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1. Introduction

A basic result in set-valued analysis is the Nadler fixed point theorem [1, Theorem5] for contractive set-valuedmappings,
which reduces to the classical Banach contraction theorem for single-valued mappings. To state the theorem, we need to
recall the notion of Hausdorff distance H between pairs of nonempty subsets of a metric space ⟨X, d⟩ [2].

IfA, B are nonempty subsets of ⟨X, d⟩, we define the excess of A over B by e(A, B) := supa∈A d(a, B). From this, theHausdorff
distance between A and B is given by

H(A, B) := max{e(A, B), e(B, A)}.

Hausdorff distance so defined extends the initialmetric onX in that d(a, b) = H({a}, {b}) for points a, b inX . This determines
an extended real-valued pseudometric on the nonempty subsets of X which becomes an extended real-valuedmetric on the
nonempty closed subsets. In the case that the metric d is complete, H restricted to the hyperspace of closed subsets is also
complete [2, p. 87].

We now can state Nadler’s theorem.
Nadler fixed-point theorem. Let ⟨X, d⟩ be a completemetric space and letΦ : X ⇒ X be a set-valuedmappingwith nonempty
closed values that satisfies the following Lipschitz condition involving the Hausdorff distance: there exists λ ∈ (0, 1) such
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that whenever x ∈ X and y ∈ X ,

H(Φ(x), Φ(y)) ≤ λd(x, y).

Then Φ has a fixed point, i.e., there exists u ∈ X with u ∈ Φ(u).
As with any important theorem, there are generalizations of Nadler’s result in various directions, some of more interest

than others (see, e.g., [3–6]).Most generalizations are formal in nature, i.e., theywere createdwithout a particular application
in mind. A notable exception is a version given by Dontchev and Hager [7, p. 483], employed immediately to prove far
reaching extensions of the Lyusternik–Graves theorem for set-valued mappings acting from a complete metric space to a
linear space equipped with a translation invariant metric.

We state a more recent version with slightly weaker hypotheses [8, Theorem 5E.2]. In the following statement, grp Φ

denotes the graph of the multifunction Φ , i.e., {(x, y) : x ∈ X and y ∈ Φ(x)}.
Dontchev–Hager (DH) fixed-point theorem. Let ⟨X, d⟩ be a complete metric space and let Φ : X ⇒ X be a set-valuedmapping.
Suppose for some x̄ ∈ X and α > 0, grp Φ ∩ (Bα(x̄) × Bα(x̄)) is a closed set, and for some λ ∈ (0, 1), the following two
conditions hold :

(a) d(x̄, Φ(x̄)) < α(1 − λ);
(b) e(Φ(x) ∩ Bα(x̄), Φ(y)) ≤ λd(x, y) for all x, y ∈ Bα(x̄).

Then Φ has a fixed point in Bα(x̄).
The result is a local result because it ignores the behavior of Φ at points that are far from a prescribed point x̄. It speaks

of course to the location of a fixed point with respect to an initial value of the set-valued mapping (at the point x̄).
Nadler’s theorem can be restated in an equivalent way by using condition (a) above and replacing the excess in condition

(b) by the Hausdorff distance between Φ(x) and Φ(y); this clearly shows that DH theorem is more general than Nadler’s
Theorem 1. For a derivation of Nadler’s theorem from the DH theorem, the reader may consult [8, Theorem 5E.4]. The
main novelty in the latter is that instead of Lipschitz continuity the mapping Φ now satisfies the Aubin property at each
y ∈ int(Bα(x̄)) for all points x ∈ Φ(y) ∩ int(Bα(x̄)), which brings the tools of metric regularity into play.

Although the name ‘‘metric regularity’’ was first used in the 1980s, this property is present already in the Banach open
mapping principle, as stated in Banach’s book [9, Theorem 10, p.150]:
Banach open mapping principle. For any linear and bounded operator A acting between Banach spaces X and Y , the following
are equivalent:

(i) A is surjective;
(ii) there exists κ > 0 such that for all y ∈ Y there exists x ∈ X such that

y = Ax and ∥x∥ ≤ κ∥y∥.

The condition (ii) is what metric regularity means for a linear mapping. A set-valued mapping F acting from a metric
space X to a metric space Y ismetrically regular at x̄ ∈ X for ȳ ∈ Y whenever (x̄, ȳ) ∈ grpF and there exist neighborhoods U
of x̄ and V of ȳ, and a constant κ > 0 such that

d(x, F−1(y)) ≤ κd(y, F(x)) for all x ∈ U and y ∈ V .

