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INEXACT NEWTON METHODS AND DENNIS–MORÉ THEOREMS
FOR NONSMOOTH GENERALIZED EQUATIONS∗

R. CIBULKA† , A. L. DONTCHEV‡, AND M. H. GEOFFROY§

Abstract. In this paper we study local convergence of inexact Newton methods of the form(
f(xk) + Ak(xk+1 − xk) + F (xk+1)

) ∩ Rk(xk) �= ∅ with Ak ∈ H(xk) for solving the generalized
equation f(x) + F (x) � 0 in Banach spaces, where the function f is continuous but not necessarily
smooth and F is a set-valued mapping with closed graph. The mapping H plays the role of a general-
ized set-valued derivative of f which in finite dimensions may be represented by Clarke’s generalized
Jacobian, while in Banach spaces it may be identified with Ioffe’s strict prederivative. The set-valued
mappings Rk represent inexactness. We utilize conditions divided into three groups: the first con-
cerns the kind of nonsmoothness of the function f , the second involves metric regularity properties of
an approximation of the mapping f+F , and the third is about the sequence of mappings Rk. Under
various combinations of these conditions we show linear, superlinear, or quadratic convergence of the
method. In the second part of the paper we give two generalizations of the Dennis–Moré theorem.
As corollaries, we obtain results regarding convergence of inexact semismooth quasi-Newton-type
methods and Dennis–Moré theorems for semismooth equations.
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1. Introduction. In this paper we study iterative methods of Newton type for
solving the generalized equation

(1.1) f(x) + F (x) � 0,

where f : X → Y is a function and F : X →→ Y is generally a set-valued mapping but
may also be another function. We focus on local analysis of (1.1) around a reference
solution x̄. As is well known, the model (1.1) covers huge territory, including equa-
tions and most notably variational inequalities, constraint systems, and optimality
conditions in mathematical programming and optimal control. Throughout X and Y
are Banach spaces. To simplify some of the arguments used, we adopt the standing
assumption that f is continuous on X and F has closed graph.

Inexact Newton methods for solving smooth equations f(x) = 0 in finite dimen-
sions, that is, (1.1) with F ≡ 0, X = Y = R

n and f continuously differentiable with

∗Received by the editors May 19, 2014; accepted for publication (in revised form) January 5,
2015; published electronically April 21, 2015.

http://www.siam.org/journals/sicon/53-2/96947.html
†NTIS–New Technologies for the Information Society and Department of Mathematics, Faculty

of Applied Sciences, University of West Bohemia, Univerzitńı 22, 306 14 Pilsen, Czech Republic
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Jacobian ∇f , were introduced by Dembo, Eisenstat, and Steihaug [5]. Specifically,
they defined the following iteration: given xk find xk+1 such that

(1.2) ‖f(xk) +∇f(xk)(xk+1 − xk)‖ ≤ ηk‖f(xk‖,
that is, xk+1 is obtained by a Newton iteration “only approximately and in some
unspecified manner” [5]. They proved among other results that if f is continuously
differentiable in a neighborhood of x̄, a zero of f , the Jacobian ∇f(x̄) is nonsingular,
and the forcing sequence ηk↘0, then any sequence {xk} generated by (1.2) which is
convergent to x̄ is convergent superlinearly; we will recover a more general version of
this result in Theorem 2.3. Basic information about inexact Newton methods is given
in the book by Kelley [16, Chapter 6], where also numerical issues are discussed.
A comparison between inexact and quasi-Newton methods for smooth equations is
presented in [2].

Observe that the iteration (1.2) also can be written as the inclusion

(1.3) f(xk) +∇f(xk)(xk+1 − xk) ∈ Bηk‖f(xk‖(0),

where we denote by Br(x) the closed ball centered at x with radius r (the closed unit
ball is simply B). Consider now the generalized equation (1.1) in Banach spaces X ,
Y and denote as Df the Fréchet derivative mapping of f . Recall that the Newton
iteration for (1.1), also known as the Josephy–Newton method, has the form

(1.4) f(xk) +Df(xk)(xk+1 − xk) + F (xk+1) � 0.

In order to represent inexactness for this more general case also covering the iteration
(1.3), Dontchev and Rockafellar proposed in the paper [7] an inexact version of the
iteration (1.4) in which the next iterate xk+1 is determined as a coincidence point of
the mapping on the left side of (1.4) and a mapping Rk : X ×X →→ Y which models
inexactness:

(1.5)
(
f(xk) +Df(xk)(xk+1 − xk) + F (xk+1)

) ∩Rk(xk, xk+1) 
= ∅.
Echoing Dembo, Eisenstat, and Steihaug [5], the new iterate xk+1 is considered as a
coincidence point determined “in some unspecified manner,” without going into detail
how it is actually calculated.

In this paper we analyze an inexact Newton-type iteration for the case when
the function f is not necessarily differentiable. Specifically, we introduce a mapping
H : X →→ L(X,Y ) viewed as a generalized set-valued derivative of the function f and
consider the following iteration: given xk choose any Ak ∈ H(xk) and then find xk+1

to satisfy

(1.6)
(
f(xk) +Ak(xk+1 − xk) + F (xk+1)

) ∩Rk(xk) 
= ∅.
Note that in comparison to (1.5) the mapping Rk : X →→ Y which represents inexact-
ness now depends on the current iteration xk only. We make this assumption here in
order to simplify the presentation; the more elaborate case (1.5) can be easily dealt
with by following the proofs in [7].

In our analysis we do not specify the sequence of mappings Rk in terms of data
of the problem; we only require that the “size” of Rk converge to zero uniformly in
k at the same rate as x converges to x̄, or better. It turns out that such a strategy
would not only save on computations compared to (1.4) since we do not have to solve
exactly the inclusion, but also would secure the same linear, superlinear, or quadratic
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convergence as the exact iteration. Choosing a sequence {Rk} which gives the desired
result is a separate issue which largely depends on the specific problem at hand. For
example, if (1.1) describes a variational inequality in R

n, that is, F is the normal
cone mapping NC to a closed convex set C ⊂ R

n, then Rk may be chosen as Rk(x) =
ηkBψ(x)(0), where ηk↘0 and ψ(x) is the residual dist(−f(x), NC(x)) or a scalarization
of the variational inequality, e.g., involving the associated normal mapping or the
Fischer–Burmeister function. Choosing a representation of inexactness for variational
inequalities and optimization problems is an open problem for future research which
may require not only theoretical work but also extensive computational experiments.

