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The Dennis-Moré theorem [1] gives a characterization of q-superlinear convergence of
quasi-Newton methods of the form

(1) f(xk) +Bk(xk+1 − xk) = 0, for k = 0, 1, . . . .

for finding a zero of a smooth function f : Rn → Rn, where Bk is a sequence of matrices
approximating the Jacobian ∇f(x̄) at a solution x̄. The specific way Bk is constructed
determines the quasi-Newton method, e.g., the Broyden class, BFGS, SR1, etc. Let {xk}
be a sequence generated by (1) for a sequence of matrices {Bk} and let sk = xk+1 − xk,
ek = xk − x̄, and Ek = Bk −∇f(x̄). The theorem of Dennis and Moré says the following:

Theorem 1 (Dennis-Moré). Suppose that f is differentiable in an open convex set D
in Rn containing x̄, a zero of f , the Jacobian mapping ∇f is continuous at x̄ and ∇f(x̄) is
nonsingular. Let {Bk} be a sequence of nonsingular matrices and let for some starting point
x0 in D the sequence {xk} be generated by (1), remain in D for all k and satisfy xk 6= x̄ for
all k. Then xk → x̄ q-superlinearly if and only if

(2) xk → x̄ and lim
k→∞

‖Eksk‖
‖sk‖

= 0.

Recall that xk → x̄ q-superlinearly when

lim
k→∞

‖xk+1 − x̄‖
‖xk − x̄‖

= 0.

In the sequel X and Y are Banach spaces and d(x,C) denotes the distance from a point
x to a set C. We employ the following property of set-valued mappings:

1This work is supported by the National Science Foundation Grant DMS 1008341 through the University
of Michigan.
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Definition (strong metric subregularity). Consider a set-valued mapping H : X →→ Y
and a point (x̄, ȳ) ∈ X × Y . Then H is said to be strongly metrically subregular at x̄ for ȳ
when ȳ ∈ H(x̄) and there is a constant κ > 0 together with a neighborhood U of x̄ such that

(3) ‖x− x̄‖ ≤ κd(ȳ, H(x)) for all x ∈ U.

Strong metric subregularity of H at x̄ for ȳ implies that x̄ is an isolated point in H−1(ȳ);
moreover, it is equivalent to the so-called isolated calmness property of the inverse mapping
H−1. In relation to other regularity properties, strong metric subregularity is implied by
strong metric regularity and is different from metric regularity, for definitions and more, see
the book [2]. Most importantly, strong metric subregularity obeys the general paradigm of
the inverse function theorem. Specifically, we have the following fact: given a set-valued
mapping F : X →→ Y , a point (x̄, ȳ) ∈ gphF and two functions f : X → Y and g : X → Y
with x̄ ∈ int dom f ∩ int dom g which are first-order approximations to each other at x̄, then
the mapping f+F is strongly metrically subregular at x̄ for f(x̄)+ȳ if and only if the mapping
g + F is strongly metrically subregular at x̄ for g(x̄) + ȳ, see [2, Theorem 3I.6]. First-order
approximation here means that f(x̄) = g(x̄) and for any ε > 0 there exists a neighborhood U
of x̄ such that ‖f(x)−g(x)‖ ≤ ε‖x−x̄‖ for all x ∈ U. For example, if f is Fréchet differentiable
at x̄ with derivative Df(x̄), then the linearization x 7→ f(x̄) +Df(x̄)(x− x̄) is a first-order
approximation of f at x̄. Hence, the strong metric subregularity of f at x̄ is equivalent to the
following property of the derivative Df(x̄): there exists κ > 0 such that ‖x‖ ≤ κ‖Df(x̄)x‖
for all x ∈ X. If X = Y = Rn this reduces to nonsingularity of the Jacobian ∇f(x̄).
Another basic fact is that, in finite dimensions, any mapping H : Rn →→ Rm, whose graph is
the union of finitely many convex polyhedral sets, is strongly metrically subregular at x̄ for
ȳ if and only if x̄ is an isolated point in H−1(ȳ). All this can be found in [2, sections 3I and
4C] together with a characterization of strong metric subregularity through the graphical
derivative.

