
Lecture 2
Dylan Wilson

Today we will motivate the definition of an ∞-category while simultaneously giving several
examples that we will come back to time and time again. We start by recalling the nerve
construction.

Given any category C we can associate to it a simplicial set that remembers everything about
it:

Definition 1. Let C be a category. Then define N(C), the nerve of C, to be the simplicial set
with HomSet∆(∆n, N(C)) = Fun([n], N(C)).

In other words, the 0-simplices are objects, 1-simplicies are morphisms, 2-simplices are pairs
of composable morphisms, etc.

Example. If we think of [k] as a category, then N [k] = ∆k. (This should be the first example
given everywhere, always... But it doesn’t seem to be.)

What I mean when I say that this simplicial set remembers everything about the category is
the following trivial lemma:

Lemma 1. A functor C → D between categories is an isomorphism if and only if the induced
map N(C)→ N(D) is an isomorphism of simplicial sets.

In fact, I mean a bit more. The fact that N(C) is a simplicial set arising from a category can
be encoded in its internal structure; more specifically, the existence of a composition operation
gives rise to a certain lifting operation. Define a simplicial set Λ2

1 via the pushout

∆0 d1
//

d0

��

∆1

��
∆1 // Λ2

1

which you should think of as the picture:

1

��
0

@@

2

So a map Λ2
1 → N(C) is equivalent to the data of a diagram as above in C. But, since we’re in

a category, a (unique) composition exists, and so we can extend this partially defined functor
[2]→ C to an honest functor. That is, we have a unique dotted lift in the diagram below:

Λ2
1

//
� _

��

N(C)

∆2

∃!

<<

Obviously this is a special property of this simplicial set, and not one had by all (take, for
example, Λ2

1 itself). Even more is true of N(C); to define a functor [3]→ C it suffices to define
several functors [2] → C that glue together properly, and then the definition of the functor
on the remaining morphisms in [3] can be defined via composition. A generalization of this
property characterizes nerves among simplicial sets. First a definition extending what we’ve
seen:

Definition 2. Define Λni , the ith horn, for 0 ≤ i ≤ n to be the union of all the faces of
∆n except the one opposite the ith vertex. More explicitly, we could define it via the following
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coequalizer diagram:

∆n−2 dj−1
//

��

∆n−1

��

di

$$∐
0≤k<j≤n ∆n−2 ////

∐
i 6=k ∆n−1 Λnk

∆n−2

OO

di
// ∆n−1

dj

::OO

If 0 < i < n we say that Λni is an inner horn, otherwise we say that Λni is an outer horn.

Exercise: Interpret the above diagram and see that it agrees with your intuition. Also see
[1] for more.

The proposition is then:

Proposition 1. A simplicial set K is isomorphic to the nerve of some category C if and only
if it satisfies the following condition:

(∗) For each 0 < i < n and each diagram

Λni� _

��

// K

∆n
∃!

>>

there exists a unique dotted arrow making the diagram commute.

Proof. See [2]. Or, better yet, do it yourself! �

Remark 1. Notice that we do not require a lift for outer horns; this is for good reason.
Requiring this is equivalent to asking that every morphism be invertible. Indeed, an inverse
would be given by a lift of the horn

z
f

��
x

id
// z

A corollary is that a simplicial set satisfies the unique lifting condition on all horns if and only
if it is isomorphic to the nerve of a groupoid.

So what does this tell us? Well, it means that category theory lives inside the theory of
simplicial sets. The remainder of this lecture will be an attempt to convince you that we can
describe many other things we care about in terms of simplicial sets with certain properties,
and we will end with the definition of a special type of simplicial set that generalizes all of the
constructions we see.

Spaces and groupoids. In homotopy theory, the construction of singular homology is often
done as follows: Take a space X, and define a chain complex C•X with CnX the free abelian
group on maps |∆n| → X and boundary given by the alternating sum of the boundary maps,
then take homology of this chain complex.

However, it is often helpful to break this up into several steps (later we will break it up even
further):

Definition 3. Let X be a space.1 Define Sing X to be the simplicial set given by

HomSet∆(∆n,Sing X) = HomTop(|∆n|, X)

1Here and for the remainder of these notes, the category of topological spaces that we consider is that of
compactly generated, weak Hausdorff spaces. This is for point-set reasons that should not concern you. Ignore
this footnote.
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.

This is a much more natural object to associate to X, and then we can describe the passage
ot the singular chain complex by the construction of the Moore complex:

Definition 4. Given a simplicial set S, the (unnormalized) Moore complex associated to S is
the chain complex C•S with CnS = ZSn and ∂ =

∑
(−1)idi.

