
Lecture 3
Dylan Wilson

Introduction

The goal of this lecture is to try to produce the appropriate analog of a limit or colimit in the
context of “homotopy theory” (here “homotopy theory” includes derived categories and other
contexts as well.) To see why we might need this, suppose you’re in the situation where you
have a space, X, equipped with a G-action. One invariant you might assign to this space is the
space of orbits, X/G. Once you have it you can study your original space using all manner of
techniques used for ordinary spaces. However, often this invariant is too strong to be useful.
For example, we might hope to study X by choosing some easier to understand space Y that is
weakly G-equivariantly homotopy equivalent (here we mean that the underlying map of spaces
is a weak equivalence). The usual notion of orbit space won’t do, since, for example, S∞ with
the antipodal action is weakly G-equivariantly homotopic to a point, but S∞/C2

∼= RP∞. This
is actually a special case of a more general phenomenon: homotopy categories generally do not
have all limits or colimits. (The problem is usually with (co)equalizers). Moreover, defining
the appropriate substitute is nontrivial. In this note we will supply a definition of such things
in the setting of ∞-categories, simplicially enriched categories, and simplicially enriched model
categories. In a later lecture, we will show that all of these notions agree (this is both non-
trivial and kind of surprising.) Before we do any of this, however, we need to build a bit more
∞-category theory.

When we last left off, we had finally gotten around to defining ∞-categories. Let’s recall the
definition:

Definition 1. An ∞-category is a simplicial set, C satisfying the weak Kan condition.

Now, we’d like to generalize many of the things we do in ordinary category theory to this
setting. In particular we’d like:

(1) Functors
(2) (Co)limits
(3) Kan extensions
(4) Adjoint pairs
(5) Presheaves, sheaves, and topoi

One of these is particularly simple:

Definition 2. A functor f : C→ D between ∞-categories is just a map of simplicial sets.

And for future reference we also record the following definition:

Definition 3. Given a simpicial set S, define Sop by setting Sn = Sopn and declaring ∂opi = ∂n−i
and sopi = sn−i for the face and degeneracies. You can check that N(Cop) = (NC)op.

The second item on the list will preoccupy us for quite a while, since many of the applications
require a good working knowledge of limits and colimits in a higher categorical setting. But
before we do that, there’s two items we need to discuss that don’t have a classical analog.

Mapping Spaces. The most intuitive notion of an ∞-category is that it should be like a
category, but there should be a whole space of morphisms between any two objects. As it
happens, actually taking this as a definition (i.e. topological categories) leads to a lot of technical
difficulties (basically you have to constantly worry about fibrant replacements, and it’s no fun.)
However, we’d still like to have a notion of a space of morphisms between two objects x, y ∈ C

when C is an ∞-category. (When I write “x ∈ C” I mean x : ∆0 → C is a vertex.) Certainly
morphisms are no problem, they’re just 1-simplices ∆1 → C with the correct endpoints. When
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we want to decide what a homotopy between f, g : ∆1 → C should be, we have two obvious
candidates:

x
g

��
x

1x
??

f
// y

y
1y

��
x

f
//

g
??

y

(Here 1a is the degenerate 1-simplex s0a.) In general we have two candidate simplicial sets,
HomR

C (x, y) and HomL
C (x, y), of morphisms between x and y. We define HomR

C (x, y) by declaring

an n-simplex z : ∆n → HomR
C (x, y) to be an (n + 1)-simplex z : ∆n+1 → C such that z takes

the final vertex to y and the others to x, with all maps identity except those from x to y. We
define HomL

C (x, y) similarly, except we copy y instead of x.
Not only do we have no good reason to choose either of these, but if we pick one of them

there’s no obvious composition map

HomR
C (b, c)×HomR

C (a, b)→ HomR
C (a, c)

This state of affairs is actually not so trivial to remedy, so we will have to come back later (after
we’ve built some technology) and prove the following results (all of which we’d like to be true):

Lemma 1. HomR
C (x, y) is a Kan complex (i.e. it really is a “space”).

Proposition 1. These two things are canonically homotopy equivalent and composition is
uniquely defined up to a contractible space of choices.

Proposition 2. Suppose S = NC is the nerve of a simplicial category. Then there is a canonical
equivalence HomR

S (x, y) ∼= MapC(x, y).

