
Astronomy 230: Diffuse Matter in Space

Class 5 Notes: Observational Techniques I: Hydrogen Emission in the Radio

This week in class we will cover some of the most important techniques for observing the
ISM. In the process we will further develop our theoretical apparatus to describe radiation-
matter interaction; in order to understand these techniques, we need to understand how and
why matter emits and absorbs, and what observations of light can tell us about the state
of the matter. Today’s lecture covers emission from hydrogen, the most abundant species
in the Universe. Hydrogen emission is most commonly observed in the radio, although it
is possible to measure hydrogen lines in optical emission under some circumstances, which
we’ll get to later. On Thursday the topic will be absorption spectroscopy, which can be used
to observe both hydrogen and other species, and which is generally done in the optical and
UV.

I. Hydrogen 21 cm emission

We will begin with what is likely the simplest emission and absorption system, the
21 cm line of neutral hydrogen. To remind you, this line arises from the hyperfine
splitting of the ground electronic state of hydrogen. Not only is this the simplest case,
it is one of the most important for studying the ISM.

A. Emissivity and attenuation coefficient

The 21 cm line occurs because in the ground electronic state of neutral hydrogen,
the state with the proton and electron spins parallel differs in energy from the
state with them antiparallel by Eu` = 5.87 × 10−6 eV. The anti-parallel lower
energy state has total spin S = 0, so its degeneracy is g` = 2S + 1 = 1. The
upper state has total spin S = 1, so gu = 3. The Einstein spontaneous emission
coefficient is Au` = 2.8843× 10−15 s−1, or 1/(11.0 Myr).

The energy difference between the two state is corresponds to a temperature
Tu` = Eu`/k = 0.0682 K. The excitation temperature, also known as the spin
temperature for this particular transition, will depend on the region, but under
any normal circumstances it cannot be lower than the CMB temperature, since all
interstellar hydrogen has had an essentially infinite amount of time to be heated
by CMB photons. Thus Tspin > TCMB = 2.72 K. Since Tspin � Tu`, the Boltzmann
factor e−Eu`/kTspin ≈ 1, and the levels are populated simply in proportion to their
degeneracy:

nu
n`

=
gu
g`
e−Eu`/kTspin ≈ 3. (1)

Thus at any given time we expect 3/4 of atoms to be in the upper hyperfine state,
and 1/4 to be in the lower state. This has the important implication that the
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emissivity is independent of temperature:

jν =
hνu`
4π

nuAu`φν ≈
3

16π
hνu`nHAu`φν , (2)

where nH is the total number density of atomic hydrogen.

The attenuation coefficient is similarly easy to compute. Recall that last time we
showed

κν =
hν

4π
n`B`uφν

(
1− e−Eu`/kTspin

)
=

3

8π
n`Au`λ

2
u`φν

(
1− e−Eu`/kTspin

)
, (3)

where λu` = c/νu`, and in the last step we used the relationship between the
Einstein coefficients to rewrite everything in terms of Au`. Note that, since
Eu`/kTspin � 1, the term in parentheses is nearly zero: stimulated emissions
almost exactly balance absorptions. To find the difference, we can Taylor expand
the exponential. Doing so and also setting n` = nH/4, we find

κν ≈
3

32π
Au`

hcλu`
kTspin

nHφν . (4)

To get a sense of the level of opacity, it is helpful to compute the optical depth of
a slab of hydrogen of length L, which is simply

τν = κνL =
3

32π
Au`

hcλu`
kTspin

NHφν , (5)

where NH = nHL is the column density of H atoms. If we take the line profile
function to be a Gaussian (which is usually a good approximation, since the
column density is almost never high enough to see the damping wings), then we
have

φν =
1√
2π

λu`
σV

e−v
2/2σ2

v , (6)

where σv is the velocity dispersion. Plugging this in and putting in some numerical
values typical of the ISM in the Galaxy, we have

τν = 2.19
(

NH

1021 cm−2

)(
100 K

Tspin

)(
km s−1

σv

)
e−v

2/2σ2
v . (7)

Thus we see that the 21 cm line can be marginally optically thick along typical
sightlines through the ISM of the Milky Way and similar galaxies. Fortunately
for us we will see that much of the H i mass of the Milky Way and other galaxies
is actually in a warm component with Tspin of several thousand K and σv ∼ 10
km s−1, and this gas is optically thin. Self-absorption by H i is a concern only for
the cold, low velocity dispersion component.