Metric regularity is equivalent to the Aubin property [10] of the inverse F−1 which reads as follows: there exist
neighborhoods U of x̄ and V of ȳ, and a constant κ > 0 such that

e(F−1(y′) ∩ U, F−1(y)) ≤ κd(y′, y) for all y, y′
∈ V ,

which immediately connects to condition (b) in the DH theorem.
The Banach openmapping theorem has been extended to nonlinear Fréchet differentiable functions by L. Graves in 1950.

A weaker form of this extension had been given previously by Lyusternik; nowadays, this basic fact in nonlinear analysis is
known as the Lyusternik–Graves theorem and is usually given in the following form:
Lyusternik–Graves theorem. Let X and Y be Banach spaces and let f : X → Y be continuously Fréchet differentiable in a
neighborhood of x̄. Then the following are equivalent:

(i) the derivative mapping Df (x̄) is surjective;
(ii) the function f is metrically regular at x̄ for f (x̄).

If we replace (ii) with the equivalent condition that f −1 has the Aubin property at f (x̄) for ȳ we come to a statement
resembling the inverse function theorem which can be stated as equivalence of the following: (i) the derivative mapping
Df (x̄) is invertible; (ii) locally around (f (x̄), x̄), the inverse mapping f −1 is a smooth function.

Metric regularity is of fundamental importance in optimization; it provides a constraint qualification which allows one
to state the Lagrange multiplier rule. The Lyusternik–Graves theorem opens the way to use linearization in order to handle
nonlinear problems, as the inverse function theoremdoes. ‘‘Linearization’’ does not necessarilymeans using derivatives; one
may apply instead the advanced tools of nonsmooth analysis. A general form of the Lyusternik–Graves theorem is proved
in [8, Chapter 5] on the basis of the DH theorem. More about metric regularity and the paradigm of the inverse function
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theorem can be found in the book [8]. The DH theorem has also found applications in the study of convergence of numerical
methods for solving variational problems; for a short list see [11–14].

An important aspect of condition (b) in the DH theorem is that it implies the following: whenever ⟨xn⟩ is a sequence in
Bα(x̄) convergent to x, then ⟨Φ(xn)⟩ is bornologically convergent to Φ(x) in the sense of Lechicki, Levi and Spakowski [15]
with respect to the ideal of nonempty subsets of Bα(x̄).

A cornerstone of nonlinear analysis is the Ekeland variational principle, which has been employed to derive disparate
results in many areas of mathematics, including fixed point theorems such as Caristi’s theorem for single-valued maps [16].
Thus, it is not too surprising that the variational principle yields Nadler’s theorem aswell; such a proof of the Nadler theorem
appears in the recent monograph of Penot [17]. Penot’s proof involves applying a weak form of the variational principle to
the globally defined Lipschitz function x → d(x, Φ(x)) and goes rather smoothly.

The purpose of this note is to provide a parallel proof of the Dontchev–Hager result. This provides challenges that do
not arise in Penot’s proof, centering around identifying an appropriate closed subset of Bα(x̄) to which we can restrict the
distance functional x → d(x, Φ(x)) and, after that, making certain delicate approximations. Our analysis reveals salient
properties of set-valued mappings that satisfy the hypotheses of the DH theorem that might find application elsewhere.

2. Preliminaries

Let ⟨X, d⟩ be a metric space. We denote the closed ball about a point x ∈ X with radius α by Bα(x). If A is a nonempty
subset and x ∈ X , we put d(x, A) := inf {d(x, a) : a ∈ A}, and we adopt the convention d(x, ∅) = ∞. We denote the closure
and interior of a subset A of X by cl(A) and int(A), respectively.

Let f : X → (−∞, ∞] be a single-valued function. Its epigraph is the following subset of X × R:

epi f := {(x, α) ∈ X × R : α ≥ f (x)}.

We call f proper if epi f ≠ ∅, i.e., f assumes some real value, and lower semicontinuous if epi f is a closed subset of the product
(for equivalent conditions, see [2, p. 14]).

The notation Φ : X ⇒ X means that Φ is a rule that assigns to each x ∈ X a (possibly empty) subset of X . Note that
d(x, Φ(x)) = ∞ if and only if Φ(x) = ∅. While we call such a rule a set-valued mapping here, it goes by multifunction,
multi-valued mapping or correspondence elsewhere.

There are a number of ways to formulate the full-blown Ekeland variational principle. In his well-known survey article
on the variational principle and its applications [16], Ekeland chose the following version to be primitive.
The Ekeland variational principle. Let ⟨X, d⟩ be a complete metric space. Let f : X → (−∞, ∞] be proper, lower bounded
and lower semicontinuous. Let x ∈ X satisfy f (x) ≤ infX f + ε. Then there exists u ∈ X with these properties:

(1) f (u) ≤ f (x);
(2) d(x, u) ≤ 1;
(3) whenever x ≠ u, f (u) < f (x) + εd(x, u).

