
Astronomy 230: Diffuse Matter in Space

Class 11 Notes: Interstellar Dust: Theory

We are now entering the second half of the course, where we study the individual components
of the ISM. The first component, on which we will focus this week, is dust grains. By
dust grains we mean solid particles that are distinguished by having the property that, as
solids, they can interact with radiation over a broad wavelength range, rather than at a few
resonant frequencies. Thus far our treatment of matter-radiation interaction has focused on
line interactions, so we begin this class with a discussion of how dust interacts with radiation.
This is a problem in classical electromagnetism – no quantum required for the most part.
Once we have this theory in hand, we will use it to explore the thermodynamics and charge
state of dust grains. In Thursday’s class we will turn to the observations and see what they,
together with theory, can teach us.

Before proceeding, a note on units: electromagnetism is infamous for multiple, inconsistent,
and confusing unit choices, with different fields adopting different conventions. For this
lecture I will work in the Gaussian unit system, whereby the permittivity ε0 and permeability
µ0 of free space are both dimensionless numbers equal to unity, and charge is measured
in units of esu. In this system, the only dimensional constant that appears in Maxwell’s
equations is c.

I. Interaction of radiation with small particles

A. Dielectrics and absorption

We are all familiar with how radiation interacts with large object, where “large”
means that the object is much larger than the wavelength of the light with which
it is interacting. This is the realm of geometric optics that we learn in high school
physics. For the most part, however, interstellar dust is not in this regime, since
many dust grains have sizes that range from a few to a few thousand nanometers.
Thus we must develop a theory that works for small objects.

Let us start with a review of some of the basic classical theory for the interaction of
electromagnetic waves with matter. Suppose we have a constant vacuum electric
field E, and we put an eletrically-polarizable medium into that field. The medium
will polarize in response to the applied electric field, producing a dipole field P.
The resulting net field within the medium will be a sum of the two,

D = E + 4πP ≡ εE, (1)

where ε is the dieletric constant of the medium. (Note that the factor of 4π is
a result of the choice of unit system. In SI units or Heaviside-Lorentz units it
would be absent.) A perfect conductor has ε = 0, since it excludes electric fields,
while empty space has ε = ε0 = 1, since the electric field will just be equal to the
applied one.
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We define the related quantity the electric susceptibility χ by

ε = 1 + 4πχ, (2)

so that empty space has χ = 0. (Note that there is some ambiguity in notation
and terminology here. Draine uses α as the symbol for susceptibility, and he refers
to it as polarizability. My terminology is consistent with Jackson. The distinc-
tion between polarizability and susceptibility is very subtle, since both refer to
the scaling between an applied electric field and the induced dipole field. Polariz-
ability is usually used to refer to the induced dipole moment of a single molecule,
while susceptibility refers to the analogous phenomenon for a macroscopic medium
containing multiple molecules. Interstellar dust grains fall somewhere in the gray
area between these two cases, hence the ambiguity of terminology.)

Now let us apply an time-varying electric field to the medium, for example a
propagating electromagnetic wave, i.e. light. For simplicity we will take the light
to be monochromatic and traveling in the +x direction, so the electric field is
Eei(kx−ωt), where we adopt the usual convention that we use the real part of
complex quantities. We can built an arbitrary spectrum of light traveling in this
direction out of a combination of such waves with different values of ω. At every
point, the medium responds by polarizing, such that within it we have a field

D = ε(ω)Eei(kx−ωt). (3)

Note that we have written ε(ω), i.e. the value of ε depends on the frequency with
which the electric field is varied. This makes sense: the frequency of variation
is not necessarily small compared to the characteristic timescale associated with
electrons moving around atoms. Thus the medium does not respond instanta-
neously, and the response will depend on the properties of the atoms or molecules
providing the polarization, and how their characteristic timescales compare to
the frequency of the imposed field. The dependence of ε(ω) on ω implies that
media are dispersive, meaning that they cause waves of different frequencies to
propagate at different speeds through them.