B. Optically thin emission
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If we observe an optically thin object in the 21 cm line, we can use this theoret-
ical treatment to compute its mass from the 21 cm flux that we observe. This
calculation is the basis for all estimate of the atomic gas masses of galaxies. For
an optically thin line of sight, we can ignore absorption, and the transfer equation
is trivial to integrate:∫

dIν =
∫
jν ds =⇒ Iν = Iν(0) +

3

16π
Au`hνu`φνNH, (8)

where NH =
∫
nH ds. If we are looking at a line of sight where there is no

background object, then the background intensity Iν(0) is simply the intensity of
the CMB, which we can compute from the Planck function. We know that the
integral of φν is unity, so if we integrate over frequency then we have

NH =
16π

3Au`hνu`

∫
[Iν − Iν(0)] dν. (9)

Thus, given a measured Iν , we can solve for NH. In practice the background
intensity is generally small, so we can drop the Iν(0) term.

Since this is a radio observation, it is common to work with antenna tempera-
ture instead of intensity, and with velocity instead of frequency. We define the
antenna temperature in the usual way, TA = (c2/2kν2)Iν , and we relate velocity
to frequency via the Doppler shift: ν = νu`(1 − v/c). With these definitions, we
can define the velocity-integrated antenna temperature by

∫
[TA − TA(0)] dv =

∫ c2

2kν2
[Iν − Iν(0)]

c

ν
dν =

3

32π

hcλ2
u`

k
Au`NH (10)

Plugging in the constants, we have∫
[TA − TA(0)] dv = 54.89 K km s−1

(
NH

1020 cm−2

)
. (11)

Thus for optically thin H i, we have a direct method of measuring its column
density – simply point a radio antenna tuned to 21 cm off the source to measure
the background antenna temperature TA(0), then point it at the source and mea-
sure TA. Do this for a range in frequencies / velocities and add, and the result
immediately gives you the H i column density.

If the emitting object is unresolved, by measuring the total flux inside a radio
beam we can measure the mass, at least for an object of known distance. To figure
out the total flux observed in a radio beam, we need to integrate the intensity over
the unresolved solid angle occupied by the object. The total frequency-integrated
flux observed is

F =
∫
Iν dν dΩ =

∫
Iν dν

dA

D2
(12)

where we understand that the intensity Iν is a function of position on the sky.
In the second step we have taken dΩ = dA/D2, where D is the distance to the
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object and dA is the area element on the emitting object that subtends the solid
angle dΩ. (If the object is at cosmological distance D should be replaced by
the luminosity distance DL, which accounts for relativistic effects.) Dropping the
background term for simplicity, we can substitute to obtain

F =
3Au`hνu`
16πD2

∫
NH dA =

3Au`hνu`
16πD2

MH

mH

, (13)

where mH is the mass of a hydrogen atom and MH = mH

∫
NH dA is the total

hydrogen mass of the emitting object. Plugging in and solving, we have

MH =
16πmH

3Au`hνu`
D2F = 4.95× 107M�

(
D

Mpc

)2 (
F

Jy MHz

)
, (14)

where 1 Jy = 10−23 erg s−1 cm−2 Hz−1 is the standard unit of flux used in radio
astronomy.

C. 21 cm absorption

We can learn considerably more if the background intensity is not tiny, and instead
we have a relatively bright background source. This generally occurs when a bright
quasar sits behind a cloud of H i. Since quasars usually occupy a small angular
extent, we can often observe the same object on two parallel but slightly offset
lines of sight, one of which hits the background quasar and one of which does
not. Since the separation of the two lines of sight is small, we assume that the
foreground H i cloud is the same along the two lines of sight. We refer to the line
of sight that hits the quasar as on-source, and the one that does not as off-source.

