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Abstract—This paper describes an approach that estimates
the circularity coefficients of multiple underlying components
within complex subbands of an additive mixture of voiced speech
and noise via the strong uncorrelating transform (SUT). For the
SUT to be effective, the latent source signals must have unique
nonzero circularity coefficients; this requirement is satisfied by
using narrow filters to impose a degree of noncircularity upon
what would typically be circular noise. The circularity coefficient
estimates are then used for voice activity detection, pitch tracking,
and enhancement.

I. INTRODUCTION

Many speech processing approaches transform real-valued
speech waveforms to complex values for analysis, but often
these approaches use only the magnitude of the complex
values. In this work, we decompose the input noisy speech
signal with a complex filter bank and analyze the structure of
the resulting subbands in the complex plane by computing es-
timates of the circularity coefficients of the underlying speech
and noise signals. The circularity coefficient characterizes the
eccentricity and angle of the probability distribution of a
complex-valued random variable in the complex plane [1].
We use the magnitudes of the circularity coefficient estimates,
which describe the eccentricity of each of the underlying
distributions, to differentiate between subbands that contain
harmonic signal information and subbands that contain only
noise.

Voiced speech is composed of a number of narrowband har-
monics. When an individual harmonic frequency very closely
matches the center frequency of a subband and no noise is
present, the resulting signal constellation in the complex plane
is highly noncircular, which is characterized by a sample cir-
cularity coefficient magnitude near unity. Conversely, complex
bandpass-filtered broadband noise tends to produce subbands
with sample circularity coefficients having magnitudes nearly
equal to zero. In the case of an additive mixture of a two com-
ponents with unique circularity coefficients, the more circular
component tends to dominate, causing the mixed subband
to have a low sample circularity coefficient. Thus, for most

noisy harmonic signals, the subband containing the harmonic
will not be detectible using this circularity coefficient statistic
because the circularity of the noise usually dominates.

The strong uncorrelating transform (SUT), a complex-
valued form of independent component analysis (ICA), es-
timates a demixing matrix to recover individual complex-
valued source signals from a linear mixture, provided that the
underlying source signals have unique circularity coefficients
[1], [2]. The recovery of each component in the subband is
accurate up to a phase rotation and scale factor, which makes
perfect recovery of the full band input speech signal from the
separated components impossible without other information,
such as accurate phase information. The estimated circularity
coefficient magnitude for each component is accurate, how-
ever, and this statistic can be used for voiced speech detection,
pitch tracking, and enhancement.

II. BACKGROUND

Let x be a complex random vector, where x = xR+jxI ; xR
and xI are the real and imaginary parts of x, respectively. The
mean of x is given by µx = E {x} = E {xR} + jE {xI} =
µxR + jµxI , where E{·} indicates expected value. Conven-
tional Hermitian covariance is given by Rxx = E

{
xxH

}
,

where the superscript H denotes Hermitian (conjugate) trans-
pose. For complex random variables, it is also necessary to
compute the complementary covariance for a complete second-
order characterization. Complementary covariance is defined
as R̃xx = E

{
xxT

}
, where the superscript T denotes a

transpose operation with no conjugation [1], [3], [4]. Signals
for which the complementary covariance vanishes are called
second-order circular1, or improper, because the constellation
of such signals in the complex plane takes on a circular
appearance, while the constellation of a maximally noncircular
signal in the complex plane appears as a line and is referred to
as rectilinear. The circularity coefficient quantifies the degree

1In this work, we generally use the term (non)circular to mean second-order
(non)circularity.



of noncircularity in the signal and is defined as the ratio of
the complementary covariance and the Hermitian covariance,

ρx =
R̃xx

Rxx
=
E{xxT }
E{xxH}

(1)

It is complex-valued with magnitude ranging between zero and
one, where zero represents a circular signal and one represents
a rectilinear signal [1]. According to this measure, a signal is
noncircular if the variances of the real and imaginary parts
are not equal or if the real and imaginary parts are correlated,
E{xRxI} > 0.