It is also important to note that ε(ω) need not be real-valued. In our convention
of taking the real parts of imaginary-valued quantities, a non-real value of ε(ω)
corresponds to having a medium that shifts the phase of a wave passing through
it. However, such phase-shifting necessarily means that the medium changes the
intensity of the light passing through it. To see why, recall what we get by plugging
our waveform into Maxwell’s Laws: a propagating wave must obey a dispersion
relation

k2 =
ω2

c2
ε(ω)µ, (4)

where µ is the (real) magnetic permeability of the medium. Thus k is a complex
number; one can solve for the imaginary part, and in the limit where the real part
is much bigger than the imaginary part (i.e. where the attenuation per wavelength
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is small) we have

Im k =
ω

2c

√
µ

Re ε(ω)
Im ε(ω). (5)

Except at very low frequencies the magnetic permeability of most materials is
µ ≈ 1 (in cgs units), because magnetization results from alignment of electron
spins and orbits, and the time required for this alignment is of order the precession
period of the spin or orbit in the applied magnetic field. Typical values for this
time are at least 10−10 s, but for optical light typical oscillation periods of the
magnetic field are ∼ 10−15 s. Thus the field oscillates much too rapidly for the
atoms to respond, and we can set µ(ω) = 1 for most values of ω. For a medium
like the ISM that is not so dispersive as to slow light down much Re ε(ω) ≈ 1 as
well, so that we simply have

Im k ≈ ω

2c
Im ε(ω) =

π

λ
Im ε(ω). (6)

The wave varies with position at fixed time as eikx, so if Im k > 0, then the
amplitude of the wave varies as e−Im kx, i.e. it is exponentially attenuated as it
passes through the medium. The power carried in the wave varies as |E|2, so
the attenuation length is Im k/2. Thus the optical depth of a path of length L
through the medium is

τ = 2 Im k L =
2π

λ
L Im ε(ω). (7)

B. Scattering and absorption in the long wavelength limit

1. Absorption

Now consider a spherical grain of radius a with complex-valued dielectric
function ε(ω). We must be somewhat careful in how we define this quantity,
because we have to choose the scale over which we are averaging. Are we
interested in the dielectric function describing how the atoms within a small,
uniform, sub-part of a grain behave? Do we mean to consider the response
of a medium consisting of many such small particles with vacuum in between
them, such as the ISM averaged over scales much larger than a single grain?
Or do we mean to average over a region that is much larger than a single
grain, but much smaller than the typical inter-grain separation? Any of these
choices yield meaningful dielectric functions, but they’re not necessarily all
the same.

To be clear, in this section we will define ε(ω) as the dielectric function de-
scribing a volume of space containing a single grain, and εg(ω) as the dielectric
function of the material of which that grain is made, averaged over a scale
much smaller than the grain itself. We will not average over scales of many
grains until the next class.
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Now consider a plane wave striking the grain. We have already seen that the
wave will be attenuated by an amount that depends on the imaginary part of
ε(ω). We define the absorption cross-section of the grain as the optical depth
per unit length

Cabs =
τ

L
=
ω

c
Im ε(ω) = 4π

ω

c
Imχ(ω). (8)

2. Scattering

In addition to absorbing radiation, the grains can scatter it. To see how this
works, consider that the electric field of the incident plane wave is

Einc = E0e
i(kx−ωt). (9)

In the limit of a very small grain, a� 1/k, we can neglect the spatial varia-
tion of the electric field over the grain’s volume, and approximate the incident
electric field as uniform. A uniform electric field applied to a dieletric sub-
stance induces a dipole electric field

p = χ(ω)Einc = χ(ω)E0e
−iωt. (10)