In geometric terms, conditions (1) and (3) assert the existence of u ∈ X that is also an ε-approximate minimizer for f
such that the inverted metric cone with slope −ε and with vertex (u, f (u)) hits the graph of f exactly at the point (u, f (u)),
i.e., the inverted metric cone exposes (u, f (u)) relative to the epigraph of f . Replacing d by the uniformly equivalent metric
dλ(x, w) =

1
λ
d(x, w) yields the more popular two-parameter form of the principle, that allows one to obtain a flatter metric

cone at the approximate minimizer u but as a trade-off, decreased proximity of u to x.
Omitting condition (2) altogether in the statement gives what Ekeland called his weak principle, which is adequate

for many applications. The weak Ekeland principle for a lower-bounded proper lower semicontinuous function f may be
reformulated in either of the following ways:

(1) for each ε > 0 there exists u ∈ X with f (u) < infX f + ε and whenever x ≠ u, f (u) < f (x) + εd(x, u);
(2) whenever ⟨εn⟩ is a sequence of positive scalars convergent to zero, there exists a minimizing sequence ⟨un⟩ for f such

that for each n, whenever x ≠ un, f (un) < f (x) + εnd(x, un).

Sullivan [18] has shown that the validity of the weak Ekeland principle just for lower bounded real-valued continuous
functions gives completeness of the underlying space, so that completeness is intrinsic to the full-blown principle as well.

3. A new proof of the Dontchev–Hager theorem

If d(x̄, Φ(x̄)) = 0 then x̄ is a fixed point of Φ because ∀x ∈ Bα(x̄), Φ(x) ∩ Bα(x̄) is a closed set. In the sequel we assume
d(x̄, Φ(x̄)) > 0.

Penot’s proof of the classical Nadler fixed point theorem via the Ekeland variational principle involves applying the
principle to the globally defined Lipschitz function x → d(x, Φ(x)). The key to constructing a proof of the DH fixed point
theorem using the weak Ekeland variational principle as applied to x → d(x, Φ(x)) involves restricting this function to an
appropriate closed subset of Bα(x̄).
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Fix a constant µ satisfying

d(x̄, Φ(x̄))
1 − λ

< µ < α.

Let Eµ ⊆ Bα(x̄) be defined as follows:

Eµ :=


y ∈ Bα(x̄) : d(y, x̄) + d(y, Φ(y))

∞
k=0

λk < µ


.

Notice that x̄ ∈ Eµ because

d(x̄, x̄) + d(x̄, Φ(x̄))
∞
k=0

λk
= 0 +

d(x̄, Φ(x̄))
1 − λ

.

More generally, the reader should come to understand that Eµ is precisely the set of initiators for the algorithm used in the
standard proof that produce fixed points of Φ in Bµ(x̄).

Evidently, Eµ ⊆ int(Bµ(x̄)); further, for each y ∈ Eµ, Φ(y) ∩ int(Bµ(x̄)) ≠ ∅ because d(y, x̄) + d(y, Φ(y)) < µ.
As a courtesy to the reader, we mention that the set to which we will ultimately restrict our distance functional will be
cl(Eµ) ⊆ Bµ(x̄).

A key structural fact about Eµ that we exploit in the sequel is that it is stable under taking approximate minimizers for
d(y, Φ(y)) within Φ(y) as y runs over Eµ.

Proposition 3.1. Let y ∈ Eµ. Then under the conditions of the DH theorem, for some β > d(y, Φ(y)), x ∈ Φ(y) and
d(x, y) < β ⇒ x ∈ Eµ.

Proof. By the definition of Eµ, we can findβ > d(y, Φ(y))with d(y, x̄)+β


∞

k=0 λk < µ. Suppose x ∈ Φ(y) and d(x, y) < β.
Clearly x ∈ Bµ(x̄) ⊆ Bα(x̄) and

d(x, Φ(x)) ≤ e(Φ(y) ∩ Bα(x̄), Φ(x)) ≤ λd(x, y) < λβ.

We compute

d(x, x̄) + d(x, Φ(x))
∞
k=0

λk < d(x, y) + d(y, x̄) + λβ

∞
k=0

λk

< β + d(y, x̄) + βλ

∞
k=1

λk < µ. �

We now put ∆ := {y ∈ Bα(x̄) : d(y, Φ(y) ∩ Bα(x̄)) = d(y, Φ(y)) < ∞}. Evidently, x̄ ∈ ∆.

