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Abstract

In this paper, I investigate the e¤ects of short- and long-distance commuting �ows on the
spatial di¤usion of ideas or practices, through a stylized computational model of two spatial
units. Located at �xed places within each spatial unit, individuals interact exclusively with
their �spatial neighbors�. Commuters live and work at di¤erent locations, therefore, alternate
between two di¤erent neighborhoods. The expansion di¤usion occurs by local contagion: the
probability that any individual adopts the di¤usion item is increasing on the adopting neighbors
she/he observes. Commuting �ows a¤ect in a fundamentally way the speed of the di¤usion
process. Short-distance commuting �ows always accelerate the di¤usion within a spatial unit.
The e¤ect of long-distance commuting �ows depends on the spatial distribution of workplaces
in the destination city. If commuters� workplaces are uniformly dispersed, both cities� adoption
dynamics tend to be coupled. If, instead, workplaces are concentrated in some area, the di¤usion
in the destination city is much more slow paced than in the origin spatial unit.
Keywords: Spatial Di¤usion; Contagion; Commuting Flows.
JEL Codes: O33, D8, M3.

Resumen

En este trabajo, se investigan los efectos de los �ujos de conmutación de corta y de larga
distancia sobre la difusión espacial de ideas o prácticas, a través de un modelo computacional
estilizado. Localizados en lugares �jos en cada unidad espacial, los individuos interactúan
exclusivamente con sus �vecinos�. Los conmutantes viven y trabajan en lugares diferentes, por
lo tanto, alternan entre dos vecindarios. La difusión por expansión ocurre por contagio local: la
probabilidad de que un individuo adopte crece con el número de vecinos adoptantes que observa.

�The author gratefully acknowledges the support of FONDECYT Project 11100349 (�Iniciación 2010�),
Ministerio de Educación, Gobierno de Chile (Ministry of Education, Government of Chile).

yDepartamento de Economía, Universidad Católica del Norte, Antofagasta - Chile. Phone: + 56 (055)
355788. E-mail : constanzafosco@gmail.com

1



Los �ujos de conmutación afectan fundamentalmente la velocidad del proceso de difusión. Los
�ujos de corta distancia siempre aceleran la difusión dentro de una unidad espacial. El efecto
de los �ujos de larga distancia depende de la distribución espacial de los lugares de trabajo en
la ciudad receptora. Si los lugares de trabajo están uniformemente dispersos, las dinámicas de
difusión en ambas ciudades tienden a estar acopladas. Si, en cambio, los lugares de trabajo
están concentrados en alguna zona, la difusión en la unidad espacial receptora es mucho más
lenta que en la ciudad de origen.
Palabras clave: Difusión Espacial; Contagio; Flujos de Conmutación.
Códigos JEL: O33, D8, M3.
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1 Introduction

In the social sciences, di¤usion is traditionally understood as the process through which new
ideas, products or practices (in general, any di¤usion item) spread via communication channels
over time among the members of a social system ?? .1 Spatial di¤usion is the spread of some
item over space and through time from one or a few points of origin [15, 41]. There are two
types of spatial di¤usion: expansion di¤usion and relocation di¤usion [29]. Expansion di¤usion
refers to a process in which the item pass from one person to another while remaining with the
�rst person, so that the number of adopters expands in time. Relocation di¤usion occurs when
people migrate and carry �new� traits to their new home. The di¤usion item leaves the origin
area behind as it moves to new areas, and the number of adopters stays the same.
Expansion di¤usion presumes some mechanism of transmission from one person to another.

Three broad classes of di¤usion models aim to explain how this occurs: contagion or simple
imitation, social in�uence, and social learning [43]. An individual adopts by contagion when
she/he comes in contact with any adopter; by social in�uence, when she/he reckons that a
certain fraction of persons she/he knows are adopters; and by social learning, when she/he infers
from the adopters and nonadopters she/he knows, how well has the di¤usion item performed,
in general measured in terms of economic utility.2 �Global� interaction models assume that any
individual interact or may interact with any other in the social system.3 �Local� interaction
models, instead, postulate that an individual interacts with a small subset of individuals nearby
�located� (neighbors). Depending on the context, neighborhoods may be de�ned with respect
to cognitive, social, and/or spatial distances.
Relocation di¤usion explicitly involves population movements, traditionally migration �ows.

Distant areas, though, may also be connected by commuting �ows, at least temporarily.4 Con-
sequently, a commuter would carry the di¤usion item, temporarily relocate it in the destination
area and, eventually, expand it to another person.
In this paper, I present a highly stylized computational model of two spatial units or cities,

with the aim to understand the e¤ects of such commuting �ows on a spatial di¤usion process.
More speci�cally, the question is how these population �ows a¤ect the evolution in time of the
adopting level, under the assumption that the expansion di¤usion is by contagion.
The basic framework is a simple model of local spatial contagion. Individuals are (uniformly)

located within each spatial unit (modeled as unit squares), and socialize with those who are
spatially proximate (within a given radius of interaction). Therefore, an individual adopts the
di¤usion item by imitating with some probability any adopting neighbor.
Some individuals are commuters. They regularly alternate between two �xed locations,

