
Column	  density	  in	  a	  
simula/on	  of	  star	  
cluster	  forma/on.	  The	  
included	  physics	  is	  only	  
hydrodynamics	  plus	  
gravity.	  	  



The	  IMF	  produced	  in	  a	  
simula/on	  of	  star	  cluster	  
forma/on	  (Bonnell	  et	  al.	  
2003)	  
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Figure 4. The mass functions of the sink particles for the simulations with αkin = Ekin/|Egrav| ! 1, given after a time t = 2tff. The simulations with an

isothermal EOS are shown in the upper panels, while those with the barotropic EOS are shown in the bottom panels. The long-dashed distributions show the

results from a different realization of the initial turbulent seed. The isothermal αkin = 0.1 distribution (filled region) is shown alongside the αkin = 0.3 results.

The dotted distribution in each panel is the functional form of the IMF for the local field stars given by Chabrier (2003). Note that the mass resolution in all

cases is 0.05 M⊙, and those sinks with masses below this value are still accreting their neighbours.

Table 1. We give here the properties of the sink particles after 2 initial free-

fall times have elapsed, for all the simulations with αkin !1. For comparison,

we also show the results from one of the simulations with αkin = 0.1, with

the results taken after 1 initial free-fall time (see Section 2.2 for details). The

EOS is shown in column 2, with ‘iso’ denoting isothermal, and ‘lar’ denoting

a piece-wise barotropic EOS (see Section 2 and equations 1 and 2) that is

similar to that suggested by Larson (2005). The seed column shows which of

the two random realizations of the initial turbulent velocity field was used for

that calculation. N∗, M∗, total and M̄∗ are the total number and mass in sink

particles and mean sink particle mass, respectively, with M̄∗ = M∗, total/N∗.

Finally, fM > 1 M⊙ denotes the fraction of the total mass in sinks which is

made up of sinks with masses of 1 M⊙ or greater.

αkin EOS Seed N∗ M∗, total M̄∗ fM > 1 M⊙

1.0 iso 1 1236 574.85 0.47 0.54

2.0 iso 1 555 255.50 0.46 0.69

3.3 iso 1 120 87.54 0.73 0.70

10.0 iso 1 2 2.72 1.36 1.00

1.0 lar 1 1029 518.72 0.50 0.57

2.0 lar 1 442 208.71 0.47 0.75

3.3 lar 1 57 53.01 0.93 0.84

1.0 iso 2 899 574.85 0.47 0.54

2.0 iso 2 440 255.50 0.46 0.69

3.3 iso 2 157 87.54 0.73 0.70

2.0 lar 2 314 119.06 0.56 0.68

0.1 iso 1 1073 339.00 0.32 0.28

tend to form in relative isolation. Since they have little gravitational

interaction with their siblings, the resulting mass functions are flat. In

contrast, large scale driving leads to a highly clustered environment,

in which competitive accretion is important. Consequently, these

latter simulations produce mass functions which are more similar

to the IMF.

After considering the unbound clouds, one may expect that the

clouds with αkin = 10 to result in mass functions which are very

Figure 5. The sink mass functions for the weakly supported systems (those

with αkin = Ekin/|Egrav| = 0.1), given after a time t = tff. The solid and

dashed distributions show the mass function for the isothermal runs, for two

different seeds, and the dotted distribution is for the simulation with the

barotropic EOS. The dotted distribution in each panel is the functional form

of the IMF for the local field stars given by Chabrier (2003). Note that the

mass resolution in all cases is 0.05 M⊙, and those sinks with masses below

this value are still accreting their neighbours.

steep. Fig. 5, shows that this is not the case. In these clouds, where the

collapse proceeds in a quasi-homologous fashion, the sinks interact

strongly with their neighbours, which lead to a mass spectrum that

is broadly similar to the IMF. Indeed, it has been shown (Zinnecker

1982; Bonnell et al. 2001b) that the mass function should never

get infinitely steep under these conditions, with an asymptotic limit

for the slope reaching −2.5. Again we see that the isothermal and

barotropic EOSs give very similar results.