We’ll talk about this more later, but for now let’s focus on the simplicial set Sing X. As
it happens, this is a very strong invariant of X: it remembers the weak homotopy type of X.
More precisely, there is a way to construct from any simplicial set a “geometric realization”
which is defined as follows:

Definition 5. Let S be a simplicial set. We define its geometric realization, |S|, by the coequal-
izer diagram ∐

φ:[n]→[m] Sm × |∆n| // //
∐
n Sn × |∆n| // |S|

Remark 2. The notation |∆n| should cause no confusion. Check why.

Proposition 2. There is a natural isomorphism |K × S| ∼= |K| × |S|, where K,S ∈ Set∆.

Theorem 1. The geometric realization and singular functors form an adjoint pair and the
natural map |Sing X| → X is a weak equivalence. It is a homotopy equivalence if and only if X
has the homotopy type of a CW-complex.

So basically this theorem justifies our earlier claim: any homotopy-theoretic invariant we’d
like to associate to X can be recovered from the simplicial set Sing X.

Just as in the case of a category, we can say even more. The fact that the simplicial set
Sing X came from a space can be encoded in the internal structure of the simplicial set. The
fact that the geometric realization of any horn is a retract of the geometric realization of the
corresponding standard simplex gives rise to a lifting criterion very similar to the one for nerves
of categories. This one has a name:

Definition 6. A simplicial set, S, is called a Kan complex or said to satisfy the Kan condition
if, for each 0 ≤ i ≤ n and every diagram of solid arrows

Λni
//

� _

��

S

∆n

>>

there exists a (not necessarily unique) dotted arrow making the diagram commute.2

It turns out that one can do homotopy theory with Kan complexes, and in a very specific
sense this turns out to be equivalent to the homotopy theory of spaces. That is: there is a
model structure on the category of simplicial sets Quillen equivalent to the category of spaces
with its usual model structure. (If you don’t know what this means, ignore this sentence. We’ll
talk about model categories another day.)

Remark 3. Notice that the Kan condition is almost identical to the condition that a simplicial
set be isomorphic to the nerve of a groupoid. For this reason and others, Kan complexes can
be seen as a model for ∞-groupoids (whatever that means.)

2I’ve always found this phrasing funny, as if a lift wouldn’t exist if you accidentally drew your original diagram
with dotted arrows, or pink arrows, or bananas.
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Homotopies on Homotopies and Simplicial Categories. One of our motivations for
higher category theory is that we need a way to deal with “homotopies between homotopies
between...”. Let’s take a moment to analyze this for a moment, in the classical case of the
category of topological spaces. Recall that a homotopy between two maps f, g : X → Y is a
map H : X × I → Y that restricts to f and g on the top and bottom of the cylinder. More
suggestively, we could write this as

X × |∆1| → Y .

Now, a homotopy between homotopies is properly encoded as a map X × I2 → Y , but a
square can be triangulated into two triangles so we may as well consider maps X × |∆2| → Y .
Concretely, such a map witnesses that we have a homotopy f ∼ g (given by considering the
restriction to the edge opposite the third vertex), a homotopy f ∼ g′ (from the edge opposite
the second vertex), and a homotopy between the two homotopies. (Please draw a picture.)

What we’ve done here is added a notion of maps between maps, maps between maps between
maps, etc; but we can actually say this all in one breath without ellipses by just saying: We’ve
turned HomTop(X,Y ) into a simplicial set, which we will denote by MapTop(X,Y ) to avoid
confusion with the set HomTop(X,Y ). Indeed, we define its simplicial set structure via:

HomSet∆
(∆n,MapTop(X,Y )) = HomTop(|∆n| ×X,Y ).

That this truly defines a simplicial set follows from the functoriality of geometric realization.
We can also extend to definition of composition of functions to this higher categorical setting,
i.e. there is a map of simplicial sets:

MapTop(Y,Z)×MapTop(X,Y )→ MapTop(X,Z)

defined on simplices

HomTop(|∆n| × Y, Z)×HomTop(|∆n| ×X,Y )→ HomTop(|∆n| ×X,Z)

by taking a pair of maps (f, g) to the map defined by

|∆n| ×X // |∆n ×∆n| ×X // |∆n| × |∆n| ×X
id×g // |∆n| × Y

f // Z

where the map |∆n×∆n| → |∆n| × |∆n| is the natural isomorphism from Proposition 2. What
this does is turn the category of spaces into a simplicial category3:

Definition 7. A simplicial category is a category enriched over the category of simplicial sets.
In detail this consists of the following data:

(1) A class of objects, ob(C)
(2) For any two objects, a, b ∈ ob(C), a simplicial set HomC(a, b) ∈ Set∆.
(3) A map ∆0 → Hom(a, a) for every object a ∈ ob(C) designating the identity.
(4) For any three objects, a, b, c ∈ ob(C) a map of simplicial sets

Hom(b, c)×Hom(a, b)→ Hom(a, c)

that is associative when it makes sense, and respects the identity when it makes sense.