Homotopy Category. At the end of the day, we want to be able to make statements about
some of the good old-fashioned categories that we’re used to. For this, we need a way to
associate to any ∞-category an ordinary category, in a meaningful way. When our ∞-category
arises from a topological category or a simplicial category, it should be the case that this agrees
with what we’d get by taking the π0 of each mapping space. In fact, we could rig the definition
this way and define

Definition 4. Let S be any simplicial set. Define a category hS, called the homotopy category
of S, by declaring Ob(hS) = Ob(C[S]) and HomhS(x, y) = π0|MapC[S](x, y)|. If we like, we can

remember the entire homotopy type of |MapC[S](x, y)| and view hS as a category enriched over
H, which is the category obtained from Top after inverting weak equivalences.

Alternatively we could have defined this to be the adjoint to the nerve functor, which it is:

Proposition 3. The homotopy category functor h : Set∆ → Cat is left adjoint to the nerve
functor N : Cat→ Set∆.

However, since C is kind of hard to handle (since its definition involves taking colimits of
simplicial categories), we’d like a definition internal to the ∞-category.

Intuitively the idea is clear: let’s just declare the objects to be the 0-simplices, and the
morphisms to be the 1-simplices modulo some equivalence relation. And that’s exactly what
we’ll do, but you’ll see that we have to be a careful for at least a second when we do the
“equivalence relation part.” (I should note that this next part follows Lurie’s treatment almost
exactly, since he does this in detail. I just decided to include all the pictures.)

Given an ∞-category, C, define an ordinary category π(C) via the following data:

(1) The objects of π(C) are the 0-simplices of C.

(2) We define M̃or(πC) to be the 1-simplices, and supply a source map via d1 : C1 → C0

and target via d0. The identity, 1x, is given by s0x : ∆1 → C. Define an equivalence
relation between 1-simplices with the same source and target as follows: f, g : x → y
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are homotopic if there is a 2-simplex σ : ∆2 → C with d0σ = 1y, d1σ = f and d2σ = g.
The picture is:

y
1y

��
x g

//

f
??

y

Then Mor(πC) is Mor(πC)/ ∼.
(3) Given [f ], [g] ∈ Mor(πC) with d1[f ] = d0[g], define [f ◦ g] to be the equivalence class of

d1σ where σ : ∆2 → C is a 2-simplex with d0σ = f and d2σ = g. Again the picture is
more helpful:

y
f

��
x

f◦g
//

g
??

z

Of course now we need to make sure that this really does define a category. (I strongly suggest
doing this as an exercise without cheating!)

Lemma 2. The relation defined on M̃or(C) is, in fact, an equivalence relation.

Proof. It is clearly reflexive. We’re going to prove that this is an equivalence relation by showing
that

(1) f ∼ g, f ∼ h ⇒ g ∼ h.
(2) f ∼ g ⇒ g ∼ f .
(3) f ∼ g, g ∼ h ⇒ f ∼ h.

Actually, notice that (3) follows from the combination of (2) and (1), and that (2) follows from
(1) if we take h = f ; thus it suffices to check (1). So suppose we have f, g, h : x → y and
2-simplices σ and σ′

y
1y

��
x g

//

f
??

y

y
1y

��
x

h
//

f
??

y

Let σ′′ be the simplex

y
1y

��
y

1y
//

1y
??

y

And note that we can glue these together to get a map Λ3
1 → C (where the restriction to the 0th

face is σ′′, the restriction to the second face is σ′, and the restriction to the third is σ.) Here’s
a picture (except it should be shaded somehow so that you can tell it’s a horn):

y
1y //

1y

��

y

x

f
??

g
//

h

44

y
1y

??

By the weak Kan condition, we can fill this in to a map ∆3 → C, and d1 of this gives the desired
homotopy. �
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Remark 1. It is not immediate that if f ∼ g in C then this will remain to be the case in the
opposite category, Cop. This is, however, true: let σ be a homotopy from f to g

y
1y

��
x g

//

f
??

y

Then we can glue this together with the two 2-simplices s1f and s0f ,

y
1y

��
x

f
//

f
??

y

x
f

��
x

f
//

1x
??

y

To form the horn

x
g //

f

��

y

x

1x
??

f
//

f

44

y
1y

??

This can be extended to a 3-simplex σ′ with d2σ
′ looking like

x
g

��
x

f
//

1x
??

y

In the opposite category (reverse the arrows!) this gives a homotopy g ∼ f , and since we proved
this is an equivalence relation, we’re good.

Lemma 3. Composition in πC is well-defined.