Newton-type methods for solving nonsmooth equations and variational inequal-
ities have been studied since the 1970s but in the last two decades there has been
a rush of fresh developments culminating in several books, among them [10], [13],
[17], [23], and the most recent [15]. In this paper we explore the combined effect
of nonsmoothness and inexactness on the convergence of such methods under condi-
tions involving the measure of noncompactness of the set H(x̄) and metric regularity
properties of mappings associated with (1.1).

Most of the notation and terminology we use are from the book [8]. As usual, the
set of all natural numbers is denoted by N and N0 = N∪{0}, while the n-dimensional
Euclidean space is R

n. The distance from a point x to a set A in a normed space is
dist(x,A) = infy∈A ‖x−y‖. A (generally set-valued) mapping F : X →→ Y is associated
with its graph gphF =

{
(x, y) ∈ X × Y

∣∣ y ∈ F (x)
}
and its domain domF =

{
x ∈

X
∣∣F (x) 
= ∅}. The inverse of F is defined as y �→ F−1(y) =

{
x ∈ X

∣∣ y ∈ F (x)
}
. A

mapping F : X →→ Y is said to be outer semicontinuous (in the Pompeiu–Hausdorff
sense) at x̄ ∈ domF when F (x̄) is closed and for every ε > 0 there exists δ > 0 such
that F (x) ⊂ F (x̄) + εB for every x ∈ Bδ(x̄). When a sequence of positive numbers ck
is convergent to zero, we write ck↘0. The space of all linear bounded (single-valued)
mappings acting from X to Y equipped with the standard operator norm is denoted
by L(X,Y ). Given a set A in L(X,Y ), the measure of noncompactness χ(A) of A is
defined as

χ(A) = inf

{
r > 0

∣∣ A ⊂
⋃{

Br(A)
∣∣ A ∈ B

}
, B ⊂ A finite

}
.

Recall that a sequence {xk} is linearly convergent to x̄ when there exist t ∈ (0, 1)
and k0 ∈ N such that

‖xk+1 − x̄‖ ≤ t‖xk − x̄‖ for all k>k0.

A sequence {xk} with xk 
= x̄ for all sufficiently large k is superlinearly convergent to
x̄ when

lim
k→∞

‖xk+1 − x̄‖
‖xk − x̄‖ = 0.

Finally, a sequence {xk} is quadratically convergent to x̄ when there exist c > 0 and
k0 ∈ N such that

‖xk+1 − x̄‖ ≤ c‖xk − x̄‖2 for all k>k0.

Our convergence results for the method (1.6) utilize three groups of assumptions.
The first group concerns the nonsmoothness of the function f . Namely, we associate
to the function f a mapping H : X →→ L(X,Y ) with x̄ ∈ int domH, which will be
required to satisfy one of the following conditions:
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(A1) For every ε > 0 there exists a neighborhood U of x̄ such that

‖f(x)− f(x̄)−A(x − x̄)‖ ≤ ε‖x− x̄‖ whenever x ∈ U and A ∈ H(x).

(A2) There exist a positive β and a neighborhood U of x̄ such that

‖f(x)− f(x̄)−A(x − x̄)‖ ≤ β‖x− x̄‖2 whenever x ∈ U and A ∈ H(x).

(A3) For every ε > 0 there exists a neighborhood U of x̄ such that for every
x, x′ ∈ U there exists A ∈ H(x̄) satisfying

‖f(x)− f(x′)−A(x − x′)‖ ≤ ε‖x− x′‖.
Clearly, (A2) ⇒ (A1). If f is Fréchet differentiable around x̄, then H(x) can be

identified with the derivative Df(x); in this case both (A1) and (A3) hold when Df
is continuous at x̄ and (A2) holds when Df is Lipschitz continuous around x̄. In
finite dimensions, with H(x) identified with Clarke’s generalized Jacobian ∂̄f(x) of
f at x, condition (A1) appears in the definition of a semismooth function, while in
this case (A3) holds automatically; a proof of the last claim can be traced back to
[9], if not earlier. In Banach spaces condition (A3) enters the definition of the strict
prederivative in the sense of Ioffe [12], which is a set-valued generalization of the usual
strict derivative. Other extensions of the notion of generalized Jacobian to infinite
dimensions are given in [18], [19].

Recall that a function f : Rn → R
m is said to be semismooth at x̄ when it is

Lipschitz continuous around x̄, directionally differentiable in any direction, and (A1)
holds with H = ∂̄f. If (A1) in this definition is replaced by the (stronger) condition
(A2), a function f is said to be strongly semismooth at x̄. In the literature, condition
(A1) can be found under various names, such as Newton differentiability [13], [23],
slant differentiability [21], and point-based set-valued approximation [24]. In [6] the
second author named this kind of differentiability after B. Kummer. As it turns out,
however, for every function acting between Banach spaces there exists a mapping H
satisfying condition (A1). This fact is explicitly shown in the recent book of Penot
[21, Lemma 2.64] but perhaps was well known much earlier since a finite-dimensional
version of it was given in [24] and credited there to a referee of that paper. Condition
(A1), however, is used in conjunction with other conditions, as we will see in our main
convergence result in Theorem 2.1, and not every “set-valued approximation” H of
the derivative is relevant with regard to the other conditions involved.

The second set of our assumptions concerns the mappings Rk representing the
inexactness in (1.6). First, we always assume that 0 ∈ Rk(x̄) for every k ∈ N0 and
when the mapping Rk appears together with H, the point x̄ lies in the interior of
domH⋂(⋂

k∈N0
domRk

)
. Furthermore, we utilize some growth conditions for Rk

that are implanted in the statements of the theorems presented. More elaborate rep-
resentations of inexactness for generalized equations and in particular for variational
inequalities are shown in [7].

The third set of conditions revolves around metric regularity properties of map-
pings. Recall that a mapping F : X →→ Y with (x̄, ȳ) ∈ gphF is said to be metrically
regular at x̄ for ȳ when there is a constant κ > 0 together with neighborhoods U of x̄
and V of ȳ such that

(1.7) dist
(
x, F−1(y)

) ≤ κ dist(y, F (x)) for all x ∈ U, y ∈ V.

