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Growth/Decay Models Part II

1. Adding a Drug Intravenously

The concentration of a drug in a person, C(t), decreases at a rate proportional to the current

concentration of that drug with constant of proportionality k = �0.12. The concentration is

8mM at 2pm and 0.5mM of the drug are added to the person’s body every hour. An initial

value problem for C(t) is

dC

dt
= , C(0) =

This is a di↵erent type of di↵erential equation that the ones previously discussed. Show that

C(t) =
1

0.12

�
0.5� 0.46e�0.12t

�

solves this initial value problem.

What happens as t ! 1?

How can we interpret this result?

2. Population Growth with Emmigration: The population P (t) of a town (in thousands)

grows at a rate proportional to the current population with constant of proportionality k =

0.25. Approximately one thousand people leave the town per year. Given an initial value

P (0) = P0, find an initial value problem for P (t).
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3. Slopefields: In the slopefields activity, Let a = 0.25 and b = 1. Use slopefields and plots of

the solution curves to answer the following:

• Which model does this represent?

• What patterns do you see with the arrows? What is similar to the exponential model?

What is di↵erent from the exponential model?

• How do those patterns relate to the di↵erential equation?

• Which model does this represent? How does the slopefield relate to the model?

• Find the equilibirum solution for this model. What is the long term behavior of this

system? Does it depend on the initial condition?

Now let a = �0.12 and b = 0.5.

• Which model does this represent?

• What patterns do you see with the arrows? What is similar to the exponential model?

What is di↵erent from the exponential model?

• How do those patterns relate to the di↵erential equation?

• Which model does this represent? How does the slopefield relate to the model?

• Find the equilibirum solution for this model. What is the long term behavior of this

system? Does it depend on the initial condition?
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4. Solving a new Growth/Decay Model Consider the di↵erential equation

dy

dt
= ay + b. (1)

A reasonable guess for the solution would be a function of the form y(t) = ceat + d.

Substitute y(t) = Ceat +D into (1) and find D. Hint: Terms with C should cancel.

Use y(0) = y0 to find C.

The general solution to the initial value problem

dy

dt
= ay + b, y(0) = y0

is

y(t) =

If a > 0 what happens as t ! 1?

If a < 0 what happens as t ! 1?

Let y0 = � b
a . Find y(t).

In this case, what is dy
dt ?

The solution y(t) = � b
a is called an .

Note: If you let b = 0 in the above equation, then the di↵erential equation reduces to our

previous model of simple exponential growth and decay. In this case the equilibrium solution

is y(t) = 0.
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5. Temperature Models:

Newton’s Law of Cooling: The rate of change of the temperature of an object is

proportional to the di↵erence between the object’s temperature and the temperature

of its surroundings.

Translation to an initial value problem: T 0 = k
�
T � Ts

�
, T (0) = T0

Discuss whether or not this equation matches the model.

Example: Time of Death

A crime scene investigator discovers a dead body at 12am. At the time the body is found,

the temperature of the body is 88� F. An hour later the temperature of the body is 86� F.

The temperature of the room is held at fixed at 72� F. Use Newton’s Law of Cooling to find

the time of death.

(a) Write down the Newton’s Law of Cooling model that describes this situation. Note that

T0 and Ts are given, but k is not.

(b) Solve the equation.

(c) Use the fact that T (1) = 86 to determine k.

(d) Use the fact that a body is normally 98.6� to find the time of death.
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6. A Falling Body with Air Resistance:

Consider a falling object of mass m and velocity v(t). Assume that the force due to air

resistance is proportional to the velocity.

By Newton’s Law,

m
dv

dt
= � mg|{z}

gravity

+ kv|{z}
air resistance

dv

dt
= g � k

m
v

Solve this linear first order ODE for v(t) with v(0) = v0.

What happens as t ! 1?

This limiting velocity is called terminal velocity.
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