
DAG Lecture 1

Introduction and Outline of the Course

One of the first mathematical notions we ever learn is the idea of “equality.” That is, the notion
that I can describe some object to you in one way, and then another, and that these descriptions
are really the same object. Like 2 + 3 and 5. The set theorists will tell you that this is a dressed up
version of the basic notion of an equality of sets; two sets are equal if and only if they have exactly
the same members, and the way 2, 3, 5, and + are defined using the empty set, etc., shows that the
two sets have exactly the same elements, so they are equal.

While this is maybe historically accurate, it’s really quite unnatural. When we’re growing up,
the hardest thing to learn about is the abstract quantity “5.” What is evident is not that there are
5 oranges, but rather that there are the same number of oranges as there are apples and as there
are clubs on a 5 of clubs. And so we discover the notion of a bijection of sets. Later we learn about
manifolds and that one person could give one description of some object using charts, and I could
give another, but we want to regard them as being the “same” manifold, and so we invent fancier
notions of such things and call them “isomorphisms.”

But then we take a class in homotopy theory, or in homological algebra, or in algebraic geometry,
or in geometric topology, and we learn that, sometimes, it’s much more useful to weaken our notions
of “the same.” The trouble is that there are just way too many different things in the world, and
we can’t understand them all. So we gradually make more and more things “the same” until we
have fewer things to worry about, and then maybe we can say something useless, but at least we’re
saying something at all.

One of the main purposes of higher category theory is how to formalize the study of certain
situations where we have a weaker notion of equivalence. Recall from category theory that we can
tell when two objects are the same by just checking that there is a natural isomorphism between a
bunch of sets (via the Yoneda lemma). In ∞-category theory, we consider two objects the same if
there is a natural equivalence between a bunch of spaces. In fact, there is a certain sense in which
∞-category theory is just ordinary category theory wherein you replace every instance of the word
“set” with “space.” Unfortunately, things aren’t quite that simple (though the intuition is good),
and we have a few details to work out, hence these lecture notes. But before we dive in, let’s take
a look at a few more concrete motivations for the study of this subject.

Motivations.

Triangulated categories. In 1967, inspired by formal properties of his newly invented derived cat-
egory, Verdier introduced the notion of a triangulated category. At around the same time, Dold
and Puppe came up with the notion of what is now called a pre-triangulated category, inspired by
certain properties of the stable homotopy category. While this axiomatization is very useful, and
one can prove many things about such categories (much more than you’d think possible given the
axioms), there are many reasons why one would seek an alternative. Most of these reasons follow
from the same basic observation: Almost every triangulated category we know of, and certainly all
the ones that arise in nature, arises by taking some category and identifying morphisms that are
equivalent in some weak sense.1 When doing this process we forget a lot of information; in partic-
ular, while we remember that the two morphisms or objects are the same, we don’t remember a
witness for there sameness. And sometimes, when you want to do constructions in the homotopy
category alone, you realize you can’t because you’ve forgotten too much.

1If you know, or care about such things what I mean here is that most such categories arise as the homotopy
category of a stable model category. There are counterexamples to this, but they are very artificial.
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Before we give a concrete counterexample we’ll briefly recall the definition of a triangulated
category (it’s not all that important right now, so you can ignore it):

Definition 1. A triangulated category is an additive category, K, together with an automorphism
Σ : K → K, and a class of distinguished triangles, i.e. diagrams of the form

A //B //C //ΣA

satisfying the following axioms:

TR1 For any object X ∈ K, X
id→ X → 0 → ΣX is a distinguished triangle, the class of

distinguished triangles is closed under isomorphism, and any morphism X → Y can be
completed to a distinguished triangle.