As an example illustrating the importance of the property of strong metric subregularity
in optimization, consider the minimum problem

(4) minimize g(x)− 〈p, x〉 over x ∈ C,

where g : Rn → R is a convex twice differentiable function, p ∈ Rn is a parameter, and C is
a convex polyhedral set in Rn. Let x̄ be a solution of (4) associated with the value p̄ of the
parameter. Then the mapping ∇g + NC appearing in the first-order optimality condition
∇g(x) +NC(x) 3 p for problem (4) is strongly metrically subregular at x̄ for p̄ if and only if
the standard second-order sufficient condition holds at x̄ for p̄, see [2, Theorem 4E.4]. Recall
that the normal cone mapping NC to a set C in Rn is defined as

NC(x) =

{
{y | 〈y, v − x〉 ≤ 0 for all v ∈ C} when x ∈ C,

∅ otherwise.

Also, recall that the second-order sufficient condition for problem (4) at x̄ for p̄ is 〈∇2g(x̄)u, u〉 >
0 for all nonzero u in the critical cone KC(x̄, p̄) = {w ∈ TC(x̄) | w ⊥ q̄}, where q̄ = p̄−∇g(x̄)
and TC(x̄) is the tangent cone to C at x̄. In contrast, the stronger property of strong met-
ric regularity of the mapping ∇g + NC is equivalent to the strong second-order condition
〈∇2g(x̄)u, u〉 > 0 for all nonzero u in the critical subspace KC(x̄, q̄)−KC(x̄, q̄).

Recall that a function f : X → Y is said to be calm at x̄ ∈ dom f when there exists a
constant L > 0 and a neighborhood U of x̄ such that

‖f(x)− f(x̄)‖ ≤ L‖x− x̄‖ for all x ∈ U ∩ dom f.
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The following proposition combines calmness with strong metric subregularity of a function
f to characterize q-superlinear convergence of a sequence {xk} through convergence of the
function values f(xk).

Proposition (convergence under calmness and strong subregularity). Let f : X → Y
be a function which is both calm and strongly metrically subregular at x̄. Consider any
sequence {xk} the elements of which satisfy xk 6= x̄ for all k. Then xk → x̄ q-superlinearly
if and only if

(5) xk → x̄ and lim
k→∞

‖f(xk+1)− f(x̄)‖
‖sk‖

= 0.

Proof. Let f be strongly metrically subregular at x̄ with constant κ and neighborhood U
of x̄ and also calm at x̄ with constant L and the same neighborhood U, without loss of
generality. Consider any infinite sequence {xk} such that xk+1 6= x̄ for all k.

Let xk → x̄ q-superlinearly. Let ε > 0 and choose k0 large enough so that xk ∈ U for all
k ≥ k0 and, by the q-superlinear convergence, ‖ek+1‖/‖ek‖ ≤ ε for all k ≥ k0. It is known
that, under q-superlinear convergence2,

(6)
‖sk‖
‖ek‖

→ 1 as k →∞.

Indeed, this follows from the observation that∣∣∣∣‖sk‖ − ‖ek‖‖ek‖

∣∣∣∣ ≤ ‖sk + ek‖
‖ek‖

=
‖ek+1‖
‖ek‖

.

Then, we can take k0 even larger if necessary to obtain

(7) ‖ek+1‖ ≤ ε‖sk‖ for all k ≥ k0.

We have
‖f(xk+1)− f(x̄)‖

‖sk‖
≤ L‖xk+1 − x̄‖

‖sk‖
=
L‖ek+1‖
‖sk‖

≤ Lε.

Since ε can be arbitrarily small, this proves (5).
To prove the other direction, let (5) be satisfied for the sequence {xk}. Choose any

ε ∈ (0, 1/κ) and let k1 be so large that xk ∈ U for all k ≥ k1 and, from (5),

‖f(xk+1)− f(x̄)‖ ≤ ε‖sk‖ for all k ≥ k1.