1This de�nition should not be confused with the thermodynamic de�nition of di¤usion.
2Social in�uence models as de�ned here are also called threshold models.
3In epidemic theory, this assumption is equivalent to the homogeneous mixing hypothesis [5]. In contagion

models, an individual would be infected by any other individual in the population with the same probability.
4Indeed, with the reduction of transport costs, short-distance as well as long-distance commuting �ows have

become more important.
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typically home and workplace.5 Workplaces may be located either in the same spatial unit
(short-distance commuting) or in the other spatial unit (long-distance commuting). Commuters
interact at their workplaces within another spatial neighborhood, so they in�uence to and are
in�uenced by two generally di¤erent group of persons. It follows that the commuters are the
communication channel through which the item would spread to other zones of the city or from
one spatial unit to the other. The process is essentially a (local) expansion di¤usion combined
with a sort of �temporary� relocation di¤usion.
For both kinds of commutation �ows, the origin locations (homes) are uniformly dispersed

in the corresponding spatial unit. Commutation �ows are characterized by their relative size,
i.e. the fraction of people who commute; the spatial distribution of workplaces � more or less
concentrated around the centre according to one distribution parameter � ; and their relative
pace. This last feature depends on the average times spent at home and at work, respectively,
which I parameterize using four di¤erent probabilities of leaving each location. The setup for
both spatial units is symmetric, except for the cases of long-distance commuting. All inter-city
commuters reside in one spatial unit (the origin city) and work in the other (the destination
city), and the few �rst adopters are located in the origin city.6

I explore all the possible �what if� scenarios throughMonte Carlo simulations. Each scenario
is characterized by a set of parameters, and is summarized by the adoption curves, one per
each spatial unit, respectively.7 The adoption curve is the cumulative proportion of adopters
[38]. Not surprisingly, the adoption curves are S-shaped, in consonance with the theoretical
and empirical literature on di¤usion. Commuting �ows do a¤ect the average velocity of the
contagion dynamics. Consequently, the adoption curves are still S-shaped, but with di¤erent
stages of growth and decay. In particular, I �nd the following main regularities.
For a given contagion probability, short-distance commuting �ows speed up the di¤usion.

Interestingly, for a given time spent in one of both locations (home or workplace), the decrease
in the time spent in the other location (or, equivalently, the increase of the velocity of one
round-trip), has an accelerating e¤ect on the di¤usion but up to a saturation point.
In those cases where there are only long-distance commuters, since the �rst innovators are

located in the origin city, the di¤usion in the destination city always starts with some delay.
Notice also that given the simple contagion dynamics, it always jumps to the other spatial unit.
It is a matter of time that a commuter spreads the item within the destination city. So here
the interesting question is related to the extent both adoption curves tend to be coupled, i.e.
tend to have similar stages of growth and decay. The answer depends crucially on the spatial
distribution of workplaces within the destination city.

5In this setup, �regularly� means that the individuals who commute, their both alternative locations, and
the speed of movements, do not vary during the whole time during which the spatial di¤usion occurs.

6Given the symmetric setup with respect all the other variables, the speci�c location of the �rst adopters
does not change the results.

7The parameters determine the distribution of initial conditions. Therefore, a realization is the simulation
of the full dynamics given a particular initial condition. The adoption curve is the average of K = 100 of such
realizations. See Section 2.3 for more details on the simulations.
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If commuters� workplaces are dispersed in the destination city, both cities� adoption curves
tend to be coupled. The concentration of the workplaces has the opposite e¤ect: on the one
hand, it speeds up the di¤usion in the origin city and, on the other hand, it slows down the
di¤usion in the destination city. The gap between both di¤usion processes increases the more
concentrated the workplaces are. This e¤ect would be mitigated if both commuting �ows
operated.
Admittedly simpli�ed, the model links many features of the commuting �ows to the shape

of the adoption curve, isolating the e¤ect of each kind of �ow. In particular, it highlights the
importance of the spatial distribution of workplaces of long-distance commuters in the destina-
tion city. Since the population spatial distribution is uniform, the more or less concentration
of workplaces around the centre of the unit square is equivalent to the concentration in any
other area. Hence, when workplaces are highly concentrated in the centre of the unit square,
such area could be interpreted either as a business district or as an industrial district at the
periphery of the city.

The model borrows from di¤erent lines of di¤usion research mainly developed in geogra-
phy, marketing/management, and epidemics.8 Conceptually, it is related to the traditional
geographic models of spatial di¤usion. The precursor was Torsten Hägerstrand�s work of inno-
vation di¤usion originally written in 1953 ([24], in [16, 41]).9

Hägerstrand identi�ed the spatial features of the three stages of the S-shaped adoption curve:
(i) local concentration of early adopters in the main cities, (ii) radial spreading of adoptions, fol-
lowing a urban-size hierarchy of cities (according to population) and subject to �neighborhood
e¤ect� (between cities or areas), and (iii) saturation (the spatial di¤usion becomes random). His
theoretical setting considered a system of cities connected by information �ows. These �ows
were assumed to depend positively on both populations and, negatively, on the geographic
distance. Through Monte Carlo simulations, he explored the spatial di¤usion incorporating
alternative assumptions on the spatial distribution of information and resistance.10 ;11

Models à la Hägerstrand are criticized because the di¤usion is treated only as a transition
from one state where there is no item to another where the item is already di¤used [14], and
the space is only considered as geographic distance [16]. But, as Sugiura ([41], p. 122) well
points out: �...spatial di¤usion research aims at elucidating the generating mechanism that
produces the spatial pattern of the item being di¤used.� Hägerstrand�s framework does not
suit all di¤usion processes, but those where information is the key di¤usion element.12

8A review of the huge body of di¤usion literature is far beyond the scope of this paper. In this sense, the well
known book of Everett Rogers [38] collects all the di¤erent approaches. See also [26] for a general discussion on
di¤usion.