Proof. Given [f ], [g] ∈ Mor(πC) we need to show

(1) If we choose two different lifts of the horn

Λ2
1

(g,•,f) //C

say σ and σ′, then d1σ ∼ d1σ
′. (Here the notation for the map is telling us where to

map each face, in order, and leaving out one since it’s a horn.)
(2) If g ∼ g′ then [g ◦f ] = [g ◦f ′]. The other case, when we change f , follows from applying

the argument to Cop.

For the first part, suppose we have σ and σ′ given by

y
g

��
x

h
//

f
??

z

y
g

��
x

h′
//

f
??

z

respectively. We can form the map

Λ3
(s1g,•,σ,σ′) //C

which looks like

y
g //

g

��

z

x

f
??

h′
//

h

44

z
1y

??

�
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By the weak Kan condition, we can extend to a map τ : ∆3 → C, and then d1τ gives a
homotopy between h′ and h.

Now suppose that g ∼ g′ so we have a simplex σ that looks like

z
1z

��
y

g′
//

g
??

z

Now choose a simplex σ′ defining the composition g ◦ f and σ′′ defining g′ ◦ f
y

g

��
x

h
//

f
??

z

y
g′

��
x

h′
//

f
??

z

and define a horn

Λ3
1

(σ,•,σ′′,σ′) //C

which looks like

y
g′ //

g

��

z

x

f
??

h
//

h′

44

z
1z

??

Finally, extend to a 3-simplex τ and take d1τ as a homotopy between h and h′.

Lemma 4. Composition in πC is associative and respects the identity.

Proof. Ok, so suppose we have composable morphisms f, g, h : ∆1 → C. Then we can form
simplices σ1, σ2, and σ3 given by

y
f

��
x

f◦g
//

g
??

z

x
f◦g

  
w

(f◦g)◦h
//

h
>>

z

x
g

��
w

g◦h
//

h
>>

y

which gives us a map Λ3
1 → C, (σ1, •, σ2, σ3), depicted by

x
f◦g //

g

��

z

w

h
>>

g◦h
//(f◦g)◦h

44

y
f

??

We then extend this to a 3-simplex τ , and d2τ witnesses (f ◦ g) ◦ h as a composition of g ◦ h
and f , and associativity result follows by the fact that composition is well-defined.

Given a morphism f , s0f and s1f witness homotopies 1 ◦ f ∼ f ∼ f ◦ 1, and this completes
the proof. �

Proposition 4. The categories hC and πC are canonically isomorphic.

Given this construction of a homotopy category, we are in a position to make a lot more:

Definition 5. A categorical equivalence F : C→ D between ∞-categories is a functor inducing
an equivalence of categories hF : hC → hD, where here we are viewing these as enriched over
hTop. In other words, HomR

C (x, y)→ HomD(Fx, Fy) is an equivalence of Kan complexes. We
say F is fully faithful or essentially surjective if hF is.

Definition 6. A morphism f ∈ C is an equivalence if it induces an isomorphism in hC.
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Definition 7. Given (hC)′ ⊂ hC a subcategory, we say that C′ ⊂ C is the subcategory spanned
by (hC)′, where C′ is the pullback

C′ //

��

C

��
N(hC)′ // NhC

Limits and colimits in ∞-categories

Some motivation. Recall that the pullback of a diagram

X

��
Z // Y

is defined by the following data:

(1) An object X ×Y Z and morphisms X ×Y Z
πX→ X and X ×Y Z

πZ→ Z such that

X ×Y Z //

��

X

��
Z // Y

commutes.
(2) For every object W and morphisms W → X and W → Y such that

W //

��

X

��
Z // Y

commutes, there is a unique map W → X ×Y Z such that

W

))

��

$$
X ×Y Z //

��

X

��
Z // Y

commutes. Intuitively we’re saying that X ×Y Z is final among objects completing the
diagram. Actually, we can turn this intuition into an equivalent definition. We can
define the category whose objects are “objects completing the diagram”, i.e. objects
consist of commutative diagrams

W //

��

X

��
Z // Y
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and morphisms consist of commutative diagrams

W

!! ((

��

W ′ //

��

X

��
Z // Y

In this category, the diagram containing X ×Y Z is a final object (i.e. every other
object admits a unique morphism to it.) If p : I → C is the functor from the category
• → • ← defining the original diagram, we denote this category of “objects completing
the diagram” by C/p.

