
Astronomy 230: Diffuse Matter in Space

Class 9 Notes: Collisionally Excited Line Emission

We will now spend a week or so investigating the phenomenon of collisional excitation and
collisionally excited line emission. This process is one of our best ways of learning about
the properties of the ISM, and a clever use of collisional excitation tracers lets us infer
temperatures, densities, chemical compositions, and a host of other properties in emitting
regions. The key insight is that understanding when lines will be in LTE and when they will
not, and seeing how far out of LTE they get, provides a powerful tool.

I. The two-level atom

We begin by considering the simplest case of an atom that has only two relevant states,
which we will denote 0 and 1, with energies E0 and E1, E0 < E1. The number density
of atoms in each state is n0 and n1. Transitions between the two states happen in
two ways. First, there is spontaneous emission from atoms in state 1, which occurs
at a rate per unit volume A10n1, where A10 is the standard Einstein A coefficient.
We will assume for the moment that there is no ambient radiation field (J = 0),
so there is no absorption or stimulated emission; we will drop that assumption in a
moment. Second, collisions between the atoms in question and some collision partner
with number density nc can cause changes of state. The rate coefficient for transitions
from state 0 to state 1 is k01, and the rate coefficient for the reverse reaction is k10.

Given this setup, we can compute the rate of change of the number density of particles
in state 1:

dn1

dt
= ncn0k01 − ncn1k10 − n1A10. (1)

The steady state solution, dn1/dt = 0, is

n1

n0

=
nck01

nck10 + A10

. (2)

Now recall that k01 and k10 are not independent, since they are the backward and
forward rate coefficients for the same reaction. Detailed balance requires that

k01 =
g1

g0

k10e
−E10/kTgas , (3)

where g0 and g1 are the degeneracies of the two states, E10 = E1 − E0, and the Tgas

that appears here is the kinetic temperature of the gas, meaning the temperature
that describes the Maxwellian velocity distribution of the gas. Note that we have
not assumed LTE, we have only assumed that the atoms in question and their collision
partners follow a Maxwellian velocity distribution, which is a much weaker assumption.
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Substituting this in, we have

n1

n0

=

(
1

1 + A10/(nck10)

)
g1

g0

e−E10/kTgas (4)

We define the critical density in this case by

ncrit =
A10

k10

, (5)

so
n1

n0

=

(
1

1 + ncrit/nc

)
g1

g0

e−E10/kTgas . (6)

Notice how this behaves. In the limit nc � ncrit, the second term in the denom-
inator is zero, and we obtain n1/n0 → (g1/g0)e

−E10/kTgas , i.e. the ratio of the two
levels approaches its LTE value. On the other hand if nc � ncrit, then n1/n0 →
(nc/ncrit)(g1/g0)e

−E10/kTgas , i.e. the fraction of particles in state 1 is less than the LTE
value by a factor of nc/ncrit. Physically, what is going on is that radiative de-excitation
is depopulating the upper state faster than collisions can repopulate it, and the gas is
therefore less excited than it would be in LTE. The larger the value of A10, the faster
this process happens, and the larger the density must be to keep up, which is why ncrit

is proportional to A10.

Now let’s remove the assumption that there is no ambient radiation field, and suppose
that there is one with directionally-averaged photon occupation number 〈nγ〉 at the
frequency of the line. Including the terms for stimulated emission and absorption, the
rate of change of atoms in state 1 becomes

dn1

dt
= n0

(
nck01 + 〈nγ〉

g1

g0

A10

)
− n1 [nck10 + (1 + 〈nγ〉)A10] . (7)

The corresponding solution for dn1/dt = 0 is

n1

n0

=
nck01 + 〈nγ〉(g1/g0)A10

nck10 + (1 + 〈nγ〉)A10

. (8)

