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ABSTRACT

Propeller radiated cavitation noise is broadband yet audi-
bly rhythmic, taking on the characteristics of amplitude-
modulated noise. The study of this process is important
because the shaft and blade rates, as well as other identify-
ing features of the ship, can be inferred from the cavitation
signal envelope. Unlike the conventional method for es-
timating the modulation frequency, this paper proposes a
multirate subband method applicable to colored signals, and
shows the conditions under which it is optimal in the sense
of maximum likelihood. Application to actual ship noise
data confirms the utility of the new method, yet also reveals
previously unobserved signal dynamics, namely acoustic
frequency-dependent phase shifts and amplitude variation in
the modulation spectrum.

Index Terms— Amplitude modulation, cavitation, de-
modulated noise, maximum likelihood, multirate filterbanks

1. INTRODUCTION

The radiated noise from ship propellers often has amplitude
modulation-like characteristics that are a function of the shaft
rotational rate and the number of blades. This phenomenon is
caused by the periodic-like generation and collapse of cavita-
tion bubbles on the rotating propeller blades as they encounter
nonuniformities in wake inflow and pressure [1]. As a result,
cavitation noise is broadband yet distinctly rhythmic. Estima-
tion of the shaft and blade rate and modulation waveform are
important problems in passive sonar since the ship type and
speed can be inferred from these measurements [2].

Previous work has modeled the cavitation process as a
periodic envelope multiplying a noise process consisting of
independent Gaussian random variates [2, 3]. Demodulated-
noise (DEMON) processing sonar systems are often based on
Fourier analysis of the squared cavitation signal, in which the
propeller modulation appears as a harmonic line spectrum.
Lourens and du Preez [2] showed that conventional DEMON
analysis is approximately optimal in the sense of maximum-
likelihood estimation.
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Unlike the signal model in [2], actual recorded propeller
noise signals are always colored, or correlated. In this pa-
per we propose a modulation frequency estimator for col-
ored cavitation noise, based on a framework of multirate sub-
band processing. Section 2 begins by describing the conven-
tional estimator, followed by a discussion of the effects of
correlation in Section 3. In Section 4 we define the multi-
band DEMON spectrum, actually a composite of individual
subband DEMON estimates, and state the conditions under
which it behaves as an approximate maximum-likelihood es-
timate (MLE). Section 5 presents experimental results that re-
veal the strengths and limitations of the multiband approach,
and Section 6 concludes with possible directions for future
research.

2. BACKGROUND

The received propeller-radiated noise is typically modeled as
a random process x(n) represented by

x(n) = m(n) · c(n) + w(n) (1)

where the deterministic envelope m(n) modulates the broad-
band carrier noise process c(n) in the presence of background
ocean noise w(n). In this paper we restrict x(n) to be a finite-
length segment of N contiguous samples.

From the model (1) Lourens and du Preez [2] derived an
approximate MLE for the modulation frequency ω0 under the
assumptions that c(n) and w(n) are mutually uncorrelated as
well as individually white, Gaussian and zero mean, with vari-
ances σ2

c and σ2
w. The log-likelihood function, as N tends

toward infinity, can be approximated as

log pX(x|ω0) ≈ E − 1
2

N−1∑
n=0

x2(n)
σ2

cm2
ω0

(n) + σ2
w

(2)

where pX(x|ω0) is the multivariate distribution of the N sam-
ples of x(n), and E is a constant term that can be ignored. The
assumed-periodic envelope m(n), conditioned on ω0, has the
Fourier series expansion consisting of a mean term plus har-



monically related components

mω0(n) = m0 + Re

{ ∞∑
p=1

mp ejpω0n

}
(3)

where the coefficients mp are deterministic and ω0 is the fun-
damental modulator frequency.

There is no closed form solution for the maximization of
(2), but Lourens and du Preez showed that, when the modu-
lated signal is weak compared to the ambient noise, the ap-
proximate MLE for ω0 reduces to harmonic spectral analysis
of the squared time samples:

ω0 ≈ argmax
ω
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which uses a sampled version of the DEMON spectral esti-
mate

SD(ω) =
1
N
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Although instructive, the approximate log-likelihood
function in (2) does not accurately reflect the spectrally-
colored nature of actual underwater propeller and ambient
noise. The admission of sample-to-sample correlation in
x(n) renders the MLE in (4) inapplicable and requires an
alternative estimator for ω0. We elaborate in the next section.

