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Abstract—This paper presents a track to track fusion technique
motivated by recent work in sparse subspace clustering (SSC).
This technique was first tested on a synthetic dataset and
then on the Passive-Active Contact Simulator (PACsim) data.
The PACsim dataset is a multistatic simulation designed to
approximate real-life data. In this paper, we apply the subspace
clustering technique to the track to track fusion problem.
Results demonstrate that this technique improves overall tracking
performance. Specifically, we demonstrate that the SSC algorithm
is robust to noisy data and perfectly clusters track fragments
from the PACsim dataset.

I. INTRODUCTION

This paper presents a track to track fusion technique mo-
tivated by recent work in sparse subspace clustering. Due to
challenges such as low probability of detection and sensor
inaccuracies, tracking algorithms often will output fragmented
target tracks that actually correspond to a smaller set of longer
tracks. Track to track fusion, either incorporated into the
tracking algorithm or as a post-processing step, is an effective
means to improve tracking algorithm performance and reduce
track fragmentation.

Track to track fusion is typically done through a hypothesis
test based on state estimation and covariance [1]. Many of the
algorithms are heuristic, [2], and several have been shown to be
optimal in a maximum likelihood sense, [3], [4], or in the mean
squared error (MSE) sense [4], [5]. However, it is important to
note that the optimality guarantees are for estimating the state
and sensor cross-covariance. The proposed technique does not
need to estimate either quantity and is a globally optimal
algorithm with respect to data that lies perfectly in a union
of subspaces.

Multistatic sonar tracking has several unique challenges
when compared to other domains. It is characterized by a
low probability of detection (Pd), high clutter rate and (often)
inaccurate sensors. In order to address these challenges, JPDA
with posterior distribution preprocessing was developed and
tested on the Metron data set with mixed results, and with good
results on a recent multistatic sonar dataset, the Passive-Active
Contact Simulator (PACsim) [6], [7]. This paper uses results
from the Joint Probabilistic Data Association (JPDA) [8] based
tracker on PACsim. The PACsim data set [9] was created for
use by members of the Multi-Static Tracking Working Group
(MSTWG) and will be used as a high-fidelity simulated dataset
in this paper.

We propose using the recently developed sparse subspace
clustering (SSC) algorithm [10], [11] for batch track to track

fusion. SSC models data as lying in a union of subspaces
in order to cluster the fragmented track segments together.
SSC is a globally optimal algorithm for data that can be cast
as a union of linear or affine subspaces. It has been applied
to problems such as motion segmentation with great success
[10]. An advantage of SSC compared to other track to track
fusion algorithms is that it is reasonably robust to errors in
state estimation, as we will demonstrate in Section VI-A.

Section II will summarize the PACsim data set. Section III
of this paper will review the mathematical basis for the JPDA
algorithm. Section IV will summarize the subspace clustering,
and Section V describes its extension to multistatic tracking
scenario. Section VI will show results from two scenarios;
specifically, Section VI-A will show the track to track fusion
results from the synthetic example, and Section VI-B will
show results on the PACsim dataset. Section VII will sum-
marize the paper and discuss areas of continued work.

II. PACSIM DATA SET ANALYSIS

PACsim is a simulated data set with three distinct scenarios
(A, B and C). The track to track fusion results presented in
Section VI-B are shown for scenario A only. The ground truth
plot for scenario A is shown in Figure 1. This plot is from the
source document for the data set [9]. There is one target in
scenario A and scenarios B and C have four targets. All three
scenarios include fixed clutter points.

The sensor layout for the simulations is based distributed
underwater sensors with few sources and many receivers. The
green circles are the receivers and the red boxes are the
sources. The sensor layout is the same for all the scenarios (5
sources and 16 receivers). The ping interval is 60 seconds for a
duration of 481 pings (8 hours). The ping schedule follows a
preset list which cycles through all the sources sequentially
and repeatedly. There are frequency modulated (FM) and
continuous wave (CW) transmissions simulated (alternating
each ping for each source), and in this paper all contacts are
used in the tracking algorithms.

The contact measurements were generated using the follow-
ing parameters for all three scenarios:
• 8 hours durations, 7696 scans, 481 pings.
• Bearing error is normally distributed with mean 0.0◦ and

standard deviation 4.0◦.
• FM waveform: Time difference of arrival (TDOA) error

is normally distributed with mean 0.0s and standard
deviation 0.1s.



