
Astronomy 220B: Star and Planet Formation

Problem set 1 solutions

1. Molecular Tracers.
Here we will derive a definition of the critical density, and use it to compute some
critical densities for important molecular transitions. For the purposes of this prob-
lem, you will need to know some basic parameters (such as energy levels and Einstein
coefficients) of common interstellar molecules. You can obtain these from the Lei-
den Atomic and Molecular Database (LAMDA, http://www.strw.leidenuniv.nl/

~moldata). It’s also worth taking a quick look through the associated paper (Schöier
et. al, 2005, A&A, 432, 369) so you get a feel for where these numbers come from.

(a) Consider an excited state i of some molecule, and let Aij and kij be the Einstein A
coefficient and the collision rate, respectively, for transitions from state i to state
j. Write down expressions for the rates of radiative and collisional de-excitations
out of state i in a gas where the number density of collision partners is n.

Solution:

The radiative de-excitation rate is(
dni

dt

)
spon. emiss.

= −ni

∑
j<i

Aij.

The collisional de-excitation rate is(
dni

dt

)
coll.

= −nni

∑
j<i

kij.

(b) We define the critical density ncrit of a state as the density for which the radiative
and collisional de-excitation rates are equal.1 Using your answer to the previous
part, derive an expression for ncrit in terms of the Einstein coefficient and collision
rates for the state.

1There is some ambiguity in this definition. Some people define the critical density as the density for
which the rate of radiative de-excitation equals the rate of all collisional transitions out of a state, not just
the rate of collisional de-excitations out of it. In practice this usually makes little difference.
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Solution:

Setting the results from the previous part equal and solving, we obtain

ni

∑
j<i

Aij = ncritni

∑
j<i

kij =⇒ ncrit =

∑
i<j Aij∑
i<j kij

.

(c) When a state has a single downward transition that is far more common than any
other one, as is the case for example for the rotational excitation levels of CO, it
is common to refer to the critical density of the upper state of the transition as
the critical density of the line. Compute critical densities for the following lines:
CO J = 1 → 0, CO J = 3 → 2, CO J = 5 → 4, and HCN J = 1 → 0, using H2

as a collision partner. Perform your calculation for the most common isotopes:
12C, 16O, and 14N. Assume the gas temperature is 10 K, the H2 molecules are all
para-H2, and neglect hyperfine splitting.

Solution:

Using numbers taken from the LAMBDA website for the Aij and γij values, we
have

Line ncrit [cm−3]
CO(J = 1→ 0) 2.2× 103

CO(J = 3→ 2) 1.9× 104

CO(J = 5→ 4) 7.6× 104

HCN(J = 1→ 0) 1.0× 106

(d) Consider a molecular cloud in which the volume-averaged density is n = 100 cm−3.
Assuming the cloud has a lognormal density distribution as given by equation (42)
of Krumholz, with a dispersion σ2

s = 5.0, compute the fraction of the cloud mass
that is denser than the critical density for each of these transitions. Which transi-
tions are good tracers of the bulk of the mass in a cloud? Which are good tracers
of the denser, and thus presumably more actively star-forming, parts of the cloud?

Solution:
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The fraction of the mass above some specified density ρc can be obtained by
integrating the PDF for mass:

fM(ρ > ρ0) =

∫∞
sc
pM(s) ds∫∞

−∞ pM(s) ds
(1)

where sc = ln(ρc/ρ) and the mass PDF is

pM =
1√

2πσ2
s

exp

[
−(s+ s0)

2

2σ2
s

]
(2)

with s0 = −σ2
s/2. Using the critical densities obtained in the previous part to

compute sc, and then to evaluate the integral, we obtain

Line sc fM(n > ncrit)
CO(J = 1→ 0) 3.1 0.39
CO(J = 3→ 2) 5.2 0.11
CO(J = 5→ 4) 6.6 0.032

HCN(J = 1→ 0) 9.2 0.0013

It appears that CO(J = 1 → 0) and (to some extent) CO(J = 3 → 2) are good
tracers of the bulk of the mass, while CO(J = 5→ 4) and HCN(J = 1→ 0) are
better tracers of the denser parts of the cloud.

2. Inferring Star Formation Rates in the Infrared.
We use a variety of indirect indicators to measure the star formation rate in galaxies,
and one of the most common is to measure the galaxy’s infrared luminosity. The
underlying assumptions behind this method are that (1) most of the total radiant
output in the galaxy comes from young, recently formed stars, and (2) that in a
sufficiently dusty galaxy most of the starlight will be absorbed by dust grains within the
galaxy and then re-radiated in the infrared. We will explore how well this conversion
works using the popular stellar population synthesis package Starburst99 (Leitherer
et al., 1999, ApJS, 123, 3; Vázquez & Leitherer, 2005, ApJ, 621, 695; http://www.

stsci.edu/~science/starburst99).

(a) Once you’ve read enough of the papers to figure out what Starburst99 does, use
it with the default parameters to compute the total luminosity of a stellar pop-
ulation in which star formation occurs continuously at a fixed rate Ṁ∗. What is
the ratio of Ltot/Ṁ∗ after 10 Myr? After 100 Myr? After 1 Gyr? Compare these
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ratios to the conversion factor between LIR and Ṁ∗ given in Kennicutt (1998,
ARA&A, 36, 189).

Solution:

To do this problem I used the default parameters with starburst99 and had it
output the bolometric luminosity on a logarithmic grid from 0.1 Myr to 1 Gyr.
I selected continuous star formation at a rate of 1 M� yr−1. Taking the output
luminosities, I get

SFR[M� yr−1] = 4.3× 10−44Ltot[erg s−1] (10 Myr)

SFR[M� yr−1] = 2.9× 10−44Ltot[erg s−1] (100 Myr)

SFR[M� yr−1] = 2.2× 10−44Ltot[erg s−1] (1 Gyr).

In comparison, the corresponding coefficient given by Kennicutt (1998) is 4.5 ×
10−44, the same to within a factor of 2.

(b) Plot Ltot/Ṁ∗ as a function of time for this population. Based on this plot, how
old does a stellar population have to be before LIR becomes a good tracer of the
total star formation rate?

Solution:

The plot of the starburst99 output is below. The solid line is the output with a
normal IMF, and the dashed line is the output with a top-heavy IMF, for part
(c).

We want to be on the relatively flat part of the curve for LIR to be a reasonable
star formation rate indicator. The curve flattens at ∼ 3− 4 Myr, so that is how



old the stellar population must be.

(c) Try making the IMF slightly top-heavy, by removing all stars below 0.5 M�. How
much does the luminosity change for a fixed star formation rate? What do you
infer from this about how sensitive this technique is to assumptions about the
form of the IMF?

Solution:

To generate this IMF, I told starbust99 to use a 1 section IMF with a slope of
−2.3 running from 0.5 to 100 M�. At equal ages, the numbers change to

SFR[M� yr−1] = 3.2× 10−44Ltot[erg s−1] (10 Myr)

SFR[M� yr−1] = 2.1× 10−44Ltot[erg s−1] (100 Myr)

SFR[M� yr−1] = 1.6× 10−44Ltot[erg s−1] (1 Gyr).

These are a few tens of percent lower, because the IMF contains fewer low mass
stars that contribute little light. The effect is mild, but that is partly because the
change in IMF is mild. These results do suggest that the IR to SFR conversion
does depend on the IMF.