TR2 A diagram

A //B //C //ΣA

is a triangle if and only if the diagram

B
− //C

− //ΣA
− //ΣB

is a triangle.
TR3 Any diagram of arrows

A //

��

B

��
A′ // B′

can be completed to a morphism of distinguished triangles

A //

��

B //

��

C //

��

ΣA

��
A′ // B′ // C ′ // ΣA′

(where the last vertical map is the suspension of the first).
TR4 Consider the following diagram:

X

f   

h

��
Z

g′

  

h′

  

W

j′′

""

g′′

""

ΣU

Y

f ′   

g
>>

V

j′
==

h′′

!!

ΣY
Σf ′

<<

U

j
>>

f ′′

??ΣX
Σf

<<

Assume that it commutes without the dotted morphisms and that (f, f ′, f ′′) and (g, g′, g′′)
are distinguished triangles. If h′ and h′′ are given so that (h, h′, h′′) is distinguished, then
there are maps j and j′ so that the diagram commutes and (j, j′, j′′) is a distinguished
triangle.
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We will see later that there are objects that naturally give rise to such categories but are much
nicer to work with. For now, notice that in any triangulated category with products, we have a
natural candidate for what should be the “homotopy limit” of a sequence of morphisms X0 ←
X1 ← X2 · · · (why this is a natural candidate is evident in the example where K is the stable
homotopy category, or even the homotopy category of chain complexes on an abelian category):
just take the map ∏

Xi
1−shift//

∏
Xi

and extend it to distinguished triangle, on the left (i.e. extend it to a triangle, and then rotate it
backwards using TR2) to get

holim Xi
//
∏

Xi
//
∏

Xi
//

One can prove from the axioms that this is unique up to non-unique isomorphism. And that there is
the crutch of TR3; we can guarantee the existence of things without guaranteeing their uniqueness.
Of course, this isn’t an accident. In the examples, the map in question is certainly not unique.
However, it is also the case that, in the examples, there is a choice that is unique up to some higher
notion of equivalence. Since we’ve forgotten all this information when passing to the homotopy
category, we are left with an unfortunate situation like this:

Suppose we have an array Xi,j with inverse systems running horizontally and vertically. It
would be perfectly natural of us to want to prove that holim iholim jXij

∼= holim jholim iXij .
Unfortunately, I see no obvious way of doing this entirely within the axioms of a triangulated
category. The natural idea would be to try and prove that these are both the same as a homotopy
limit of some larger diagram; but it is not at all obvious how to define the homotopy limit of some
bigger diagram unless you know more about your triangulated category. If you attempt to prove
this fact using some sort of 9-lemma, you will be disappointed repeatedly by your inability to say
anything nice about the map guaranteed to exist in TR3. This doesn’t mean that you can’t prove
this fact using just facts about triangulated categories, but it does mean that I’m not smart enough
to produce one.2

For another example of where triangulated categories fail to fulfill your hopes and dreams, see
[1]. Also see any motivational discussion of the theory of derivateurs.

Derived descent. Recall that P1
k can be defined by the pushout square

Spec k[x, x−1] //

��

Spec k[y]

��
Spec k[x] // P1

k

One of the first basic results about sheaves (and in fact, the reason for their existence), is that we
may glue them, so that we get a (2-categorical) pullback square:

Qcoh (P1
k

//

��

k[y]−Mod

��
k[x]−Mod // k[x, x−1]−Mod

Life would be good if there were some way of gluing complexes together in a meaningful way with
respect to quasi-isomorphism. If there is such a way, however, we certainly can’t do it by passing

2As an example application of this “interchange” see the set-up of the classical Adams spectral sequence in [9].
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to the classical derived category since the square:

Dqc(P1
k) //

��

D(k[y])

��
D(k[x]) // D(k[x, x−1])

is not a pullback. Just recall the classical theorem of Hartshorne that H1(P1
k,O(−2)) 6= 0, so we

have a nontrivial map O → O(−2)[1] which is trivial when we restrict to either parts of the open
cover. (This follows from the definition of O(−2) as O(1)−2 and the fact that O(1) is trivial on the
two opens). This is rather unfortunate since the scheme itself is completely determined by the two
opens and their intersections, so we ought to be able to obtain any and all information about P1

k

by seeing what happens there. We need a robust enough theory that allows us to do this.3