A simplicial category is a natural place to do higher category theory, and in some sense is
the most intuitive place to do it: we really do have a category, and we can say what we mean
by a morphism, and a morphism between morphisms, etc. Later we will show that, just as in
the case of spaces and ordinary categories, there is a way to associate a simplicial set to any
simplicial category (I know this sounds weird) in such a way that we capture all of the relevant
“higher categorical” information from said category.

First however, let’s see if we can repeat our success at adding morphisms on morphisms with
a more algebraic example, and one we’ll often come back to: the category of chain complexes

3Really this should be called a “simplicial set category” or a “Set∆-Category” to avoid confusion with a
simplicial object in the category of simplicial categories or an internal category object in simplicial sets (these
latter notions are equivalent to each other, but not equivalent to the one we’re using). However, this terminology
is now standard.
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in an abelian category. For some motivation and concreteness, let’s consider chain complexes
of abelian groups for the moment.

A natural candidate for a “morphism between morphisms” of chain complexes is a homotopy
between maps of chain complexes. This is usually defined as

Definition 8. A chain homotopy between two maps f, g : C• → D• is a map s : C• → D•[1]
such that f − g = ∂Ds+ s∂C .

However, as I learned from May [4], we can actually define this in a way closer to our geometric
intuition. Let I denote the chain complex

I := · · · //0 //Z{I} //Z{a, b} //0 // · · ·

where Z{I} lives in degree 1 and the nontrivial map is given by I 7→ (b− a). Then a homotopy
between two maps is equivalent to the data of a map H : C⊗I→ D with the proper restrictions.
(Fun exercise!)

Of course, the complex I did not arise from the aether; it has a very clear connection to
classical topology. Indeed, it is the classical simplicial chain complex associated to ∆1: we
have one 1-simplex, and then two 0-simplices. Note that this differs from the Moore complex
associated to ∆1; this is nonzero in every nonnegative degree. However, it captures all the
important topological information, and in particular contains the essential bits of what we
mean by a homotopy.

At this point we should pause and see if we notice a certain type of formal set-up that might
make it easier to extend to the notion of homotopies between homotopies- certainly the idea of
coming up with a formula similar to Definition 7 seems unappealing. How exactly did we do
this in the topological category? Well, we had the geometric realization functor Set∆ → Top
that allowed us to define an “action” of simplicial sets on the category of spaces. This, in turn,
relied on the fact that we had a nice choice of cosimplicial object ∆ → Top that did what we
wanted.

As it happens, there is a good choice of cosimplicial object N : ∆ → Ch≥0(Ab) (called the
normalized Moore complex) such that N([1]) ∼= I. Through a very general categorical process,
this functor gives rise to an adjoint pair

DK : Ch≥0(Ab) // sAb : Noo

where DK acts a lot like taking a “nerve” or “singular simplicial set” and N acts a lot like
“geometric realization.” In fact, this is an equivalence of categories called the Dold-Kan corre-
spondence. For a nice treatment of this see the corresponding chapter in [3] or [5]. We’ll say
a little bit more about it ourselves in a minute, but first we’ll take a brief interlude and talk
about how these “nerve and geometric realization” pairs arise generally in nature. You may
safely skip the next section if you like- I just thought it was neat.

Geometric Realizations: An Interlude. We saw that the relationship between the category
of topological spaces and simplicial sets basically arose from the existence of a functor ∆→ Top.
Likewise it turns out that the relationship between simplicial abelian groups and chain complexes
is determined by a functor ∆→ Ch≥0(Ab). We’ll show how, more generally, a functor ∆→ C

to a category enriched and tensored over a closed symmetric monoidal category, V , gives rise
to an adjoint pair between the C and sV .4

First, let’s define a possibly unfamiliar term:

Definition 9. A category C enriched over a closed symmetric monoidal category V is called
tensored over V if the functor C→ V defined by

Y 7→ HomV (v,HomC(X,Y ))

is corepresentable for every X ∈ C and v ∈ V . We denote the representing object by v ⊗X.