The infimum over all κ > 0 such that (1.7) holds for some neighborhoods U and V is
the regularity modulus of F at x̄ for ȳ denoted by reg(F ; x̄ | ȳ). We use the convention
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that a mapping F is metrically regular at x̄ for ȳ if and only if reg(F ; x̄ | ȳ) < ∞.
If a mapping F : X →→ Y is metrically regular at x̄ for ȳ and moreover its inverse
F−1 has a single-valued graphical localization around ȳ for x̄, meaning that there are
neighborhoods U of x̄ and V of ȳ such that the mapping V � y �→ F−1(y) ∩ U is
single-valued, then F is said to be strongly metrically regular at x̄ for ȳ. Equivalently,
a mapping F is strongly metrically regular at x̄ for ȳ if and only if its inverse F−1

has a single-valued graphical localization around ȳ for x̄ which is Lipschitz continuous
around ȳ with Lipschitz modulus at ȳ equal reg(F ; x̄ | ȳ). Finally, a mapping F :
X →→ Y is said to be strongly metrically subregular at x̄ for ȳ when (x̄, ȳ) ∈ gphF and
there is a constant κ > 0 together with a neighborhood U of x̄ such that

(1.8) ‖x− x̄‖ ≤ κ dist(ȳ, F (x)) for all x ∈ U.

The infimum over all κ > 0 such that (1.8) holds for some neighborhood U is the
subregularity modulus of F at x̄ for ȳ denoted by subreg(F ; x̄ | ȳ).

In optimization, metric regularity usually appears as a constraint qualification
condition; e.g., for a system of equalities and inequalities it is equivalent to the
Mangasarian–Fromovitz condition. Strong metric regularity is at the very heart of sta-
bility and sensitivity analysis of optimization problems; for example, for the standard
mathematical programming problem strong metric regularity of the Karush–Kuhn–
Tucker optimality system together with the condition that the primal variable is a
strict local minimizer is equivalent to the combination of the linear independence of
the gradients of the active constraints and the strong second-order sufficient optimal-
ity condition. For a problem of minimizing a convex twice differentiable function over
a convex polyhedral set, the strong metric subregularity of the optimality mapping
is equivalent to the standard second-order sufficient condition. More generally, every
mapping F : Rn →→ R

m, whose graph is the union of finitely many convex polyhedral
sets, is strongly metrically subregular at x̄ for ȳ if and only if x̄ is an isolated point
in F−1(ȳ). All this comes from a number of developments, many of them connected
with the name of S. M. Robinson, that are broadly covered in the book [8].

In section 2 we first show under certain conditions the existence of a sequence
generated by the method (1.6) which converges linearly to the reference solution x̄.
Then we sharpen this result by proving that every convergent to x̄ sequence generated
by the method is actually linearly convergent, and under stronger requirements it
would converge superlinearly or even quadratically. Section 3 is devoted to inexact
nonsmooth versions of the Dennis–Moré theorem for generalized equations.

2. Convergence. Our first result shows linear convergence of the method (1.6)
under certain combinations of the conditions described in the introduction.

Theorem 2.1. Consider the inexact Newton-type method (1.6) applied to the
generalized equation (1.1) with a mapping H : X →→ L(X,Y ) which is outer semicon-
tinuous at x̄, a solution of the generalized equation (1.1), and satisfies condition (A1).
Define

(2.1) GA : x �→ f(x̄) +A(x− x̄) + F (x) for A ∈ H(x̄)

and assume that

(2.2) c := χ(H(x̄)) and m := sup
A∈H(x̄)

reg (GA; x̄ |0)

are finite constants that satisfy

(2.3) mc < 1.
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Furthermore, suppose that the sequence {Rk} satisfies

(2.4) lim sup
x→x̄

x 
=x̄

1

‖x− x̄‖ sup
k∈N0

sup
u∈Rk(x)

‖u‖ < 1/m− c.

Then there exist t ∈ (0, 1) and r > 0 such that for every x ∈ X with 0 < ‖x− x̄‖ ≤ r,
every A ∈ H(x), every k ∈ N0, and every uk ∈ Rk(x) there exists x′, which depends
on the choice of x, A, k, and uk, such that

(2.5) f(x) +A(x′ − x) + F (x′) � uk

and

(2.6) ‖x′ − x̄‖ ≤ t‖x− x̄‖.
Consequently, for any starting point x0 ∈ Br(x̄) there exists a sequence {xk} generated
by (1.6) which is linearly convergent to x̄.

In the proofs of Theorems 2.1 and 2.3 we utilize the following result given in [8,
Theorem 5G.3].

Theorem 2.2. Consider a mapping F : X →→ Y with closed graph and a point
(x̄, ȳ) ∈ gphF at which F is metrically regular, that is, there exist positive constants
a, b, and κ such that (1.7) holds with U = Ba(x̄) and V = Bb(ȳ). Let ν > 0 be such
that κν < 1 and let κ′ > κ/(1− κν). Then for every positive α and β such that

α ≤ a/2, να+ 2β ≤ b, and 2κ′β ≤ α

and for every function g : X → Y satisfying

(2.7) ‖g(x̄)‖ ≤ β and ‖g(x)− g(x′)‖ ≤ ν‖x− x′‖ for every x, x′ ∈ Bα(x̄),

the mapping g + F has the following property: for every y, y′ ∈ Bβ(ȳ) and every
x ∈ (g + F )−1(y) ∩ Bα(x̄) there exists x′ ∈ (g + F )−1(y′) such that

‖x− x′‖ ≤ κ′‖y − y′‖.
In addition, if the mapping F is strongly metrically regular at x̄ for ȳ, that is, the
mapping y �→ F−1(y)∩Ba(x̄) is single-valued and Lipschitz continuous on Bb(ȳ) with
a Lipschitz constant κ, then for ν, κ′, α, and β as above and any function g satisfying
(2.7), the mapping y �→ (g + F )−1(y) ∩ Bα(x̄) is a Lipschitz continuous function on
Bβ(ȳ) with a Lipschitz constant κ′.

Proof of Theorem 2.1. In the first part of the proof we show for the mapping GA
defined in (2.1) that there exist positive δ, b, and Θ such that for every A ∈ H(Bδ(x̄))
and for every y ∈ Bb(0) there exists x ∈ G−1

A (y) satisfying

(2.8) ‖x− x̄‖ ≤ Θ‖y‖.
On the basis of (2.4), pick any γ > 0 such that

(2.9) lim sup
x→x̄

x 
=x̄

1

‖x− x̄‖ sup
k∈N0

sup
u∈Rk(x)

‖u‖ < γ < 1/m− c.

Utilizing (2.3) and (2.9), one can find μ > c, κ > m, ε > 0, and t ∈ (0, 1) satisfying

(2.10) μκ < 1, c+ 2ε < μ and κ(ε+ γ) < t(1− κμ).
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From the first inequality in (2.9), there exists δ > 0 such that

(2.11) ‖v‖ < γ‖x− x̄‖ whenever x ∈ Bδ(x̄) \ {x̄}, k ∈ N0, and v ∈ Rk(x).