At least, this is how the category C/p is classically defined. However, there is an
alternative route to the definition more in the spirit of “completing a diagram.” Really,
a diagram completing the original, in this sense, should be an extension of p to a functor
on some new category which looks like I but with one new point. There is a nice
construction that captures this idea:

Definition 8. Given two categories C and D, we define C?D to be the category with Ob(C?D) =
Ob(C)

∐
Ob(D) and

HomC?D(a, b) =


HomC(a, b) a, b ∈ C

HomD(a, b) a, b ∈ D

∗ a ∈ C, b ∈ D

∅ a ∈ D, b ∈ C

Now we can define C/p by the universal property that there is a natural isomorphism

Funp(D ? I,C) = Fun(D,C/p),

where Funp(D ? I,C) denotes those functors q such that q|I = p.
So this gives us some motivation for defining

Definition 9. Given two simplicial sets S and S′, define a new simplicial set S ? S′ by

(S ? S′)n = Sn ∪ S′n ∪
⋃

i+j=n−1

Si × S′j .

Now, given a map α : [m] → [n], and i and j with i + j = n − 1, we can decompose [m] as
α−1{0, ..., i} ∼= [i′] and α−1{i + 1, ..., i + j + 1} ∼= [j′] and this gives us maps [i′] → [i] and
[j′] → [j] and so we get a map Si × Sj → Si′ → Sj′ Notice that this gives assymmetry to the
join, so that S ? S′ 6= S′ ? S in general.

There are a couple of ways of viewing this definition. First of all, if we extend our definition
of simplicial sets by defining S−1 = ∅, then we can rewrite the definition as

(S ? S′)n =
∐

i+j=n−1

Si × Sj .

And actually, this is a hint the operation is more naturally defined on the category of functors
(∆+)op → Set, where ∆+ is the category of finite ordinals (so this includes zero.) In this case,
there is an obvious functor

∆+ ×∆+ → ∆+

given by addition (or, really, by concatenation), that turns ∆+ into a closed monoidal category
(this is a general process called Day convolution). We can extend this to a closed monoidal
structure on Fun((∆+)op, Set). The forgetful functor to Set∆ has an adjoint (given by defining
the value on 0 to be ∅), and this allows us to define a monoidal structure on Set∆. (However,
this is no longer closed).

The join operation we’ve defined extends the one for categories in the sense of the following
7



Lemma 5. N(C ?D) ∼= N(C) ? N(D).

Proof. Given a functor [i] → C and a functor [j] → D where i + j = n − 1, we can define a
functor {0, ..., i, i + 1, ..., i + j + 1} ∼= [n] → C ? D in the obvious way on the restrictions to
{0, ..., i} and {i + 1, ..., i + j + 1}, and then define the image of the unique arrow i → i + 1 to
be the unique arrow Ci → D0. So we’ve given a map (NC ?ND)n → N(C ?D)n, and it is clear
that this is bijective and commutes with face and degeneracy maps, so we’re done. �

Lemma 6. For fixed S, the functors − ? S : Set∆ → (Set∆)S/ and S ? − : Set∆ → (Set∆)S/
commute with colimits.

Proof. Notice that a diagram in (Set∆)S/ witnesses some object X → S as a colimit if and only
if it does so pointwise (where we view the evaluation as sending us into the category SetSn).
The same holds for Set∆, and so the result is immediate. �

Corollary 1. The join is characterized by the previous lemma and the fact that ∆n−1 ?∆m−1 ∼=
∆m+n−1.

Proof. The characterization part follows from the universal property of the Yoneda embeddding
∆→ Set∆, so it suffices to check the formula. But certainly [n]? [m] ∼= [n+m−1], so the result
follows from Lemma 5, above. �

Example. For n ≥ 0, ∂∆n ? pt = Λn+1
n+1 and pt ? ∂∆n = Λn+1

0 .

Proof. The boundary is defined by the coequalizer∐
∆n−2 ////

∐
∆n−1 // ∂∆n ,

and since T 7→ pt ? T preserves colimits over pt ∼= ∆0 (which are the same as colimits in Set∆),
we have a coequalizer ∐

∆n−1 ////
∐

∆n // pt ? ∂∆n ,

which you can check agrees with the coequalizer definition of Λn+1
0 . �

Proposition 5. If S and S′ are ∞-categories, so is S ? S′.