Since E varies in time as e−iωt, p does as well, and a time-varying electric
dipole radiates. The time-averaged power per unit solid angle that is radiated
at a direction θ relative to the initial plane wave is then given by the dipole
radiation formula:

dP

dΩ
=

ω4

4πc3
|χ(ω)|2E2

0 sin2 θ. (11)

We define the differential absorption scattering cross section as simply the
ratio of this radiated power to the power carried in the incident wave, given
by

Pinc =
c

4π
E2

0 . (12)

Thus we have
dCsca

dΩ
=
ω4

c4
|χ(ω)|2 sin2 θ. (13)

The total scattering cross section is simply this integrated over all angles:

Csca =
∫ dCsca

dΩ
dΩ =

8π

3

ω4

c4
|χ(ω)|2. (14)

Note that, in order to conserve energy, the unscattered portion of the wave
that emerges on the far side of the grain must be reduced in amplitude. The
extinction cross section is simply the sum of the scattering and absorption
cross sections.

This process is known as Rayleigh scattering, and the general result that the
scattering cross section varies with wavelength as (ω/c)4 ∝ λ−4 is known as
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Rayleigh’s law. It is the reason the sky is blue: the scattering cross section
of air molecules (which are much smaller than a wavelength of visible light)
varies as λ−4, so the shorter wavelength blue light emitted by the Sun has
a much larger scattering cross section than the red light, and it is heavily
scattered.

3. Calculating cross sections

We have now figured out how to compute scattering and absorption cross
sections given a value for the electric susceptibility χ(ω). The next task is to
compute its value. Fortunately, this is relatively straightforward problem in
electrostatics. We consider a grain of a given shape composed of material with
dieletric function εg(ω), we impose an external electric field, and we solve for
the resulting electric field. This is just a boundary-value problem, which is
trivial to solve numerically, and is solvable analytically for sufficiently simple
grain geometries. In particular, if the grains are spheres of volume V , then

χ =
3V

4π

(
εg − 1

εg + 2

)
. (15)

Draine gives more general formulae for ellipsoidal grains, but the scaling is
the same as for spheres.

Plugging this into our cross section formulae, we have

Cabs = 18π
Im εg

(Re εg + 2)2 + (Im εg)2

V

λ

Csca = 24π3

∣∣∣∣∣εg − 1

εg + 2

∣∣∣∣∣
2
V 2

λ4
.

It is common to normalize the absorption and scattering coefficients by the
geometric size of a grain of equal volume. We define

Qsca =
Csca

πa2
eff

, (16)

and similarly for absorption, where aeff = (3V/4π)1/3 is the radius of a sphere
with volume equal to the grain volume. The quantity Q is called the absorp-
tion or scattering efficiency, and is dimensionless. Thus for spherical grains
we have

Qabs = 12
Im εg

(Re εg + 2)2 + (Im εg)2

2πa

λ

Qsca =
8

3

∣∣∣∣∣εg − 1

εg + 2

∣∣∣∣∣
2 (

2πa

λ

)4

.

It is also helpful to consider the limiting behavior of εg in the long wavelength,
low frequency limit. At long wavelengths the real part of the dielectric func-
tion ε approaches a constant value regardless of whether the medium is an
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insulator or a conductor. The imaginary part scales linearly with ω for in-
sulators, and scales as 4πσ0/ω for conductors, where σ0 is the conductivity.
Formally,

lim
ω→0

εg =

{
ε0 + iAω, (insulator)
ε0 + i(4πσ0/ω), (conductor)

(17)

Plugging these in we find that in either case Cabs ∝ V/λ2 and Csca ∝ V 2/λ4

for large wavelengths.

This tells us three things immediately. First, at long wavelengths, absorption
will dominate over scattering as a source of extinction. Second, the total
absorption and total extinction will vary with wavelength as λ−2 in this limit.
Third, the extinction will simply be proportional to the total volume of grain
material.

C. Intermediate wavelengths

When we are out of the very long and very short wavelength regimes that we have
now solved, life is considerably more complicated, and all the methods available to
us are numerical to some degree or another. There are two approaches generally
in use: Mie theory and the discrete dipole approximation.