The assumed strong metric subregularity yields

‖xk+1 − x̄‖ ≤ κ‖f(xk+1)− f(x̄)‖

for all k ≥ k1, and hence,

‖ek+1‖ ≤ κε‖sk‖ for all k ≥ k1.

But then, for such k,
‖ek+1‖ ≤ κε‖sk‖ ≤ κε(‖ek‖+ ‖ek+1‖)

2This is [1, Lemma 2.1].
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and hence,
‖ek+1‖
‖ek‖

≤ κε

1− κε
for all k ≥ k1. Since ε can be arbitrarily small, we conclude that xk → x̄ q-superlinearly.

Note that in Proposition above we do not assume that the sequence {xk} is generated by
the iteration (1) neither that x̄ is a zero of f . We will now give a proof of Theorem 1 based
on Proposition.

Proof of Theorem 1. Any function f which satisfies the assumptions of the theorem also
satisfies the assumptions of Proposition. Let f be calm and strongly metrically subregular
at x̄ with a neighborhood U of x̄ which is contained in D. Let {xk} be generated by (1) and
satisfy xk 6= x̄ for all k. Let xk → x̄ q-superlinearly and let ε > 0. Then xk ∈ U for all k
large enough and hence, according to Proposition,

(8) ‖f(xk+1)‖ ≤ ε‖sk‖ for all sufficiently large k.

Take larger k if necessary so that

(9) ‖∇f(x̄+ τek)−∇f(x̄)‖ ≤ ε for all sufficiently large k and all τ ∈ [0, 1].

Denote

(10) Vk =

∫ 1

0

∇f(x̄+ τek)ekdτ −∇f(x̄)ek.

By elementary calculus we have the equality

f(xk+1) = f(x̄) +

∫ 1

0

∇f(x̄+ τek+1)ek+1dτ = ∇f(x̄)ek+1 + Vk+1

= −f(xk)−Bksk +∇f(x̄)sk +∇f(x̄)ek + Vk+1

= −f(xk)− Eksk +∇f(x̄)ek + Vk+1(11)

= −Eksk − f(xk) + f(x̄) +∇f(x̄)ek + Vk+1

= −Eksk − Vk + Vk+1.

From (9) we obtain that, for sufficiently large k,

(12) ‖Vk‖ ≤ ε‖ek‖.

Also, from (6) and (7), for such k we have ‖ek‖ ≤ 2‖sk‖ and ‖ek+1‖ ≤ ε‖sk‖; therefore,
using (8) in (11) and taking into account that f(x̄) = 0, we obtain the estimate

‖Eksk‖ ≤ ‖ − f(xk+1)‖+ ε‖ek‖+ ε‖ek+1‖ ≤ ε‖sk‖+ 2ε‖sk‖+ ε2‖sk‖.

Since ε is arbitrarily small, we obtain that (5) implies (2).
Let (2) hold. Let κ be a strong subregularity constant of f at x̄ associated with the

neighborhood U ⊂ D. Let ε ∈ (0, 1/(2κ)) and suppose that k0 is so large that xk ∈ U ,
the estimate (9) is satisfied, and ‖Eksk‖ ≤ ε‖sk‖ for all k ≥ k0. Then, by the strong
subregularity and (11), and using (12), we get

‖ek+1‖ ≤ κ‖f(xk+1)‖ ≤ κ(‖Eksk‖+ ε‖ek‖+ ε‖ek+1‖)
≤ κε‖sk‖+ κε‖ek‖+ κε‖ek+1‖ ≤ κε(‖ek+1‖+ ‖ek‖) + κε‖ek‖+ κε‖ek+1‖.
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Hence,

‖ek+1‖ ≤
2κε

1− 2κε
‖ek‖

for all k sufficiently large. Since ε is arbitrarily small, this yields q-superlinear convergence.