9His original work was a monograph written in 1953, but it was rather known until it was translated to and
published in English in 1967.
10Interestingly, Hägerstrand advocated for the use of simulations in Geography [25].
11Following this line, [13] simulates a di¤usion model using an empirical data set for an agricultural region in

Chile.
12Although not directly related, it is worthwhile to mention a second group of precursors in economic geog-
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Hägerstrand�s information �ows could be interpreted as commuting �ows.13 Here, I show
that the combination of a contagion mechanism that works at an individual level and the
�direction� of such �ows determine the e¤ective spreading process between any two cities.14

In marketing/management di¤usion research, the best-known theoretical framework is the
canonical model of Frank Bass [8, 9], largely applied to the di¤usion of new products [40, 32,
17, 37, 28]. Bass�s model is an aggregate (global interaction) model of innovation di¤usion.
The probability of adopting depends on the total number of adopters in the population plus
an independent e¤ect of public advertising.15 Closer to mine, in this �eld there are also some
agent-based models [28, 20]. Most of them assume some contagion or social in�uence dynamics,
but in all cases, among a population of immobile agents. Marketing di¤usion models do not
consider explicitly the spatial dimension (an exception is [1]).
In epidemic models [31, 3, 4, 18, 6, 27, 12, 7], the social system is a network of cities

connected by �ows of travelers (commuters), although only few of them assume that such
movements occur between �xed locations [6, 27, 12, 7].16 Furthermore, within each spatial
unit, individuals are supposed to interact in an homogeneous fashion. Despite the di¤erent
details, I �nd similar results with respect to the e¤ect of the relative speed of movements.

In the next section (Section 2), I describe the main elements of the computational model.
In Section 3, I summarize the results of the simulations in three subsections, devoted to the
basic model without commuting �ows, the e¤ect of intra-city commuting, and the e¤ect of
long-distance commuting, respectively. In the last section (Section 4), I conclude and suggest
future research avenues.

2 The model

In this section, I formally describe the model. I start by characterizing the spatial and the
interaction structures: spatial unit or city, interaction neighborhoods, and population �ows.
Next, I specify the main aspects of the contagion process, emphasizing the de�nition and usual

raphy [22, 23, 33], who posited that the di¤erences observed in the patterns of spatial di¤usion were mostly
di¤erences in pro�tability. Therefore, instead of geographic distances, they considered the economic distances.
Speci�cally refered to innovation or technological innovation di¤usion, this approach focused on the empirical
determinants of spatial di¤usion [42].
13In e¤ect, there is empirical evidence that suggest that commutating �ows obey a resemblance of law of

universal gravitation, which basic formulation is the one proposed by Hägerstrand for the information �ow (see
[39] for a presentation of the methods, and [21] as an example of its recent application to simulations).
14The model of two cities can be easily extended to analyze a system of cities connected through commutating

�ows.
15The generalized version the Bass model [10] includes decision variables (such as price), being, though,

observationally equivalent to the basic model.
16The epidemic models that incorporate commuting �ows are extensions of the known metapopulation models,

with the di¤erence that the connections between subpopulations are the commuting �ows.
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Figure 1: Spatial units, neighborhoods, and commuting movements.

ways of describing the adoption curve. Finally, I go through the details of the computational
model.

2.1 The spatial and the interaction structures

Spatial units

There are two spatial units or cities, de�ned as sets of location points within the unit square,
i.e. Cj = f(x; y) : (x; y) 2 [0; 1]

2 \ R2g, j = 1; 2. In each spatial unit, N (>> 1) individuals
reside, each located at (xi; yi) 2 Cj. Both coordinates are randomly and independently drawn
from an uniform distribution, i.e. xi; yi � U (0; 1) (see Figure 1).

Neighborhoods

Each individual exclusively observes to or interacts with a small group of other individuals,
her/his �neighbors�. The neighborhood or in�uence zone of an individual i is the subset of
individuals who are located not beyond an interaction radius r from i�s location. In other words,

two individuals i and j are neighbors if and only if d (i; j) = 2

q

(xi � xj)
2 + (yi � yj)

2 � r.17

From any individual i�s perspective, there are only two types of other individuals, neighbors
and non-neighbors, and there is no di¤erence between any two neighbors, irrespective of their
relative proximity. For simplicity, I assume that all the individuals have the same interaction
radius r (see Figure 1).

17There are other forms for de�ning a neighborhood. For example, we could de�ne i�s neighborhood as the
K nearest neighbors (i.e., those K individuals who are at the smallest euclidean distance from i�s location).
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Commuters

Commuters share their time between two di¤erent �xed locations, that would be thought
as their home and workplace, respectively. Within each spatial unit Cj, S << N short-
distance commuters (or intra-city commuters) are regularly travelling from their origin loca-
tion or �home� (xih; yih) 2 Cj with probability sh to the destination location or �workplace�
(xiw; yiw) 2 Cj and returning with probability sw (see Figure 1 for an example).
Long-distance commuters (inter-city) live in one spatial unit, but work in the other. In

this case, I assume that homes are all located at C1 and workplaces at C2. More speci�cally,
L << N long-distance commuters travel from their homes (xih; yih) 2 C1 with probability lh to
their workplaces (xiw; yiw) 2 C2 and return with probability lh (see Figure 1 for an example).
Notice that this introduces an asymmetry between both cities, inasmuch as at any moment t
in C1 (C2) there may be less (more) individuals than N .
Summarizing, when S > 0 and L > 0, in C1 there are N � S � L immobile individuals,

while in C2 there are N � S immobile individuals. Both symmetric �ows of short-distance
commuters alternate between two di¤erent locations within the same spatial unit, while the
�ow of long-distance commuters alternate between C1 and C2.
Commuters of both types and their corresponding workplace locations are randomly chosen

at the beginning and remain unchangeable all the time that endures the dynamic process.
Commuters are uniformly chosen in all the cases from the initial N individuals � i.e. their
initial locations are set as their home locations. Therefore, commuters� homes are always
uniformly dispersed within the (origin) spatial unit.
As a novelty, I assume that workplaces may not be spatially uniformly distributed. Instead,