If we again use detailed balance, and we define a more general critical density

ncrit =
(1 + 〈nγ〉)A10

k10

, (9)

we can rewrite the level ratio as

n1

n0

=

(
1

1 + ncrit/nc

)
g1

g0

e−E10/kTgas +

(
1

1 + nc/ncrit

)
g1

g0

〈nγ〉
1 + 〈nγ〉

. (10)

To make this more suggestive, recall that

〈nγ〉 =
1

ehν/kTB − 1
, (11)
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where TB is the brightness temperature. Substituting this in, we have

n1

n0

=

(
1

1 + ncrit/nc

)
g1

g0

e−E10/kTgas +

(
1

1 + nc/ncrit

)
g1

g0

e−hν/kTB . (12)

Notice how this behaves as we vary nc and the temperatures. In the limit nc � ncrit,
the first term dominates, the second goes to zero, and we approach the Boltzmann
distribution at the gas temperature. In the limit nc � ncrit, the first term goes to
zero, the second term dominates, and we approach the Boltzmann distribution at the
radiation brightness temperature. At intermediate nc the level ratio is intermediate
between that favored by the gas kinetic temperature and that favored by the radiation
brightness temperature.

II. Applications of the two-level atom

With this basic theory in place, let’s consider some examples of two-level systems.

A. The H i 21 cm line

The most obvious example is the 21 cm line of atomic hydrogen, where the two
hyperfine spin states are separated by energy E10/k = 0.0682 K, and A10 = 2.88×
10−15 s−1. The collision rate coefficient for collisional de-excitation by collisions
between H atoms at T = 100 K, a typical CNM temperature, is k10 ≈ 1.2× 10−10

cm3 s−1; a fit for other temperatures is given in Draine.

Let us calculate the equilibrium spin temperature of a cloud of atomic hydrogen
as a function of its density at this temperature. The first step is to compute
the critical density, and for this we must know 〈nγ〉. At the frequency of the 21
cm line, the dominant sources of ambient radiation are the CMB, which provides
TB = 2.73 K, and galactic synchotron emission, which has TB ≈ 1 K. Since we
are in the Rayleigh-Jeans tail of the Planck function, the combined brightness
temperature from both sources is simply their sum, so TB = 3.73 K. Plugging in,

〈nγ〉 =
1

ehν/kTB − 1
≈ 55. (13)

Thus we have

ncrit =
(1 + 〈nγ〉)A10

k10

= 1.7× 10−3 cm−3. (14)

Since n � ncrit for CNM gas, we expect the spin temperature in the CNM to
be close to the gas kinetic temperature, rather than to the CMB plus synchotron
temperature.

B. The C ii 158 µm line

Another important application is the 158 µm line of C ii, which corresponds
to the 2Po

3/2 →2Po
1/2 forbidden fine structure line. This turns out to be one of

the dominant cooling lines in the atomic ISM. The Einstein A for the line is
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A10 = 2.4 × 10−6 s−1, a small value appropriate for a forbidden line. The two
states are coupled by collisions with both neutral hydrogen atoms and the (small)
population of free electrons found in predominantly neutral regions. The rate
coefficients for collisional de-excitation are approximately

k10(e
−) ≈ 4.53× 10−8T

−1/2
4 cm3 s−1 (15)

k10(H) ≈ 7.58× 10−10T 0.1281+0.0087 lnT2
2 cm3 s−1. (16)

At 158 µm the ambient radiation field is negligible: 〈nγ〉 ≈ 10−5. Thus the critical
densities are simply

ncrit(e
−) ≈ 53T

1/2
4 cm−3 (17)

ncrit(H) ≈ 3.17× 106T−0.1281−0.0087 lnT2
2 cm3. (18)

Both of these values greatly exceed the typical electron and hydrogen densities in
the atomic ISM, so we expect the upper fine structure level of C ii to be strongly
sub-thermally populated.

III. Many-level atoms

A. Formalism

The analysis we have performed can be generalized to atoms and molecules with
arbitrary numbers of states. Suppose we have a particle with states 0, 1, 2, . . .,
each with its own energy and degeneracy. Let Eij be the difference in energy
between any two states, Aij be the rate of spontaneous emission between two
states, and kij be the collision rate coefficient connecting the two states.