This is the problem of radiative transfer through a uniform-temperature slab that
we solved a while ago. Recall that the solution is

Iν(τν) = Iν(0)e−τν +Bν(Tspin)(1− e−τν ). (15)

Since kTspin � hν for the 21 cm line, we can simplify this by Taylor-expanding
the Planck function:

Bν(Tspin) =
2hν3

c2

1

exp(hν/kTspin)− 1
≈ 2kν2

c2
Tspin (16)

Plugging this into the intensity equation and converting to antenna temperature,
we obtain

TA(τν) = TA(0)e−τν + Tspin(1− e−τν ). (17)

Although we have suppressed the subscript, recall that TA does still depend on
frequency / velocity.

Applying this equation to the two lines of sight, we have

T on
A = TQSOe

−τν + Tspin(1− e−τν ) (18)

T off
A = Tskye

−τν + Tspin(1− e−τν ), (19)
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where TQSO is the antenna temperature of the QSO, and Tsky is that of the blank
sky. We can solve these two equations for Tspin and τν :

τν = ln

(
TQSO − Tsky

T on
A − T off

A

)
(20)

Tspin =
T off
A TQSO − T on

A Tsky

(TQSO − Tsky)− (T on
A − T off

A )
(21)

We can usually measure TQSO by measuring the intensity of emission from the
QSO on either side of the 21 cm line, i.e. far from the absorption feature, and
fitting a line between the two sides. We can measure Tsky by measuring the blank
sky away from the hydrogen cloud. Thus every quantity on the right hand side
is directly measurable, and we can simultaneously solve for the optical depth and
the spin temperature.

D. Cold H i and self-absorption

As we have shown, the optically thin limit applies when the temperature is high
and/or the velocity dispersion is large. For the CNM, however, velocity dispersion
can be < 1 km s−1 and temperatures can be below 100 K, and in this case the H i
becomes optically thick. In this case the cloud is likely to be very dim in emission.
To see why, compare two clouds of equal column density NH, one consisting of
optically thick cold gas at temperature Tc, and the other consisting of optically
thin warm gas at temperature Tw. The transfer equation for both clouds is the
same:

TA(τν) = TA(0)e−τν + Tspin(1− e−τν ). (22)

For τν � 1, clearly TA(τν) → Tspin = Tc. Thus the antenna temperature will
simply be Tc at line center, and will fall off at frequencies far enough from line
center so that the cloud is optically thin.

For the warm optically thin cloud we have τν � 1, and we can series expand the
exponentials. Assuming TA(0) = 0, i.e. there is no background source behind the
warm cloud, we obtain

TA(τν) = Twτν . (23)

Plugging into our earlier formula for τν , we have

TA =
3

32π
Au`

hcλu`
k

NHφν = 220 K
(

NH

1021 cm−2

)(
km s−1

σv

)
e−v

2/2σ2
v . (24)

Notice that the result is independent of Tw, consistent with our earlier result
that optically thin emission depends only on the total column of H i, not on its
temperature.

The problem with observing cold H i in emission now becomes clear. Typical
values for Tc are at most 100 K, and are often lower, producing a brightness
temperature of no more than that. In contrast, even a relatively modest column
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of warm, optically thin H i will produce a brightness temperature twice as high.
Thus it is often hard to see cold H i in emission.

However, it is possible to see it in absorption against warm H i behind the cloud.
Consider a background of warm H i with a small cold cloud in front of it, and, as
in the QSO case, consider two lines of sight – one passing through the cold cloud
and one not. Assume that the background warm gas is relatively smooth, so the
column density (and thus the antenna temperature) of the warm background gas
is the same along the two lines of sight. In this case along the line of sight that
misses the cold cloud, we see an antenna temperature as we computed above for
pure warm H i:

T off
A = 220 K

(
NH

1021 cm−2

)(
km s−1

σv

)
e−v

2/2σ2
v . (25)

Along the line of sight that hits the cold cloud, we have TA(0) = T off
A , so the

resulting antenna temperature is

T on
A = T off

A e−τν + Tc(1− e−τν ). (26)

Since Tc < T off
A , the result is an absorption feature. This is known as H i self-

absorption (HISA).

Unfortunately it is not easy to use HISA measurements to constrain cold H i
masses. The most favorable situation is when Tc is known. This can be from
observations of some other species that is co-located with the cold H i, for example.
In this case one can observe T on

A and T off
A and solve for τν and thence for NH for

the cold cloud.