Clearly, Theorem 1 remains valid for functions f : X → Y acting between Banach spaces
X and Y . Furthermore, we do not need to assume Fréchet differentiability — it is sufficient
to consider a function f with the following property around a point x̄ ∈ int dom f : there
exists a neighborhood U of x̄ and a set-valued mapping A : U →→ L(X, Y ), the space of linear
and bounded mappings from X to Y , such that

(13) sup
A∈A(x)

‖f(x)− f(x̄)− A(x− x̄)‖ = o(‖x− x̄‖) as x→ x̄.

Alternatively, there are a neighborhood U of x̄ and a set-valued mapping A : U →→ L(X, Y )
with the property that for every ε > 0 there exists a neighborhood U ′ ⊂ U of x̄ such that
for any x ∈ U ′ and any A ∈ A(x) one has

(14) ‖f(x)− f(x̄)− A(x− x̄)‖ ≤ ε‖x− x̄‖ for all x ∈ U ′.

This kind of mappings was introduced by B. Kummer for studying nonsmooth Newton
methods, who called them Newton mappings, see [5, Chapter 10]. In subsequent works, e.g.
in [4], the functions having this property have been named Newton differentiable functions. In
our opinion, both names are not suitable; after all it was Newton (and Leibniz) who defined
the usual kind of derivative, and the credit for introducing this concept should be given
whom the credit is due. For a function having the property in (13) we say that it is Kummer
differentiable at x̄ and any of the mappings A ∈ A(x) for x ∈ U is a Kummer derivative
at x̄. The Kummer differentiable functions include as a subclass the so-called semismooth
functions that have found in recent years numerous applications in optimization, both in
finite and infinite dimensions, in particular for studying semismooth Newton methods, see
e.g. the recent books [5] and [6].

We state and prove next a Dennis-Moré theorem for Kummer differentiable functions.
First we make the following preliminary observations. Consider a function f : X → Y which
is calm with a constant L and strongly metrically subregular with a constant κ, both at x̄
with a neighborhood U of x̄. Let f be Kummer differentiable at x̄ with a neighborhood U
(without loss of generality). Let ε ∈ (0, 1/κ). Then from (13), for any x ∈ U and for any
Kummer derivative A ∈ A(x) we have

‖f(x)− f(x̄)− A(x− x̄)‖ ≤ ε‖x− x̄‖.

Therefore, for any x ∈ U ,

‖A(x− x̄)‖ ≤ ‖f(x)− f(x̄)‖+ ‖f(x)− f(x̄)− A(x− x̄)‖ ≤ (L+ ε)‖x− x̄‖,

thus, the function g : x 7→ A(x− x̄) is calm at x̄ with constant L + ε and neighborhood U .
Furthermore, for any x ∈ U ,

‖x− x̄‖ ≤ κ‖f(x)− f(x̄)‖ ≤ κ‖f(x)− f(x̄)− A(x− x̄)‖+ κ‖A(x− x̄)‖
≤ κε‖x− x̄‖+ κ‖A(x− x̄)‖,
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hence g is strongly metrically subregular at x̄ with constant κ/(1−κε) and neighborhood U .
We now extend the Dennis-Moré theorem to the class of Kummer differentiable functions
that are also calm and strongly subregular.

Theorem 2 (Dennis-Moré for nonsmooth equations). Consider a function f : X → Y
with a zero x̄ at which f is Kummer differentiable, calm and strongly metrically subregular at
x̄, all with a neighborhood U of x̄. Let {Bk} be a sequence of linear and bounded mappings
Bk : X → Y and let for some starting point x0 in U the sequence {xk} be generated
by (1), remain in U for all k and satisfy xk 6= x̄ for all k. Let {Ak} be a sequence of
Kummer derivatives of f at x̄ associated with the sequence {xk}, that is, Ak ∈ A(xk), and
let Ek = Bk − Ak. Then xk → x̄ q-superlinearly if and only if

(15) xk → x̄ and lim
k→∞

‖Eksk‖
‖sk‖

= 0.