First consider the simple case where there is no ambient radiation field. In this
case, the rate of change of the number density of atoms in state i is then given by

dni
dt

=
∑
j

nj (nckji + Aji)− ni
∑
j

(nckij + Aij) . (19)

The first sum represents the rate of transitions into state i from all other states
j, and this has two parts: collisional transitions into state i, and spontaneous
radiative decays into state i from higher states. We understand that Aji = 0 for
any j ≤ i, and that kij = 0 for i = j. The second sums represents the rate of
transitions out of state i summed over all states j into which the atom could go,
and this again has two parts: collisions from i to j, and spontaneous decays from
i to j.

Now let’s add back in the complication of an ambient radiation field. This gives
us two additional processes to worry about: stimulated emission and absorption.
Stimulated emission is easy to handle: we just multiply the spontaneous emis-
sion rate by a factor of (1 + 〈nγ〉). Thus including stimulated emission but not
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absorption we have

dni
dt

=
∑
j

nj [nckji + (1 + 〈nγ,ji〉)Aji]− ni
∑
j

[nckij + (1 + 〈nγ,ij〉)Aij] , (20)

where 〈nγ,ij〉 represents 〈nγ〉 evaluated at the frequency corresponding to the
i→ j transitions.

Finally, to include absorption, recall that the absorption rate from state i → j
is (gj/gi)ni〈nγ〉Aji. Adding this term to both the rate of particles entering and
leaving state i, we have

dni
dt

=
∑
j

nj [nckji + (1 + 〈nγ,ji〉)Aji] +
∑
j

nj
gi
gj
〈nγ,ij〉Aij (21)

− ni
∑
j

[nckij + (1 + 〈nγ,ij〉)Aij]− ni
∑
j

gj
gi
〈nγ,ji〉Aji. (22)

Again, recall our convention that Aij = 0 for i ≤ j.

Now let us figure out how to solve for the steady state, dni/dt = 0. This requires
that we solve the set of linear equations

∑
j

nj

[
nckji + (1 + 〈nγ,ji〉)Aji +

gi
gj
〈nγ,ij〉Aij

]
(23)

= ni
∑
`

[
ncki` + (1 + 〈nγ,i`〉)Ai` +

g`
gi
〈nγ,`i〉A`i

]
. (24)

It is clearer how to proceed if we rewrite this as

∑
j

nckji + (1 + 〈nγ,ji〉)Aji + gi
gj
〈nγ,ij〉Aij∑

`

[
ncki` + (1 + 〈nγ,i`〉)Ai` + g`

gi
〈nγ,`i〉A`i

]nj = ni. (25)

This is a system of linear equations, and like most such systems it can most
conveniently be thought of as a matrix equation. Let n be a vector of populations
for the various levels, i.e. n = (n0, n1, n2, . . .). In this case the equation we have
just written down can be rewritten

M · n = n (26)

where the matrix M has elements

Mij =
nckji + (1 + 〈nγ,ji〉)Aji + gi

gj
〈nγ,ij〉Aij∑

`

[
ncki` + (1 + 〈nγ,i`〉)Ai` + g`

gi
〈nγ,`i〉A`i

] . (27)

This is a standard eigenvalue problem, with the steady-state eigenvalues n simply
corresponding to the eigenvector with eigenvalue 1. The matrix M itself depends
only on the known rate coefficients and the ambient radiation field and number
density of collision partners. Thus the problem of finding the steady state number
densities n simply reduces to the problem of solving a simple eigenvalue problem,
which can be done by any of a number of standard techniques.
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B. Critical density for multi-level atoms