Mie theory is a method for handling scattering by spherical dielectrics of arbitrary
size. The basic approach is to decompose the electric field inside and outside
the medium into spherical harmonics. The field is then subject to boundary
conditions at the surface of the sphere and at infinity, and these give rise to a
series of algebraic equations for the coefficients of the spherical harmonics. These
can be solved relatively easily on a computer, and, given the coefficients, one can
solve for the scattering and absorption cross sections.

The results in detail depend on the dielectric constant of the grain material, but
the general outcome is as we might have expected. For 2πa/λ� 1, we approach
the long wavelength regime: extinction is dominated by absorption, and the total
extinction cross section varies as V/λ2. For 2πa/λ � 1, the extinction cross
section approaches twice the geometric cross section – twice because there is
always some small-angle scattering. For sufficiently large 2πa/λ the scattering
is so forward-peaked that in practice it becomes indistinguishable from the wave
simply being transmitted, but formally the light is scattered. Finally, for media
of moderate absorptivity, the cross section peaks when 2πa/λ ∼ 1.

For non-spherical grains even Mie theory is not available, and in general one must
resort to a more brute force approach. The general method is called the discrete
dipole approximation, and it involves approximating the grain as a series of small
dipoles, each of which may represent a single atom or a cluster of atoms – all that
is required is that the dipoles themselves be small compared to the wavelength
of light in question, so we can use the long wavelength limit for them. Then one
numerically solves for their collective response to an incident plane wave.
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II. Grain thermodynamics

Now that we have worked out the basics of dust-matter interaction, we can also begin
to figure out the thermodynamics of dust grains, i.e. how they gain and lose energy.

A. Radiative heating and cooling

Under most conditions the main source of energy for dust grains is radiative
heating. When a grain absorbs and optical or UV photon, one of its electrons
is excited. If the photon is sufficiently energetic the electron may be ejected
completely, or a photon may be emitted. Most commonly, however, the electron
de-excites by dumping its energy into vibration of the lattice, i.e. the energy goes
into heat.

Consider a population of spherical grains of radius a with number density ngr.
The absorption cross section per grain at frequency ν is Qabsπa

2, where Qabs is a
function of ν. Thus the attenuation coefficient is

κν = ngrQabsπa
2. (18)

The grains are generally in LTE internally, so we can obtain the emissivity from
Kirchoff’s Law:

jν
κν

= Bν(T ) =⇒ jν = ngrQabsπa
2Bν(T ), (19)

where T here is grain temperature.

There is an important a subtle implication from this analysis: grains are not black
bodies. A blackbody emits and absorbs equally well at all frequencies. Grains, on
the other hand, have a strong frequency dependence for wavelengths of radiation
smaller than the grain size. This is in fact a general result. Formally something
can only be a blackbody at wavelengths smaller than the size of the object, and
to be a true blackbody at all wavelengths and object must be infinite in size.

We can use these expressions to obtain the rates of energy gain and loss per grain.
First consider the rate of radiative cooling. To obtain this, we simply integrate jν
over all frequencies and directions to compute the emission rate per unit volume,
then divide by the number of grains in that volume:(

dE

dt

)
emiss

=
1

ngr

∫
jν dν dΩ = 4π

∫
Qabsπa

2B(T ) dν. (20)

Similarly, to obtain the rate of radiative heating as a result of radiation of intensity
Iν bathing the grains, we integrate κνIν over all frequencies and directions to
obtain the energy absorption rate per unit volume, then divide by the number of
grains per unit volume:(

dE

dt

)
emiss

=
1

ngr

∫
κνIν dν dΩ
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=
∫
Qabsπa

2Iν dν dΩ

= 4π
∫
Qabsπa

2Jν dν

=
∫
Qabsπa

2cuν dν,

where all the forms we have written are equivalent.