Proof. Let f be calm at x̄ with constant L and strongly metrically subregular at x̄ with
constant κ, both with the neighborhood U of x̄. Let {xk} be as in the statement and let
xk → x̄ q-superlinearly. Choose ε > 0. From the observations in the first part of the proof
of Proposition we have

‖ek+1‖ ≤ ε‖sk‖ and ‖ek‖ ≤ 2‖sk‖ for all k sufficiently large.

In the preliminary analysis before the theorem we showed that

‖Akek+1‖ ≤ (L+ ε)‖ek+1‖,

hence
‖Akek+1‖ ≤ 2ε(L+ ε)‖sk‖ for all k sufficiently large.

From the choice of Ak we have

(16) ‖f(xk)− Akek‖ ≤ ε‖ek‖ ≤ 2ε‖sk‖ for all k sufficiently large.

Using these estimates in the equality

(17) Eksk + Akek+1 + f(xk)− Akek = 0

we obtain
‖Eksk‖ ≤ 2ε(L+ ε+ 1)‖sk‖

for all k sufficiently large. This yields (15).
Conversely, let {xk} satisfy (15) and let ε ∈ (0, 1/(2κ)). Then, for sufficiently large k,

(18) ‖Eksk‖ ≤ ε‖sk‖

and also, from the observation before the statement of the theorem,

(19) ‖ek+1‖ ≤ κ′‖Akek+1‖,

where κ′ = κ/(1− κε). Note that εκ′ < 1. From (17) and (19), we get

‖ek+1‖ ≤ κ′‖Akek+1‖ ≤ κ′‖Eksk‖+ κ′‖f(xk)− Akek‖,
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which, combined with the first inequality in (16) and (18), gives us

‖ek+1‖ ≤ κ′ε‖sk‖+ κ′ε‖ek‖.

That is,
‖ek+1‖ ≤ κ′ε(‖ek+1‖+ ‖ek‖) + κ′ε‖ek‖,

which leads to
‖ek+1‖
‖ek‖

≤ 2κ′ε

1− κ′ε
.

Since ε can be arbitrarily small, we conclude that xk → x̄ q-superlinearly.

We now focus on extending the Dennis-Moré theorem to the generalized equation

(20) f(x) + F (x) 3 0,

with f : X → Y a function and F : X →→ Y a set-valued mapping. The inclusion (20) covers
a large territory beyond equations (F ≡ 0) such as inequalities (Y = Rm and F ≡ Rm

+ ),
variational inequalities (Y = X = Rn and F is the normal cone mapping NC for a convex
set C in X), and in particular, optimality conditions, complementarity problems and multi-
agent equilibrium problems. We consider the following class of quasi-Newton methods for
solving (20):

(21) f(xk) +Bk(xk+1 − xk) + F (xk+1) 3 0, for k = 0, 1, . . . ,

where Bk is a sequence of linear and bounded mappings acting from X to Y . When (20)
describes the Karush-Kuhn-Tucker optimality system for a nonlinear programming problem,
the method (21) may be viewed as a combination of the SQP method with a quasi-Newton
method for approximating the second derivative of the Lagrangian; a basic reference in this
field is [3, Section 12.4].

Theorem 3 (Dennis-Moré for generalized equations). Suppose that f is Fréchet differ-
entiable in an open and convex neighborhood U of x̄, where x̄ is a solution of (20), and
the derivative mapping Df is continuous at x̄. Let for some starting point x0 in U the
sequence {xk} be generated by (21), remain in U for all k and satisfy xk 6= x̄ for all k. Let
Ek = Bk −Df(x̄). If xk → x̄ q-superlinearly, then

(22) lim
k→∞

d(0, f(x̄) + Eksk + F (xk+1))

‖sk‖
= 0.

Conversely, if the mapping x 7→ H(x) = f(x̄) +Df(x̄)(x− x̄) + F (x) is strongly metrically
subregular at x̄ for 0 and the sequence {xk} satisfies

(23) xk → x̄ and lim
k→∞

‖Eksk‖
‖sk‖

= 0,

then xk → x̄ q-superlinearly.

