
Astronomy 230: Diffuse Matter in Space

Problem set 2 solutions

1. Curve of Growth Analysis on a DLA.
(Problem borrowed from J. X. Prochaska.) On the course website you will find a
spectrum from a high redshift quasar. Along the line of sight to the quasar is a
damped Lyα system at redshift z = 2.309.

(a) Identify the following absorption features in the QSO spectrum, and plot the
spectrum in the vicinity of each line, with the line identified:

Wavelength (Å) Name Oscillator Strength

1370.131 Ni ii 1370 0.0769
1393.755 Si iv 1393 0.5280
1402.770 Si iv 1402 0.2620
1454.842 Ni ii 1454 0.0323
1611.2005 Fe ii 1611 0.00136
1703.405 Ni ii 1703 0.0060
1709.6042 Ni ii 1709 0.0324
1741.5531 Ni ii 1741 0.0427
2026.136 Zn ii 2026 0.48900
2066.161 Cr ii 2066 0.0515

Solution:

In the plot below, the dotted vertical line indicates the center of the line, given
the systemic redshift. The filled regions indicate the range over which I measured
the equivalent width in part (b), and the gray lines show my best fit from part
(c).



(b) Measure the equivalent widths of the Si iv doublet, and use your results to de-
termine on what part of the curve of growth the Si iv transitions lie. Note that
γu` ≈ 8.8×108 s−1 for the Si iv 1393 line, and γu` ≈ 8.6×108 s−1 for the 1402 line.

Solution:

In order to estimate the equivalent width, I fit a region ranging from the line
center minus 0.1 Å to the line center plus 0.5 Å; this region is shown in gray in
the appropriate panels of the figure above. The asymmetry is because, looking
at the figure from the previous part, the line center is somewhat offset from the
systemic redshift. To obtain the equivalent width, I numerically evaluated

W =
1

ν0

∫
(1− Fν) dν,



where Fν is the flux (normalized so that the continuum level is unity) and ν0 is
the line center frequency. Note that it does not matter if the integral is evaluated
using the rest frame or the observed frame frequency. I find W1393 = 6.4 × 10−5

for Si iv 1393 and W1402 = 3.8 × 10−5 for Si iv 1402, giving W1393/W1402 = 1.7.
The line ratios in the optically thin, flat, and damped regimes should be

W1393

W1402

≈


f1393λ1393/f1402λ1402, (thin)

[1 + ln(f1393λ1393/f1402λ1402)/ ln(τ0/ ln 2)]1/2 , (flat)
(λ1393/λ1402)[f1393γ1393/f1402γ1402]1/2, (damped)

,

where γ is the natural width of the line. Plugging in, I get a predicted ratio of
2.0 in the thin limit, 1.4 in the damped limit, and a value in the flat limit that
ranges from 1.7 for τ0 = 1 to 1.1 for τ0 = 100. I therefore conclude that the Si iv
line is on the flat part of the curve of growth, though not by much. The optical
depth is probably around unity.

(c) Use the Ni ii transitions to estimate the column density of Ni ii in the DLA. A
“by-eye” fit is fine. Assume that natural broadening is negligible, i.e. none of
these lines are in the damped limit. Exclude the Ni ii 1370 line, which, you will
see, is blended with another line.

Solution:

To perform the fit, recall that the optical depth at line center will be

τ0 =
√
π
e2

mec

fλ0N

b
,

where f is the oscillator strength, λ0 is the wavelength of the line, N is the column
density, and b is the Doppler parameter. The line shape function is

φλ = τ0 exp

[
−(1− (λ−∆λ)/λ0)2

(b/c)2

]
,

where λ is the rest wavelength and ∆λ is a small offset I inserted to improve the
fit; this corresponds to the gas giving rise to the absorption features being very
slightly offset in velocity from the hydrogen. The functional form to be fit to the
flux data is

Fλ = e−τ0φλ .



The two parameters to be fit are the column density of Ni ii, N , and the Doppler
parameter, b. We expect to obtain a good fit to all the Ni ii lines simultaneously
in the optically thin limit. By eye, I find that the parameters N = 7× 1013 cm−2,
b = 13 km s−1, and ∆λ = 0.03 Å provide a good fit, as shown in the appropriate
panels of the figure.