I posit that workplace coordinates are randomly and independently drawn from a symmetric
beta distribution b = b (�; �) = b(�; �) := b (�), � � 1.18 If � = 1, the symmetric beta
distribution is the uniform distribution, i.e. b (�) = U (0; 1). If � > 1, the beta distribution
is still symmetric around its mean � = 1

2
, but its variance is smaller than the variance of the

uniform distribution. Henceforth, the higher is �, the more concentrated are the workplace
locations around the centre

�

1
2
; 1
2

�

. I denote by �s and �l the parameters for the short-distance
and long-distance commuters workplace distributions, respectively. In Figure 2, I show two
examples of spatial distributions of workplaces of long-distance commuters. In the �rst case
(upper part of Figure 2), commuters� workplaces are uniformly distributed in the destination

18The beta distribution b (�; �) has two shape parameters, �; � 2 R++. The probability density function is

f (x;�; �) =

8

<

:

x��1 (1� x)
��1

B (�; �)
if 0 � x � 1

0 otherwise

where B(�; �) is the Beta function. The mean of the beta distribution is � =
�

�+ �
and its variance �2 =

��

(�+�+1)(�+�)2
. For � = �, the distribution is symmetric, with � = 1

2 and �
2 = 1

4(2�+1) . Whenever � = � = 1,

the beta distribution is exactly the uniform distribution U (0; 1), with � = 1
2 and �

2 = 1
12 . If � = � > 1, the

distribution is still symmetric around � = 1
2 , but �

2 < 1
12 .
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Figure 2: Spatial distribution of workplaces.

city (Spatial Unit 2). In the second case (bottom part of Figure 2), workplaces are more
concentrated around the centre.
Notice that since the spatial distribution of all homes (commuters� and noncommuters�)

are always uniformly distributed, the concentration of workplaces around the centre has the
same e¤ect as if they were concentrated in any other zone of the unit square. This means that
if workplaces are very concentrated, the interpretation of this labor area can be any: from a
business district (which in the real cities would be located at the centre) to an industrial district
(which is often located at the periphery of the city).
At her/his workplace, a commuter i socializes with other individuals � those within an

interaction radius r. Consequently, when i is, let�s say, at home, she/he interacts with some
people, and when she/he is at work, interacts with other people. Of course, these two events
occur at di¤erent moments in time, meaning that i can only exert her/his in�uence on (and be
in�uenced by) a certain group only if she/he is present at the corresponding location.

9



2.2 The di¤usion by contagion

On top of the population structure and commuting movements described in the previous sub-
section, I assume that a dynamic process of contagion di¤usion takes place. Let�s suppose that
there exits some idea or practice (generally called �di¤usion item� or just �item�) that has
the following properties: (i) it can be passed from one individual to another while remaining
with the �rst individual, and (ii) its transmission (either intentional or not) is made through
personal contact. A typical example is tacit knowledge, a piece of knowledge that is not codi�ed
and, therefore, it cannot be transmitted through other channels [34]. Another example is some
personal habit or attitude that can be imitated.19

At any moment in time, an individual i (commuter or noncommuter) can be additionally
characterized by her/his status, either �adopter� or �nonadopter�.
The di¤usion process is driven exclusively by simple local spreading rules. Any nonadopter

i, imitating to one of the adopters she/he interacts with, adopts the di¤usion item with prob-
ability p. Since she/he can be in�uenced independently by any of her/his adopting neighbors,
the probability that a nonadopter becomes an adopter is increasing with the total number of
adopting neighbors she/he has. More speci�cally, if ai (t) is the number of adopting neighbors

i has at time t, the probability that i adopts the di¤usion item is 1� (1� p)ai(t). Recall that if
the individual i is a commuter, she/he has two possible neighborhoods to consider, depending
on the precise place she/he is at moment t. The parameter p is the same for any individual in
both spatial units.
For simplicity, I assume that the adopters are �never� disenchanted with the item; so, once

an individual becomes an adopter, her/his status does not change for �ever�.

The adoption curve

The contagion dynamics implies that, provided that initially a few individuals spontaneously
adopt the di¤usion item, in the long-run (almost) the whole population will adopt it. The
dynamics is not ergodic and converges to an unique result. Only those individuals that by
chance are isolated from the rest do not become adopters.20

The objective is to study the evolution in time of the di¤usion process, and, when there
are long-distance commuting �ows, to compare the evolution in the two spatial units. This can
be done by analyzing the principal features of the so-called adoption curve [38]. This curve
describes the cumulative proportion of population that adopts the item as a function of time,
denoted by A(t).
To summarize the information conveyed by these curves, I de�ne the following statistics:21

19Of course, the contagion of some diseases could be another application [5, 35].
20Of course, in the real world 100% of adoption is unlikely. The results do no change if this 100% is de�ned

over the potential adopting population.
21Following Rogers�s taxonomy [38], the individuals can be classi�ed according to the relative time they

adopt the item until the saturation level is reached. Indeed, on the assumption that the adoption density
follows approximately a normal distribution, Rogers� classes are determined by the percentiles: the �rst 2:5%
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� The elapsed time tA until certain proportion A of the population adopts the item. It
measures the time that pass until a cumulative proportion A of adopters is reached. If
necessary, it is computed by linear interpolation.