4One can do this in more generality, but there’s no need for now.
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The point is that this gives us a kind of “action” of V on C, indeed one can show that there
is a natural isomorphism:

v ⊗ (w ⊗X) ∼= (v ⊗ w)⊗X
so it the word “action” really isn’t too bad. Now our set up is that we have a cocomplete
category C enriched and tensored over V and a functor

G : ∆→ C.

Then we define an extension of this functor G : sV → C via the coequalizer5∐
φ:[n]→[m]Km ⊗G([n]) ////

∐
nKn ⊗G([n]) // G(K)

This extension is, by definition, the associated geometric realization. The associated nerve
functor can be defined in a similarly familiar way; N : C→ sV is given by

N(c)m := HomC(G([m]), c).

The proposition is that

Proposition 3. The functors G and N as defined above form an adjoint pair, with G left
adjoint to N .

Proof. This is just abstract nonsense. Since Hom commutes with colimits, we have an equalizer
diagram in V

HomC(G(K), X) //
∏

HomC(Kn ⊗G([n]), X) ////
∏
φ:[n]→[m] HomC(Km ⊗G([n]), X)

By definition, we know that

HomC(Km ⊗G([n]), X) ∼= HomV (Km,HomC(G([n]), X)).

From this description it follows immediately that the equalizer diagram is precisely describing
the object HomsV (K,NX), so we win. �

For more info and references on this consult the nLab for “nerve and realization.”
Example 1. Obviously the classic example is ∆→ Top sending [n] 7→ |∆n|. A slight variation
on this theme is to view Top as being enriched over itself, or over simplicial sets, and then we
get an adjoint pair between simplicial spaces or bisimplicial sets and Top.
Example 2. Consider the functor ∆ → Pos into partially ordered sets defined by sending [n]
to its poset of linearly ordered subsets, itself ordered by inclusion. The counit of this adjunction
can be identified with the classical barycentric subdivision.
Example 3. The nerve construction for categories arises this way, where the functor ∆→ Cat
sends [n] to itself, but viewed as a category instead of an ordinal.

Back to our regularly scheduled program. Before we were rudely interrupted, we were try-
ing to learn about the Dold-Kan correspondence. This theorem says that there is an equivalence
of categories

Ch≥0(A) //sAoo

for any abelian category A. On its face, this may come as a bit of a surprise; it feels like
a simplicial abelian group carries a lot more information than a silly chain complex (or even
a serious chain complex). However, the existence of degeneracies and the resulting simplicial
identities that a simplicial abelian group must satisfy constrain it enough that we can capture
its essence in a relatively small chain complex.

To see why this may be plausible, let’s take a chain complex (say of abelian groups),

· · · 0oo C0
oo C1

oo C2
oo · · ·oo

and attempt to view it as giving us instructions for how to build a simplicial abelian group. In
our heads we should imagine that we’ve been given the old-fashioned chain complex associated to
a simplicial complex (this is much smaller than the singular complex), and asked to reconstruct

5Category theory buffs will recognize this as a coend.
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the simplicial abelian group, A, associated to it. With this in mind it’s clear that we should
declare

A0 = C0

Now, we know that for degenerate reasons we can always consider a 0-simplex as a 1-simplex,
and we’ll need a way to define a map A0 → A1 that realizes this; so why note stick another
copy of C0 into A1? On top of that we need our honest 1-simplices so we’ll define

A1 = C0 ⊕ C1

What should the boundary maps be? Well, the simplicial identities force ∂i|C0 = id. It’s clear
that we have to use the differential at some point, so we may as well define ∂0|C1 = d, and since
we’ve used up all the information we have so far we can just let ∂1|C1 = 0. (Notice that another
choice would be to let ∂1 = ∂0, but this way we can use the boundary maps to recover C1 as
the kernel of ∂1.)

We encourage the reader to try and come up with a reasonable definition for A2 and the
corresponding degeneracies and boundaries before glancing ahead at the following definition:

Definition 10. Given a chain complex C ∈ Ch≥0(A) we define a simplicial abelian group
DK(C) as follows:

(1) DKnC =
⊕

α:[n]→[k]Ck, where the sum is indexed over all surjections α : [n]→ [k].

(2) Given a map β : [m] → [n] we define a map DKnC → DKmC on the summand
corresponding to a surjection β : [n]→ [k] by first looking at the epi-monic factorization:

[m]
α //

ε

��

[n]

β

��
[m′] µ

// [k]

If m′ = k and the bottom map is the identity, then the map is the inclusion of a sum-
mand. If m′ = k− 1 and the bottom map is the unique injection that misses 0, then the
map is the differential from the chain complex. In all other cases the map is zero.