Proof. Suppose that the method (21) generates an infinite sequence {xk} with elements in
U such that xk 6= x̄ for all k and xk → x̄ q-superlinearly. From (21) we have

(24) −f(xk) + f(x̄)−Df(x̄)(xk+1 − xk) ∈ f(x̄) + (Bk −Df(x̄))(xk+1 − xk) + F (xk+1).
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Thus, to obtain (22) it is sufficient to show that for any δ > 0 there exists a natural k̄ such
that

(25) ‖f(xk)− f(x̄) +Df(x̄)sk‖ ≤ δ‖sk‖ for all k ≥ k̄.

Let ε > 0. Then there exists k0 such that

(26) ‖Df(x̄+ τek)−Df(x̄)‖ < ε for all τ ∈ [0, 1] and k ≥ k0.

Choose k0 larger if necessary so that, by the q-superlinear convergence,

(27)
‖ek+1‖
‖ek‖

< ε for all k ≥ k0.

Using (6), we can take k0 even larger if necessary to obtain

(28) ‖ek‖ < 2‖sk‖ for all k ≥ k0.

The left side of (24) can be expressed as

f(xk)− f(x̄) +Df(x̄)sk = f(xk)− f(x̄)−Df(x̄)ek +Df(x̄)ek+1

=

∫ 1

0

[Df(x̄+ τek)−Df(x̄)]ekdτ +Df(x̄)ek+1.

Combining (26), (27) and (28) we obtain that, for all sufficiently large k,

(29) ‖f(xk)− f(x̄) +Df(x̄)sk‖ < ε‖ek‖+ ‖Df(x̄)‖‖ek+1‖ < 2ε(1 + ‖Df(x̄)‖)‖sk‖.

Since ε can be arbitrarily small, for any δ > 0 we have (25) for all k sufficiently large, and
hence (22) is satisfied.

To prove the second part of the theorem, let the sequence {xk} be generated by (21)
for some x0 in U , remain in U and satisfy xk 6= x̄ for all k, and let condition (23) be
satisfied. By the assumption of strong metric subregularity, there exist a positive scalar κ
and a neighborhood U ′ ⊂ U such that

(30) ‖x− x̄‖ ≤ κd(0, H(x)) for all x ∈ U ′.

Clearly, for all sufficiently large k we have xk ∈ U ′. Since

f(x̄) +Df(x̄)ek − f(xk)− Eksk ∈ H(xk+1)

from (30) we obtain that, for all large k,

(31) ‖xk+1 − x̄‖ ≤ κ‖f(x̄) +Df(x̄)ek − f(xk)− Eksk‖.

Let ε ∈ (0, 1/κ) and choose k0 so large that (26) holds for k ≥ k0 and τ ∈ [0, 1], and (31) is
satisfied for all k ≥ k0. Then,

(32) ‖f(xk)− f(x̄)−Df(x̄)ek‖ = ‖
∫ 1

0

[Df(x̄+ τek)−Df(x̄)]ekdτ‖ ≤ ε‖ek‖.
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Make k0 even larger is necessary so that, by condition (23),

(33) ‖Eksk‖ < ε‖sk‖ for all k ≥ k0.

Then, from (31), taking into account (32) and (33), for k ≥ k0 we obtain

‖xk+1 − x̄‖ ≤ κ‖f(x̄) +Df(x̄)ek − f(xk)‖+ κ‖Eksk‖
< κε‖ek‖+ κε‖sk‖ < κε(2‖ek‖+ ‖ek+1‖).

Thus,
‖ek+1‖
‖ek‖

<
2κε

1− κε
.

Since ε can be arbitrarily small, this implies that xk → x̄ q-superlinearly.

For the case of an equation with X = Y = Rn, F ≡ 0 and then f(x̄) = 0, strong metric
subregularity of the mapping H is equivalent to nonsingularity of the Jacobian ∇f(x̄) and
also (22) becomes the same as (23); that is, Theorem 1 is a special case of Theorem 3. Also
note that, by using the argument in the proof of Theorem 2, Theorem 3 can be extended to
hold for generalized equations (20) with a Kummer differentiable function f .

