
Astronomy 230: Diffuse Matter in Space

Problem set 5 Solutions

1. The Transition to Grain-Mediated H2 Formation.
In this problem we will make some rough estimates for how the Universe transitions
from H2 formation being mostly by gas-phase processes, as it must in the early Universe
where there are no metals, to H2 formation being mostly on grain surfaces.

(a) As a first simple example, consider CNM gas with a temperature of 100 K im-
mersed in a background radiation field equal to that of the Milky Way. If all H is
neutral and free electrons come only from metals, then the free electron density is
ne ≈ xCnHZ, where xC ≈ 10−4 is the carbon abundance (the dominant source of
free electrons) and Z is the metallicity relative to Solar. Similarly, if the dust grain
abundance scales linearly with metallicity, the rate coefficient for H2 formation
on grains is Rgr = 3× 10−17Z cm3 s−1. Show that, under these assumptions, the
rate of H2 formation is always dominated by grain surface processes independent
of the metallicity or density.

Solution:

To calculate the rate of H2 formation catalyzed by free electrons, we first calculate
the rate of formation of H−:

γ(H− form.) = k−nenH = k−xCZn
2
H,

where k− = 1.1×10−16T 0.88
2 cm3 s−1 is the rate coefficient given in the class notes.

Next we must calculate the fraction of H− ions formed that yield H2. The H−1 can
be destroyed either by photodetachment or by reacting with a neutral hydrogen
to form H2:

H− + H→ H2 + e−.

The rate of the latter reaction is

γ(H− → H2) = k2nH−nH

with k2 = 1.3× 10−9 cm3 s−1 (the value given in class). The rate of photodetach-
ment is

γ(H− photo.) = ζpdnH−



with ζpd = 2.4 × 10−7 s−1 for the Milky Way radiation field, again as given in
class. Thus the branching ratio for H− going to H2 rather than being destroyed
by photodetachment is

Γ(H− → H2) =
γ(H− → H2)

γ(H− → H2) + γ(H− photo.)
=

k2nH

k2nH + ζpd

Putting this together, the rate of formation of H2 via free electrons is

γ(H2−gas) = γ(H− form.)Γ(H− → H2) = k−xCZ [1 + ζpd/(k2nH)]−1 n2
H.

In comparison, the rate of H2 formation on grain surfaces is simply

γ(H2−grain) = Rgrn
2
H = Rgr,�Zn

2
H,

where Rgr,� = 3×10−17 cm3 s−1 is the rate coefficient at Solar metallicity. Taking
the ratio of these two, we have

γ(H2−grain)

γ(H2−gas)
=
Rgr,� [1 + ζpd/(k2nH)]

k−xC
= 2700T−0.88

2 [1 + ζpd/(k2nH)] .

Thus even in the limit nH → ∞, the rate of formation on grain surfaces ex-
ceeds that in the gas phase by ∼ 3 orders of magnitude. At densities below
ζpd/k2 = 185 cm−3, where photodetachment significantly inhibits H2 formation
via the H− channel, grain formation wins by an even larger factor.

(b) Now suppose that the ionization fraction of H is non-negligible. Continue to hold
the rate of photodetachment fixed. Determine the ionization fraction x at which
the rates of H2 formation in the gas phase and on grain surfaces become equal.
Your answer should depend on the gas density nH and metallicity Z. Plot the
solution for x as a function of metallicity for gas at temperature T = 100 K and
density nH = 1, 10, and 100 cm−3.

Solution:

For gas phase formation, this calculation is exactly the same as the previous one,
with two minor differences. First, the factor xCZ in the gas-phase formation rate
is replaced by x, since how hydrogen rather than carbon is the dominant source
of free electrons. Second, all the nH factors become (1− x)nH, since only neutral
hydrogen participates in the relevant reactions. Making these changes, the H−

formation rate is
γ(H− form.) = k−x(1− x)n2

H,



and the H− to H2 reaction rate is

γ(H− → H2) = k2(1− x)nH−nH.

The photodetachment rate is unchanged, so the branching ratio for H− going to
H2 becomes

Γ(H− → H2) =
k2(1− x)nH

k2(1− x)nH + ζpd
,

and the gas-phase H2 formation rate is therefore

γ(H2−gas) = k−x(1− x) [1 + ζpd/(k2(1− x)nH)]−1 n2
H.

The grain-mediated reaction rate becomes

γ(H2−grain) = Rgr,�Z(1− x)n2
H.

Notice that there is only one factor of x, because the reaction rate involves the
collision of neutral hydrogen atoms with dust grains, and therefore depends on
the density of gas times the density of grains. If the ionization fraction is x, the
neutral hydrogen fraction is reduced by a factor (1−x), but the grain abundance
is unchanged. Setting the two rates equal, we have

k−x [1 + ζpd/(k2(1− x)nH)]−1 = Rgr,�Z.