Now, we noted earlier that we could recover C1 in a “coordinate-free” way as the kernel of
∂1 : DK1C → DK0C. We invite the reader to check that we can recover Cn as

⋂
i>0 ker ∂i, in

general. Moreover, by construction, ∂0|Cn = d : Cn → Cn−1. This leads us to define:

Definition 11. Given a simplicial abelian group, A, we define its normalized Moore complex
NA by (NA)k =

⋂
i>0 ker ∂i and d : (NA)k → (NA)k−1 by ∂0.

It follows from the remarks above that N(DK(C)) ∼= C. And much more is true:

Theorem 2 (Dold-Kan Correspondence). The functors N and DK determine an equivalence
of categories

N : sA // Ch≥0(A) : DKoo

The functor N is less mysterious than it seems. It arises from the construction in the previous
section in the case where A = Ab and it turns out that the Dold-Kan correspondence in this
case formally implies the general case.

Indeed, in our motivating discussion, we noted that our goal was to construct a functor N that
took ∆n to some complex N∆n that allowed us to talk about homotopies between homotopies
between... etc. In the case where n = 1 we saw that we could take N∆1 to be isomorphic
to the classical simplicial complex associated to the interval. We can define a functor N ′ that
obviously extends this and let N ′∆n be free abelian in degree m on injective maps ∆m → ∆n

and differential given by the alternating sum of the face maps. This is much smaller than the
Moore complex (in particular, it is finite); those cells not present in this complex have a name
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Definition 12. Given a simplicial abelian group, A, let DnA denote the subgroup of CnA
generated by {siAn−1}0≤i≤n−1. In the case that A = Z∆k this is free abelian on the non-
injective maps [n] → [k]. DA ⊂ CA forms a subcomplex called the subcomplex of degenerate
simplices.

Obviously C∆n = N ′∆n⊕D∆n, and the relationship between the functor N and the functor
N ′ is just a shifting of the generators: one can show that C∆n = N∆n⊕D∆n, which is an easy
exercise in induction we leave to the reader.

Now, in the case of Ch(Ab) we can define our mapping objects in analogy with the case of
Top by using N as our “geometric realization”:

HomSet∆
(∆n,MapCh(Ab)(C,D)) := HomCh(Ab)(N∆n ⊗ C,D).

We now have to notice two things:

(1) This same definition would work perfectly well for any abelian category as long as we
can show that Ch(A) is tensored over Ch≥0(Ab) or (even easier) Ch≥0(Latt) where
Latt is the subcategory of Ab consisting of objects A isomorphic to Zn for some n.

(2) We need some way to deal with composition. In the case of Top we had an isomorphism
|K×S| ∼= |K|× |S|. Here we’ll need something similar relating N(K×S) to NK⊗NS.

We’ll deal with both of these via Alexander-Whitney maps which relate the normalized com-
plex of various tensor products of simplicial objects to tensor products of the chain complex.
Actually, such maps exist more generally if we replace the tensor product with other multi-
additive functors in several variables. Let’s examine a special case.

Suppose we have the simplicial abelian group Z∆1 and we wish to relate C∗(Z∆1⊗Z∆1) and
C∗(Z∆1)⊗ C∗(Z∆1). (We’ll deal with the normalized case in a moment.) Since Z∆1 ⊗ Z∆1 ∼=
Z(∆1 × ∆1) we can think of this as an attempt to relate the geometric process of taking a
product of spaces to the algebraic process of taking a tensor-product of chain complexes.

Well what does an element of C∗Z(∆1 × ∆1) look like? An n-simplex of ∆1 × ∆1 is just a
pair of n-simplices on ∆1, since any map into a product is determined by its projections to the
factors. That is, given a map ∆n → ∆1 ×∆1, this is equivalent to the data of a pair (σ, σ′) of
maps ∆n → ∆1.

On the other hand, a typical element of C∗Z(∆1)⊗C∗Z(∆1) consists of a linear combination
of elements of the form η ⊗ η′ where σ : ∆k → ∆1 and σ′ : ∆n−k → ∆1. So we need to relate
pairs of n-simplices to pars of k and n− k simplices. Well; let’s use our noggin and lots of face
maps: Let

Z(∆1[n]×∆1[n])→ Z(∆1[k])⊗ Z(∆1[n− k])

be the tensor product of the map induced by ∆1[n]→ ∆1[k] coming from the inclusion [k] ↪→ [n]
as the first k+1 elements, and the map induced by ∆1[n]→ ∆1[n−k] coming from the inclusion
[n − k] → [n] as the last n − k + 1 elements (notice these overlap). Then sum together all of
these maps.