Lastly, we note that when competitive accretion occurs in clouds

with αkin ! 1, the mass function of the accreting objects always

C⃝ 2008 The Authors. Journal compilation C⃝ 2008 RAS, MNRAS 386, 3–10

Clark+	  2008	  



Simula/on	  of	  star	  cluster	  forma/on	  with	  protostellar	  ouGlows	  (Li	  &	  
Nakamura	  2006)	  
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3 TH E C O R E M A S S F U N C T I O N : R I G O RO U S
S O L U T I O N S

We have now derived the rigorous solution for the number of bound
objects per interval in mass M, defined as the mass on the smallest
scale on which they are self-gravitating. To apply this to a phys-
ical system, we need the collapse barrier B(S) and variance S =
σ 2(R) = σ 2(M). In HC08, B(S) is defined by the Jeans overdensity
ρcrit(R) > [c2

s + v2
t (R)]/4π G, but the normalization of the back-

ground density, cs, and vt is essentially arbitrary. Moreover, S is
not derived, but a simple phenomenological model is used, and the
authors avoid uncertainties related to this by dropping terms with a
derivative in S. In H12, we show how S(R) and B(S) can be derived
self-consistently on all scales for a galactic disc. For a given turbu-
lent power spectrum, together with the assumption that the disc is
marginally stable (Q = 1), S(R) can be calculated by integrating the
contribution from the velocity variance on all scales R′ > R:

S(R) =
! ∞

0
σ 2

k (M[k]) |W (k, R)|2 d ln k, (23)

σ 2
k = ln

"
1 + 3

4
v2

t (k)
c2

s + κ2 k−2

#
, (24)

where W is the window function for the density smoothing (for con-
venience, we take this to be a k-space top hat inside k < 1/R). This
is motivated by and closely related to the correlation between Mach
number and dispersion in turbulent box simulations (see Padoan
et al. 1997; Passot & Vazquez-Semadeni 1998; Federrath et al.
2008; Price et al. 2011). B(R) is properly given by

B(R) = ln
$

ρcrit

ρ0

%
+ S(R)

2
, (25)

ρcrit

ρ0
≡ Q

2 κ̃

$
1 + h

R

% "
σ 2

g (R)

σ 2
g (h)

h

R
+ κ̃2 R

h

#
, (26)

where ρ0 is the mean mid-plane density of the disc, κ̃ = κ/$ =
√

2
for a constant-Vc disc and

σ 2
g (R) = c2

s + v2
A +

&
v2

t (R)
'
. (27)

The mapping between radius and mass is

M(R) ≡ 4 πρcrit h
3
"

R2

2 h2
+

$
1 + R

h

%
exp

$
− R

h

%
− 1

#
. (28)

It is easy to see that on small scales, these scalings reduce to the
Jeans criterion for a combination of thermal (cs), turbulent (vt) and
magnetic (vA) support, with M = (4π/3) ρcrit R

3; on large scales it
becomes the Toomre criterion with M = π%crit R

2.
Finally, we note that because the trajectories δ(x | R) defined

above sample the Eulerian volume, the MF is given by

dn

dM
= ρcrit(M)

M
fℓ(M)

((((
dS

dM

((((. (29)

It is worth noting that, with S(R) and B(R) derived above, there
are only two free parameters that together completely specify the
model in dimensionless units. These are the spectral index p of the
turbulent velocity spectrum, E(k) ∝ k−p (usually in the narrow range
p ≈ 5/3−2) and its normalization, which we parametrize as the
Mach number on large scales M2

h ≡ ⟨v2
t (h)⟩/(c2

s + v2
A). Of course,

we must specify the dimensional parameters h (or cs) and ρ0 to give
absolute units to the problem, but these simply rescale the predicted
quantities.