We can gain some insight into how the solution is going to look if we define a
generalized critical density for our multi-level atom. For the sake of simplicity,
and to gain intuition, let us assume that there is a particular level i which is the
highest energy level with any appreciable population, so that neither collisional
de-excitations from even higher energy states, nor radiative transitions into our
out of these higher energy states, contribute appreciably to its population. In
practice this is almost always the case. For this level i, the rate equation becomes

dni
dt

=
∑
j<i

njnckji +
∑
j<i

nj
gi
gj
〈nγ,ij〉Aij − ni

∑
j<i

[nckij + (1 + 〈nγ,ij〉)Aij] . (28)

The remaining terms describe collisional excitation from lower levels j into level
i, radiative absorptions from level j into level i, and collisional and radiative
de-excitations from level i to all other, lower levels j.

The steady-state solution is

ni =

∑
j<i njnckji +

∑
j<i nj

gi
gj
〈nγ,ij〉Aij∑

j<i [nckij + (1 + 〈nγ,ij〉)Aij]
. (29)

In analogy with the two-level case, we now let

ncrit,i =

∑
j<i (1 + 〈nγ,ij〉)Aij∑

j<i kij
. (30)

Substituting this in and doing some re-arranging, we have

ni =

(
1

1 + ncrit,i/nc

) ∑
j<i njkji∑
j<i kij

+

(
1

1 + nc/ncrit,i

) ∑
j<i nj

gi
gj
〈nγ,ij〉Aij∑

j<i(1 + 〈nγ,ij〉)Aij
. (31)

At this point we can see that the level population depends on this generalized ncrit

in much the same way as it did for our two level atom. Suppose that nc � ncrit,i.
In this case the first term dominates and the second is negligible, and we have∑
j<i kijni =

∑
j<i kjinj. In other words, in this case the level population is simply

defined by collisional equilibrium among the levels, with negligible contributions
from radiation. The result will be a Botlzmann distribution at the gas kinetic
temperature.

Similarly, in the opposite limit nc � ncrit,i, the first term is negligible in compari-
son to the second, and the level population is determined solely by the interaction
of the atoms with the ambient radiation field. The resulting distribution of atoms
in levels will then follow the distribution dictates by the radiation field. If that
field is a blackbody, the levels will reach a population determined by the Botlz-
mann distribution at the radiation temperature.
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IV. Radiative trapping

Thus far in our treatment of line radiation we have assumed that there is no background
radiation field other than the CMB and starlight, which are imposed externally. In
particular, we have assumed that photons emitted within a cloud all escape, and do
not build up to produce their own radiation field. These are often good assumptions,
but there are environments where they fail. Treating these is a highly non-trivial
problem, and often we are forced to purely numerical solutions in which we iteratively
solve simultaneously for the level populations and the radiation field. However, we can
make some simple analytic approximations.

A. Escape probability formalism

Consider a gaseous region. At some point r within it, the optical depth to infinity
in direction n̂ at frequency ν is τν(n̂, r). We define the escape probability for
photons of frequency ν emitted at r by

βν(r) =
1

4π

∫
e−τν(n̂,r) dΩ. (32)

This is exactly what the name implies: it is the probability that a photon emitted
in a random direction at point r will escape to infinity without being scattered or
absorbed. If we integrate this over the line profile φν , we obtain the probability
that a random photon emitted in a particular line of interest will escape:

〈β(r)〉 =
∫
βν(r)φν dν. (33)

Now consider a simple two-level system. For the upper state, the rate of change
of the number density of particles is

dnu
dt

=

(
nck`u + nγ

gu
g`
Au`

)
n` − [ncku` + (1 + nγ)Au`] . (34)

The first term represents the rate at which the upper state is populated by colli-
sions and absorptions out of the lower state, and the second represents the rate
at which the upper state is depopulated due to collisions, spontaneous emission,
and stimulated emission into the lower state.

In general solving this problem together with the radiative transfer problem is
nasty, because nγ varies throughout the cloud as dictated by the transfer equa-
tion. However, the source term in the transfer equation depends on the level
populations, since they dictate the rate of emission and absorption. The level
populations in turn depend on nγ, so everything is non-locally coupled. This is
why a numerical solution is usually the only option if we want to solve the problem
“right”.