B. Frequency-weighted cross sections and thermal balance

As we have seen, Qabs depends on 2πa/λ, so it is common to separate out the
frequency-dependence by defining frequency-averaged values of Qabs. For emission
we want the value weighted by the Planck function,

〈Qabs〉T =

∫
Bν(T )Qabs dν∫
Bν(T ) dν

, (21)

and for absorption we want the value weighted by the spectrum of the radiation
being absorbed:

〈Qabs〉spec ≡
∫
JνQabs(ν) dν∫

Jν dν
. (22)

With these definitions, we have(
dE

dt

)
emiss

= 〈Qabs〉T4πa2σT 4

(
dE

dt

)
abs

= 〈Qabs〉specπa
2uc

where u =
∫
uν dν is the total radiation energy density and σ here is the Stefan-

Boltzmann constant. Values of the averaged Qabs depend on the grain size and
temperature for the Planck-averaged coefficient, and on the grain size and the ra-
diation spectrum for the spectrum-averaged coefficient. Plots and approximations
are given in Draine.

One very important effect is that 〈Qabs〉T is fairly small at low temperatures
because the Planck function peaks at wavelengths longer than the grain size, and
Qabs is small at these wavelengths. The typical grain is in this regime, because
for typical grain temperatures T ∼ 20 K the Planck function peaks at ∼ 100 µm,
much larger than the grain size. Thus small, cool grains are much less efficient
radiators than black bodies of the same temperature.

We can obtain an important simplification in this case, because we have shown
that Qabs(ν) approaches a powerlaw in the small grain limit. If we take Qabs ≈
Q0(ν/ν0)β, where we expect β ≈ 2 for very small grains, then we can integrate
over the Planck function analytically to obtain

〈Qabs〉T ≈
15

π4
Γ(4 + β)ζ(4 + β)Q0

(
kT

hν0

)β
, (23)
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where Γ(x) and ζ(x) are the gamma function and the Riemann ζ function.

We can then solve for the equilibrium grain temperature simply by equating the
rates of heating and cooling:

4πa2〈Qabs〉TσT 4 = πa2〈Qabs〉specuc. (24)

Adopting the small grain limit and solving, we obtain

T =

(
hν0

k

)β/(4+β) [
π4〈Qabs〉specc

60Γ(4 + β)ζ(4 + β)Q0σ

]1/(4+β)

u1/(4+β). (25)

Plugging in typical values of u and the spectrum for the Milky Way’s interstellar
radiation field, typical values of T are ∼ 20 K.

Note that the grain temperature is extremely insensitive to the energy density of
the radiation field: T ∝ u1/6 for the expected β = 2. This is a result of two effects.
First, even for a blackbody the equilibrium temperature only varies with energy
density to the 1/4. Second, grains are not black bodies, and are instead much
less efficient. However, as one tries to heat them up more and more, the peak of
the Planck function moves closer to the grain size, and the grains becomes closer
and closer to blackbodies, radiating more efficiently. This makes it even harder
to heat them up, and is responsible for the change from T ∝ u1/4, as expected for
a blackbody, to T ∝ u1/6.

C. Collisional heating and cooling

In the calculations we have just performed, we have neglected another way that
grains can gain or lose energy: by exchanging it with the gas. We can estimate
the rate of energy exchange with the gas using a simple approximation. Even
if the grain motions are thermalized, due to their larger masses the grains have
essentially zero velocity dispersion relative to the gas, so we can simply treat the
grains as being at rest.

Consider a portion of the grain surface of area dA. We wish to compute the rate
dΓ at which gas particles collide with this region. Without loss of generality we
can set up our coordinate system so that the area dA lies in the xy-plane, so
the velocity component normal to the dA is the z component. We will further
specify that the grain lies above the xy plane, so that only particles with positive
z velocities are present and can collide with the surface.

