
Astronomy 230: Diffuse Matter in Space

Problem set 4 solutions

1. Cloudy.
Cloudy is a popular code written by Gary Ferland for simulating ionized gas regions.
You can download it from www.nublado.org.

(a) Use Cloudy to simulate an H ii region with density nH = 10 cm−3 ionized by a
star of ionizing luminosity logQ0 = 48.84 whose spectrum is blackbody with an
effective temperature Teff = 3.5 × 104 K (about right for an O7 star). Assume
the composition is pure hydrogen, with no He, metals, or dust. Plot the resulting
ionization fraction x and the temperature T as a function of radius.

Solution;

After installing cloudy, I created a cloud inputs file containing the following com-
mands:

Q(H)=48.84

blackbody 3.5e4

element limits off 0

sphere static

radius 16

hden 1

save last hydrogen conditions "hw4_prob1_nograin.out"

The first two lines specify the spectrum and ionizing luminosity, the third turns
off all the elements but H, the fourth sets the geometry to a static sphere, the
fifth puts the innermost zone at 1016 cm (the exact choice doesn’t matter, as long
as it’s � RS, the next line sets the hydrogen density to 10 cm−3, and the final
line says to write out the final conditions of the hydrogen as a function of position
to the file hw4 prob1 nograin.out. Running cloudy using this input file dumps
the output in this file, and the resulting run of T and x are shown below. The
solution to part (a), with H only, is the red line.

http://www.nublado.org/


(b) Overplot the analytic estimate for x derived in class, in which x is given implicitly
by the solution to x2/(1−x) = [(1−y3)/(3y2)]τS, where y = r/RS, τS = nHσpiRS,
RS is the Stromgren radius, and σpi is the photoionization cross section of neutral
hydrogen at the ionization threshold.

Solution:

The analytic Stromgren radius is

RS =

(
3Q0

4παBn2
H

)1/3

= 13.1 pc,

where for the numerical evaluation I used αB = 2.5× 10−13 cm3 s−1, the value for
a temperature of 104 K. The ion fraction x is then given by the solution to

x2

1− x
=

1− y3

3y2
τS,

where y = r/RS and τS = nHσpiRS = 2550. To be explicit, the solution is

x =
1

2
RHS

(
−1 +

√
1 + 2/RHS

)
where RHS is the right hand side of the equation for x above. The result is shown
in the figure as the black dashed line. This somewhat underpredicts the ionization
front radius found by the numerical solution in the pure H case, mainly because
the temperature turns out to be about a factor of 2 − 3 above 104 K, and this
reduces αB and thus raises the ionized radius.



(c) Repeat the calculation from part (a), but with the standard cosmic abundance of
He (mass fraction 25%), and Milky Way dust and metal content. Overplot x and
T for this H ii region on your plot from part (a).

Solution:

The only change for this part is that I replaced the line element limits off 0

in the cloudy input file with abundances H II region, which says to use typical
(Milky Way) H ii abundances. The results are shown in the figure above as the
blue line. Here the H ii region radius is smaller than in the dust-free case or
the analytic estimate, both because some ionizing photons are absorbed by dust
grains, and because the temperature is lower than 104 K and thus αB is larger
than the value we used in the analytic estimate.

2. Make Your Own CNM.
(Problem partly stolen from Carl Heiles.) In this problem we will make our own car-
bon cooling curve and use it to determine the rough properties of the CNM. This is
straightforward because in the CNM the cooling is strongly dominated by one species:
C ii. This calculation has two steps: in parts (a) and (b) we will compute the pho-
toionization balance for carbon and verify that the carbon is mostly C ii. Then in
parts (c) and (d) we will compute the equilibrium temperature for a gas where the
main coolant is C ii.

(a) Estimate the photoionization rate of C i in the local ISM from the cross section
and radiation field. For the photoionization cross section, adopt the approximate,
constant value recommended by Hollenbach & McKee (1989, ApJ, 342, 306, ta-
ble 7). For the local radiation field, adopt the functional form from Mathis et
al. (1983, A&A, 128, 212), and quoted in Draine. Verify that your result is rea-
sonably close to the value given in Table 13.1 of Draine.

Solution:

The photoionization rate is

ζpi =
∫ ∞
ν0

σpi
4πJν
hν

dν,

where ν0 is the threshold frequency, σpi is the photoionization cross section, and
Jν is the directionally-averaged intensity. The ionization potential of C i is 11.26
eV (corresponding to a wavelength of 1100 Å), so ν0 = 11.26 eV/h. The Mathis



et al. functional form for the radiation field energy density between this energy
and 13.6 eV (above which Jν ≈ 0) is

νuν = 1.287× 10−9(λ/µm)4.4172 erg cm−3,

which is related to the directionally-averaged intensity by Jν = cuν/4π. Thus,
being careful of unit conversions, we have

4πJν
hν

= 0.26

(
hν

eV

)6.4172

cm−2 s−1 Hz−1

Finally, the recommended value of σpi from Hollenbach & McKee is σpi = 1.6 ×
10−17 cm2. (If you check the plot in Burke & Taylor, 1979, J. Phys. B., 12, 2971,
that Hollenbach & McKee cite, you will see that the approximation that the cross
section is constant from 11.26 − 13.6 eV is excellent.) Inserting this functional
form into the integral and integrating from 11.26−13.6 eV gives ζpi = 2.4×10−10

s−1, in excellent agreement with Draine’s tabulated value of 2.58× 10−10 s−1.