Make δ > 0 smaller if necessary to obtain

Bδ(x̄) ⊂ domH ∩ (∩k∈N0 domRk)

and also

(2.12) H(x) ⊂ H(x̄) + εB for each x ∈ Bδ(x̄).

By the definition of measure of noncompactness, there is a finite set AF ⊂ H(x̄) such
that

H(x̄) ⊂ AF +
(
χ(H(x̄)) + ε

)
B.

Hence, from (2.12), for any x ∈ Bδ(x̄) we get

H(x) ⊂ AF +
(
χ(H(x̄)) + ε

)
B+ εB = AF + (c+ 2ε)B,

that is, from the second inequality in (2.10),

(2.13) H(x) ⊂ AF + μB for everyx ∈ Bδ(x̄).

Choose Θ to satisfy

m/(1− μm) < Θ < κ/(1− μκ)

and then choose τ ∈ (m, κ) with τ/(1−μτ) < Θ. Pick any Ã ∈ AF and anyA′ ∈ Bμ(0).
Then there exist αÃ > 0 and βÃ > 0 such that GÃ is metrically regular at x̄ for 0
with the constant τ and neighborhoods BαÃ

(x̄) and BβÃ
(0). Let g(x) := A′(x − x̄),

x ∈ X ; then GÃ+A′ = GÃ + g. Observe that g is single-valued, Lipschitz continuous
with Lipschitz constant μ such that μτ < 1, and g(x̄) = 0. We can apply Theorem 2.2
with F = GÃ, κ = τ , ν = μ, y′ = y, y = ȳ = 0, and x = x̄, obtaining that there is

β′
Ã
> 0 (independent of A′) such that for each y ∈ Bβ′

Ã
(0) there is x ∈ (

GÃ+A′
)−1

(y)

such that ‖x − x̄‖ ≤ Θ‖y‖. Summarizing, given Ã ∈ AF , there exists β′
Ã
> 0

such that for each A′ ∈ Bμ(0) and each y ∈ Bβ′
Ã
(0) there is x ∈ (

GÃ+A′
)−1

(y)

satisfying ‖x− x̄‖ ≤ Θ‖y‖. Let b = minÃ∈AF
β′
Ã
. Taking into account (2.13) one has

H(Bδ(x̄)) ⊂ AF + Bμ(0); hence we obtain that for every A ∈ H(Bδ(x̄)) and for every
y ∈ Bb(0) there is x ∈ G−1

A (y) satisfying (2.8).
Coming to the second part of the proof, first we make the constant δ smaller if

necessary so that (A1) is satisfied with the already chosen ε and U = Bδ(x̄), that is,

(2.14) sup
A∈H(x)

‖f(x)− f(x̄)− A(x− x̄)‖ ≤ ε‖x− x̄‖ for every x ∈ Bδ(x̄).

Fix r such that

(2.15) 0 < r < min{b/(ε+ γ), δ}.
Fix x ∈ X satisfying 0 < ‖x − x̄‖ ≤ r. Choose any A ∈ H(x), any k ∈ N0, and any
uk ∈ Rk(x); then from (2.11) and (2.15) uk satisfies ‖uk‖ < γ‖x− x̄‖. Denote

(2.16) yk := f(x)− f(x̄)−A(x − x̄)− uk.
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If yk = 0, then x′ := x̄ satisfies (2.5) because −f(x̄) ∈ F (x̄) and (2.6) holds trivially.
Assume that yk 
= 0. Using (2.14), and (2.15), we get

‖yk‖ ≤ ‖f(x)− f(x̄)−A(x − x̄)‖+ ‖uk‖ < (ε+ γ)‖x− x̄‖ < b.

Applying (2.8) with y = −yk and taking into account the last inequality in (2.10) and
that Θ < κ/(1− μκ), we obtain that there exists x′ ∈ G−1

A (−yk) such that

‖x′ − x̄‖ ≤ Θ‖yk‖ < (ε+ γ)Θ‖x− x̄‖
<
t(1− μκ)

κ

κ

1− μκ
‖x− x̄‖ = t‖x− x̄‖.

Hence ‖x′ − x̄‖ < r because t ∈ (0, 1). Furthermore,

−f(x) + f(x̄) +A(x− x̄) + uk ∈ GA(x
′) = f(x̄) +A(x′ − x̄) + F (x′).

Thus, x′ satisfies (2.5) and (2.6).
To finish the proof, consider the iteration (1.6) and choose any k ∈ N0, any

xk ∈ Br(x̄), and any Ak ∈ H(xk). If xk 
= x̄, applying (2.5) and (2.6) just proved with
x = xk, we obtain that for any uk ∈ Rk(xk) there exists xk+1 := x′ ∈ Br(x̄) such that

(2.17) f(xk) +Ak(xk+1 − xk) + F (xk+1) � uk

and

(2.18) ‖xk+1 − x̄‖ ≤ t‖xk − x̄‖.
The inclusion (2.17) yields that xk+1 satisfies (1.6). If xk = x̄, then xk+1 := x̄ verifies
(1.6) because 0 ∈ Rk(x̄). It remains to choose any x0 ∈ Br(x̄) to obtain in this way
an infinite sequence {xk} with xk ∈ Br(x̄) generated by (1.6) and satisfying (2.18) for
all k ∈ N0. Since t ∈ (0, 1), {xk} converges linearly to x̄.

The next theorem shows that under stronger conditions every convergent se-
quence, in particular those whose existence is claimed in Theorem 2.1, is actually
convergent superlinearly, or quadratically, depending on the assumptions for the map-
pings Rk.

Theorem 2.3. Consider the inexact Newton-type method (1.6) applied to the
generalized equation (1.1) and suppose that the assumptions of Theorem 2.1 are sat-
isfied. In addition, suppose that for every A ∈ H(x̄) the mapping GA defined in (2.1)
is strongly metrically regular at x̄ for 0. Then every sequence {xk} generated by (1.6)
which is convergent to x̄ is in fact linearly convergent.

Assume that the sequence {Rk} satisfies

(2.19) lim
x→x̄

x 
=x̄

1

‖x− x̄‖ sup
k∈N0

sup
u∈Rk(x)

‖u‖ = 0.

Then every sequence {xk} generated by (1.6) which is convergent to x̄ is in fact su-
perlinearly convergent.