Fig. 1. Ground truth plot and sensor layout for scenario A of the PACsim
data set. Two targets are present— Target 1 (T1) is represented by the red
line and Target 2 (T2) is the pink triangle. There are 5 sources (red boxes)
and 16 receivers (green circles).

• CW waveform: Time difference of arrival (TDOA) error
is normally distributed with mean 0.0s and standard
deviation 0.4s.

• Bistatic Doppler error is normally distributed with mean
0.0 knots and standard deviation 0.4 knots (CW only).

• No blanking region is included in the simulations.
CW and FM pings each have their own benefits: FM pings

result in better range resolution, and CW pings allow for the
measurement of bistatic Doppler of the contacts. The Doppler
measurement has been shown to be useful in track initiation
[12], contact classification [13]–[15] and contact fusion [16].
For these reasons, CW pings have the potential to greatly
improve tracking results. However, in the case of the PACSim
dataset, we found that the CW pings had a much lower Pd than
the FM pings across all the scenarios, as listed in Table I.

Target 1 2 3 4 5 6
A CW 0.21 0
A FM 0.47 0.44
B CW 0.14 0.15 0.10 0.01 0 0
B FM 0.53 0.52 0.11 0.11 0.47 0.47
C CW 0.08 0.02 0.09 0.01 0 0
C FM 0.47 0.11 0.12 0.10 0.48 0.47

TABLE I
PROBABILITY OF DETECTION FOR CW AND FM PINGS ACROSS

SCENARIOS A, B, AND C. NOTE THE EXTREMELY LOW PROBABILITY OF
DETECTION FOR THE CW PINGS.

III. TRACKING AND TRACK MANAGEMENT

The process of tracking contains many interacting sub-
systems. For contact to track association, we use the JPDA
algorithm described in [8]. JPDA is a modification of Proba-
bilistic Data Association (PDA) to account for the presence
of multiple targets. It should be noted that the tracking
architecture is centralized: all contact data for a single ping is

aggregated and processed at once. Track management is done
using a sequential probability ratio test (SPRT) with a fixed
confirmation threshold and a sliding window (W ) for track
deletion. At every time k, the current score is stored. If at
time k +W the score has dropped by more than the deletion
threshold, the track is deleted.

IV. SPARSE SUBSPACE CLUSTERING

In this section, we introduce the sparse subspace clustering
(SSC) algorithm developed by Elhamifar and Vidal [10] for
performing track to track fusion. The SSC algorithm can
be broken into two steps: sparse coefficient recovery and
clustering using those coefficients. First we describe the how
the algorithm defines the notion of affinity between data
points and how it represents data that lie in a union of affine
subspaces.

The first half of the algorithm uses a sparse optimization
program to build affinities between points, where points in
the same subspace will have a large affinity value and are
therefore closely associated with each other. Points that are
not part of the same track should have a low affinity value. We
assume points lie in a union of affine subspaces. Let {Si}ni=1

be the set of n subspaces that have dimensions {di}ni=1.
Suppose you have N data points {zj}Nj=1 that lie in one of
the subspaces that can be formed into a martix Z = [z1...zn].
We can partition this matrix into blocks {Zi}ni=1 such that
Zi corresponds to the points that belong to subspace Si. The
theory behind SSC hinges on what Elhamifar and Vidal refer
to as the self-expressiveness property of the data. They define
the property as ”each data point in a union of subspaces can
be efficiently reconstructed by a combination of other points
in the dataset.”

In other words, you can rewrite each point zi as

zi = Zci, cii = 0

where ci = [ci1ci2...ciN ] is a vector of coefficents and cii = 0
constrains the problem so you can’t rewrite zi in terms of
itself. For a more in depth look at the sparse coefficient
recovery in the SSC algortihm, we refer the reader to [10].
For a general clustering problem, we want to associate points
z ∈ Zi with other points in Zi but not with points in
some other subspace Z\i. SSC builds these associations by
optimizing the coefficient vectors {ci}ni=1 for each point zi.
Sparse optimization by means of the l1 norm is a natural fit
to build the coefficient vectors {ci}ni=1, since it selects only a
few points from the dataset to recreate a given point Zi. For
points that fall perfectly onto subspaces, i.e. noiseless data,
the sparse coefficient recovery is performed by

min
ci

‖ci‖1, subject to Zci − zi = 0 (1)

However, noiseless data is not a reasonable assumption for
real data. Therefore, for this paper we use LASSO [17] as
an alternative to equation 1 [18]. Specifically, we define our
objective function as

min
ci

‖ci‖1 + λ‖Zci − zi‖2 (2)



where the value of λ > 0 trades off sparsity with accuracy of
the linear combination of points.