In practice, the sample circularity coefficient is calculated
as an estimate of the true circularity coefficient. For each
dimension of the vector x, the sample circularity coefficient
is computed as

ρ̂x =
1
N

∑N−1
n=0 x(n)x(n)

1
N

∑N−1
n=0 |x(n)|2

(2)

III. NONCIRCULARITY OF COMPLEX SUBBANDS

For a given real-valued signal s[n], the complex-valued
subband centered at frequency ω is computed by demodulating
and filtering the signal,

S(n, ω) = h(n) ∗
(
s(n)e−jωn

)
(3)

where h[n] is an FIR lowpass filter and ∗ denotes convolution.
In this work, we choose h to be a Hamming window, which has
a low-pass transfer function, and ω is the frequency ranging
from zero to 2π. Using the symmetry of the window, we have

S(n, ω) =
∑
m

h(n−m)s(m)e−jωm (4)

which is the definition of the maximally-oversampled discrete
short-time Fourier transform (STFT) [5]. For computational
efficiency, we implement the complex subband analysis using
windowed FFTs as in (4).

A perfectly demodulated real sinusoidal signal will produce
a perfectly noncircular, or rectilinear, subband. To illustrate
this, we define a real-valued signal, s(n) = A sin (ω0n+ φ) ,
with normalized frequency ω0, bulk phase offset φ, and
amplitude A. To compute the complex-valued subband, we
demodulate the signal as in (3) with a complex exponential of
frequency ω and apply a lowpass filter. When the demodula-
tion frequency matches the frequency of the sinusoid, ω = ω0,
the subband is given by

S(n, ω) = h(n) ∗
(
A
ejφ − e−jφe−j2ω0n

2j

)
(5)

Assuming that the subbands have a narrower bandwidth than
the nominal center frequency, then the cutoff frequency of
h(n) is lower than ω0, and the subband is

S(n, ω) = A
ejφ

2j
(6)

The sample circularity coefficient for the subband of s at
frequency ω is then given by

ρ̂s(ω) =
1
N

∑N−1
n=0 S(n, ω)S(n, ω)

1
N

∑N−1
n=0 |S(n, ω)|2

= −e2jφ (7)

Thus, |ρ̂s(ω)| = 1; the perfectly demodulated sinusoid is
noncircular.

Now assume that the demodulator is mistuned, ω = ω0 −
ωε, where ωε is the amount of mistuning and ωε � ω. The
mistuned subband is then

Sε(n, ω) = h(n) ∗
(
s(n)e−jωn

)
(8)

Expanding the sine function, we have

Sε(n, ω) = h(n) ∗
(
A
ejφ − e−jφe−j2ωn

2j
e−jωεn

)
(9)

Because ωε is assumed to be small, it is within the passband
of the lowpass filter. Thus, the mistuned subband is

Sε(n, ω) = S(n, ω)e−jωεn (10)

where S(n, ω) is the perfectly demodulated subband. Thus,
the nth sample of Sε(n, ω) is S(n, ω) rotated by −nωε. This
rotation causes the mistuned subband to be more circular. This
effect can be seen in Fig. 1, which shows the magnitude of
the sample circularity coefficient for a subband of a sinusoidal
signal. When the demodulator is perfectly tuned to the signal,
the amount of mistuning is zero, and the magnitude of the
circularity coefficient is unity. When the amount of mistuning
is not equal to zero, the subband becomes more circular.
The noncircularity of a subband can indicate, then, whether

−0.01 −0.005 0 0.005 0.01
0

0.2

0.4

0.6

0.8

1

Amount of Mistuning (Normalized Frequency)

|ρ
|

Effect of demodulator mistuning on |ρ |

Fig. 1. Effect on subband noncircularity of a mistuning between the demod-
ulator and a sinusoidal signal. A perfectly demodulated signal is perfectly
noncircular.

a sinusoidal signal is present and aligned with the center of
the subband. We will use this fact in an analysis framework
that exploits the noncircularity to separate a harmonic signal
from noise.

We now examine the noncircularity of a complex-valued
subband of a noise signal. We define v(n) as zero mean,
unit variance, real-valued Gaussian white noise. As in (3),
the subband is computed by demodulating the signal with a
complex exponential and lowpass filtering,

V (n, ω) = h(n) ∗
(
v(n)e−jωn

)
(11)



The real-valued v(n) is rectilinear in the complex plane,
but the complex demodulation causes rotation, resulting in a
circular signal. The lowpass filter, however, induces correlation
in the signal, which increases noncircularity. Thus, the noncir-
cularity of a noise subband is dependent upon the bandwidth
of the lowpass filter used to compute the subband.