Finally, suppose that the mapping H : X →→ L(X,Y ) satisfies condition (A2) and
the sequence {Rk} satisfies

(2.20) lim sup
x→x̄

x 
=x̄

1

‖x− x̄‖2 sup
k∈N0

sup
u∈Rk(x)

‖u‖ <∞.
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Then every sequence {xk} generated by (1.6) which is convergent to x̄ is in fact
quadratically convergent.

Proof. Consider a sequence {xk} generated by (1.6) which converges to x̄. Then
there are sequences {Ak} and {uk} with Ak ∈ H(xk) and uk ∈ Rk(xk) for each
k ∈ N0 such that (2.17) holds. In parallel to the proof of (2.8) and based on the
strong regularity part of Theorem 2.2 we obtain that there are positive a, b, δ, and Θ
such that for each A ∈ H(Bδ(x̄)) the mapping Bb(0) � y �→ σA := G−1

A (y) ∩ Ba(x̄) is
a Lipschitz continuous function on Bb(0) with a Lipschitz constant Θ.

For each k ∈ N0 define yk by (2.16) with x = xk and A = Ak. We will show that
for sufficiently large k we have

(2.21) ‖xk+1 − x̄‖ ≤ Θ‖yk‖.
Fix r ∈ (0,min{b/(ε+ γ), δ, a}). Since xk → x̄ as k → ∞, we have xk ∈ Br(x̄) for
all sufficiently large k. Fix any such an index k. As in the proof of Theorem 2.1 we
get that ‖yk‖ < b. Noting that xk+1 ∈ Br(x̄) ⊂ Ba(x̄), the single-valuedness of σAk

on Bb(0) implies that xk+1 = σAk
(−yk). Taking into account that x̄ = σAk

(0) we get
(2.21).

Using exactly the same steps as in the proof of Theorem 2.1, one shows that (2.21)
and (2.4) imply (2.18), which yields linear convergence.

Instead of (2.4), suppose that a stronger condition (2.19) holds. To show superlin-
ear convergence, let ν > 0. From the fact that xk → x̄ and from (A1), for sufficiently
large k, we have that

‖f(xk)− f(x̄)−Ak(xk − x̄)‖ ≤ ν/(2Θ)‖xk − x̄‖
and, from (2.19), also that

‖uk‖ ≤ ν/(2Θ)‖xk − x̄‖.
From the last two inequalities and (2.21), for all sufficiently large k such that xk 
= x̄
we obtain

‖xk+1 − x̄‖
‖xk − x̄‖ ≤ Θ‖yk‖

‖xk − x̄‖ ≤ Θ‖f(xk)− f(x̄)−Ak(xk − x̄)‖
‖xk − x̄‖ +

Θ‖uk‖
‖xk − x̄‖

≤ ν/2 + ν/2 = ν.

Since ν can be arbitrarily small, this yields superlinear convergence of {xk}.
For the quadratic convergence claim, condition (2.20) yields that there exists

γ > 0 such that ‖uk‖ ≤ γ‖xk − x̄‖2 for any sufficiently large k ∈ N0. By repeating
the argument of the proof of the superlinear convergence by using (A2) and (2.20)
instead of (A1) and (2.19), we get

‖xk+1 − x̄‖ ≤ Θ‖yk‖ ≤ Θ‖f(xk)− f(x̄)−Ak(xk − x̄)‖+Θ‖uk‖ ≤ Θ(β+ γ)‖xk − x̄‖2.
This yields quadratic convergence of {xk}.

We end this section with a discussion of the results just proved. First, note that
in Theorem 2.1, in order to show the existence of a linearly convergent sequence {xk}
generated by (1.6) it is sufficient to show that given xk, for every Ak ∈ H(xk) there
exists uk ∈ Rk(xk) for which there is xk+1 satisfying (2.17). This can be ensured if
we replace supu∈Rk(x)

‖u‖ in (2.4) by infu∈Rk(x) ‖u‖. Such a formulation makes the
statement quite ambiguous, however, since one can choose as Rk(x) the entire space
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and then the result is trivial: the sequence x0, x̄, x̄, . . . is convergent in any possible
manner to x̄. On the other hand, if we choose Rk ≡ 0 for each k ∈ N0, Theorem 2.1
covers the exact version of the method. Furthermore, if we assume that 0 ∈ Rk(x)
for every x close to x̄ and each k ∈ N0, then it will be enough to show the existence
of a linearly convergent sequence generated by the exact method because any such
sequence trivially verifies (1.6) for each k ∈ N0. Moreover, if in Theorem 2.1 one
replaces (2.4) by (2.19) or by (2.20), then one gets the existence of a superlinearly or
quadratically convergent sequence generated by (1.6).

We discuss next the assumptions related to the nonsmoothness of the function f .
IfH were compact valued, which is the case whenH is taken to be Clarke’s generalized
Jacobian in finite dimensions, then c is just zero and (2.3) is always satisfied when
all mappings GA with A ∈ H(x̄) are metrically regular at x̄ for 0. If we deal with an
equation f(x) = 0 with f : Rn → R

m being Lipschitz continuous around x̄ and choose
H to be Clarke’s generalized Jacobian ∂̄f , then it is sufficient to require that f satisfies
(A1) with H = ∂̄f (which holds when f is semismooth) and all matrices in ∂̄f(x̄) be of
full rank, or nonsingular when m = n. When f is continuously differentiable around
x̄, then for H = Df one obtains convergence results for the inexact Newton method
applied to smooth generalized equations, some of which are known in the literature
and some are new. When X = Y = R

n, F ≡ 0, Rk ≡ 0 for each k ∈ N0, and
H is Clarke’s generalized Jacobian ∂̄f , Theorem 2.1 yields the now classical result
by Qi and Sun [22] that if every matrix A ∈ ∂̄f(x̄) is nonsingular, for any choice
of Ak ∈ ∂̄f(xk) and starting point x0 close to x̄, the semismooth Newton method
xk+1 = xk −A−1

k f(xk) generates a unique sequence which is superlinearly convergent
to x̄. Note that in order to obtain this result from Theorem 2.1 there is no need to
assume that f is directionally differentiable in every direction, a condition involved in
the definition of semismoothness. At this point it is unknown to us whether directional
differentiability is implied by the combination of the other conditions on the function
f we employ. For a detailed introduction to semismooth Newton methods, see [11].
An extension of the result of Qi and Sun [22] was published recently in [14, Theorem
2], where the authors consider an inexact Newton method for the generalized equation
(1.1) in finite dimensions with f semismooth at a solution x̄ on the condition that the
mapping GA in (2.1) is strongly metrically regular for all A in a closed subset of ∂̄f(x̄)
(but then in the method, they use matrices from this subset only). Theorems 2.1 and
2.3 generalize the results of [14] in several directions, first to Banach spaces, under the
weaker assumption of metric regularity of GA, and they also cover the case of linear
convergence. Related but different results for the exact version of the method (1.6)
are presented in [1]. More precisely, [1, Theorem 4.3] is a corollary of our results.