Proposition 3.2. Under the conditions of the DH Theorem, cl(Eµ) ⊆ ∆.

Proof. We first show that Eµ ⊆ ∆. Fix y ∈ Eµ; since d(y, x̄) + d(y, Φ(y)) < µ, if ⟨xn⟩ is a minimizing sequence in Φ(y) for
d(y, Φ(y)), then eventually, d(xn, x̄) < µ so that xn ∈ Bα(x̄) eventually. Next suppose p ∈ cl(Eµ)\Eµ. As Eµ ⊆ Bµ(x̄), the
same inclusion holds for the closure. In particular, p belongs to Bα(x̄). Take y ∈ Eµ with d(p, y) < 1

6 (α − µ), and consider
the closed ball B of radius 1

2 (α − µ) + d(y, Φ(y)) and center p. We will be done if we can show

B ⊆ Bα(x̄); (1)
B contains some point of Φ(p). (2)

Verification of both (1) and (2) involves some detailed computation. For (1), we compute

B 1
2 (α−µ)+d(y,Φ(y))(p) ⊆ B 2

3 (α−µ)+d(y,Φ(y))(y)

⊆ B 2
3 (α−µ)+d(y,Φ(y))+d(y,x̄)(x̄)

⊆ B 2
3 (α−µ)+µ

(x̄) ⊆ Bα(x̄).

For (2) notice that B contains B 1
6 (α−µ)+d(y,Φ(y))(y) which contains a point x ∈ Φ(y) ∩ Bα(x̄). Since λ < 1, by condition (b)

in the statement of the theorem, we can choose z ∈ Φ(p) with

d(z, x) ≤ λd(p, y) <
1
6
(α − µ).

As a result, B 1
3 (α−µ)+d(y,Φ(y))(y) contains a point of Φ(p), whence the larger ball B does as well. �
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Proposition 3.3. Subject to the conditions of the DH Theorem, the function x → d(x, Φ(x)) is Lipschitz continuous on ∆.
Proof. We intend to show that 1+λ serves as a Lipschitz constant. Let x, y be arbitrary points of ∆. By symmetry, it suffices
to show that d(x, Φ(x)) − d(y, Φ(y)) ≤ (1 + λ)d(x, y). Let z ∈ Φ(y) ∩ Bα(x̄) be arbitrary. Evidently, we have

d(x, Φ(x)) ≤ d(x, y) + d(y, z) + d(z, Φ(x))
≤ d(x, y) + d(y, z) + e(Φ(y) ∩ Bα(x̄), Φ(x))
≤ d(x, y) + d(y, z) + λd(x, y).

Taking the infimum over z and using the fact that y ∈ ∆ gives

d(x, Φ(x)) ≤ d(x, y) + d(y, Φ(y) ∩ Bα(x̄)) + λd(x, y)
= d(y, Φ(y)) + (1 + λ)d(x, y)

as required. �

Proof of the DH Theorem using the weak Ekeland principle. Let f (x) = d(x, Φ(x)) be restricted to the closed and thus complete
metric subspace cl(Eµ) of X . By Propositions 3.2 and 3.3, f is (Lipschitz) continuous on cl(Eµ). Let ε ∈ (0, 1 − λ) be
arbitrary. By the weak Ekeland variational principle, we can find u ∈ cl(Eµ) – and thus belonging to Bα(x̄) – such that
f (u) < infx∈cl(Eµ) f (x) + ε and for all x ∈ cl(Eµ), f (u) < f (x) + εd(x, u).

We now suppose that u ∉ Φ(u), and this will lead to a contradiction. Since u ∈ ∆ and Φ(u) ∩ Bα(x̄) is closed, the
assumption that u is not a fixed point of Φ means that d(u, Φ(u)) > 0.

Since u ∈ cl(Eµ) and f is continuous, we can find by Proposition 3.1 w ∈ Eµ near u and then x ∈ Φ(w) ∩ Eµ where
d(x, w) is near f (w) = d(w, Φ(w)) satisfying