Proof. Exercise with the definition, or see [3]. �

Definition 10. Given a map of simplicial sets p : J→ S, we define the category S/p to be the
simplicial set characterized by the natural isomorphism

Homp(K ? J, S) ∼= HomSet∆(K,S/p).

Such a thing exists since we can just define

HomSet∆(∆n, S/p) = Homp(∆
n × J, S).

Notice that if we start with a topological or simplicial category, C, and an object X ∈ C, we
might define C/X to consist of objects Y → X and morphisms commutative diagrams

Y ′ //

  

Y

~~
X

topologized as a subspace of MapC(Y ′, Y ). If we take the simplicial nerve of this category,
we don’t necessarily get the overcategory that we defined. We always have a map N(C/X) →
(NC)/X , but it is not clear that this should be an equivalence in general. Indeed, a map ∆1 →
(NC)/X corresponds to a special map ∆2 → NC, which corresponds to a map C[2] → C that
basically says the diagram above commutes up to homotopy. So in order for our construction
to agree with the naive one, we would have to be able to “straighten” homotopies to strictly
commutative diagrams.
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This certainly doesn’t always happen, but in some cases the natural functor N(CX) →
(NC)/X is an equivalence, for example if we let C be the full subcategory of Top∗ consisting of
well-pointed spaces. (These are spaces Y where ∗ → Y is a cofibration).

In any event, we can now translate the definition of a limit (as a final object in an over-
category) to obtain a definition of a colimit in an ∞-category. First we need to generalize
“final”.

Definition 11. An object x ∈ C (where C is a topological category, simplicial category, or a
simplicial set) is called final if MapC(y, x) is weakly contractible for all y ∈ C. An object in a
simplicial set C is called strongly final if C/X → C is a trivial fibration of simplicial sets.

Luckily, we don’t have to worry about choosing between these notions for an ∞-category
because

Proposition 6. For ∞-categories, stronlgy final is equivalent to final.

We’ll see a proof of this (and pretty much everything else in this lecture and the next) after
introducing the Joyal model structure on simplicial sets and proving some technical results.

Proposition 7. The space of limits/colimits is a contractible Kan complex.

Now, at this point I’d love to give a bunch of examples other than just final objects. As
it happens, the machinery of ∞-categories is wonderfully suited for manipulating limits and
colimits, but it’s very hard to construct them. Instead, we’ll produce examples indirectly by
discussing homotopy limits in simplicially enriched categories and in model categories, and show
that these give limits in the underlying ∞-category. We’ll do model categories next time, but
for now

Homotopy Limits and Colimits in Simplicially Enriched Categories

Warning The definition we give in this section is only half the story. There is another construc-
tion called “homotopy (co)limits” for simplicially enriched model categories, and these almost
agree. For those in the know, if every object in the diagram happens to be cofibrant, then
the two definitions of homotopy colimit agree; if every object happens to be fibrant, then the
two definitions of homotopy limit agree. (Note this is cofibrant objectwise, not cofibrant in the
projective model structure.) For those not in the know, we’ll talk about model categories next
time and then you will be in the know.

Suppose we have an ordinary cocomplete category, C. Given a functor F : J→ C, the original,
concrete definition of a colimit is

(1) An object colim F , together with morphisms F (j)→ colim F such that, for every map
j → j′ in J, the diagram

F (j) //

$$

F (j′)

yy
colim F

commutes.
(2) It is universal with respect to this property.

Specifying that we have a map F (j) → colim F for each j ∈ J is the same (via the universal
property of a coproduct) as specifying a map

∐
j∈J F (j)→ colim F . Now, if we are given F (j)

and a map j → j′ we can either forget the data of the map, or we could use it to construct a
map F (j)→ F (j′). So the data of (1) can be summarized by saying that the following diagram
commutes: ∐

j→j′ F (j) ////
∐
j F (j) // colim F
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and (2) is equivalent to saying that the above is a coequalizer diagram.1 Since nerves are on our
brain2, we might notice that these coproducts are indexed over NJ0 and NJ1. Moreover, the
two maps between the coproduct correspond precisely to the face maps for NJ1, and there’s an
obvious degeneracy not written in. So we’re looking at a partial definition of a simplicial object
in C.

