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Considere los siguientes grafos:
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Figura 1

1. Para los 3 grafos, calcule (por inspección) la longitud los caminos más cortos desde el nodo 0 hacia el resto
de nodos.

2. Para el grafo b, ¿puede encontrar un camino desde 0 a 1 de costo 0? Explique.

3. El siguiente código (Cormen et al, 2009) implementa el algoritmo de Bellman-Ford para encontrar caminos
más cortos desde una sola fuente:
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Figure 24.2 (a) A weighted, directed graph with shortest-path weights from source s. (b) The
shaded edges form a shortest-paths tree rooted at the source s. (c) Another shortest-paths tree with
the same root.

Shortest paths are not necessarily unique, and neither are shortest-paths trees. For
example, Figure 24.2 shows a weighted, directed graph and two shortest-paths trees
with the same root.

Relaxation
The algorithms in this chapter use the technique of relaxation. For each vertex
! 2 V , we maintain an attribute !:d, which is an upper bound on the weight of
a shortest path from source s to !. We call !:d a shortest-path estimate. We
initialize the shortest-path estimates and predecessors by the following ‚.V /-time
procedure:
INITIALIZE-SINGLE-SOURCE.G; s/

1 for each vertex ! 2 G:V
2 !:d D 1
3 !:" D NIL
4 s:d D 0

After initialization, we have !:" D NIL for all ! 2 V , s:d D 0, and !:d D 1 for
! 2 V ! fsg.

The process of relaxing an edge .u; !/ consists of testing whether we can im-
prove the shortest path to ! found so far by going through u and, if so, updat-
ing !:d and !:" . A relaxation step1 may decrease the value of the shortest-path

1

The use of the term is historical. The outcome of a relaxation step can be viewed as a relaxation
of the constraint !:d " u:d C w.u; !/, which, by the triangle inequality (Lemma 24.10), must be
satisfied if u:d D ı.s; u/ and !:d D ı.s; !/. That is, if !:d " u:d C w.u; !/, there is no “pressure”

It may seem strange that the term “relaxation” is used for an operation that tightens an upper bound.

so the constraint is “relaxed.”to satisfy this constraint,
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Figure 24.3 Relaxing an edge .u; !/ with weight w.u; !/ D 2. The shortest-path estimate of each
vertex appears within the vertex. (a) Because !:d > u:d C w.u; !/ prior to relaxation, the value
of !:d decreases. (b) Here, !:d ! u:dCw.u; !/ before relaxing the edge, and so the relaxation step
leaves !:d unchanged.

estimate !:d and update !’s predecessor attribute !:" . The following code per-
forms a relaxation step on edge .u; !/ in O.1/ time:
RELAX.u; !; w/

1 if !:d > u:dCw.u; !/
2 !:d D u:d Cw.u; !/
3 !:" D u

Figure 24.3 shows two examples of relaxing an edge, one in which a shortest-path
estimate decreases and one in which no estimate changes.

Each algorithm in this chapter calls INITIALIZE-SINGLE-SOURCE and then re-
peatedly relaxes edges. Moreover, relaxation is the only means by which shortest-
path estimates and predecessors change. The algorithms in this chapter differ in
how many times they relax each edge and the order in which they relax edges. Dijk-
stra’s algorithm and the shortest-paths algorithm for directed acyclic graphs relax
each edge exactly once. The Bellman-Ford algorithm relaxes each edge jV j " 1
times.

Properties of shortest paths and relaxation
To prove the algorithms in this chapter correct, we shall appeal to several prop-
erties of shortest paths and relaxation. We state these properties here, and Sec-
tion 24.5 proves them formally. For your reference, each property stated here in-
cludes the appropriate lemma or corollary number from Section 24.5. The latter
five of these properties, which refer to shortest-path estimates or the predecessor
subgraph, implicitly assume that the graph is initialized with a call to INITIALIZE-
SINGLE-SOURCE.G; s/ and that the only way that shortest-path estimates and the
predecessor subgraph change are by some sequence of relaxation steps.
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24.1 The Bellman-Ford algorithm

The Bellman-Ford algorithm solves the single-source shortest-paths problem in
the general case in which edge weights may be negative. Given a weighted, di-
rected graph G D .V; E/ with source s and weight function w W E ! R, the
Bellman-Ford algorithm returns a boolean value indicating whether or not there is
a negative-weight cycle that is reachable from the source. If there is such a cy-
cle, the algorithm indicates that no solution exists. If there is no such cycle, the
algorithm produces the shortest paths and their weights.

The algorithm relaxes edges, progressively decreasing an estimate !:d on the
weight of a shortest path from the source s to each vertex ! 2 V until it achieves
the actual shortest-path weight ı.s; !/. The algorithm returns TRUE if and only if
the graph contains no negative-weight cycles that are reachable from the source.

BELLMAN-FORD.G; w; s/

1 INITIALIZE-SINGLE-SOURCE.G; s/
2 for i D 1 to jG:Vj ! 1
3 for each edge .u; !/ 2 G:E
4 RELAX.u; !; w/
5 for each edge .u; !/ 2 G:E
6 if !:d > u:dCw.u; !/
7 return FALSE
8 return TRUE

Figure 24.4 shows the execution of the Bellman-Ford algorithm on a graph
with 5 vertices. After initializing the d and " values of all vertices in line 1,
the algorithm makes jV j ! 1 passes over the edges of the graph. Each pass is
one iteration of the for loop of lines 2–4 and consists of relaxing each edge of the
graph once. Figures 24.4(b)–(e) show the state of the algorithm after each of the
four passes over the edges. After making jV j ! 1 passes, lines 5–8 check for a
negative-weight cycle and return the appropriate boolean value. (We’ll see a little
later why this check works.)

The Bellman-Ford algorithm runs in time O.VE/, since the initialization in
line 1 takes ‚.V / time, each of the jV j ! 1 passes over the edges in lines 2–4
takes ‚.E/ time, and the for loop of lines 5–7 takes O.E/ time.

To prove the correctness of the Bellman-Ford algorithm, we start by showing that
if there are no negative-weight cycles, the algorithm computes correct shortest-path
weights for all vertices reachable from the source.

Aplique el algoritmo a cada uno de los grafos a, b y c. En cada caso muestre el estado de los grafos (valores
de v.d para cada nodo, puede mostrarlos dentro de cada nodo omitiendo la etiqueta del nodo) después de
cada iteración del for en la ĺınea 2.

4. ¿Qué pasó con el grafo b? Explique.

5. En cada caso, ¿cuántas llamadas se hicieron a la función Relax? ¿puede hacerse de manera más eficiente?

6. Para los grafos a y c, muestre una secuencia de llamadas a Relax que le permita calcular los caminos más
cortos de una manera más eficiente.
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