λ|d(x, w) − f (u)| + ε|d(x, u) − f (u)| < (1 − λ − ε)f (u). (3)
Both x ∈ cl(Eµ) and x ∈ Φ(w) ∩ Bα(x̄), so we get

f (u) ≤ f (x) + εd(u, x) = d(x, Φ(x)) + εd(u, x) ≤ λd(x, w) + εd(u, x). (4)
Combining (3) and (4) now yields

f (u) ≤ λf (u) + λ|d(x, w) − f (u)| + εf (u) + ε|d(x, u) − f (u)|
< (λ + ε)f (u) + (1 − λ − ε)f (u),

producing the desired contradicting as we are supposing f (u) > 0. �
In our proof, we use neither the Lipschitzian nature of our restricted distance functional nor the fact that u is an

approximate minimizer of the functional. Now there is a formally weaker condition than the weak Ekeland condition from
which the latter can be derived using Lipschitz regularizations [19]: whenever g is a lower bounded Lipschitz function on
X with positive Lipschitz constant λ, then one can ‘‘beat the Lipschitz constant’’ at some point u ∈ X , meaning that there
exists 0 < ε < λ such that ∀x ∈ X, g(u) ≤ g(x) + εd(x, u) (see [19, Proposition 2.1]). In fact, it is exactly this principle that
Sullivan implicitly used in his characterization of completeness [18].

It would be interesting to derive the Nadler and DH results from this formally weaker principle, but at the moment, a
proof escapes us.

4. An application to differential inclusions

In this final section we present an application of the DH theorem to differential inclusions whose right side obeys the
Aubin property.

Let D be a bounded set in Rn containing 0 in its interior. Consider a mapping R acting from D into the family of nonempty
closed subsets of D such that 0 ∈ R(0). Suppose that R satisfies the Aubin property at 0 for 0; that is, there exist positive
constants α, β and κ such that

e(R(x) ∩ Bα(0), R(x′)) ≤ κ∥x − x̄∥ for all x, x′
∈ Bβ(0). (5)

Let a > 0. Given an initial point b ∈ D, consider the differential inclusion.
ẋ(t) ∈ R(x(t)) for a.e. t ∈ [0, a], x(0) = b. (6)

By a solution of (6) we mean any absolutely continuous function x(·) which satisfies (6). Let C([0, a],D) be the space of
continuous functions xwith values in D, equipped with the usual supremum norm ∥ · ∥C . Define the mapping

C([0, a],D) ∋ x → T (b, x) =


y ∈ C([0, a],D)

 there exists an L∞ selection z(·),

z(τ ) ∈ R(x(τ )) for a.e. t ∈ [0, a], such that

y(t) = b +

 t

0
z(τ )dτ for all t ∈ [0, a]


,

where the integral is in the sense of Lebesgue.
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Let x1, x2 ∈ C([0, a],D) such that ∥xi∥C ≤ β, i = 1, 2 and let y1 ∈ T (b, x1) be such that ∥y1∥C ≤ α, where α and β are as
in (5). By the definition of the mapping T , there exists an L∞ selection z1 of R(x1(·)) such that y1(t) = b +

 t
0 z1(τ )dτ for all

t ∈ [0, a]. For a.e. t ∈ [0, a], let Z(t) be the set of projections of z1(t) on R(x2(t)). Suppose that the mapping t → R(x2(t)) is
measurable on [0, 1]. According to [20, Corollary 8.2.13], the mapping [0, a] ∋ t → Z(t) has a measurable selection. Denote
this selection by z2. Since z2 is uniformly bounded, it is an L∞ function. Let y2(t) = b+

 t
0 z2(τ )dτ for t ∈ [0, a]. Then, from

the Aubin property of R we obtain

∥y1 − y2∥C = max
t∈[0,a]

 t

0
(z1(τ ) − z2(τ ))dτ

 ≤

 a

0
∥z1(t) − z2(t)∥dt

≤ κ

 a

0
∥x1(t) − x2(t)∥dt ≤ κa∥x1 − x2∥C .

Hence the mapping T (b, ·) has the Aubin property with a constant κa which is independent of b. Let x̄ be the zero function
on [0, 1] with value in Rn. Then clearly

d(x̄, T (b, x̄))C ≤ ∥b∥.

Thus, we can apply the DH fixed-point theorem obtaining that when b is close enough to the origin, the mapping T (b, ·) has
a fixed point. This fixed point is of course a solution to (6). Summarizing, we obtain the following result:

Theorem 4.1. Consider the differential inclusion (6) on the interval [0, a] for a mapping R acting from a bounded set D into the
family of nonempty closed subsets of D and having the Aubin property at 0 for 0 with constants α, β and κ as described in (5).
Let κa < 1 and suppose that for any continuous function x(·) the mapping R(x(·)) is measurable on [0, a]. Then, for any initial
condition b such that ∥b∥ < α(1 − κa), the differential inclusion (6) has a solution.

This result seems to be an isolated point in the large set of existence theorems for differential inclusions assuming
e.g. upper semicontinuity, convexity of the values, monotonicity, or/and various kinds of Lipschitz continuity of the right
side. For a recent book on this topic, see [21].
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