Moduli problems. We can think of a moduli problem X as a functor from CAlg to something like Set
or Gpd or even the category of spaces. For many naturally occurring moduli problems, we can extend
the definition to get a problem defined over a homotopy-theoretic generalization of commutative
rings called E∞-rings. This new object (a derived moduli problem) retains information about the
original and can tell us new information. This idea has also had applications in homotopy theory;
most strikingly in the construction of elliptic cohomology by extending the moduli stack of elliptic
curves into the derived world. See page 8 of [8] for more details and motivation.

Homotopy theory. There is a strong analogy between the derived category of abelian groups, and the
stable homotopy category. Much of the foundational work in homotopy theory in the past century
has been about making this analogy more explicit, and, while the stable homotopy category is not
the derived category of any ring, there is a sense in which it is the derived category of the sphere
spectrum, thought of as an E∞-ring. This idea underlies the study of the “brave new algebra,”
the study of highly structured ring spectra and how to do algebra with them and, more recently,
how to do algebraic geometry with them. In this course we will hopefully have time to see a newer
development of these ideas in the context of ∞-categories.

Course Outline. The following is an ambitious schedule, assuming we meet twice a week. The
majority of the course will be spent learning how to handle ∞-categories, and we will mostly
follow [3], but our approach will be example-oriented. If we do run out of time before talking
about spectral schemes or mentioning some of the applications above, our hope is that we will
have covered enough so that the reader is not quite as afraid of reading the papers containing such
results.

Week 1. We will start by defining our basic players, and then discuss how ∞-categories arise in
nature. We will give a brief, not-to-technical, overview of the relationship between model categories,
simplicial categories, and ∞-categories. In the second lecture we will introduce basic constructions
on ∞-categories, i.e. how to make more ∞-categories once you’re given a few to play with. Along
the way we will define limits and colimits, and introduce a few important examples of∞-categories
that we will come back to again and again.

Week 2. This is when things start to get technical. We will study various ways of dealing with “fam-
ilies” of ∞-categories, and see generalizations of the notion of a category fibered in groupoids, etc.
We will also state some results about the ∞-category of ∞-categories and give a few applications.

3This example is taken almost word-for-word from [10], where he uses it to motivate dg-categories. We will see
later that the theory of dg-categories is very related to the theory of ∞-categories, but the latter is flexible enough
for homotopy theoretic applications. He also lists more motivations in his lectures, all of which serve to motivate
∞-categories as well.
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Week 3. We will give an example-based treatment of limits and colimits in an∞-category. We will
not cover everything in [3] ch. 4, but we will have worked through enough examples that you’ll feel
good inside.

Week 4. This week we’ll cover everything in ch. 5 of [3] that we’ll need to define and give the basic
properties of ∞-topoi.

Week 5. We will define ∞-topoi and give a wealth of examples to see how they arise and why they
are good. If there’s time, we will foreshadow the development of sheaves on ∞-topoi.

Week 6. We shift gears a bit and introduce stable ∞-categories. We show that the homotopy
category of any stable∞-category is triangulated, give many examples, and provide a reference for
an example of a triangulated category that doesn’t arise in this fashion. We will also discuss the
closure properties of the ∞-category of stable ∞-categories.

Week 7. We will discuss operads in ∞-category theory and give a wealth of examples.

Week 8. We will discuss the prerequisite algebra in preparation for the last week.

Week 9. We will define spectral schemes, give some examples, and discuss their basic properties
mostly following [6]. If there’s time, we will define quasi-coherent sheaves in this setting and state
(but not prove) the Tannaka duality theorem from [7].
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[10] Toën, Bertrand. Lectures on dg-categories. Available online.

5