4 R ESULTS

Using these relations, we are now in a position to calculate the
last-crossing MF. Fig. 1 shows the results of calculating the last-
crossing distribution f ℓ(S) for typical parameters p = 2 (Burgers’
turbulence, typical of highly supersonic turbulence) and Mh = 30
(typical for GMCs). First, we can confirm our analytic derivation
in equation (14). It is easy to calculate the last-crossing distribution
by generating a Monte Carlo ensemble of trajectories δ(R) in the
standard manner of the excursion set formalism (beginning at R →
∞ and S = 0), and the details of this procedure are given in H12;
here we simply record the last downcrossing for each trajectory and
construct the MF. The result is statistically identical to the exact
solution. However, below the ‘turnover’ in the last-crossing MF, the
Monte Carlo method becomes extremely expensive and quite noisy,
because an extremely small fraction of the total galaxy volume is in
low-mass protostellar cores (sampling ≪0.1Msonic requires ∼1010

trajectories).
We compare the last-crossing MF to the predicted first-crossing

distribution – i.e. the MF of bound objects defined on the largest
scale on which they are self-gravitating. The two are strikingly
different: they have different shapes, different power-law slopes,
and the ‘characteristic masses’ are separated by more than six orders
of magnitude! Clearly, it is critical to rigorously address the ‘cloud-
in-cloud’ problem when attempting to define either.

Physically, in H12 we argue that the first-crossing distribution
should be associated with the MF of GMCs, and show that it agrees
very well with observations of the same. The last-crossing distri-
bution, on the other hand, should correspond to the protostellar

Figure 1. Predicted last-crossing mass function (distribution of bound
masses measured on the smallest scale on which they are self-gravitating)
for a galactic disc with turbulent spectral index p = 2, and Mach number at
scale ∼h ofMh = 30. In units of the sonic mass Msonic ≡ (2/3) c2

s Rsonic/G

and total disc gas mass Mgas, all other properties are completely specified
by disc stability. We calculate this with the analytic iterative solution to
equation (14); the standard Monte Carlo excursion set method gives an
identical result. We compare the first-crossing distribution – the distribution
of masses measured on the largest scale on which gas is self-gravitating,
which, as shown in H12, agrees extremely well with observed GMC mass
functions. The MF derived in HC08 by ignoring multiple crossings is also
shown. We compare the observed stellar IMF from Kroupa (2002) and
Chabrier (2003) (shifted to higher masses by a simple core-to-stellar mass
factor of 3).

C⃝ 2012 The Author, MNRAS 423, 2037–2044
Monthly Notices of the Royal Astronomical Society C⃝ 2012 RAS

Hopkins	  2012	  



(Salpeter 1955). Massey et al. (1995) find ! ¼ "1:1#
0:1(standard deviation of the mean) for 13 OB associations.
In contrast to these slopes, molecular clouds as a whole have
a flatter distribution. Mass spectra with C of "0.6 to "0.7
have been observed for molecular clouds (see Scoville &
Sanders 1987), as well as the large clumps within clouds
(Blitz 1993; Williams, Blitz, & McKee 2000; Kramer et al.
1998). Studies of cores forming low-mass stars in Ophiuchus
reveal a steeper mass spectrum, ! ¼ "1:5 (Motte, André, &
Neri 1998; Johnstone et al. 2000), and a study in Serpens
finds ! ¼ "1:1 (Testi & Sargent 1998). These slopes begin
to resemble the slope of the IMF for massive stars, but they
mostly apply to lower mass regions where the stellar IMF
actually turns over (Scalo 1998;Meyer et al. 2000).

The cumulative mass spectrum of cores, based on the
corrected virial masses, is shown in Figure 20. The mass
spectrum is clearly incomplete below about 1000 M$. The
spectrum for Mvir % 1000M$ was fitted using least-squares
and robust estimation (Fig. 20), with resulting ! ¼ "0:91#
0:17 and ! ¼ "0:95, respectively. The mass function of
dense cores is similar to that of M*(tot) in the model of
McKee & Williams (1997). It is also within the range of the
values for the IMF of stars within OB associations (Massey
et al. 1995). The similarity of our value for C to that of the
IMF of stars within clusters suggests that the fragmentation
process keeps nearly the same mass spectrum.