� The average velocity vA0;A1 of the adoption process between any two cumulated level
of adoptions, A0 and A1, with A0 < A1. It is the slope of the line that pass through both
points on the adoption curve and it is computed as:

vA0;A1 =
A1 � A0
tA1�tA0

� 100

The magnitude is %
t
, and its interpretation is quite simple. For example, if vA0;A1 = 4,

this means that between the A0�100 % and the A1�100 % of adoption level, on average,
4% of new adopters were added at each time step.

� The maximum vertical distance dmax between the adoption curves of both spatial
units. It is calculated as follows: given two adoption curves A0(t) and A1(t), the vertical
distance at each time step is d(�) = jA0(�)� A1(�)j, i.e. the distance between the
cumulative proportion of adopters observed at time � . Then, the maximum distance is
computed as:

dmax = max fd(0); d(1); :::; d(T )g :

Notice that dmax 2 [0; 1]. If dmax = 0, then both curves are identical and the di¤usion
processes are completely coupled. If dmax = 1, this would imply that when in one of the
two spatial units the di¤usion was complete, in the other it did not even start.

When L > 0 (i.e. when there are long-distance commuters), I compute the proportion of
adopters (cumulative proportion) in spatial unit Cj at time t as the fraction of residents that
are adopters, independently of their current spatial position. That is to say, in computing the
adoption proportion, the long-distance commuters who are adopters count for C1�s proportion,
even if at moment t some of them would be working in C2.

2.3 The computational model22

Given the multiplicity of parameters, I make the following simpli�cations:

� N = 5000 in each spatial unit (both have the same number of residents).

are the innovators; the next 13:5% � corresponding to critical point � � �, the early adopters; from 13:5% to
50% (critical point �), the early-majority adopters; from 50% to 84% (�+ �), the late-majority adopters; and
the last 16%, the laggards. I neither use this classi�cation nor the percentiles, because the adoption curves I
obtain are not symmetric. I use the percentiles proposed in [29].
22To perform all the simulations, I used the software Python 2.7, an Open Source language (Copyright (c)

2001-2012 Python Software Foundation. All rights reserved). All codes are available upon request.
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� The spatial distribution of short-distance commuters in both spatial units is the same:
workplace locations are chosen according to xiw; yiw � b (�s) for all short-distance com-
muter i 2 C1; C2.

� A fraction A0 =
2
N
of initial adopters are randomly located only in one of the two spatial

units. In this way, the di¤usion item is located in one spatial unit and, eventually, if
L > 0, it spreads to the other spatial unit.

The interaction radius r, the contagion probability p, the number of short-distance com-
muters S, and the short-distance commuting probabilities (sh; sw) are the same for both spatial
units.
A scenario is de�ned by a particular combination of values for the set of parameters

f�s; �l; L; S; r; A0; N; p; sh; sw; lh; lwg. For each possible scenario, I obtain the adoption curve
as the average over 100 realizations or runs. A realization is a complete simulation of a di¤u-
sion process in time, given a particular initial condition randomly de�ned at t = 0, given the
parameters� values.
Time is discrete. At each time step t, all current nonadopters simultaneously update their

status, and all commuters attempt to move.

� If the individual i is a nonadopter, with probability 1�(1� p)ai(t�1) adopts the innovation.
ai(t�1) is the number of adopting neighbors, including those commuters who are present
and excluding those who are not present at moment t� 1.

� If the individual i is a short-distance commuter who at time t � 1 is at home, with
probability sh travels to her/his workplace, i.e. to the location (xiw; yiw). If she/he is at
location (xiw; yiw), with probability sw returns to (xih; yih).

� Similarly, if i is a long-distance commuter and is at home (location (xih; yih) 2 C1), with
probability lh travels to the other spatial unit C2, to the location (xiw; yiw). If she/he is
at work, she/he returns with probability lw.

Remark 1 An individual i may be commuter and nonadopter. The updating process is made
with two di¤erent random numbers, hence i would adopt or not and/or move or not.

A realization lasts t = 1; 2; :::; T time steps, where T is such that jA(T )� 1j < ", (" << 1).
At each t, the proportion of adopters in each spatial unit is computed. Let denote by Aj(t)
the fraction of adopters of the spatial unit j, considering all the N residents, irrespective of
their current position. Recall that the long-distance commuters who are adopters count for
C1�s proportion, even if at moment t some of them would be working in C2.
The adoption curve is the average of 100 of such realizations. Let be k be the index for the

realizations, k = 1; 2; ::; K, with K = 100, and Ajk(t) the cumulative proportion of adopters in
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spatial unit j obtained for time t at realization k. The cumulative proportion of adopters (in
spatial unit j) at time t is obtained as:

hA(t)ij =
1

K

K
X

k=1

Ajk (t)

Remark 2 The statistics that summarize the information of the adoption curves (elapsed time,
average velocity, and maximum vertical distance) are computed in a similar fashion. Each
measure is the average over the K realizations.