(b) Now compute the equilibrium abundances of C i and C ii divided by the total
carbon abundance as a function of the hydrogen density n, and plot the result.
Make the following assumptions: photoionization and radiative recombination are
the only important processes; carbon is the only significant source of free elec-
trons; the thermal pressure of the gas is equal to the mean value in the Solar
neighborhood, P/k ≈ 3000 K cm−3. You will need the gas phase abundance of
C relative to H and the temperature-dependent recombination rate coefficient for
carbon. Get the former from Cardelli et al. (1996, ApJ, 467, 334), and the latter
from Nahar & Pradhan (1997, ApJS, 111, 339, table 5).

Solution:

Let nC be the total carbon density, and let xC be the carbon ionization fraction,
so nCi = (1− xC)nC, nCii = xCnC, and ne = nCii are the C i, C ii, and electron
densities. Equating the photoionization and recombination rates gives

ζpinCi = αCnenCii

where αC is the carbon recombination rate coefficient. Putting all the densities
in terms of x and nC and solving, we have

x =
1

2
U
(
−1 +

√
4U−1/2 + 1

)
≈ 1− U−1,



where U ≡ ζpi/(αCnC) is a dimensionless quantity closely related to the ioniza-
tion parameter, and the final approximation is a Taylor expansion appropriate
to the limit U � 1. To evaluate U , note that pressure and temperature are re-
lated by P/k = nT , so T = (P/k)/n. The carbon abundance from Cardelli et
al. is δC = 1.4 × 10−4, and nC = δCn. To obtain the final result, I took the data
from table 5 of Nahar & Pradhan and created InterpolatingFunction object in
Mathematica. The plot is shown below; the red line is nCII/nC, and the blue line
is nCI/nC.
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(c) Calculate the cooling rate per unit volume from C ii as a function of density n and
gas temperature T . Express your answer as a numerical formula. As in part (b),
assume that carbon is the only significant source of free electrons. For simplicity
you may assume that n is much less than the critical density for this line. For this
calculation you will need the temperature-dependent collision rate coefficients for
excitation of C ii by H and by electrons; you can get these from Hollenbach &
McKee (their table 8).

Solution:

Since we are well below the critical density, we can approximate that all C ii is
in the ground, 2P1/2, state, and that all collisions yield immediate radiative de-
excitations that remove energy. The collision rate per unit volume is kC−HnCIIn ≈
kC−HδCn

2 for collisions with H, and kC−enCIIne ≈ kC−Eδ
2
Cn

2 for collisions with
free electrons, where we have approximated that nCII = ne = δCn. Each emission
removes an energy E = kTCII with TCII = 92 K. Thus the total cooling rate per
unit volume is

Λ = n2kTCII(δCkC−H + δ2
CkC−e).



Hollenbach & McKee’s estimates for the collisional de-excitation rate coefficients
are kC−H,de−exc ≈ 8.0× 10−10T 0.07

2 cm3 s−1 and kC−e,de−exc ≈ 2.8× 10−7T−0.5
2 cm3

s−1. The corresponding excitation rates are related by

kexc = kde−exc
gu
g`
e−Eu`/kT ,

where gu = 4, g` = 2, and Eu`/k = 92 K. Plugging in, we arrive at

Λ = 1.4× 10−28n2
0

(
T−0.5

2 + 20.4T 0.07
2

)
e−0.92/T2 erg cm−3,

where n0 = n/1 cm−3, and T2 = T/100 K.

(d) Assuming the heating rate is the grain photoelectric heating rate we derived in
class, solve for the equilibrium gas temperature as a function of density. Plot T
versus n and P/k versus n from n = 10 − 300 cm−3. Numerically solve for the
density that corresponds to a pressure P/k = 3000 K cm−3.

Solution:

The heating rate is
Γ = 1.4× 10−26n0 erg cm−3,

so the equilibrium temperature is given implicitly by the solution to the equation

1.4× 10−26 = 1.4× 10−28n0

(
T−0.5

2 + 20.4T 0.07
2

)
e−0.92/T2 .

I solved this numerically using Mathematica’s FindRoot function. The plots are
shown below.
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Since nT = P/k, to find the equilibrium density and temperature at P/k = 3000
K cm−3 one can simply substitute n0 = 30/T2 in the equation above and solve.
The solution is n = 98 cm−3, T = 31 K.