To illustrate this dependence, Fig. 2 shows the results of a
Monte Carlo experiment in which complex-valued subbands
were computed for real-valued Gaussian white noise using four
different bandwidths. For each of the bandwidths, subbands
were computed for 100000 realizations of noise. The sample
circularity coefficients were calculated for each realization of
the subband, and the magnitudes of the circularity coefficients
are plotted as a normalized histogram. It is clear to see that
as bandwidth is reduced, the expected value of the magnitude
of the circularity coefficient increases. The expected value of
the circularity coefficient of the subband with full bandwidth
is the lowest.
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Fig. 2. Normalized histograms of circularity coefficient magnitudes for a
noise subband of several bandwidths. As bandwidth decreases, the subband
is more likely to be noncircular.

IV. SUT ANALYSIS FRAMEWORK

Voiced speech is composed of narrowband harmonics that
will produce noncircular subbands under the right analysis
conditions. The processing described in this section is designed
to produce signal and noise components with unique circular-
ity coefficients to enable separation via the SUT.

The processing is performed as diagrammed in Fig. 3.
Two simulated microphones capture independent recordings
of the mixtures of signal and noise under anechoic conditions.
Each stream is then passed through a complex filter bank,
which is implemented as in (3) as a complex demodulation
followed by an FIR lowpass filter, where the filter is narrow
enough to filter out adjacent harmonics and introduce a degree
of noncircularity to the noise component. The SUT is then
performed on the output of the filters, resulting in estimates
of the noncircularity of the underlying components.

Each dimension of the the observed vector y will be made
up of a linear combination of delayed and scaled versions of
the signal and noise. The subbands of y are computed using

Fig. 3. Structure of processing

(3) and may be written as

yω = Gxω =

[
g11 g12
g21 g22

] [
S(n, ω)
V (n, ω)

]
(12)

where xω is the vector of the latent signal, S(n, ω), and noise,
V (n, ω), components and G is a complex gain matrix. In each
subband, the complex gains represent the delays and scaling
of the individual components due to differences in travel time
and distance between the sources and receivers.

The algorithm we use to perform the SUT is that which is
presented in Schreier and Scharf [1] (given previously by [6]
and [7]). We first define the coherence matrix of the observed
subband vector yω ,

C = R−1/2
yy R̃yyR

−T/2
yy (13)

which has the usual singular value decomposition (SVD) given
by C = UKVT . We define

F = U
(
VHU∗)1/2 (14)

which appears in the Takagi factorization C = FKFT . The
Takagi factorization is a special SVD for symmetric complex
matrices. The SUT is then performed with the demixing
matrix, given by W = FHR

−1/2
yy . An estimate of the

latent sources is produced by applying the demixing matrix
to the observed vector, x̂ω = Wyω . The estimates of the
latent sources are accurate only up to a scaling and phase
shift, which makes reconstruction of the full signal from the
estimates impossible without further information. Instead of
using estimates of the source signals, we use estimates of the
circularity coefficients directly for analysis and enhancement.
The estimates of the circularity coefficients for the underlying
components are the diagonal elements of K in the SVD [1].

V. APPLICATIONS

In this section we discuss three applications of the esti-
mated circularity coefficients of the underlying speech and
noise signals: voiced speech detection, fundamental frequency
estimation, and speech enhancement.

A. Voiced Speech Detection

The maximum likelihood detector for a harmonic signal in
unknown noise is given by [8]

L(y) =
‖PA(ω0)y‖2

‖P 1
A

(ω0)y‖2
≶ η (15)



where PA(ω0) is the projection onto the harmonic matrix with
fundamental frequency ω0, denoted A(ω0) and given by

A(ω0) =



1 1 1 · · · 1
1 ejω0 e2jω0 · · · eLjω0

1 e2jω0 e4jω0 · · · e2Ljω0

1 e3jω0 e6jω0 · · · e3Ljω0

...
...

...
...

...
1 eMjω0 e2Mjω0 · · · eLMjω0


(16)

for M harmonics of L samples. The matrix P 1
A

(ω0) is the
projection onto the complement of the harmonic matrix, given
by I−A(ω0). The detector in (15) is the ratio of the energy
in the M harmonically-related components with fundamental
frequency ω0 and the energy in the complement signal. The
idea of exploiting the predictable structure of a harmonic
signal to generate more robust statistics has long been used
in speech processing, as in the harmonic sieve of Duifhuis
[9] or the subharmonic summing pitch estimation technique
of Hermes [10]. In the same fashion, we can use the structure
of the harmonic signal we seek to detect by summing the
circularity coefficient magnitudes over harmonically related
frequencies.