Our mass spectrum is slightly steeper than found by other
studies toward high-mass star-forming regions that used

probes that trace lower densities. Kramer et al. (1998) find
! ¼ "0:6 to "0.8 for CO clumps within seven high-mass
star-forming clouds. A CS J ¼ 2 ! 1 survey toward 55
dense cores containing water masers found ! ¼ "0:6# 0:3
(Zinchenko et al. 1998).

4.5. Surface Density, Pressure, and Confinement
of UCH iiRegions

McKee & Tan (2002, 2003) have emphasized the impor-
tance of the surface density of a molecular core (which they
call a clump) in the stellar mass accretion rate (dm&=
dt / "0:75) and the time to form a star (t&f / ""0:75). Based
on the results in Paper II, they assumed" ¼ 1:0 g cm"2.

The surface density of the core can be calculated from

" ¼ MvirðRCSÞ
!R2

CS

) 0:665
Mvir=1:0* 104 M$
! "

RCS=1 pcð Þ2
g cm"2 : ð9Þ

The average over the sample with well-determined sizes is
" ¼ 0:82# 0:78 g cm"2 with a median of 0.60 g cm"2. The
median surface density corresponds to 2870 M$ pc"2. The
surface densities range from 0.07 g cm"2 (G58.78+0.06) to
4.6 g cm"2 (G20.08"0.13). While the distribution is sharply
peaked for " < 1 g cm"2, a few cores (6) have surface den-
sities greater than 2 g cm"2 (Fig. 15f ). The median surface
density would imply a decrease in the mass accretion rate
and increase in the star formation time for the accretion

Fig. 18.—Line width–size relationship using C34S line widths. The
FWHM size, RCS, is shown in the top panel, and the size at an intensity of
10 K km s"1, R10, is shown in the bottom panel. The extrapolated line
width–size relationships for low- and high-mass regions are labeled, and the
least-squares fit and robust estimation for our sample are shown.

Fig. 19.—Logarithm of IðT&
R Þ and logMvir are compared in the upper

panel and the virial mass and dust-determined mass are compared in the
lower panel. More massive cores are typically brighter in CS intensity:
log IðT&

R Þ ¼ ð"0:76# 0:11Þ þ ð0:81# 0:04Þ logMvir. The virial mass and
mass derived from dust continuum emission correlate well, but Mvir >
Mdust. The solid line in the top panel is the least-squares fit, while the solid
line in the bottom panel indicatesMvir ¼ Mdust.
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Temperature	  vs.	  density	  for	  gas	  at	  low	  density	  in	  a	  collapsing	  spherical	  core,	  
computed	  with	  full	  radia/ve	  transfer	  in	  1D	  (Masunaga	  &	  Inutsuka	  2000)	  	  



Equa/ons	  of	  state	  used	  in	  
simula/ons	  by	  Jappsen	  et	  
al.	  (2005)	  to	  study	  non-‐
isothermal	  fragmenta/on.	  



Mass	  spectrum	  of	  collapsed	  objects	  for	  
simula/ons	  with	  an	  isothermal	  EOS	  
(top	  row)	  and	  for	  simula/ons	  with	  
broken	  powerlaw	  EOS’s	  (lower	  rows).	  
Solid	  ver/cal	  lines	  show	  the	  Jeans	  
mass	  at	  the	  cri/cal	  fragmenta/on	  
point	  for	  each	  EOS	  (Jappsen	  et	  al.	  
2005).	  



Simula/on	  of	  star	  cluster	  forma/on	  including	  stellar	  radia/on.	  LeX:	  
projected	  density;	  right:	  mass-‐weighted	  temperature	  (Krumholz+	  
2011)	  



Temperature	  vs.	  density	  in	  a	  simula/on	  of	  star	  cluster	  forma/on,	  at	  various	  
/mes	  (Krumholz+	  2011)	  



Simula/on	  of	  star	  cluster	  forma/on	  including	  stellar	  radia/on.	  LeX:	  
projected	  density;	  right:	  mass-‐weighted	  temperature	  (Krumholz+	  
2012)	  



Time	  evolu/on	  of	  IMFs	  in	  two	  radia/on-‐hydrodynamic	  simula/ons	  (Krumholz+	  
2012)	  


