

· · · · · · · · · · · · · · · · · · · · ·
ẇk(t) ∈ fk(t, y(t)), wk(0) = 0,

εẏ(t) ∈ G(x, y, u), y(0) = y0.

Here {fi}∞i=1 is a dense in L1(I, C(K̂)) sequence of functions that are almost contin-
uous in t and Lipschitz in y. It is not difficult to see that Theorem 1 is valid also
for systems of the form given above. Therefore, the slow part (X(ε),W k(ε)) of the
solution set of (SS) has a limit in C(I, E1)× C(I,Rk) topology. Let(

ż, ẇk
) ∈ V k(z, wk), z(0) = x0, W k(0) = 0 for wk = (w1, . . . , wk)

be corresponding to (SS) differential inclusion (1). Fix k, and let δ > 0 be given. By
Theorem 1, there exists εk(δ) such that

DH

(
(X(ε),W k(ε)), (X(0),W k(0))

)
< δ for 0 < ε ≤ εk(δ).

Choose a sequence {δm}∞m=1 with δm > δm+1 and limm→∞ δm = 0. Then there exists
εm → 0 with

DH

((
X(ε),Wm(ε)

)
,
(
X(0),Wm(0)

))
< δm for all positive ε < εm.

Hence, for every ε ∈ [εm, εm+1) there exists (xε, yε) ∈ Z(ε) such that

‖xε(t)− x(t)‖ ≤ δm and

∥∥∥∥fj(·, y(·))−
∫
K

fj(·)ν(·)( dy)
∥∥∥∥
L1

< δm(8)
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for j = 1, 2, . . . ,m. Let Z̃(ε) be the set of all (xε, yε) ∈ Z(ε) satisfying (8) for
ε ∈ [εm, εm+1). Then Z̃(ε) is nonempty and C(I, E1 × Rm) is compact for every
ε > 0. For (xε, yε) ∈ Z̃(ε), we have (xε, yε) → (x, ν) with respect to the C(I, E1)-
strong × [L1(I, C(K̂))]∗-weak* topology.

In what follows, we follow the proofs of Theorem 7.4 and Corollary 8.3 of [1] to
obtain that ν(·) is an invariant measure. Denote by M(x(t)) the set of all invariant
measures of (7) with 0 replaced by t and x by x(t). The last set is nonempty thanks to
Lemma 6. From Lemma 5.4 of [1] we know that M(·) has closed graph. Furthermore,
M(x(·)) is measurable (see the proof of Lemma 8.2 of [1]). Let ỹεj (·)) converge to
ν(·) on 0 ≤ t < t + ∆ ≤ 1. From Egorov’s theorem we know that for every δ > 0
there exists an open set Eδ ⊂ I with meas(Eδ) < δ such that ∆(εj) → 0 as j → ∞
and D(ỹj(·), [t, t+∆j ]) → M(x(t)) uniformly on t ∈ I \Eδ. Then ν(t) ∈ M(x(t)) for
a.e. t ∈ I.

5. Lipschitz continuous solutions. In this section we consider the differential
inclusion (

ẋ(t)
εẏ(t)

)
∈ H(x(t), y(t)), x(0) = x0, y(0) = y0,(9)

where H is a multivalued mapping from E := E1 × E2 into E. Clearly, (9) is more
general than (1) in the context of the analysis of this paper. However, the convergence
result we are able to obtain below is somewhat weaker than Theorem 1.

For L > 0 denote by ZL(ε) the set of all (xε(·), yε(·)) ∈ Z(ε) that are Lipschitz
continuous with a constant L on I for x and on [

√
ε, 1] for y. Denote by H1(x, y)

and H2(x, y) the projections of H(x, y) on E1 and on E2, respectively. The following
theorem is a generalization of the main result in [11] to infinite-dimensional spaces.

Theorem 3. Let the conditions of Theorem 1 hold with F and G replaced by
H1 and H2, respectively. Then there exists a constant L > 0 such that ZL(ε) �= ∅
for every ε > 0, and if δ > 0 is fixed, then ZL(·) is USC at ε = 0 with respect to
C(I, E1)× C([δ, 1], E2).

Proof. Fix ε > 0, and let n be a natural number. We set h = 1/n. For
k = 1, 2, . . . ., n − 1 and a.e. t ∈ [kh, (k + 1)h], we construct successively a solution
(xhε (·), yhε (·)) of (9) such that

ε
d

dt
‖yhε (t)− yhε (t− h)‖ ≤ −µ‖yhε (t)− yhε (t− h)‖+ C‖xhε (t)− xhε (t− h)‖.

If (xhε , y
h
ε ) is already defined on [0, kh] for (xε(·), yε(·)) ∈ Z(ε) and t ∈ [kh, (k + 1)h],

then we define

Γkh
ε (t, x, y) =

{
(p, q) ∈ H(x, y) | ε

〈
J(yhε (t− h)− y), ẏhε (t− h)−

q

ε

〉

≤ −µ‖yhε (t− h)− y‖2 + C‖xhε (t)− x‖2

}
.

The mapping Γkh
ε is almost USC with nonempty, convex, and compact values. There-

fore, for t ∈ [kh, (k + 1)h] the system(
ẋ(t)
εẏ(t)

)
∈ Γkh

ε (t, x(t), y(t)), x(kh) = xε(kh), y(kh) = yε(kh)
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has a solution (xε(·), yε(·)). From Lemma 1, ‖xhε (t+h)−xhε (t)‖ ≤ Nh. Furthermore,

ε
〈
J(yhε (t)− yhε (t− h)), ẏhε (t)− ẏhε (t− h)

〉 ≤ −µ‖yhε (t)− yhε (t− h)‖2 + CN2h2.

Thus

‖yhε (t)−yhε (t−h)‖2≤2 exp

(
− 2µ

t−h
ε

)[
‖yhε (h)−yhε (0)‖2+

∫ t

h

exp

(
2µ
s−h
ε

)
CN2h2

ε
ds

]

≤C2h
2

(
1+

1

ε
exp

(
− 2µ

t− h
ε

))

for a constant C2 > 0. Let h → 0. From Theorem 1 of [5] we know that Z(ε) is
compact in the space C(I, E). Hence there exists (xε(t), yε(t)) = limh→0(x

h
ε (t), y

h
ε (t)).

Also,

‖yε(t+ τ)− yε(t)‖ ≤ C2

(
1 +

1

ε
exp

(
− 2µ

t

ε

))
τ.

Then there exists a constant N1 such that ‖yε(t+τ)−yε(t)‖ ≤ N1τ for t ∈ [
√
ε, 1−τ ].

Indeed,

lim
ε→0

max
t∈[

√
ε,1]

1

ε
exp

(
−2m

t

ε

)
= 0.

Denote L = max (N,N1). Let {xε(·), yε(·)}ε>0 ⊂ ZL(ε) be the net just defined. It
follows from Theorem 1 that there exists a subnet, say, xε(·), converging uniformly
on I to x0(·). Moreover, since zε(t) = (xε(t), yε(t)) is in a compact set K (Corollary
2), we obtain that there exists a subnet, say, (xε(·), yε(·)), such that xε(t) → x0(t)
uniformly on I and yε(t) → y0(t) uniformly on [δ, 1] for every δ > 0. Clearly, the limit
satisfies (

ẋ0(t)
0

)
∈ H(x0(t), y0(t)) for a.e. t ∈ I, x0(0) = x0,

where y0(·) is Lipschitz continuous with a constant L on the interval I.
Note that, without the restriction to equi-Lipschitz trajectories, the trajectory

map Z(·) may be not USC at ε = 0, even in finite dimensions.
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