II. Thermal plasma emission

The second observational technique we will cover In this class is emission and absorp-
tion by a thermal plasma of ionized hydrogen. Much of the underlying physics here
is covered in the radiative processes class, so we will only review the old results, then
briefly discuss the new ones relevant to the ISM. Plasma emission and absorption pro-
cesses can be broken into three categories: free-free, bound-free, and bound-bound.
Bound-bound processes produce spectral lines, and we’ll get to them in a few classes.
Free-free and free-bound transitions produce continuum radiation, with some features,
and we’ll discuss them today. In all cases we will assume material in LTE.

A. Free-free

Free-emission, or brehmsstrahlung, is radiation produced when charged particles
scatter off one another – the accelerating charge radiates following the Larmor
formula, or its quantum mechanical generalization. As you have seen in your
radiative processes class, the free-free emissivity for electrons scattering off ions
(the dominant emission process) is given by

jff,ν =
8

3

(
2π

3

)1/2

gff
e6

m2
ec

3

(
me

kT

)1/2

e−hν/kTneZ
2
i ni, (27)
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where T is the plasma temperature, Zi is the charge on the ion, and ne and ni are
the number densities of electrons and ions. For a plasma consisting of multiple
ion species, this is formula summed over them, and if the gas is fully ionized
this generally means that hydrogen dominates, simply because it has the largest
density. In this case we can simply set Zi = 1 and ni = np, where np is the proton
density.

The quantity gff is known as the Gaunt factor. It is a dimensionless number of
order unity that encapsulates quantum mechanical effects, and it depends on T
and on frequency ν. At large ν gff → 0. Values of gff can be found tabulated
or approximated in many places, including Draine’s book. The opacity due to
free-free may be obtained from the standard relationship between emissivity and
opacity:

κff,ν =
jν

Bν(T )
=

4

3

(
2π

3

)1/2 e6

m
3/2
e (kT )1/2hcν3

[
1− e−hν/kT

]
Z2
i nenigff . (28)

If we are simply interested in the cooling rate, that is

Λff = 4π
∫
jff,ν dν =

32π

3

(
2π

3

)1/2

〈gff〉
e6

m2
ec

3

(
me

kT

)1/2

e−hν/kTneZ
2
i ni, (29)

where 〈gff〉 is the frequency-averaged value of gff . This is reasonably well fit by

〈gff〉 = 1 +
0.44

1 + 0.058[ln(T/105.4 K)]2
. (30)

This is nearly independent of T , so the overall free-free cooling rate varies as
nearly neniT

1/2.

The free-free intensity emerging from a cloud of ionized gas of uniform tempera-
ture T and total optical depth τν is given by the usual radiative transfer solution
for material in LTE:

Iν = Iν(0)e−τν +Bν(T )(1− eτν ) = Iν(0)e−τν +
jff,ν

κff,ν

(1− eτν ). (31)

We can obtain a convenient form of this expression by noting that

τν =
∫
κν ds =

κff,ν

nenp

∫
nenp ds, (32)

where we have approximated the gas as pure hydrogen for the purposes of com-
puting κff,ν . Note that we have not assumed that the density is uniform – we can
take κff,ν/nenp out of the integral because it is constant. We define the emission
measure as

EM =
∫
nenp ds, (33)
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and with this definition we have

Iν = Iν(0)e−τν +
1− eτν
τν

(
jff,ν

nenp

)
EM. (34)

Note that jff,/nu/nenp is a function of temperature and frequency only, so all the
information on how density affects the emission is encapsulated in the optical
depth and the emission measure.

Since κν is a decreasing function of ν, at sufficiently high frequencies the gas is
always optically thin, and in practice most H ii regions are optically thin at higher
radio frequencies. In the optically thin limit, the term (1 − e−τν )/τν approaches
unity, and we simply have

Iν = Iν(0) +

(
jff,ν

nenp

)
EM. (35)

Thus the brightness is simply proportional to the emission measure.