In this case the rate at which particles with velocities in the range (vx, vy, vz) to
(vx + dvx, vy + dvy, vz + dvz) collide with the surface is

d3

dv
dΓ =

(
n
d3f

dv

)
dA vz (26)

for vz > 0, and 0 for vz < 0. Here n is the number density of particles, and
the velocity distribution for the gas particles is given by the usual Boltzmann
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distribution
d3f

dv
=

(
m

2πkTgas

)3/2

e−mv
2/2kTgas , (27)

where m is the gas particle mass. The expression for the collision rate is just our
usual nσv.

Integrating this over velocity gives the total collision rate per unit area. The
integral is easiest if we change to spherical coordinates, and then it is quite simple:

dΓ = n dA
∫
vz>0

(
m

2πkTgas

)3/2

e−mv
2/2kTgasvz d

3v

= n dA

(
m

2πkTgas

)3/2

2π
∫ π/2

0
sin θ dθ

∫ ∞
0

v2 dv e−mv
2/2kTgasv cos θ

= n dA

(
kTgas

2πm

)1/2

To get the total collision rate over the entire sphere, we simply multiply by its
surface area 4πa2, giving

collision rate = n

(
8kTgas

πm

)1/2

πa2. (28)

If there are multiple gas species present, this is simply summed over all the values
of n and m for each species.

We also want to know the mean kinetic energy of the particles that strike the
surface, since this will determine the rate of energy transfer. To compute this,
we just velocity-integrate the kinetic energy weighted by the collision rate at that
kinetic energy:

〈Ek〉 =
1

Γ
4πa2n

∫
vz>0

(
m

2πkT

)3/2

e−mv
2/2kTvz

(
1

2
mv2

)
d3v. (29)

This integral may be evaluated in exactly the same manner as the last one, and
the result is 〈Ek〉 = 2kTgas. This is slightly bigger than the mean kinetic energy
per particle, (3/2)kTgas, because it is weighted toward higher velocity particles,
which have a higher collision rate.

Now we’re ready to write down the energy transfer rate. This is

(
dE

dt

)
coll

=

n(8kTgas

πm

)1/2

πa2

 2k(Tgas − Tdust)α. (30)

The term in square brackets is just the collision rate we have computed. The
second term is the mean kinetic energy per particle, modified by an empirical
factor that describes the elasticity or inelasticity of the collisions.
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This empirical factor has two parts. First, we have 2k(Tgas − Tdust) instead of
just 2kTgas because the mean kinetic energy of the particles is 2kTgas, but we
know that the rate of energy transfer must go to zero when Tgas = Tdust. The
−2kTdust term represents the physical effect that, for collision of particles with
much less kinetic energy than k times the thermal temperature of the dust grain,
the collision will actually transfer energy from the dust to the gas. The particle
will absorb energy from the vibrations of the dust lattice and bounce off moving
faster than it arrived.

The second part of the empirical factor is the term α, called the accommodation
coefficient, which represents how elastic or inelastic the collisions are. A value
α = 0 means they are perfectly elastic, so there is no energy transfer. A value
α = 1 means perfectly inelastic collisions. The real value of α is not precisely
known, and depends on all sorts of nasty physics like van der Waals forces acting at
very small ranges. Laboratory measurements and theoretical calculations indicate
that is of order ∼ 0.5.

Given this result, we can ask how the collisional heating rate compares to the
radiative heating one. For Tgas � Tdust, the typical case in the atomic medium,
we have

(dE/dt)coll

(dE/dt)abs

=
nH(8kT/πmH)1/22αkTgas

〈Qabs〉specuc
× 1.05, (31)

where the 1.05 accounts for collisions with helium as well. Evaluating this for
Tgas = 100 K, nH = 30 cm−3 (typical CNM values), and typical interstellar
radiation fields gives ∼ 4 × 10−6, so collisions are unimportant. We can safely
ignore them in the CNM, and in any region with even lower density (WNM, H ii
regions, etc.)