Clearly, under strong metric subregularity of H and for a sequence xk convergent to x̄
with xk 6= x̄ for all k, condition (23) implies (22). Note that to obtain the necessary condition
(22) we do not impose any assumptions on F . The following simple example shows that (22)
is not a sufficient condition for q-superlinear convergence. Let X = Y = R, f(x) = 0 and
F (x) = x for all x ∈ R, and let Bk = k + 1. We should then take x̄ = 0 and the mapping
H(x) = x is strongly metrically subregular everywhere. The method (21) has the form

(k + 1)(xk+1 − xk) + xk+1 = 0 for k = 0, 1, . . . ,

and if x0 = 1, it generates the sequence with elements xk = 1/(k + 1) for k = 1, 2 . . . . This
sequence is convergent to 0 = x̄, but not q-superlinearly, while (22) holds trivially.

On the other hand, condition (23) is not necessary for q-superlinear convergence, in
general. To show this, consider the case X = Y = R, f(x) = 0 and F (x) =

√
|x| for all

x ∈ R; then x̄ = 0 is the only solution of the generalized equation (20) and all assumptions
of Theorem 3 are satisfied. Consider the method (21) with Bk =

√
(k + 2)!/(k + 1) and

x0 = 1. Then the iteration√
(k + 2)!

k + 1
(xk+1 − xk) +

√
|xk+1| = 0 for k = 0, 1, . . . ,

generates the sequence xk = 1/((k + 1)!) which is q-superlinearly convergent to 0 = x̄;
however, condition (23) is violated since Bk does not converge to zero.

Let us consider the case when the generalized equation (20) represents a variational
inequality,

(34) f(x) +NC(x) 3 0,

where X = Y = Rn and NC is the normal cone mapping to a convex polyhedral set C.
Consider a sequence with elements xk generated by the method (21) applied to (34) for

9



some x0 and suppose that xk is convergent q-superlinearly to a solution x̄ of (34). Then,
from (21) we have

−f(xk)−∇f(x̄)sk ∈ Eksk +NC(xk+1),

which can be rewritten as

−f(x̄) + f(x̄)− f(xk)−∇f(x̄)sk − Eksk ∈ NC(x̄+ ek+1),

and hence, remembering that −f(x̄) ∈ NC(x̄), by Lemma 2E.4 in [2] (reduction lemma), for
sufficiently large k we obtain

(35) f(x̄)− f(xk)−∇f(x̄)sk ∈ Eksk +NK(ek+1),

where K is the critical cone to C at x̄ for −f(x̄). By repeating the first part of the proof of
Theorem 3 we obtain that the q-superlinear convergence of xk to x̄ implies

(36) lim
k→∞

d(0, Eksk +NK(ek+1))

‖sk‖
= 0.

Note that (23) immediately yields (36) since the zero vector always belongs to the normal
cone.

We can obtain yet another necessary condition for q-superlinear convergence if we use
the fact that u ∈ NK(x) if and only if x ∈ K, u ∈ K∗, the polar to K, and u ⊥ x. Taking
the product of both sides of (35) with ek+1, we obtain

〈ek+1, Eksk〉 = 〈ek+1, f(x̄)− f(xk)−∇f(x̄)sk〉.

By (27), (28) and (29), for any ε > 0 and sufficiently large k the right side of this equation
is bounded by 4ε2(1 + ‖∇f(x̄)‖)‖sk‖2, and hence

(37) lim
k→∞

〈ek+1, Eksk〉
‖sk‖2

= 0.

Observe that (23) implies (37) inasmuch ‖ek+1‖/‖sk‖ → 0 when xk converges q-superlinearly
to x̄. We conjecture that the convergence xk → x̄ combined with (36) is a necessary and
sufficient condition for q-superlinear convergence, thus being the true extension of the Dennis-
Moré condition for variational inequalities.
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