B. Bound-free

In a bound-free process, either a free electron becomes bound, leading to photon
emission, or a bound electron becomes free, leading to absorption. The emissivity
and attenuation coefficient due to this process depends on the photoionization
cross section, which can be computed for very simple atoms or measured in the
laboratory for more complex ones.

The absorption rate is nbσpi(ν), where σpi(ν) is the photoionization cross section
and nb is the number density of a particular bound state. Thus the attenuation
coefficient is

κbf,ν = nbσpi(ν)(1− e−hν/kT ), (36)

where the factor in parenthesis is the correction for stimulated emission, using
Texc = T , as appropriate for LTE. The emissivity follows from Kirchoff’s law as
usual: jbf,ν = κbf,νBν(T ).

Of course we have not yet specified nb. Fortunately this is straightforward to
compute from the law of mass action for gas in LTE. In particular, for hydrogen
we have

nH(n)

nH+ne
=

[
h3

(2πmekT )3/2

]
n2e−In/kT , (37)

where nH(n) is the number density of hydrogen in level n, In is the ionization
potential from level n. The factor of n2 comes from dividing the degeneracy
gH(n) = 4n2 of level n of hydrogen by the product of the electron degeneracy (2)
and the free proton degeneracy (also 2).

Note that, as with the Saha equation, this diverges as n → ∞ because of the
increasing degeneracy of high n states. This is unphysical, and it occurs in the
equation because we have assumed that the energy levels are those of an isolated
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hydrogen atom at all n. In reality, this assumption fails once n becomes large
enough that the mean proton-electron distance is comparable to the mean inter-
proton spacing. This expression only applies to level n for which this is not the
case. To see what sort of limit this implies, note that the characteristic electron-
proton spacing for level n is roughly what the Bohr model gives, dn ≈ n2a0, where
a0 = h̄2/mee

2 = 5.29 × 10−9 cm. The mean inter-particle spacing is n
1/3
H , where

nH is the number density of hydrogen nuclei, whatever their ionization state.
Equating these two, we see that the energy levels should be perturbed from the
isolated hydrogen atom value for

n ∼ n
1/6
H

a
1/2
0

∼ 4.3× 104
(

nH

1000 cm−3

)1/6

. (38)

Thus we won’t get divergence, but our equation for the level populations is good
up to very large n.

C. Radio recombination lines

The fact that the population of high n levels has an n2in it means that there can
be non-trivial numbers of hydrogen atoms in such states if a plasma is sufficiently
hot. These states (with n >∼ 100) are referred to as Rydberg states. They are
important because atoms in these states are capable of undergoing spontaneous
decays to lower states, giving rise to observable radio lines. These are referred to
as radio recombination lines, although this is something of a misnomer since the
process isn’t really recombination. They are called by this name because these
lines tend to arise when a free electron recombines to a highly excited state, and
then it subsequently undergoes rapid radiative decay toward the ground state.

The radiative decay from electronic state n+ 1 to state n is allowed provided ∆`
changes by 1, and lines of this sort are denoted nα, e.g. 166α is the line that arises
from decays from the n = 167 state of H to the n = 166 state. Other transitions
with larger ∆n occur as well, although they are forbidden and thus weaker. For
a given n and ∆n, the central frequency of the resulting line is given by

hν = I0

[
1

(n−∆n)2
− 1

n2

]
≈ I0

2∆n

n3
, (39)

where the approximate value is for ∆n� n. The 166α transition is a particularly
frequently observed one because its frequency of 1.425 GHz falls close to the 21
cm line of neutral hydrogen, so a single observation often gets both at once.

The Einstein A’s for the allowed lines can be approximated semi-classically, be-
cause at large quantum numbers systems approach the classical limit. Classically,
the power radiated by an atom in an excited state is simply given by the Larmor
formula for an electric dipole, which states that the time averaged-power radiated
by an electric dipole of dipole moment µ rotating at frequency ν is

P =
1

3

(2πν)4

c3
µ2 =

e2a2
0

3c3
(2πν)4n2, (40)
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where the dipole moment is approximately ea0n
2. The Einstein A is simply power

over hν, so we have

An,n−1 ≈
P

hν
=

64π6mee
10

3c3h6n5
. (41)

This agrees reasonably well with the more accurate quantum mechanical fit given
in Draine.
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