In section 3 we present Dennis–Moré-type theorems for inexact nonsmooth quasi-
Newton methods for solving the generalized equation (1.1), obtaining in particular a
more general version of the superlinear part of Theorem 2.3.

3. Extensions of the Dennis–Moré theorem. The celebrated Dennis–Moré
theorem [4] characterizes the superlinear convergence of quasi-Newton methods of the
form

(3.1) f(xk) +Bk(xk+1 − xk) = 0, k = 0, 1, . . . , x0 given,

for finding a zero of a smooth function f : Rn → R
n, where Bk is a sequence of

quasi-Newton updates constructed in certain way, which will not be discussed here.
Throughout, for a sequence {xk} and a point x̄, denote sk = xk+1−xk and ek = xk−x̄.
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We start with a statement of the Dennis–Moré theorem for a smooth function f acting
in Banach spaces.

Theorem 3.1. Suppose that f : X → Y is strictly Fréchet differentiable at x̄
and the derivative Df(x̄) is invertible, meaning that ‖Df(x̄)−1‖ < ∞. Let {Bk} be
a sequence in L(X,Y ), let Ek = Bk −Df(x̄), and let the sequence {xk} be generated
by (3.1) and converge to x̄. Then xk → x̄ superlinearly and f(x̄) = 0 if and only if

(3.2) lim
k→∞

‖Eksk‖
‖sk‖ = 0.

In this section we focus on inexact nonsmooth quasi-Newton methods for (1.1) of
the form

(3.3)
(
f(xk) +Bk(xk+1 − xk) + F (xk+1)

) ∩Rk(xk) 
= ∅,
where Bk ∈ L(X,Y ) now represents a quasi-Newton update.

In the following theorem we use an immediate consequence of condition (A3): If
the mapping H : X →→ L(X,Y ) satisfies condition (A3) at x̄ and xk → x̄, xk+1 
= xk
for all k, then there exists a sequence {Ak} of mappings Ak ∈ H(x̄), k ∈ N0, such
that

(3.4) lim
k→∞

‖f(xk+1)− f(xk)−Aksk‖
‖sk‖ = 0.

The first result in this section follows.
Theorem 3.2. Let x̄ ∈ X be such that the function f and the mapping H satisfy

condition (A3) at x̄, the sequence {Rk} satisfies condition (2.19), and the set H(x̄)
is bounded. Consider a sequence {xk} generated by the method (3.3), for a sequence
{Bk} in L(X,Y ), which converges to x̄ and such that xk 
= x̄ for all k ∈ N0. Let {Ak}
be a sequence of mappings in H(x̄) satisfying (3.4), and let Ek = Bk −Ak.

(i) If xk → x̄ superlinearly, then

(3.5) lim
k→∞

dist(0, f(x̄) + Eksk + F (xk+1))

‖sk‖ = 0.

(ii) If

(3.6) lim
k→∞

‖Eksk‖
‖sk‖ = 0,

then x̄ is a solution of the generalized equation (1.1). If, in addition, the
mapping f + F is strongly metrically subregular at x̄ for 0, then xk → x̄
superlinearly.

Proof. First, observe that, by (A3), there is δ > 0 such that for any x, y ∈ Bδ(x̄)
there exists A ∈ H(x̄) satisfying

‖f(y)− f(x)−A(y − x)‖ ≤ ‖y − x‖.
Let μ > 0 be such that H(x̄) ⊂ μB. Fix any x, y ∈ Bδ(x̄). Then

‖f(y)− f(x)‖ ≤ ‖f(y)− f(x)−A(y − x)‖+ ‖A(y − x)‖ ≤ (1 + μ)‖y − x‖,
which gives us Lipschitz continuity of f on Bδ(x̄) with Lipschitz constant 1 + μ.
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Consider a sequence xk → x̄ with ‖ek‖ 
= 0 for all k ∈ N0 generated by (3.3) for
sequences of mappings {Bk} and {Rk}. For each k ∈ N0, set

γk =
1

‖ek‖ sup
u∈Rk(xk)

‖u‖.

By (2.19), we have that γk → 0 as k → ∞. From iteration (3.3), there exists uk ∈
Rk(xk) such that

(3.7) f(xk) +Bksk + F (xk+1) � uk and ‖uk‖ ≤ γk‖ek‖ for all k ∈ N0.

Let xk → x̄ superlinearly and let ε > 0. In [4, Lemma 2.1] it is shown that

(3.8)
‖sk‖
‖ek‖ → 1 as k → ∞.

Indeed, ∣∣∣∣‖sk‖‖ek‖ − 1

∣∣∣∣ = |‖sk‖ − ‖ − ek‖|
‖ek‖ ≤ ‖sk + ek‖

‖ek‖ =
‖ek+1‖
‖ek‖ → 0 as k → ∞.

Therefore

‖ek+1‖
‖sk‖ =

‖ek+1‖
‖ek‖

‖ek‖
‖sk‖ → 0 as k → ∞.

Then for k sufficiently large we get

(3.9) ‖ek+1‖ ≤ ε‖sk‖, ‖ek‖ ≤ 2‖sk‖ and γk < ε.

Hence, from the inequality in (3.7) and the last two inequalities in (3.9),

(3.10) ‖uk‖ ≤ 2γk‖sk‖≤ 2ε‖sk‖.
Adding and subtracting to the inclusion in (3.7) we have

(3.11) f(x̄)− f(xk+1) + f(xk+1)− f(xk)−Aksk + uk ∈ f(x̄) + Eksk + F (xk+1).

Then, from the first inequality in (3.9), for all sufficiently large k we get

(3.12) ‖f(x̄)− f(xk+1)‖ ≤ (1 + μ)‖ek+1‖ ≤ (1 + μ)ε‖sk‖.
Further, from (3.4), for large k,

(3.13) ‖f(xk+1)− f(xk)−Aksk‖ ≤ ε‖sk‖.
Using (3.10), (3.12), and (3.13), we obtain

‖f(x̄)− f(xk+1) + f(xk+1)− f(xk)−Aksk + uk‖
≤ ‖uk‖+ ‖f(x̄)− f(xk+1)‖+ ‖f(xk+1)− f(xk)−Aksk‖
≤ 2ε‖sk‖+ (1 + μ)ε‖sk‖+ ε‖sk‖.