3. THE PROBLEM OF TEMPORAL CORRELATION

Figure 1 shows the power spectral estimate of an actual under-
water ship noise recording, which in this case originated from
a commercial merchant vessel. These colored spectral char-
acteristics are commonly seen in ship radiated noise measure-
ments. Intuitively, we expect the conventional DEMON esti-
mator (4) to be suboptimum under these circumstances since
the modulation information present in both the stronger and
weaker parts of the spectrum are not equally utilized. This
hints at the multiband spectral whitening method described
later in the next section.

First, however, we motivate the multiband estimator by
describing the difficulty posed by correlation. If we allow
x(n) to be colored, then the joint probability distribution for
N samples of x(n) is no longer expressible as a product of
individual sample distributions and (2) no longer holds. In-
stead, assume for the sake of argument that the samples of
x(n) are jointly Gaussian. Then

pX(x|ω0) = (2π)−N/2
∣∣Rx|ω0

∣∣−1/2 exp
(

1
2
xT R−1

x|ω0
x
)

(6)
where the covariance of the process x(n) is given by

Rx|ω0(n1, n2) = mω0(n1)mω0(n2)Rc(n2 − n1)
+Rw(n2 − n1) (7)
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Fig. 1. Power spectrum estimate of a 8-second clip of underwater
cavitation noise. The source is a commercial merchant ship.

The likelihood function in (6) is a complicated function of ω0

and is difficult to analyze in terms of maximization. Hence we
do not pursue it further here. Instead we propose an approx-
imate MLE that operates on decorrelated subband signals, as
described in the next section.

4. MULTIBAND DEMON AS AN APPROXIMATE
MLE FOR CORRELATED TIME SERIES

Through the rest of this paper we assume c(n) and w(n) each
to be wide-sense stationary, Gaussian and mutually uncorre-
lated. The idea is as follows: The signal plus noise mea-
surement x(n) can be decomposed into an ensemble of K
spectrally-disjoint subband signals,

xk(n) = hk(n) ∗ x(n) (8)

where hk(n) is the impulse response of the kth bandpass filter
with cutoff frequencies ωN (2k±1)/K, and ωN is the Nyquist
rate of x(n).

Subband filtering is the first step toward a decorrelating
transform of x(n). Periodically correlated random processes
such as DEMON signals can be represented in terms of a
Fourier integral with frequency increments that are correlated
within a bandwidth equivalent to the modulation bandwidth
[4]. The subband signals can therefore be treated as uncorre-
lated with one another as long as 1) the bandpass filters have
minimal to no overlap in the frequency domain, and 2) the
modulation bandwidth is much smaller than the filter band-
width ωN/K. With these conditions satisfied, the absence
of between-subband correlation, combined with Gaussianity,
implies statistical independence. Therefore the log-likelihood
function of the subband ensemble becomes

log pX(x0,x1, ...,xK |ω0) =
K−1∑

k=0

log pk(xk|ω0) (9)

which suggests that the MLE for ω0 in colored noise involves
a weighted average of individual subband estimators.



It turns out that the MLE for each subband is the estimator
of Lourens and du Preez, under certain mild conditions. First,
the envelope must fluctuate slowly compared to the temporal
width of the subband filters, so that

hk(n) ∗ [m(n) · c(n)] ≈ m(n) · [hk(n) ∗ c(n)] (10)

and thus xk(n) ≈ m(n) · ck(n) + wk(n). Second, K must
be longer than the correlation lengths of c(n) and w(n), such
that the downsampled subband signals

x̂k(r) ≈ m(Kr) · ck(Kr) + wk(Kr) (11)

are approximately whitened. This is equivalent to saying that
the spectrum of x(n) should be smooth within the subband
bandwidth of 2ωN/K. Also, the downsampled envelope
m(Kr) will incur no aliasing distortion as long as the highest
modulation frequency is less than ωN/K, which is a weaker
form of the constraint mentioned prior to (9). Under these
conditions, the subband signals from (11) each conform to
the signal model defined in Section 2 and permit the use of
(4) as the individual subband estimator.