The second part of the algorithm deals with segmenting the
data based on the sparse coefficient vectors. If we stack the
vectors into a matrix C = [c1c2...cN ], we can construct a
graph Laplacian W = |C|+ |C|> [10]. For a given column i
of C, the nonzero elements ideally correspond to points in the
same subspace at zi. Since the entries of C can be thought of
as edges between nodes in a graph, constructing W makes
the associations between points symmetric. The connected
portions of the graph defined by W ideally correspond to the
different subspaces. Then we use spectral clustering in which
we apply K-means to the last n eigenvectors of W [19].

V. APPLICATION TO MULTISTATIC TRACKING

Due to the challenges inherent in tracking such as low
probability of detection and sensor inaccuracies, tracking algo-
rithms often will output fragmented target tracks that actually
correspond to a smaller set of longer tracks. Target motion
models are often very smooth, so sequential track fragments
usually have very similar movement evolution from begining
to end. Thus, partial tracks from the same true track are
likely to fall in a single subspace, which is a good fit for
the assumptions made for SSC.

This problem is also very similar to motion segmentation
[10], for which SSC has had great success. In motion segemen-
tation, feature trajectories are clustered based on similarities in
frame to frame motion. For the track to track fusion, we take
the partial tracks to be analagous to the feature trajectories. In
the next section, we will look at track to track fusion results
from both a synthetic example and the PACSim dataset.

Applying SSC to track to track fusion in multistatic track-
ing, we use the position and velocity estimates of the track
fragments to construct a point zi ∈ Rpq , where q is the
number of states estimated in the track fragment and p is
the dimensionality of the states. SSC requires every point zi
to have the same dimension, which is a problem since track
fragments can vary greatly in length. In order to solve this
problem, we linearly interpolate the features within the track
fragments so that they are all the same length. Interpolation
ensures that the properties of the track fragment, i.e. position
and velocity, remain consistent as we preprocess the data for
SSC.

VI. RESULTS

In this section, we present track to track fusion results from
a synthetic example and the PACsim dataset. For the synthetic
problem, we cluster two lines over a large number of trials
where the angle between the lines is randomly generated for
each trial. For a high-fidelity simulated dataset, we cluster
track fragments from JPDA run on PACsim scenario A.

A. Synthetic Data

Before testing the algorithm on the PACsim dataset, it is
tested on a synthetic example. We generate a pair of lines
sampled from a standard Gaussian distribution with zero mean

Fig. 2. An instantiation of the lines in the synthetic example. For the
simulation we generated 1000 realizations of these lines with random angles
for a given noise variance.

Fig. 3. An instantiation of the noisy lines with a random rotation applied in
the synthetic example. The lines shown have a 10−1.88m4s2 of noise added.
For the simulation we generated 1000 realizations of these lines with random
angles for a given noise variance. SSC clustered lines with this amount of
noise nearly perfectly, with an error rate of 0.01.

and unit variance and made affine by a random 3D offset
from the origin. Then, the lines are multiplied by a rotation
matrix with independently generated angles. The angles are
uniformly distributed on the interval [−π, π]. The result can
be seen in Figure 2. Each of the lines is broken up into adjacent
track fragments of equal length. In this case, each line has 200
points and the track fragment length is 20, which makes 10
track fragments. Note that the track fragments all have equal
length, so it is not necessary to interpolate the points yi. Let
the position and time coordinates of each point in the track
fragment be the state estimate. For a track fragment this givesx1 x2 · · · xq

y1 y2 · · · yq
t1 t2 · · · tq





Fig. 4. An instantiation of the noisy lines with a random rotation applied in
the synthetic example. The lines shown have a 10−0.57m4s2 of noise added.
For the simulation we generated 1000 realizations of these lines with random
angles for a given noise variance. SSC clustered lines with this amount of
noise with an error rate of 0.25.

where q = 20 is the number of state estimates in the track
fragment. Since we are using position, let p = 3 be the
dimension of each state estimate. Similar to how Elhamifar et
al. restructure their data for motion segmentation, the matrix
is then vectorized into a point zi for SSC.

zi = [x1 y1 t1 vx1 vy1 · · · xq yq tq vxq vyq]
> (3)

In essence, we make each feature its own dimension. Then,
when we cluster the track fragments together, we compare the
x positions with x positions, y positions with y positions, etc...