Recall that, as described above, a sinusoidal signal per-
fectly aligned with the demodulator will produce a rectilinear
subband having a circularity coefficient magnitude near unity,
while the circularity coefficient of a subband of a noise signal
will be much lower. Because the signal we are trying to
detect is harmonic, we sum the estimated circularty coefficient
magnitudes over M harmonically-related components and
examine the largest value. Our proposed suboptimal voiced
speech detector is therefore given by

Λ = max
ω

1

M

M∑
m=1

|ρ̂x (mω)| (17)

where Λ will be compared to a threshold to determine if voiced
speech is present. An example of the use of this detector is
given in Section VI.

B. Fundamental Frequency Estimation

The fundamental frequency of a harmonic signal is the
frequency of the first, or lowest, harmonic. A very similar
formulation to that given above for voiced speech detection
can also be used for fundamental frequency estimation. The
observed signal is projected onto the harmonic matrix specified
by ω0. The ω0 that maximizes the energy of the projected
signal is the estimate of the fundamental frequency. Analogous
to the maximum likelihood detector given above in (15), the
maximum likelihood estimate for fundamental frequency is
given by [11] as

ω̂0ML = arg max
ω0

‖PA(ω0)y‖2 (18)

where PA(ω0) is again the projection onto the harmonic
matrix with fundamental frequency ω0 given in (16). Analo-
gous to the voiced speech detector, the fundamental frequency

estimate based upon the estimated circularity coefficients is
given by the frequency that maximizes the sum over the
magnitudes of M harmonically related components,

ω̂0 = arg max
ω

1

M

M∑
m=1

|ρx̂ (mω)| (19)

An example of this fundamental frequency estimator is given
in Section VI.

C. Enhancement

Speech enhancement is the process of qualitatively improv-
ing a speech signal by reducing the effects of noise, interfering
signals, or propagation effects such as reverb. A binary mask is
a commonly used method for enhancing signals or separating
sources in the time-frequency plane [12]. The goal of the mask
is to correctly identify the source of each time-frequency bin
and keep only the bins that correspond to the desired signal.
The separated noncircularity estimate can be used to identify
the time-frequency bins by labeling those which exceed a
given threshold as signal bins. An example of a time frequency
mask generated from the circularity coefficient is given in
Section VI.

VI. EXAMPLE

The test signal is a real recording of a male speaking
an elongated vowel (“ah”) with rising pitch [13] embedded
in white noise for an SNR of −20 dB. Fig. 5 shows a
spectrogram of the test signal and Fig. 6 shows the estimate of
the circularity coefficient computed using the SUT approach
described above. Note that the harmonics are clearly visible
in the circularity coefficient estimate.

Fig. 4. Spectrogram of the clean speech signal, an elongated vowel with
rising pitch.

Fig. 7 demonstrates two applications of the circularity co-
efficient estimates. The upper panel shows a detection statistic
for voiced speech computed by gathering harmonically-related
circularity coefficients. The lower panel shows an estimate
of the fundamental frequency computed by maximizing the
detection statistic with respect to fundamental frequency. For
the period of time in which the detection statistic indicates
that voiced speech is present, the fundamental frequency
estimate fairly accurately measures the pitch. Finally, Fig.
8 displays an enhanced spectrogram, which is computed by



Fig. 5. Spectrogram of the mixture of the clean speech signal and white noise
at an SNR of -20 dB.
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Fig. 6. The second subband circularity coefficient magnitude recovered from
the noisy mixture. The harmonics from the original signal are clearly visible.

using the circularity coefficient estimate as a time-frequency
mask during the times when the detection statistic exceeds the
threshold.
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Fig. 7. Applications of circularity coefficient estimates: voice activity detec-
tion (upper) and fundamental frequency estimation (lower).

VII. CONCLUSION

In this work we have proposed a processing scheme to
generate complex-valued subbands from real-valued data in
which noise and signal components will have unique circu-
larity coefficients. The unique circularity coefficients enable
the SUT to produce estimates of the latent components of
subbands that contain both signal and noise, as well as the
circularity coefficients of both components. Finally, we have
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Fig. 8. Spectrogram of the enhanced speech signal created by applying a
time-frequency mask computed from the separated circularity coefficient.

shown how the circularity component estimates may be used
for speech analysis and enhancement.
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