The multiband DEMON spectral estimator reduces to

SMB(ω) =
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when the signal is weak relative to the ambient noise where
σ2

c,k and σ2
w,k are the carrier and noise variance in the kth sub-

band. In practice, the carrier power or ambient noise power
might be unknown, so a suboptimum version of (12),

SMB(ω) =
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(13)

can be used instead where normalization by the subband
power σ2

k compensates for the potentially large spectral dy-
namic range of x(n) as in the example in Fig. 1. Harmonic
analysis on SMB(ω), similar to (4), yields the approximate
multiband MLE for ω0 in the presence of colored carrier
and/or ambient noise.

5. RESULTS AND DISCUSSION

In this section we compare the conventional DEMON spec-
trum estimate SD(ω) to the new multiband estimate SMB(ω)
when applied to actual noise recordings of two commercial
merchant ships [5] (referred to here as Merchant 1 and Mer-
chant 2). In each case the recorded signal was spectrally non-
flat; a power spectral estimate for Merchant 1 appears in Fig.
1. For multiband computation, we used a filterbank of non-
overlapping, uniformly-spaced filters each 100 Hz wide. The
number of bandpass filters depended on the sampling rate of
the recording; as a result K = 111 for Merchant 1 whereas
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Fig. 2. Conventional DEMON spectrum (blue) compared to the
multiband estimate (red) for 8 seconds of data from Merchant 1.
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Fig. 3. Conventional DEMON spectrum (blue) compared to the
multiband estimate (red) for 8 seconds of data from Merchant 2.

K = 81 for Merchant 2. Since both the carrier and ambient
noise levels are unknown, we used (13) to compute SMB(ω).

Figures 2 and 3 show the DEMON spectral estimates for 8
seconds of data of the merchant data. In both cases the multi-
band approach yields significant gains over the conventional
method, evidenced by emphasized harmonic structure overall,
plus the appearance of an additional harmonic for both Mer-
chant 1 and Merchant 2. As a measure of improvement, the
average power of the ω0-harmonic frequencies to the power
of the non-harmonic frequencies increased by 3.2 dB for Mer-
chant 1 and 2.6 dB for Merchant 2.

Although multiband processing is an improvement over
conventional DEMON, it does not account for the possibility
of subband-dependent modulation, a phenomenon we have
observed in several real ship noise data sets. In support of
this claim, Fig. 4 shows the subband DEMON spectra for
Merchant 1. This two-dimensional representation is related
to the modulation spectrogram [6], and is computed as

SD(k, ω) =
1
σ2

k

N ′−1∑
r=0

|x̂k(r)|2 e−jωr. (14)
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Fig. 4. The modulation spectrogram for Merchant 1.
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Fig. 5. Magnitude (top) and phase (bottom) profiles over subband
center frequency, from the modulation spectrogram of the Merchant
1. Thick line: fundamental component; thin line: first harmonic.
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Fig. 6. Multiband estimate (blue) compared to the equalized multi-
band estimate (red).

The image reveals faint harmonic structure across the ω-axis
as well as a break in the fundamental between 1500 and 2000
Hz. For closer inspection, Fig. 5 plots the magnitude and
phase of SD(k, ω0) and SD(k, 2ω0) over all k, where ω0 cor-
responds to the 2.8 Hz fundamental frequency. Of particular
interest is the substantial 140-degree jump in the fundamental
phase around 2000 Hz. Such large disparities in modulator
fundamental and harmonic phases between subbands can sig-
nificantly degrade the performance of (12) and (13) since the
constituent modulator components are misaligned in phase
across acoustic frequency.

These effects are possibly due to environmental distortion
such as frequency-dependent dispersion and multipath propa-
gation, or they could be endemic to the propeller noise itself.
In the case of the former, these phase differences dictate some
form of phase alignment prior to DEMON analysis. Fig. 6
compares SMB(ω) from Fig. 2 to a manually phase-aligned
version, showing a 6 dB gain in the fundamental.

6. CONCLUSION

In this paper we proposed an approximate maximum likeli-
hood estimator for the fundamental frequency of a periodic
envelope in correlated, broadband cavitation noise. The esti-
mate is based on the multiband DEMON spectrum, which was
shown to emphasize the modulation harmonics by as much
as 3.2 dB. Future work includes characterizing the proper-
ties of the multiband spectrum as a non-parametric estimator
for the cavitation envelope, as well as studying the causes of
phase misalignment and the feasibility of modulator equaliza-
tion across subband signals.
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