However, note that the importance of collisions scales linearly with the number
density and inversely with the radiation field strength. In molecular clouds where
n is much larger and u is much lower (due to extinction), it is not safe to neglect
collisions. Indeed, at densities above ∼ 104 − 105 cm−3, collisions become so
effective in coupling dust and gas that it becomes reasonable to assume that they
are always at the same temperature.

III. Grain charging

The final topic for today is how grains become charged. This will prove particularly
important when we discuss the behavior of the H i in galaxies, the thermodynamics
of which is strongly influenced by dust grains in a manner that depends on the grain
charge.

A. Collisional charging

1. The collision rate

One way for grains to become charged is to collide with gas particles, either
ions or free electrons. When such a free charge hits a grain, it may polarize
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the grain material around itself, allowing it to stick to the grain. In the
manner, grains can acquire both positive and negative charges.

Let us begin by computing the collision rate between grains and charged
particles. We consider a grain of charge Zgre, and an approaching projectile
particle of charge Zproje. The grain has radius a and mass mgr, and the
projectile has mass m� mgr. Until the projectile is very close the grain acts
like a point charge, so the interaction potential between the two is

V =
ZprojZgre

2

r
. (32)

Suppose the approaching projectile has kinetic energy E at infinity, corre-

sponding to velocity v =
√

2E/m, and approaches with impact parameter b.
Its distance of closest approach will be rmin. Conservation of angular momen-
tum requires that the speed at closest approach be vmax = (2E/m)1/2b/rmin,
and energy conservation then requires that

E =

(
b

rmin

)2

E +
ZgrZproje

2

rmin

. (33)

The projectile will strike the grain if rmin ≤ a, which means that a projectile
with energy E at infinity will hit the grain if its impact parameter obeys

b ≤ bmax = a

(
1− ZgrZproje

2

aE

)1/2

. (34)

Note that if the grain and the projectile have the same charge, then collisions
are possible only if E > ZgrZproje

2/a; otherwise Coulomb repulsion prevents
them. For energies below this value we set bmax = 0.

The cross section for collision is just σ(E) = πb2
max. To compute the collision

rate Γ, we need simply take the number density of projectiles nproj, multiply
by the cross section, and integrate over the Maxwellian velocity distribution
of the incoming projectiles:

Γ = nproj

∫ ∞
0

σ(E)vfE dE = πa2nproj

(
8kT

πm

)1/2

F (Zprojφ), (35)

where

φ =
Zgre

2

akT
, F (x) =

{
1− x, x < 0
e−x, x > 0

. (36)

The case x < 0 corresponds to opposite charges, and the case x > 0 to
same charges. For x < 0, F (x) > 0 and we get a linear enhancement in
the collision rate that depends on the strength of the Coulomb attraction
compared to kT . For x > 0, we Coulomb repulsion produces an exponential
cutoff of the collision rate that depends on the same factor.
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2. Charge equilibrium

Given the collision rate, we can estimate the equilibrium charge state of grains
by comparing the rates of collisions with ions and electrons. Let ne and ni be
the electron and ion densities, respectively. The ions have charge Zi. When
an electron collides with a grain, the probability that it sticks is se, and
similarly for ions with probability si.

The condition that grains be in charge equilibrium then reduces the the re-
quirement that the rate of collisions with electrons that stick be equal to the
rate of collisions with ions that stick. Thus, if the net charge is negative,
which it tends to be when collisional charging dominates for reasons we will
see in a moment, we require that

Zinisim
−1/2
i si(1− Ziφ) = nem

−1/2
e see

φ. (37)

The left hand side is the ion charging rate, and the right hand side is the
electron charging rate. Obviously if multiple ion species are present then the
left hand side is simply replaced by a sum over all such species.