That said, we can simplify greatly and get a reasonable answer by making the
escape probability approximation, which consists of assuming that (1) the cloud
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is uniform, and (2) if a photon does not escape, then it is reabsorbed very close
to the point of emission, “on the spot”. Assumption (1) means that the cloud
is characterized by a single excitation temperature Texc, so the transfer equation
becomes

Iν = Iν(0)e−τν +Bν(Texc)(1− e−τν ), (35)

or equivalently in terms of photon occupation number

nγ = nγ(0)e−τν +
1− e−τν

(n`gu/nug`)− 1
, (36)

where nγ(0) = (c2/2hν3)Iν(0).

Continuing to assume that the cloud is uniform, we can replace e−τν with βν ,
the escape probability that is, by assumption, the same everywhere. If we further
assume that the external radiation field nγ(0) is isotropic and does not vary signif-
icantly over the line profile, we can integrate the transfer equation over frequency,
giving

〈nγ〉 = 〈β〉nγ(0) +
1− 〈β〉

(n`gu/gun`)− 1
. (37)

Plugging this into the equation for the level populations, we have

dnu
dt

= nck`un` − ncku`nu − 〈β〉Au`nu + n`
gu
g`
〈β〉Au`nγ(0)

(
1− g`nu

gun`

)
. (38)

In the absence of an external radiation field the last term vanishes.

This is quite an interesting result, but it makes intuitive sense. The equation is
exactly the same as what we got before for dnu/dt assuming that every photon
escaped, except that the Einstein coefficients have all been reduced by a factor
of 〈β〉. This makes sense given our assumptions: since we have assumed that
every photon has some probability of escaping, and that if it does not escape it
is re-absorbed immediately at the point of emission, our assumptions essentially
amount to reducing the rate of spontaneous emission by the escape probability.
That is exactly what our analysis has produced. One could almost have guessed
the result without going through the formalism at all.

Note that this means that in the case of radiative trapping we can also define an
effective critical density, which is the same as the critical density in the optically
thin case, but with all the A coefficients replaced by 〈β〉A’s.

B. Computing escape probabilities

Of course we have glossed over one critical point thus far: we have not yet specified
exactly what the escape probability is! This is where things get tricky, since the
exact escape probability will depend on the structure of the cloud in position
and velocity. Any value will necessarily be approximate, since in a real cloud
the escape probability is never uniform. That said, we will solve the simplest
possible case to see how the calculation works, and to obtain the most important
application of this sort of analysis: the CO “X-factor”.
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1. Spherical, static clouds

The simplest case is a static, spherical, homogenous cloud. In our discussion of
absorption spectroscopy we wrote down the optical depth through a uniform
medium with a specified velocity dispersion σV and column density N` of
atoms in the lower state, and we use that result again: from the center of the
cloud, the optical depth is

τ0 =
gu
g`

Au`λ
3
u`

4(2π)3/2σV
n`R

(
1− nug`

n`gu

)
, (39)

where N` = n`R is the column density from the cloud center.

From any other point within the cloud, the optical depth is simply τ0 multi-
plied by a geometric factor. In particular, if we consider a point a distance
r from the cloud center, and we consider a direction that makes an angle θ
with respect to the outward normal. Using a little geometry it is easy to see
that the distance to the surface a is given implicitly by

R2 = r2 + a2 + 2ar cos θ, (40)

and the optical depth in this direction is xτ0, where x = a/R. The directionally-
averaged escape probability is

βν(r) =
1

2

∫ π

0
e−xτ0φν sin θ dθ. (41)

Obviously this can be integrated in frequency as well in the usual way to ob-
tain the frequency-averaged, angle-averaged escape probability 〈β〉. If we are
not so optically thick that we need to worry about line wings, it is reasonable
simply to take φν to be a δ-function, so