(d) Assuming H i column density NHI = 1021.37 cm−2 and that Ni ii is the dominant
species of Ni, what is the abundance of Ni relative to Solar ([Ni/H])? For the Solar
Ni abundance, use log10(Ni/H) = −5.83 (Scott et al., 2009, ApJ, 691, L119).

Solution:

Using NNi = 7× 1013 cm−2 from the previous part, we have log10(Ni/H) = −7.5,
so [Ni/H] = −1.7. This indicates either a significantly subsolar metallicity, deple-
tion of Ni onto grains, or both.

2. 21 cm Absorption Measurements with Multiphase Media.
In class we discussed the technique of using 21 cm absorption of a background radio
source to measure the properties of a foreground hydrogen cloud. In that analysis we
assumed the cloud had a uniform temperature, but in reality most H i is bi-stable,
and consists of a mixture of warm gas at temperature Tw and cold gas at temperature
Tc. Assume that in the foreground cloud the warm gas mass fraction fw, and that the
warm and cold phases are uniformly mixed. The optical depth of the cloud including
both phases is τν , and both components have the same velocity dispersion σv. For
simplicity assume that the sky temperature behind the cloud and off the background
radio source is zero. The intrinsic antenna temperature of the background radio source
is TQSO.

(a) Compute the antenna temperature at line center that will be observed along a
line of sight through the foreground cloud that does not intersect the background
radio source.

Solution:

To find the antenna temperature, we must first compute the emissivity and ab-
sorption coefficient for the mixed warm-cold gas. For each phase individually we
have

jw,c =
3

16π
hνnw,cAφν



κw,c =
3

32π
A
hcλ

kTw,c
nw,cφν ,

where the subscripts w and c refer to the warm and cold phases, A = 2.8843×10−15

s−1 is the Einstein coefficient, λ = 21 cm is the wavelength, ν = c/λ = 1.4 GHz is
the frequency, φν is the line profile function, and n is the volume density; clearly
nw = fwn and nc = (1 − fw)n. Since the two phases are uniformly mixed, the
emissivity and absorption coefficients simply add, and the gas is uniform. We
derived the solution to the transfer equation for in class, and applying this to a
uniform medium is simple:

Iν(τν) = Iν(0)e−τν +
∫ τν

0
e−(τν−τ ′)Sν dτ

′ = Iν(0)e−τν +
(
1− e−τν

)
Sν ,

where

Sν =
jw + jc
κw + κc

=
2kν2

c2

[
TcTw

Tw + fw(Tc − Tw)

]
is the source function and in the second step of the evaluation for Iν we used
the fact that the medium is uniform to pull Sν out of the integral. The antenna
temperature is

TA =
c2

2kν2
Iν = TA(0)e−τν +

(
1− e−τν

) [ TcTw
Tw + fw(Tc − Tw)

]
.

For an observation off the background source, TA(0) = 0, so we simply have

T off
A =

(
1− e−τν

) [ TcTw
Tw − fw(Tw − Tc)

]
.

(b) Compute the antenna temperature at line center that will be observed along a line
of sight through the foreground cloud that does intersect the background radio
source, which radiates with brightness temperature TQSO.

Solution:

This is identical to the previous problem, except that now TA(0) = TQSO. Plugging
in,

T on
A = TQSOe

−τν +
(
1− e−τν

) [ TcTw
Tw − fw(Tw − Tc)

]
.



(c) Suppose we were to assume, incorrectly, that the cloud has a uniform temperature
T . What value would be infer for T? How does this relate to Tw, Tc, and fw?
For Tw � Tc and values of fw ∼ 0.5, is the result closer to Tw or Tc? Propose a
physical explanation.

Solution:

The equations for T on
A and T off

A are the same as derived in class, except that we
have set Tsky = 0, and that Tspin has been replaced by the term in square brackets
from the previous two parts. Thus if we were to incorrectly assume that the gas
is at a single temperature, the temperature we would measure is

T =
TcTw

Tw − fw(Tw − Tc)
≈ Tc

1− fw
,

where in the second step we used the approximation Tw � Tc. Thus is fw ∼ 0.5,
we will measure a temperature significantly closer to Tc than Tw. The physical
reason is that this technique of measure the spin temperature relies on absorption
of the background source, and the absorption coefficient varies as n/T . Thus the
cold phase, which has much lower temperature, dominates the absorption.