3 Results and discussion

3.1 The expansion di¤usion

In this subsection, I analyze the results of the contagion dynamics when there are no commuters
(S = L = 0). Evidently, the di¤usion item only spreads in the spatial unit where the �rst
adopters are located. The shape of the adoption curve depends on the contagion probability
p, and the interaction radius r. Coarsely, p would be interpreted as the intensity of individual
in�uence, and r as the degree of integration and/or socialization (in the sense that the larger
r the more neighbors an individual has).
The main results can be summarized as follows:

� The adoption curve is S-shaped whatever are the values of the parameters considered.
This is consistent with many empirical evidence and it is, therefore, generally accepted
as one of the features of the spatial di¤usion [41, 38].23

� Increasing (ceteris paribus) r, accelerates the spreading of the item.24 (see Figure 3).

� A similar e¤ect has an increase in p. There is, however, a saturation point for large values
of p. Figure 3 (c) depicts the relation between the elapsed time t0:5 and p. Each point
is the time (measured in time steps) it takes to reach the 50% of adoption. Figure 3 (d)
shows the relation between the same elapsed time t0:5 and

1
p
. Given the time structure

of the computational model, 1
p
could be interpreted as the average time it takes for a

nonadopter to imitate one neighbor. The relation between t0:5 (and, in general, any tA)
and 1

p
is approximately linear (tA � 0(r) + 1(r) �

1
p
) with coe¢cients that depend on

r. The larger are the in�uence neighborhoods (larger r), the easier is to di¤use the item.

23For simplicity, most of the theoretical models assume a symmetric distribution, centered at 50% of adoption.
The probabilistic model to describe this dynamics is the logistic. In the model I present, the adoption curve is
better described by a Weibull distribution.
24One cautious note has to be done with respect to r, as the e¤ect of this parameter is related to N . If r is

too low with respect to the value of N chosen for the simulation, a large fraction of individuals remains isolated
by construction. In this case, it is impossible to reach the 100% of individuals.
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Figure 3: Di¤usion without population movements. Panels: (a) Adoption curve (cumulative
proportion of adopters), p = 0:1; (b) Noncumulative proportion of adopters, p = 0:1; (c) t0:5
(elapsed time until 50% of the population adopts the item) as a function of p; and (d) t0:5 as a
function of (1=p). (In all cases, N = 5000, A0 = (2=N), and K = 100).

3.2 The e¤ect of short-distance commuting

In this part, I discuss the main features of the adoption curve under the assumption that some
residents regularly commute to work to some other place within the same spatial unit (i.e,
S > 0). There are no long-distance commuters (i.e. L = 0), hence I analyze the spread of the
di¤usion item in the spatial unit where the �rst adopters are located. For any given pair of r
and p, the e¤ect of the short-distance commuting is qualitatively similar. Therefore, to show
the main outcomes, I �x r = 0:025 and p = 0:1.
The evolution in time of the level of adoption is now determined by the number of intra-city

commuters, S, the spatial distribution of their workplaces b(�s), and the probabilities of moving
from home to work, sh, and from work to home, sw. Recall that when �s = 1 workplaces are
located anywhere within the spatial unit, while if �s > 1 (large), they are concentrated around
the centre, that is, a particular zone of the unit space.
The introduction of commuters does not modify the S-shape of the adoption curve. It

14



does change, though, the relative speed at which the item di¤uses through the spatial unit
compared with the immobile case (S = 0). Because of the additional impulse of the temporary
relocation di¤usion driven by the commuters, the spreading is faster. And, as expected, the
more commuters (higher S

N
), the faster di¤uses the item among all the population (see Figure

4 (a)). The spatial distribution of workplaces has almost no e¤ect. As it can be observed
in Figure 4 (b), the adoption curves for the uniform distribution (�s = 1), and for a very
concentrated distribution (�s = 16) are quite similar.

Figure 4: Di¤usion with short-distance commuting. Panels: (a) Adoption curve, e¤ect of the
size of the �ow S; and (b) Adoption curve, e¤ect of the spatial distribution of commuters�
workplaces �s. (In both cases, r = 0:025, p = 0:1, and sh = sw = 0:1 if S > 0; N = 5000,
A0 = (2=N), and K = 100).

Provided that the intra-city commuting speeds up the adoption, the next question to address
is how the probabilities sh and sw impinge on such acceleration. The answer is relatively simple:
for a �xed value of one of these two probabilities, the e¤ect of the other is not monotonous.
This result is shown in Figure 5, where the average velocity of di¤usion from 10% to 50% of
adoption (v0:1;0:5) is computed for each pair of probabilities. Let�s �x, for example, sh = 0:5, and
increasingly vary sw. The average velocity increases approximately from 3 to 4 until sw � 0:45;
for higher values of sw, the average velocity of di¤usion remains more or less constant (and
even slightly decreases) between 4:2 and 4:4. As Figure 5 shows, for any given value of sh (sw),
the e¤ect of increasing sw (sh) is qualitatively similar.
Suppose that a commuter has just arrived from work. If she/he is to depart again to

work with probability sh, then the average time she/he spends at home is �
1
sh
. This is the

mean of a standard geometric distribution with probability of �success� sh.
25 Analogously, the

25At each time step the commuter leaves her/his home with probability sh and does not leave with probability
(1� sh). The probability that she/he leaves at time step � is equal to the probability that in � � 1 time steps

the departure �fails� and in the last event the �success� occurs, i.e. (1� sh)
��1

sh.
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commuter spends on average � 1
sw
time units at her/his workplace. The elapsed time between

two successive departures home-work (or viceversa) is 1
sh
+ 1

sw
, hence the probabilities that the

commuter i is at each place are sw
sw+sh

(at home), and sh
sw+sh

(at workplace), respectively, and
the speed of one complete �round-trip� is shsw

sw+sh
.