Taking into account (3.11), this yields

dist(0, f(x̄) + Eksk + F (xk+1)) ≤ (4 + μ)ε‖sk‖.
Since ε can be arbitrarily small, we obtain (3.5) and (i) is proved.
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To prove (ii), let {Ak} be a sequence of mappings in H(x̄) satisfying (3.4) and
suppose that (3.6) holds. From (3.7), there exists a sequence {yk} such that for each
k ∈ N0 we have

uk = f(xk) +Bksk + yk, yk ∈ F (xk+1), and uk ∈ Rk(xk).

Then, from the inequality in (3.7),

‖uk‖ ≤ γk‖ek‖ → 0 as k → ∞,

and, taking into account that the sequence {Ak} is bounded, we get

‖Bksk‖ ≤ ‖Eksk‖+ ‖Aksk‖ → 0 as k → ∞.

Therefore yk → −f(x̄). Since the graph of F is closed, we obtain −f(x̄) ∈ F (x̄); that
is, x̄ is a solution of (1.1).

Now, suppose that the mapping f + F is strongly metrically subregular at the
solution x̄ for 0. From the strong subregularity, there exists a constant κ > 0 such
that, for large k,

(3.14) ‖ek+1‖ ≤ κ dist(0, f(xk+1) + F (xk+1)).

From (3.7) for all k ∈ N0 we have

(3.15) uk − f(xk)−Aksk − Eksk + f(xk+1) ∈ f(xk+1) + F (xk+1).

Hence, from (3.14),

‖ek+1‖ ≤ κ‖uk − f(xk)−Aksk − Eksk + f(xk+1)‖(3.16)

≤ κ‖uk‖+ κ‖f(xk+1)− f(xk)−Aksk‖+ κ‖Eksk‖.

Let ε ∈ (0, 1/(2κ)). From (3.6) we get

(3.17) ‖Eksk‖ ≤ ε‖sk‖ for all k sufficiently large.

Using (3.13), (3.17), the last inequality in (3.9), and (3.16), we obtain

‖ek+1‖ ≤ κγk‖ek‖+ 2κε‖sk‖ ≤ κε‖ek‖+ 2κε‖ek+1‖+ 2κε‖ek‖.

Hence,

‖ek+1‖
‖ek‖ ≤ 3κε

1− 2κε
.

Since ε can be arbitrarily small we obtain superlinear convergence of {xk} to x̄ and
the proof is complete.

When F ≡ 0 we have f(x̄) = 0 and then, taking Rk ≡ 0 for each k ∈ N0, we
come to Theorem 3.1. Theorem 3.2 is a generalization of [6, Theorem 3] for both
nonsmooth functions and inexact quasi-Newton methods.

Now, we will show that if the function f and the mappingH satisfy condition (A1),
H is outer semicontinuous at x̄, andH(x̄) is a bounded set, then the particular element
Ak of H(x̄) in Theorem 3.2 which satisfies (3.4) can be replaced by any Ak ∈ H(xk)
in the necessity part involving (3.5) and those Ak ∈ H(xk) in the sufficiency part
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involving (3.6) that are approximated by Bk in the same way as the derivative Df(x̄)
is approximated in the classical Dennis–Moré theorem, Theorem 3.1.

Theorem 3.3. Let x̄ ∈ X be such that the mapping H is outer semicontinuous at
x̄ and satisfies condition (A1) for f at x̄, the sequence {Rk} satisfies condition (2.19)
and also H(x̄) is a bounded set. Consider a sequence {xk} generated by the method
(3.3), for a sequence {Bk} in L(X,Y ), which converges to x̄ and such that xk 
= x̄ for
all k ∈ N0.

(i) Suppose that xk → x̄ superlinearly. Then, for every sequence {Ak} of map-
pings such that Ak ∈ H(xk) for all sufficiently large k ∈ N, condition (3.5)
holds with Ek = Bk −Ak.

(ii) If there exists a sequence {Ak} such that Ak ∈ H(xk) for all sufficiently large
k ∈ N and (3.6) is satisfied for Ek = Bk−Ak, then x̄ is a solution of (1.1). If,
in addition, for every A ∈ H(x̄) the mapping GA defined in (2.1) is strongly
metrically subregular at x̄ for 0 and

(3.18) c := χ(H(x̄)) and m := sup
A∈H(x̄)

subreg (GA; x̄ |0)

are finite constants satisfying

(3.19) mc < 1,

then xk → x̄ superlinearly.
Proof. Let xk → x̄ superlinearly and let ε > 0. Choose a sequence {Ak} of

mappings Ak ∈ H(xk) for all k ∈ N sufficiently large. Repeat the proof of Theorem 3.2
starting from the second paragraph until formula (3.11), where we write instead

(3.20) f(x̄)− f(xk)−Aksk + uk ∈ f(x̄) + Eksk + F (xk+1).

From the assumed outer semicontinuity of H and the boundedness of H(x̄), there
exists a constant λ such that

(3.21) ‖Ak‖ ≤ λ for all k large enough.

For k sufficiently large, condition (A1) yields

(3.22) ‖f(xk)− f(x̄)−Akek‖ ≤ ε‖ek‖.

Then, from (3.10), (3.9), (3.21), and (3.22), for such k we obtain

‖f(x̄)− f(xk)−Aksk + uk‖ ≤ ‖uk‖+ ‖f(xk)− f(x̄)−Akek‖+ ‖Ak‖‖ek+1‖
≤ 2ε‖sk‖+ ε‖ek‖+ λ‖ek+1‖ ≤ (λ+ 4)ε‖sk‖.

The inclusion (3.20) then implies

dist(0, f(x̄) + Eksk + F (xk+1))≤ (λ+ 4)ε‖sk‖.

Since ε can be arbitrarily small, we obtain (3.5) and hence (i) is proved.
For the second part of the statement, consider a sequence {xk} which converges

to x̄ and is generated by (3.3) for a sequence {Bk} in L(X,Y ) and a sequence {Rk}
satisfying (2.19). For each k ∈ N0, find uk ∈ Rk(xk) verifying (3.7). Observe that
(3.6) implies that x̄ is a solution of (1.1) as in Theorem 3.2.
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We show next that there exist positive a and Θ such that

(3.23) ‖x− x̄‖ ≤ Θdist(0, GA(x)) whenever x ∈ Ba(x̄) and A ∈ H(Ba(x̄)).