It’s easy to check that this commutes with chain maps, so we get a map

C∗(Z(∆1 ×∆1))→ C∗(Z∆1)⊗ C∗(Z∆1),

as desired.6 Moreover, you can check that degenerate simplices go to sums of tensors of degen-
erate simplices, and since N∗ is a direct summand of C∗ orthogonal to the degenerate simplices,
we get an induced map

C∗(Z(∆1 ×∆1)) //

��

C∗(Z∆1)⊗ C∗(Z∆1)

��
N∗(Z(∆1 ×∆1)) // N∗(Z∆1)⊗N∗(Z∆1)

6Often there are constructions where you do “the only thing you can do” and these usually satisfy some
universal property, etc. In this construction, we did the obvious thing, but it wasn’t the only thing we could have
done. As a result: there are many such maps, but they usually coincide up to quasi-isomorphism.
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The map on the bottom is called the Alexander-Whitney map. Of course, nothing we did had
anything to do with ∆1, and so works in much more generality (but it’s better when you have
an example in mind to digest the general stuff). What follows regarding Alexander-Whitney
maps is basically word-for-word from p.50-51 of Higher Algebra; I just figured I’d save you the
trouble of opening up another document.

Construction. While the tensor product is good initially, we really need the result for
functors that take inputs in various different abelian categories. So suppose we have abelian
(or even additive) categories A1, ...,An,B and a multi-additive functor F : A1 × · · · ×An → B

(for example, the tensor product functor for module categories.) There is a natural way to
extend this to a multi-additive functor Ch≥0(F ) : Ch≥0(A1) × · · · × Ch≥0(An) → Ch≥0(B) in
a manner similar to what’s done for the tensor product of chain complexes. Given complexes
(A1, d1), ..., (An, dn) we define

Ch≥0((A1, d1), ..., (An, dn))p =
⊕

p=p0+···+pn

F (A1
p0
, ..., Anpn)

where the differential is given on the summand F (A1
p0
, ..., Anpn) by∑

1≤i≤n
(−1)p1+···+pi−1F (idA1

p0
, ..., idAi−1

pi−1
, di, idAi+1

pi+1
, ..., idAn

pn
)

(Take a moment to digest that, don’t be afraid: say it out loud and notice that it’s the same
thing we do for tensor products.)

Construction. Let A1,A2, ...,An and B be abelian categories and let F : A1×· · ·×An → B

be a multi-additive functor, We can extend F to a functor

F : sA1 × sA2 → sB

by evaluating pointwise. Just as before, we’d like to construct some map

C∗F (A1, ..., An)→ Ch≥0(F )(C∗A
1, ..., C∗A

n).

And we’ll get it the same way: any partition of p gives us a decomposition of [p] into pieces that
overlap by one, and we use these plus face maps to get our map. More specifically, we define
the map

AWp : F (A1
p, ..., A

n
p )→ Ch≥0(C∗(A

1), ..., C∗(A
n))p

to be the sum of maps

F (α∗1, ..., α
∗
n) : F (A1

p, ..., A
n
p )→ F (A1

p1
, ..., Anpn)

where αi : [pi] ∼= {p1 + · · ·+ pi−1, p1 + · · ·+ pi−1 + 1, ..., p1 + · · ·+ pi} ⊂ [p]. Again, it is easy to
check that degenerate simplices map to degenerate simplices, and so we have a diagram

F (A1
p, ..., A

n
p )

AWp//

��

Ch≥0(F )(C∗A
1, .., C∗A

n)

��
NpF (A1, ..., An)

AWp// Ch≥0(F )(N∗A
1, ..., N∗A

n)

One can check that these maps commute with differentials, and that they depend functorially
on the original choice of simplicial objects. This map is also “associative” if we are given multi-
additive functors that are associative. Note, however, that the map depends very much on the
order of the inputs!
Example. Let Latt denote the category of finitely generated free abelian groups and let A

be any additive category. Then there is an essentially unique functor ⊗ : Latt × A → A that
satisfies Zn ⊗ A ∼= An. Using the Alexander-Whitney map N∗(L ⊗ A) → N∗L ⊗ N∗A, we
can view Ch≥0(A) as tensored over Ch≥0(Latt). If we restrict ourselves to Chb(Latt), we can
extend this to an action on Ch(A). Alternatively, we can assume A admits countable sums.
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Construction of Ch(A) (Finally!). To define the hom-objects, we employ the normalized
chain complex construction:

HomSet∆
(∆n,MapCh(A)(C,D)) = HomCh≥0

(N∆n ⊗ C,D).