Since real data has noise, it is important to address how SSC
handles noise in this simulated data. Therefore, we inject the
lines with varying amounts of additive uniformly distributed
noise that goes from 0m4s2 up to 8.33m4s2 (or on a log
scale 100.92m4s2). The lines simulate target tracks the move
at a constant velocity in a two dimensional spatial plane over
time. Therefore, the added noise displaces the points in units
of squared meters times seconds. We define the variance of a
uniform random variable U with parameters a and b to be

var (U) =
(a− b)2

12

The noise is representative of range and bearing errors from
the sensors. For statistical rigor, we generate 1000 rotation
matrices with random angles for each value of noise variance
and perform track to track fusion. The results can be seen
in Figure 5. The algorithm does very well with low noise
variance, with a mean clustering error very close to zero.
However, the error starts to rise at around 10−1.88m4s2. Figure
3 shows what one pair of lines looks like with 10−1.88m4s2 of
noise added, and Figure 4 shows what one pair of lines looks
like with 10−0.57m4s2 of noise added. For the lines with the
same noise power as in Figure 3, the clustering error rate was

Fig. 5. Clustering error for synthetic example across noise noise variance
up to 100.9m4s2. There are 1000 trials for every noise variance level. For a
given noise variance level, the line denotes the average clustering error and
the shaded region denotes the standard deviation for clustering error across
trials.

0.01. Likewise, for the lines with the same noise power as in
Figure 4, the clustering error rate was 0.25.

When the algorithm is comparing the line fragments against
each other, the trajectories looks more random, which means
fragments from the same line will not appear to be from the
same subspace. In fact, large amounts of noise violate the
underlying assumption about the data made by SSC, which is
that the data falls onto a union of subspaces.

B. PACsim

Using data from scenario A of PACsim, the JPDA has
ten track fragments, four corresponding to target one and
six corresponding to target two as can be seen in Figure 6.
Each track fragment consists of some number of estimated
states which are dimension p = 5. The states encode the
position (x, y) ∈ R2, time t ∈ R, and velocity (vx, vy) ∈ R2.
Similar to how Elhamifar et al. restructure their data for motion
segmentation, we vectorize the interpolated state estimates in
a track fragment into a point zi

x1 x2 · · · xq
y1 y2 · · · yq
t1 t2 · · · tq
vx1 vx2 · · · vxq
vy1 vy2 · · · vyq



zi = [x1 y1 t1 vx1 vy1 · · · xq yq tq vxq vyq]
> (4)

As seen in Figure 7, the algorithm perfectly clusters the ten
fragments. This is an impressive result as it correctly clustered
track fragments of target one around the ninety degree turn and
correctly clustered the short, noisy fragments of target two. We
also clustered these fragments with position estimates only,
which also yield a perfect clustering.



Fig. 6. Track fragments from using JPDA on PACsim scenario A. There are
ten fragments total, four for target one (left track) and six for track two (right
track)

Fig. 7. Track to track fusion results using position and velocity information.
SSC clustered the track fragments perfectly.

Originally, we used the unsmoothed position estimates from
the PACsim dataset, but ran into clustering errors. As seen
previously in the synthetic problem, SSC eventually breaks
down in the presence of noise. SSC relies on a union of
subspaces approach, and as the errors in the state estimation
increases for the track fragments, the assumption that the data
can be fit by these subspaces is no longer valid. However, using
the smoothed state estimations from JPDA noticably improved
the performance of SSC. The tracker and the post-filtering
compliment each other nicely.

VII. CONCLUSION

This paper presents a track to track fusion technique moti-
vated by recent work in sparse subspace clustering. Using a
JPDA based tracker, we have demonstrated that post-filtering
using SSC performs well on both a high-fidelity simulated
dataset and improves the performance of the tracker. We also

provide justification for using subspace clustering tools for
track to track fusion and ground our reasoning in a rigorous
synthetic example.

Looking forward, we could build off of recent work done
analyzing the SSC algorithm’s robustness to noise [18] in order
to improve track to track fusion performance. More specifi-
cally, this work could be used to optimally tune the trade-off
parameter λ in equation 2. Additional areas of interest include
finding a better solution for the state interpolation within the
track fragments and using SSC in the tracking algorithm rather
than as a post-filtering step.
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