This is a quadratic in x, and the solution is

x =
1

2

(
1 + k ±

√
1− 2k + k2 − 4k/rpd

)

where k = Rgr,�Z/k− ≈ 0.27T−0.88
2 Z is the ratio of the rate coefficients for H2

formation on grains and H− formation in the gas phase, and rpd = nHk2/ζpd
is the ratio of the gas density to the critical density for H2 photodetachment,
ncrit,pd = ζpd/k2 ≈ 185 cm−3. Note that both roots represent valid solutions, one
at low ionization fraction and one at high ionization fraction. The solution is
plotted below, with blue, red, and black curves representing nH = 1, 10, and 100
cm−3, respectively.
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(c) In part (b), you should have found that, for a given density, there is a critical
metallicity above which grain-mediated H2 formation dominates regardless of the
ionization fraction (except for the pathological case x = 1). Solve for this criti-
cal metallicity as a function of density, and plot the result for T = 100 and 1000 K.

Solution:

A solution ceases to exist when the metallicity is such that the quantity under
the square root in the equation from the previous part goes to zero. Thus, grain-
mediated H2 formation must dominate whenever

1− 2k + k2 − 4kr−1
pd < 0.

Solving, this condition reduces to

k > 1 +
2

rpd

(
1−

√
1 + rpd

)
.

(Note: there is another root to this equation, with a + instead of a − in front
of the square root. However, if you check, you will see that in the vicinity of
this root x > 1, which is obviously unphysical. Thus the − root is the physically
realistic one.) Rewriting this in terms of dimensional quantities, this is

Z > 0.27T 0.88
2

[
1 +

2ncrit,pd

nH

(
1−

√
1 +

nH

ncrit,pd

)]
.

The results are plotted below; red is T = 100 K, blue is T = 1000 K.
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2. Supernova-Driven ISM Turbulence.
Supernovae are thought to be one of the main sources of turbulence in the atomic
ISM. In this problem we will construct a simple model for an ISM driven by supernova
energy injection. For simplicity assume that all supernovae have an identical energy
E = 1051E51 erg, and that the ISM can be treated as a uniform medium of density ρ,
velocity dispersion σ, and surface density Σ. These are related in the usual manner for
a pure gas disk: scale height h = Σ/ρ = σ2/2πGΣ.

(a) Assume that a supernova remnant reaches the merger stage once its expansion
velocity becomes equal to that of the ambient ISM. After that point its remaining
kinetic energy is added to the general turbulence of the ISM. Derive an expression
for the energy added per supernova in terms of E51, ρ, and σ.

Solution:

We must calculate the energy of the SNR at the point when it mergers. At this
point, by assumption, its velocity is σ, so we simply need to know its mass. This
is just (4/3)πρR3

merge, where Rmerge is the merger radius derived in class. Thus
the kinetic energy is simply

ESNR =
1

2

(
4

3
πρR3

merge

)
σ2 = 4.3× 1049E0.96

51 n−0.11
0 σ

4/5
6 erg,

where σ6 = σ/106 cm s−1, n0 = ρ/(mH cm−3), and mH = 2.3 × 10−24 g is the
mean mass per H nucleus.

(b) Assume that the turbulent kinetic energy of the ISM is radiated away kinetic
energy on a timescale comparable to crossing time of a scale height, i.e. dE/dt =



−(1/2)Σσ2/(h/σ), where E is the kinetic energy per unit area. If injection of
energy by supernovae balances dissipation of turbulence, compute the rate per
unit area Γ at which supernovae must occur to keep the disk in steady state.

Solution:

The rate of supernova energy input is ΓESNR, and we must equate this to the
dissipation rate:

ΓESNR =
1

2

Σσ3

h
= πGΣ2σ.

Thus the required supernova rate is

Γ =
πGΣ2σ

ESNR

= 6× 10−6n0.11
0 Σ2

1σ
1/5
6 E0.96

51 SN kpc−2 yr−1,

where Σ1 = Σ/10 M� pc−2.

(c) For a normal IMF, roughly one supernova occurs per 100 M� of stars formed.
Assuming supernovae are responsible for maintaining the turbulence in the ISM,
calculate what the depletion time (defined as gas mass per unit area divided by
star formation rate per unit area) for star formation must be. Is supernova driving
a plausible explanation for the turbulence in a galaxy like the Milky Way (σ ≈ 7
km s−1, n ≈ 1 cm−3, Σ ≈ 10 M� pc−2, observed tdep ≈ 2 Gyr)? How about in
a starburst galaxy (σ ≈ 50 km s−1, n ≈ 104 cm−3, Σ ≈ 103 M� pc−2, observed
tdep ≈ 200 Myr)?

Solution:

The supernova rate per unit area will be Γ = Σ̇∗/MSN, Σ̇∗ is the rate of star
formation per unit area, and MSN = 100 M� is the mass of stars that must be
formed to yield one supernova. Inserting this into the solution from the previous
part and re-arranging, we have

tdep =
Σ

Σ̇∗
=

ESNR

πGΣσMSN

= 15.6E0.96
51 n−0.11

0 σ
1/5
6 Σ−1

1 Gyr.

Putting in the parameters for the Milky Way-like galaxy, in order to supply enough
energy to power the turbulence we would need tdep ≈ 17 Gyr. Since the observed
star formation rate exceeds this value (tdep ≈ 2 Gyr), it is plausible that star
formation could drive the turbulence. For the starburst galaxy, plugging in gives



tdep = 40 Myr as the depletion time required if supernovae are to power the
turbulence. This looks uncomfortably small compared to the observed depletion
time, though given the crudeness of this calculation it might still work.