It’s clear how to define the rest: Let

B(J, F )n =
∐

γ:[n]→J

F (γ(0)),

and define the face maps and degeneracies in the more or less obvious way (if it’s not obvious
stare at it until it becomes so.) Now, why is it that the definition of the colimit didn’t use the
rest of the simplicial object? Well, the intuitive reason is that this information is redundant:
it can all be recovered from the fact that F is a functor between ordinary categories. More
precisely, we could try to glue all of the Bn’s together using the face and degeneracy maps and
see if we get anything bigger than the colimit. That is, define

|B(J, F )| = coeq
(∐

[n]→[m]Bm
// //
∐
Bn

)
,

where, given a morphism α : [n] → [m] we either do α∗ : Bm → Bn ↪→
∐
Bn, or just Bm ↪→∐

Bn.

Proposition 8. |B(J, F )| ∼= colim F .

Proof. First we need to show that there is a natural bijection between maps
∐
Bn → C making

the diagram ∐
[n]→[m]Bm

// //
∐
Bn //C

commute, and maps
∐
F (j) = B0 → C making the diagram∐

j→j′ F (j) // //
∐
j F (j) // C

commute. Given any map of the former type, we can restrict to get a map of the former type.

On the other hand, if we have a map B0 → C, we are forced to define Bn → C by Bn
α∗n→ B0 → C

where αn : [0] ⊂ [n]. This correspondence is clearly bijective and natural. The result follows
since we’ve shown that |B(J, F )| and colim F corepresent the same functors. �

Now, this business we did of bundling up the whole B(J, F ) package and getting an object of
C is very reminiscent of geometric realization. In fact, it is geometric realization (in the sense
of the previous lecture notes) if we suppose C has a final object and take the map ∆→ C to be
constant at that object. Now, if we’re in a context where we want to do homotopy theory, it
become useful to know about the whole package B(J, F ).

For example, suppose we’re in the case C = Top. Then it makes sense to define an object
we’ll call hocolim F by |B(J, F )|, where now we mean the usual geometric realization. This
brings us to the

Definition 12. Let C be a simplicially enriched category with enrichment given by a nerve and
geometric realization. Given any functor F : J→ C where J is an ordinary category, we define
hocolim F = |B(J, F )|.

Here are some examples:
Homotopy orbits. Let J be the category with one object and morphisms given by elements
in G, where G is a group. If C = Top and F (∗) = X, then hocolim F = XhG, the homotopy
orbits of X. In particular, if F (∗) = pt, then we get a model for BG, and if F (∗) = G then we
get a model for EG; this is one way to prove that we can find functorial, CW-complex models
for classifying spaces.

1Actually, this analysis gives a proof of the fact that any category with coproducts and coequalizers is
cocomplete.

2And, in fact, throughout our nervous system.
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Suspension. Given the diagram ∗ ← X → ∗ in Top or Set∆ of Ch(A), the homotopy colimit
agrees with the suspension (or shift) of X. (Up to weak equivalence.)

Now, I should note that there is a certain universal property that this construction satisfies. It
is a bit strange to state (it will be less strange, perhaps, after we talk about model categories),
and has to do with the following observation.

Recall that, if you take it as known how to define limits and colimits of sets (in fact, just
limits!), you can determine all limits and colimits just by looking at various properties of Hom-
sets. What I mean is that, given a functor F : J → C between ordinary categories, then an
object X together with a collection of compatible maps ηj : F (j)→ X determines a map

HomC(X,Y ) ∼= lim HomC(F (j), Y ),

and this is a natural bijection if and only if X is a colimit of F .
So if we take the notion of a homotopy limit of simplicial sets, say, as known, we’d hope that

the thing we constructed for a functor F : J→ C of simplicial categories has the property that

MapC(colim F, Y )→ holim MapC(F (j), Y ),

is a natural weak equivalence of sets. And, in fact, it is and we can take this as the definition
in general for a Set∆-enriched category.
Now- the big theorem is the following, which will take us a while to prove:

Theorem 1. ([3], 4.2.4.1) Let C be a fibrant simplicial category and J an ordinary category and
F : I → C a functor. Suppose we are given an object C ∈ C and a compatible family of maps
{ηI : F (I)→ C}I∈I. The following are equivalent

(1) The maps ηI exhibit C as a homotopy colimit of F .
(2) Let f : N(J) → N(C) be the simplicial nerve of F and f : N(I)B → NC the extension

of f determined by the ηI . Then f is a colimit diagram in NC.

In fact, there is a way to define a homotopy colimit or limit with J is a fibrant simplicial
category, and the theorem holds in that case as well. But we really can’t continue without
model categories- so we’ll have an interlude on that next time, and come back to all of this.
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