〈β(r)〉 =
1

2

∫ π

0
e−xτ0 sin θ dθ. (42)

This still depends on position, but for the escape probability formalism we
need to adopt a uniform value of 〈β〉 throughout the cloud. The most natural
way to do so is to simply to set this uniform value to the value of 〈β〉 averaged
over the cloud volume:

〈β〉cloud =
3

2

∫ 1

0

∫ π

0
e−xτ0x2 sin θ dθ dx. (43)

For a given τ0 this integral is trivial to evaluate numerically, and it turn out
that the result is very well fit by

〈β〉cloud ≈
1

1 + 0.5τ0
. (44)

We are now almost done: the value of 〈β〉cloud that determines the equilibrium
level populations is a known function of τ0, while τ0 is a known function of
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the level populations. We therefore have a simple pair of non-linear algebraic
equations to solve simultaneously, and we are done. In practice this solution
must usually be obtained numerically, for example via Newton’s method, but
the problem is trivial.

2. Application to the CO “X-factor”

The most important application of this sort of analysis is to giant molecular
clouds observed in the CO J = 1 → 0 line (or sometimes 2 → 1 or 3 → 2
instead). The first few J levels of CO are extremely optically thick in a giant
molecular cloud, so radiative trapping cannot be neglected. However, we can
still learn a great deal about a GMC from its radiation.

Consider a uniform spherical cloud of mass M and radius R. If the cloud is in
hydrostatic balance between internal pressure (mostly due to turbulent rather
than thermal motions, but that doesn’t matter) and self-gravity, application

of the virial theorem shows that the 1d velocity dispersion is σV =
√
GM/5R

– take the star formation class if you want to see this in gory detail.

Plugging this into our formula for the optical depth at line center from the
center of the cloud, which is much larger than unity, we have

τ0 =
gu
g`

Au`λ
3
u`

8π

(
5

2πG

)1/2 n`R
3/2

M1/2

(
1− g`nu

gun`

)
(45)

Using the escape probability approximation, the intensity that we observe
from the cloud along a line of sight of length L through it will be

Iν =
∫
nuAu`

hνu`
4π

φν〈β〉cloud ds ≈ nuLAu`
hνu`
4π

φν
1

1 + 0.5τ0
≈ 2

τ0
nuLAu`

hνu`
4π

φν .

(46)
An important point to note here is that τ0 ∝ n`, so the observed intensity
depends on the properties of the CO only through nu/n`, i.e. it does not
depend on the absolute density or abundance of the emitting CO molecules.
This makes sense because, as long as the CO is optically thick, we can’t tell
how many CO molecules there are.

Observers usually report velocity-integrated antenna temperature, which is
simply (λ3/2k)

∫
Iν dν. If we evaluate this, substituting in for τ0 and rewriting

nu/n` factors in terms of Texc, we obtain

∫
TA dv =

√
2

15
4π
hc

λ

(
GµmH

nH2

)1/2
NH2

ehν/kTexc − 1
, (47)

where µ = 2.8 is the mass per H2 molecule for the gas measured in amu. (It’s
2.8 rather than 2 because of helium). Note that this means that the integrated
antenna temperature is simply proportional to the H2 column density for a
given value of the volume density nH2 and excitation temperature Texc. We
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define the X factor as the constant of proportionality between the integrated
antenna temperature and the column density:

XCO =
NH2∫
TA dv

= 1.58× 1020n
1/2
3

(
e5.5 K/Texc − 1

) cm−2

Kkms−1 , (48)

where n3 = nH2/103 cm−3, and n3 ≈ 1 is a typical mass-weighted mean
density in GMCs. Neither nH2 nor Texc vary much between GMCs, so the
X factor is nearly constant. It is routinely used to measure GMC column
densities. This theoretical value, evaluated at a typical GMC temperature of
10 K, agrees with the best observational estimates, based on x-ray and γ-ray
absorption studies, to tens of percent.
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