Where we use the fact that Ch(A) is tensored over Ch≥0(Latt).
To define composition we need a map of simplicial sets

MapCh(A)(D,E)×MapCh(A)(C,D)→ MapCh(A)(C,E)

which we specify as a map

HomSet∆
(N∆n ⊗D,E)×HomSet∆

(N∆n ⊗ C,D)→ HomSet∆
(N∆n ⊗ C,E)

which takes a pair of maps (f, g) to the composite

N∆n ⊗ C // N(∆n ×∆n)⊗ C AW // N∆n ⊗N∆n ⊗ C
id⊗f // N∆n ⊗D

g // E .

Remark 4. For those of you familiar with the dg-enhancement of Ch(A), we can think of
Ch(A) as being enriched over Ch(Ab), and the corresponding enrichment over Set∆ is obtained
by truncating and applying the Dold-Kan correspondence.

From Simplicial Categories to Simplicial Sets and Back Again. We have seen that
simplicial categories can encode the notion of homotopies between homotopies, but we would
like a way to encapsulate all of this information in a neat little package, much the same way
as the nerve of a category encapsulates all the information about the category. Now, ordinary
categories can be viewed as categories enriched over the category of sets, so the obvious gen-
eralization might be to attach to the simplicial category a special kind of simplicial simplicial
set (often called a bisimplicial set, for obvious reasons.) This approach does work, and leads to
the notion of a “complete Segal space,” but it turns out we can keep everything in the world
of simplicial sets by using the trick from the section on geometric realizations: we’re going to
cook up a nice functor ∆→ Cat∆ and look at the resulting nerve.

Consider the case of an ordinary category C. A functor [2]→ C (i.e. a 2-simplex in NC) gives
us three maps f : X0 → X1, g : X1 → X2, and h : X0 → X3 and we require that g ◦ f = h.
When we are in a situation where we really only care about things up to (coherent) homotopy,
we want to allow for 2-simplices that pick out a pair of composable maps, and a homotopy
between the composite and the third map. To do this, we need to thicken up the category [2];
instead of forcing the map 0→ 1→ 2 to equal the map 0→ 2, we should instead connect them
by a two simplex. That is, we need to create a simplicial category where the morphisms are all
distinct, but there’s still a unique homotopy class of morphisms between every pair of objects
(so it feels like an ordered set.) Here is the definition:

Definition 13. Given any [n] ∈ ∆ we define a simplicial category C([n]) = C[∆n] with the
following data:

(1) The objects are the same as [n].
(2) For each i, j ∈ [n], we define

MapC[n](i, j) =

{
∅ if j < i

N(Pij) ifi ≤ j.

Where Pij is the partially ordered set {I ⊂ [i, i+ 1, ..., j] : i, j ∈ I}.

Notice that Pij just formalizes the idea we mentioned earlier; the underlying set of morphisms
in MapC[n](i, j) consists of all possible paths from i to j, and these are all distinct. However,
they are all homotopic, and these homotopies are themselves all homotopic, and so on. This
uniqueness is expressed more precisely by the lemma:

Lemma 2. The simplicial set N(Pij) is weakly contractible. More generally, the nerve of any
category with an initial or final object is weakly contractible.
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Proof. I don’t want to say anything about the Quillen model structure on simplicial sets right
now, but it turns out that a simplicial set is weakly contractible in this model structure if and
only if its geometric realization is contractible. So let C be a category with an initial object, ∅.
Then we can define a functor C× [1]→ C by sending (c, 0) 7→ ∅ and (c, 1) 7→ c. Taking nerves
we get a map

NC×∆1 ∼= N(C× [1])→ NC.

Taking geometric realizations and using the natural equivalence from Proposition 2 we get a
map

|NC| × |∆1| ∼= |NC×∆1| → |NC|,
which you can check is a nullhomotopy of the identity NC→ NC, proving the result. �

Remark 5. The category Pij is isomorphic to the category [1] × · · · × [1], where there are
j − i− 1 copies of [1]; so the nerve of Pij is just a product ∆1 × · · · ×∆1, i.e. a cube.

If you know about such things, we can actually say that the map C([n]) → [n] is an equiva-
lence of simplicial categories, where the latter is viewed as a simplicial category with constant
simplicial sets for hom-objects. Now, from the formalism of the geometric realization section,
we get an adjoint pair:

C : Set∆
// Cat∆ : Noo

where, in particular, N : Cat∆ → Set∆ is given by N(C)n = HomCat∆
(C[∆n],C).