Use (3.19) to find μ > c, κ > m, and ε > 0 satisfying

(3.24) μκ < 1 and c+ 2ε < μ.

Let Θ := κ/(1− μκ) > 0. There exists δ > 0 such that

(3.25) H(u) ⊂ H(x̄) + εB for each u ∈ Bδ(x̄).

By the definition of measure of noncompactness, there is a finite set AF ⊂ H(x̄) such
that

H(x̄) ⊂ AF +
(
χ(H(x̄)) + ε

)
B.

Hence, from (3.25), for any u ∈ Bδ(x̄) we get

H(u) ⊂ AF +
(
χ(H(x̄)) + ε

)
B+ εB = AF + (c + 2ε)B,

that is, from the second inequality in (3.24),

(3.26) H(Bδ(x̄)) ⊂ AF + μB.

Pick any Ã ∈ AF and any A′ ∈ Bμ(0). Then there exists αÃ > 0 such that

‖x− x̄‖ ≤ κ dist(0, GÃ(x)) whenever x ∈ BαÃ
(x̄).

Fix any x ∈ BαÃ
(x̄). As GÃ+A′ = GÃ +A′(x− x̄), one gets

‖x− x̄‖ ≤ κ dist(0, GÃ(x)) = κ dist
(
0, GÃ+A′(x) −A′(x− x̄)

)
= κ dist

(
A′(x− x̄), GÃ+A′(x)

) ≤ κ‖A′(x− x̄)‖+ κ dist
(
0, GÃ+A′(x)

)
≤ κμ‖x− x̄‖+ κ dist

(
0, GÃ+A′(x)

)
.

Summarizing, given Ã ∈ AF , there exists αÃ > 0 such that for each A′ ∈ Bμ(0) we
have ‖x− x̄‖ ≤ Θdist

(
0, GÃ+A′(x)

)
whenever x ∈ BαÃ

(x̄).

Let a = min
{
δ,minÃ∈AF

αÃ
}
. Taking into account (3.26) one has H(Ba(x̄)) ⊂

AF + Bμ(0); hence we obtain (3.23).
Observe that in (3.23) we do not assume that A ∈ H(x). Fix any ε ∈ (0, 1/Θ).

Let {γk} be defined as in the proof of Theorem 3.2. Since γk → 0 and xk → x̄ for
k → ∞, there is k0 ∈ N such that

(3.27) γk < ε and xk ∈ Ba(x̄) whenever k > k0.

Taking into account (A1) and (3.6), we also have

(3.28) ‖f(xk)− f(x̄)−Akek‖ ≤ ε‖ek‖ and ‖Eksk‖ ≤ ε‖sk‖ whenever k > k0.

Then (3.7) and (3.27) imply, for k > k0, that ‖uk‖ ≤ ε‖ek‖ as well as that

(3.29) uk − f(xk) +Akek + f(x̄)− Eksk ∈ f(x̄) +Akek+1 + F (xk+1).
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Therefore, for k > k0, one can estimate

‖ek+1‖
(3.23)

≤ Θdist(0, f(x̄) +Akek+1 + F (xk+1))

(3.29)

≤ Θ‖uk − f(xk) +Akek + f(x̄)− Eksk‖
≤ Θ‖uk‖+Θ‖f(xk)−Akek − f(x̄)‖+Θ‖Eksk‖

(3.28)

≤ Θε‖ek‖+Θε‖ek‖+Θε‖sk‖
≤ 2Θε‖ek‖+Θε(‖ek+1‖+ ‖ek‖) = 3Θε‖ek‖+Θε‖ek+1‖.

That is,

‖ek+1‖
‖ek‖ ≤ 3Θε

1−Θε
whenever k > k0.

Since ε can be arbitrarily small, the sequence {xk} converges to x̄ superlinearly.
In the case of an equation, the assumption regarding metric regularity of GA re-

duces to the condition that every matrix A ∈ ∂̄f(x̄) has full rank. When m = n the
full rank requirement becomes nonsingularity. The second part of Theorem 3.3 gen-
eralizes [14, Proposition 4] to infinite dimensions and to inexact methods. We should
also mention that a large part of the paper [14] is devoted to applications of inexact
nonsmooth Newton-type methods to nonlinear programming problems. The results
we present here also can be applied to such problems, as well as to infinite-dimensional
problems arising, for example, in optimal control; here we have in mind in particular
the framework developed in the books of Ito and Kunisch [13] and Ulbrich [23].

To put Theorem 3.3 in the perspective of basic results for equations, consider the
following inexact quasi-Newton method: given xk find xk+1 such that

(3.30) ‖f(xk) +Bk(xk+1 − xk)‖ ≤ ηk‖f(xk)‖
for a sequence of matrices Bk and for a forcing sequence ηk↘0.

Corollary 3.4. Consider a function f : Rn → R
n which is semismooth at x̄ ∈

R
n. Also, suppose that all matrices A in ∂̄f(x̄) are nonsingular. Consider a sequence

{xk} generated by (3.30) which is convergent to x̄. Then xk → x̄ superlinearly and
f(x̄) = 0 if and only if there exists a sequence {Ak}, with Ak ∈ ∂̄f(xk) for all
sufficiently large k ∈ N, such that

lim
k→∞

‖Eksk‖
‖sk‖ = 0, where Ek = Bk −Ak.

If f is differentiable around x̄ and its derivative is continuous at x̄, and also ηk = 0
for all k, then Corollary 3.4 reduces to [20, Theorem 2]. A closely related result in
Banach spaces is given in [23, Theorem 3.18]. Obtaining a Dennis–Moré theorem for
semismooth functions was targeted by the second author in his previous paper [6];
however, a gap in the proof of [6, Theorem 2] was found and it is not clear whether
this result is true. Theorem 3.3 above may be viewed as a corrected version of [6,
Theorem 2].

Exploring quasi-Newton methods for nonsmooth variational problems is an open
avenue for further research. In particular, it would be quite interesting theoreti-
cally and valuable practically to identify particular quasi-Newton updates, such as
the Broyden update, for which the Dennis–Moré conditions (3.5), (3.6) are satisfied.
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An important open problem is to find when these conditions are satisfied for the
BFGS method, or a modification of it, applied to a nonsmooth variational inequal-
ity associated with optimality conditions for a nonlinear programming problem or an
optimal control problem. A first step in this direction would be to perform extensive
numerical experiments with various kinds of problems involving nonsmoothness and
approximations.
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