Figure 5: E¤ect of the speed of short-distance commuting on the average velocity of di¤usion
from 10% to 50% of adoption level. Each point in the plane shows the value of v0:1;0:5 as a
function of a particular combination of (sh; sw). (In all cases, r = 0:025, p = 0:1, S=N = 0:05,
�s = 1, N = 5000, A0 = (2=N), and K = 100).

Next, suppose that sh is �xed, so that the time spent at home is maintained. When sw is
varied, what changes is the average time spent at work. If sw is too large, the commuter has
(relatively to the contagion probability p) less time to be in�uenced by or to in�uence to their
workplace neighbors.
It follows that, given the probability of contagion p, the di¤usion is faster when: (i) the

commuter stays a similar amount of time at each place, i.e. when sh = sw in comparison to
sh 6= sw; and (ii) the speed of one round-trip is fast, i.e. both sh and sw are relatively large.
By alternating between the two locations with the same probability at a relative fast velocity,
the commuter maximizes the number of people she/he meets, thus reinforcing the chances of
convincing people (if she/he is an adopter) or being seduced by others to adopt the item (if
she/he is a nonadopter).
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3.3 The e¤ect of long-distance commuting

Having discussed the e¤ect of short-distance commuting, I turn now to the main �ndings
concerning the e¤ect of inter-city or long-distance commuting on the evolution in time of the
adopting behavior in two spatial units. The analysis aims to isolate the e¤ect of these �ows,
therefore, I concentrate on the situations where there are only long-distance commuters. To
�nalize this subsection, I show an example of both types of commuting.

Figure 6: Di¤usion with long-distance commuting, uniform (�l = 1) spatial distribution of
workplaces in C2, adoption curves. Panels: (a) lh = lw = 0:05 if L > 0, �rst adopters located
in C1; (b) Same case as (a), but with �rst adopters located in C2; (c) E¤ect of di¤erent values
of lh = lw, L=N = 0:05. Lines of the same color represent C1 and C2; and (d) E¤ect of size L,
lh = lw = 0:1. Lines of the same color represent C1 and C2. (In all cases, r = 0:025, p = 0:1,
N = 5000, A0 = (2=N), and K = 100).

For this part, I suppose that:

� All the inter-city commuters (L > 0) live in one of the spatial units, C1, and work in C2.

� The �rst adopters (A0 =
2
N
) are located in C1. Given the symmetry in all the parameters

between both spatial units (except the commutation �ow), the results are qualitatively
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invariant to the location of the �rst adopters (see one example in Figure 6 (b)).26

� N = 5000, S = 0, p = 0:1, and r = 0:025.

Under these assumptions, both adoption curves are S-shaped, and their speci�c features
depend on the spatial distribution of workplaces in city C2 (parametrized by �l), the fraction
of long-distance commuters ( L

N
), and the commuting probabilities lh and ls.

The foremost result of introducing long-distance commuters is that the spatial distribution
of workplaces in the destination city C2 is a key factor in the di¤usion in both spatial units.
If workplaces are uniformly dispersed, both dynamics tend to follow similar paths (Figure 6

(a)). The di¤usion in C2 always starts with some delay, but soon reaches almost the adoption
levels of the origin spatial unit C1. Furthermore, this is more pronounced the larger is the
size of the �ow (Figure 6 (d)), and/or the higher are the probabilities of commuting, lh and lw
(Figure 6 (c)).

Figure 7: Di¤usion with long-distance commuting, concentrated (�l = 16) spatial distribution
of workplaces in C2, adoption curves. Panels: (a) lh = lw = 0:05 if L > 0; and (b) E¤ect of
di¤erent values of lh = lw, L=N = 0:05. Lines of the same color represent C1 and C2. (In all
cases, r = 0:025, p = 0:1, N = 5000, A0 = (2=N), and K = 100).

As it can be observed in Figure 7, when the spatial distribution of workplaces is concentrated
around the centre, the outcome is completely di¤erent. There is a gap between both dynamics
that remains even if the probabilities of commuting are high (Figure 7 (b)).27

The e¤ect of both probabilities is analogous to the case of short-distance commuting, but,
of course, mediated by the spatial distribution of workplaces. Figure 8 shows, for each spatial

26It is worthwhile to mention that I simulated all the scenarios with initial adopters in C2. The main di¤erence
I found was that the variance between realizations was higher. I chose to show the average adoption curves of
the case with a minor variance, i.e. with initial adopters in C1.
27The gap remains even if both probabilities are assumed to be di¤erent. See Figure 8.
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Figure 8: E¤ect of the speed of long-distance commuting on the average velocity of di¤usion
from 10% to 50% of adoption level. Panels: (a - b) Uniform spatial distribution of workplaces
in C2 (�l = 1), and L=N = 0:05, (a) spatial unit C1, and (b) spatial unit C2; (c - d ) More
concentrated spatial distribution of workplaces in C2 (�l = 10), and L=N = 0:05, (c) spatial
unit C1, (d) spatial unit C2. (In all the cases, r = 0:025, p = 0:1, N = 5000, A0 = (2=N), and
K = 100).

unit, and for two di¤erent distributions (uniform �l = 1 , and concentrated with �l = 10), the
e¤ect on the average velocity v0:1;0:5.