Example. We can identify C[∂∆n] with the subcategory of C[∆n] consisting of the same
objects, and the same morphism spaces except that MapC[∂∆n](0, n) = ∂N(Pij), where this is

defined to be the union of the images of maps (∆1){1,...,̂i,...,n−1} → (∆1){1,...,n−1}.
To verify this, recall that ∂∆n is the union of the images of all maps dk : ∆n−1 → ∆n.

Since this is the description of a colimit, and C commutes with colimits, we know that C[∂∆n]
must be the subcategory generated by the union of the various subcategories of C[∆n] given
by the images of dk : C[∆n−1] → C[∆n]. The map d0 : C[∆n−1] → C[∆n] lands onto the full
subcategory generated by {1, ..., n}, and the map dn : C[∆n−1] → C[∆n] lands onto the full
subcategory generated by {0, ..., n− 1}. Indeed, the posets Pij are identical in both cases, and
so the induced maps on hom-objects are identities. It follows that C[∂∆n] contains all the
objects of C[∆n], and that MapC[∂∆n](i, j) = MapC[∆n](i, j) except, perhaps, when i = 0 and
j = n.

In this case, the only simplices in MapC[∂∆n](0, n) ⊂ MapC[∂∆n](0, n) are those generated by
compositions of the ones we already have. More concretely, we can obtain every simplex in the
image of maps

NPi0,i1 × · · · ×NPik−1,ik → NP0,n

for 0 = i0 ≤ · · · ≤ ik = n and k > 0 induced by

Pi0,i1 × · · · × Pik−1,ik → P0,n; (I1, ..., Ik) 7→ I1 ∪ · · · ∪ Ik.

A quick combinatorial check (or a reinterpretation of the above diagram in terms of categories
of the form [1]× · · · × [1]) will convince you that the images of these form the cube NP0,n with
the interior removed. (This can also be expressed, perhaps more rigorously, as a coequalizer
diagram.)

Example. Notice that for inner horns, everything above except for the analysis of maps
from 0 to n, generalizes. (We need the “inner” part because of the appearance of d0 and dn

in the previous example). We leave it as an exercise (very similar to what was done above) to
check that for 0 < i < n, C[Λni ] is a subcategory of C[∆n with identical objects and hom-objects
except that MapC[Λn

i ](0, n) consists of the cube NP0,n with its interior and one face removed.

Using this last example, we can prove the following theorem:

Theorem 3. Let C be a simplicial category in which MapC(a, b) is a Kan complex for all a, b ∈ C

(these are called fibrant simplicial categories). Then NC satisfies the following lifting criterion
11



(?) For all 0 < i < n and diagrams of solid arrows

Λni� _

��

// NC

∆n

==

there exists a (possibly non-unique) dotted arrow making the diagram commute.

Proof. By the adjointness between C and N , it is enough to prove the lifting criterion for
diagrams of simplicial categories like

C[Λni ]
� _

��

// C

C[∆n]

==

By our description of C[Λni ], we can lift the functor on objects no problem. We can also lift
the functor to MapC[∆n](i, j) as long as we don’t have i = 0 and j = n. So we have reduced to
showing that a lift exists in the diagram of simplicial sets

MapC[Λn
i ](0, n) //

��

MapC(C0, Cn)

MapC[∆n](0, n)

66

At this point it should at least be plausible that such a lift exists: We’re supposed to think of
Kan complexes as behaving, homotopically, like spaces, and in the land of spaces a cube with
the interior and a face removed is a retract of the cube. Of course, this isn’t a proof, but you’ll
find a proof that all Kan complexes satisfy the lifting property with respect to such inclusions
in [1] Proposition 4.2. The point is that, the class of maps that satisfy such a lifting property
with respect to a Kan complex is closed under various categorical constructions, and one can
show that the inclusion of a box into a cube can be obtained via these from horn inclusions. �

Defining ∞-categories. We began this note with a reminiscence on the nerve of a category,
and saw that a category was essentially the same thing as a simplicial set that satisfied a special
type of lifting condition. Later, we saw that simplicial sets arising from spaces satisfy a very
similar condition. We ended the previous section by showing that simplicial sets associated to
(fibrant) simplicial categories satisfy a condition that is somehow in between the two previous
ones. This motivates the main definition:

Definition 14. An ∞-category is a simplicial set, C, satisfying that weak Kan condition, i.e.
for all 0 < i < n and diagrams of solid arrows

Λni� _

��

// C

∆n

>>

there exists a (possibly non-unique) dotted arrow making the diagram commute.

And now, though you didn’t know it before, you realize you already know plenty of examples!
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