In a region of high ionization, e.g. an H ii region, then ni ≈ ne ≈ nH, and
Zi = 1 for the most abundant ion, H+. If the sticking probabilities for
electrons and ions are roughly equal, the equation becomes

(1− φ)m
−1/2
H = eφm−1/2

e , (38)

which has the solution φ = −2.504. Thus the equilibrium grain charge is

Zgr =
akT

e2
φ = −150

(
a

0.1µm

)(
T

104 K

)
. (39)

Physically, the equilibrium charge state is very negative because, although
the ions and electrons are equal in number, the electrons move much faster
due to their smaller mass, and thus have a much larger collision rate – this

is why the factor
√
mH/me appears in the equation. This advantage is most

important for larger grains, for which Coulomb attraction or repulsion does
not strongly modify the cross section, and is mitigated for small grains for
which Coulomb attraction of ions and repulsion of electrons partially offsets
the higher electron velocity. The net result is that larger grains wind up more
negatively charged.

B. Photoelectric charging

Collisional charging only tends to dominate ion regions where the densities of
ions and electrons are high. In more neutral regions where there are fewer ions
and electrons, another effect begins to dominate: photoelectric charging. This is
just the standard photoelectric effect, whereby an energetic photon striking a solid
causes it to emit an electron. We define the photoelectric yield Ype(hν, a, U) as the
probability that a grain of radius a that absorbs a photon of energy hν will emit
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a photoelectron. The quantity U = Zgre/a is the electric potential at the grain
surface, which depends on its current charge state – clearly negatively charged
grains are more likely to emit photoelectrons, and positively charged grains are
less likely. Note that, in a process analogous to the Auger effect, sufficiently
energetic (i.e. x-ray) photons can cause emission of multiple photoelectrons, in
which case Ype can be greater than unity.

Given Ype, the rate of photoelectron emission per grain is simply the rate at which
the grain absorbs photons, which we calculated earlier in the class, multiplied by
the photoelectric yield:

Γpe =
∫ cuν
hν

πa2QabsYpe dν; (40)

note the extra factor of hν in the denominator compared to our expression for the
rate of energy absorption, because we want the number of photons absorber per
unit time, not the energy absorbed per unit time.

Of course this is only as good as our knowledge of Ype, which isn’t very good.
Usually we have to resort to laboratory measurements. Draine gives some refer-
ences. The values follow a few general trends: (1) there tends to be a peak of Ype

for photon energies of tens of eV, corresponding to resonant absorption energies
for the atoms of which the grain is made. At larger energies Ype declines, before
recovering and rising again at ∼ keV energies. (2) As the grain potential U in-
creases, Ype decreases due to the Coulomb attraction of the electron to the grain.
(3) For grains larger than the typical absorption length of photons of a given
frequency, the absorption tends to occur an absorption length below the surface,
whereas for smaller grains it necessarily occurs nearer to the surface. This makes
it harder for photoelectrons to escape from large grains, so Ype generally declines
with a.

C. Charge equilibrium with collisions and the photoelectric effect

In diffuse regions of the ISM, where the electron density is fairly small and the pho-
ton density is fairly high, photoelectric charging tends to beat collisional charging,
giving grains a net positive charge. Photons are also helped by the same effect
that helps electrons beat ions – they move a lot faster (at c), and thus they have
a higher collision rate. As photons knock off electrons, the grains become more
and more positively charged. This reduces the photoelectron yield and increases
the collision rate with free electrons, until equilibrium is reached.

The condition for charge equilibrium including photoelectric emission is

nisi

(
8kT

πmi

)1/2

F (eU/kT )+
∫ uνc

hν
QabsYpe(hν, a, U) dν = nese

(
8kT

πme

)1/2

F (−eU/kT ).

(41)
For a given measured Ype function, one can solve this equation numerically for
U to obtain the mean grain charge. For typical CNM conditions, large grains
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(a >∼ 0.1 µm) tend to acquire charges Zgr of 10 − 50, while small grains (a <∼ 100
Å) tend to have charges of 0− 1.
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