28 For �l = 1, the di¤usion is slightly faster in C2 than in
C1 � in C2 it ranges from 2:75 to 3:75, and from 2 to 3:25 in C1, approximately �. For �l = 10,
in C1 the di¤usion is not only much faster than in C2 (3 to 5 versus 1 to 2), but also much faster
than in the case of uniform distribution. Notice that, in both cases, the spatial distribution of
commuters� homes, all located in C1, is the same (uniform).
Since the spatial distribution of workplaces is completely described by �l, it is possible to

describe the e¤ect of variations in workplaces� concentration in a more systematically fashion.
Figure 9 shows, as a function of �l: (i) the average velocity v0:1;0:5 of each adoption curve (C1

28Each one of the panels has the same interpretation as Figure 5.
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and C2) (Panel (a)), and (ii) the maximum vertical distance between both curves (Panel (b)),
respectively. The higher is the maximum distance, the more uncoupled are both dynamics, and
this occurs the more concentrated workplaces are.

Figure 9: E¤ect of the spatial distribution of workplaces (�l) in the destination city. Panels:
(a) On the average velocity of di¤usion from 10% to 50% of adoption; and (b) On the maximum
(vertical) distance between the adoption curves of both spatial units. (In all the cases, L=N =
0:05, r = 0:025, p = 0:1, N = 5000, A0 = (2=N), and K = 100).

When workplaces are too concentrated in the destination city, it is likely that the commuters
socialize there mostly with other commuters. This has two consequences. On the one hand,
the interaction with residents of the destination city is minimal, and this is an obstacle to the
di¤usion in that spatial unit. On the other hand, as soon as one commuter adopts the item,
she/he is able to pass it to other commuters relatively fast, so, when the commuters return to
their homes, they are able to spread the item to the residents of the origin city. This spreading
is very fast because commuters� homes are dispersed in the origin city.
To �nalize, suppose that both commuting �ows coexist. Then, it is possible that the time

di¤usion in both cities progress toward being more similar. This depends on the speci�c values
of the parameters. To start with, it is necessary to re�ect the di¤erent timing that both �ows
usually have. A reasonable requirement is that short-distance commuting occurs at a faster
rhythm, i.e. (sh; sw) � (lh; lw). Next, the �direction� of the short-distance commuting �ows
(determined by the spatial distribution of workplaces) now should matter. A second require-
ment, thus, is that short-distance commuters in C2 interact with the long-distance commuters
in the centre, thus �s should be high. At last, the relative sizes of the �ows should be such
that S

N
> L

N
. Figure 10 illustrates the previous reasoning. From an initial situation where 5%
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of long-distance commuters alternate between both spatial units, the introduction of 15% of
short-distance commuters within each spatial unit, dramatically reduces the gap between both
di¤usion processes.

Figure 10: Di¤usion with short- and long-distance commuting. Contribution of the short-
distance commuting �ows to the reduction of the gap between both di¤usion processes induced
by long-distance commuting �ows to the centre of the destination city. Long-distance commut-
ing �ows: concentrated spatial distribution of workplaces in C2 (�l = 10), and lh = lw = 0:05.
Short-distance commuting �ows: concentrated spatial distribution of workplaces concentrated
around the centre of C1 and C2 (�s = 10), and lh = lw = 0:5 > lh = lw. (In all the cases,
r = 0:025, p = 0:1, N = 5000, A0 = (2=N), and K = 100).
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4 Conclusions

In this paper, I present a simple computational model to assess how commutating �ows would
a¤ect the spatial di¤usion of an idea or practice. Unlike traditional models of spatial di¤u-
sion, I assume explicitly that the expansion di¤usion is bottom-up (at an individual level) by
local contagion. In this context, while short-distance commuting �ows always accelerates the
di¤usion within the city, the e¤ect of long-distance �ows depends on the spatial distribution of
workplaces.
The di¤usion in cities connected by commuting �ows may evolve in similar fashion or not.

Through the parameterization of such distribution, I was able to state the relation of such
processes and the concentration of workplaces. Too much concentration prevents the di¤usion
in the destination city, whereas accelerates it in the origin city. Interestingly, there is empirical
evidence that supports the notion that knowledge (especially tacit knowledge) is indeed localized
within certain zones. In particular, [2] shows that it is localized within certain regions and
that it locally spreads through the inter�rm mobility of engineers; and [19] �nds evidence
that knowledge spillovers are very localized within a microgeographic scope in the Boston
metropolitan area labor market.
The main limitation of the model is that it may be too simpli�ed. A natural question would

be whether the assumption that socialization is spatially constrained is realistic or not. There
is evidence, though, that the space still constraints social relationships. In [11], for example,
the evidence suggests that, even though there are spatially dispersed social networks, most
of the individuals would interact with people who live at the same address (at home); [30]
study a large social network and report that about 2/3 of friends are nearby located and that
distance and population density, both, contribute to explain the probability of befriending a
particular person; and [36] �nd that small social groups are geographically close, but become
more spatially dispersed when the group size is large (about 30 members).
There are at least three possible future paths to follow in this research: (i) to extent the

model to a system of cities networked by commuting �ows; (ii) to explore the other two di¤usion
models at the microbehavior level (social in�uence and social learning); and (iii) to apply this
setup using real data of geographic locations.29
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