3. The Ionization Parameter.
The observable line emission from an H ii region is primarily determined by its metal-
licity and its ionization parameter U . The latter quantity is defined at any position as
the ratio of the number density of ionizing photons to the number density of hydrogen
nuclei; clearly U is dimensionless. Consider a spatially uniform, dust-free H ii region of
density nH driven by an ionizing luminosity Q0 (in units of ionizing photons per unit
time).

(a) Compute the ionization parameter as a function of position within the H ii region.
You may make us of the analytic approximations given in section 15.3 of Draine,
and derived in class.

Solution:

To compute this result, we must know the ionizing photon number density at
any point. The analytic approximation is that Q(y) = Q0(1 − y3), where y =
r/RS is the ratio of the radius at a given point to the Stromgren radius; the
Stromgren radius is given by the standard expression RS = (3Q0/4παBn

2
H)1/3.

This represents the number of photons per second crossing a given spherical shell.



The photon number density is this divided by the area of the shell divided by c.
Thus

nγ =
Q0

4πr2c

[
1−

(
r

RS

)3
]
,

and thus

U =
Q0

4πr2cnH

[
1−

(
r

RS

)3
]
.

(b) Since U is not constant in space, we must define an average value for an entire H ii
region. Compute the mean value of U . (Since the density is uniform, the volume-
and mass-weighted means are the same.) Evaluate this quantity numerically for
a typical H ii region driven by an O star, with Q0 = 1049 s−1 and nH = 10 cm−3.

Solution:

This is simply

〈U〉 =
3

4πR3
S

∫ RS

0
4πr2U dr =

(
81α2

BnHQ0

288πc3

)1/3

.

Numerically evaluating with the given parameters, and taking αB = 2.5 × 10−13

cm3 s−1, gives 〈U〉 = 2.9× 10−3.

(c) As Q0 rises, the assumption that the density inside the H ii region is uniform must
fail, because radiation pressure drives the gas into a thin shell. Draine treats the
problem in great detail in section 15.4, but we can reproduce the main results at
the order of magnitude level much more simply. Suppose that radiation pushes
the ionized gas into a thin shell of radius rsh within which the number density is n.
Considering the balance between radiation pressure and gas pressure forces in the
shell, estimate n in terms of rsh and Q0. Neglect forces exerted by non-ionizing
photons, assume that the ionizing photons carry a mean energy eγ, and assume
that the ionized gas has a fixed sound speed ci.

Solution:

The condition of force balance requires that the gas pressure in the shell balance
the force exerted by the radiation. The radiation pressure force is simply the
momentum per unit time per unit area carried by the radiation field, which is
given by

Prad =
Q0eγ

4πr2
shc
,



where eγ/c is the momentum carried by each photon. This must balance the gas
pressure force, which must be of order nmc2

i , where mH is the mean mass per
particle; for ionized hydrogen and helium, this will be m ≈ 0.7mH. Thus we have

Q0eγ
4πr2

shc
∼ nmc2

i .

or

n ∼ Q0eγ
4πr2

shc
2
i cm

.

(d) Estimate U for a radiation pressure-dominated H ii region such as the one de-
scribed in part (c). An order of magnitude estimate is sufficient. The result
you obtain should be independent of Q0, indicating that all radiation pressure-
dominated H ii regions have roughly the same ionization parameter.

Solution:

The photon number density at the shell is roughly nγ ∼ Q0/4πr
2
shc, so we have

U =
nγ
n
∼ mc2

i

eγ

Numerically evaluating this for reasonable values of m, eγ (around 17 eV), and ci
(around 10 km s−1) gives U ∼ 10−4 − 10−3, which turns out to be a factor of ∼
10−100 lower that the result of more detailed numerical calculations. Nonetheless,
it illustrates the important point that U has a maximum possible value.


