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Growth/Decay Models

1. Simple Growth/Decay Models: Recall the following models.

• Population Growth: The change in a population P (t) is proportional to population size.

dP

dt
= kP, P (t0) = P0

• Chemical Decay: The decrease in the amount of chemical C(t) is proportional to the

amount of chemical left.
dC

dt
= kC, C(t0) = C0

In the slopefields activity, click on the “Models” button and choose the exponential model.

Let a = 0.2. Discuss any observations can you make about the slopefield.

• What do the arrows represent?

• What patterns do you see with the arrows?

• How do those patterns relate to the differential equation?

• Which model does this represent? How does the slopefield relate to the model?

Now let a = −0.2. Discuss the same observations about the slopefield, diff. eq., and the model.

• What patterns do you see with the arrows? What is different?

• How do those patterns relate to the differential equation?

• Which model does this represent? How does the slopefield relate to the model?
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Below are plots of the slopefields for P (t) and C(t) with respect to time. Draw solutions to the

differential equations above by tapping on a point in the slopefield and sketch them below.
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• What obervations can you make about the relationship between the slopefields and the

solution curves?

• Do the differential equations have any equilibirum solutions? How are the solution curves

near the equilibirum solutions different for the two models?

Note: Each curve represents a different initial condition (t0, y0). The set of curves is called

a family of solutions to the differential equation.

2. A Simple Differential Equation: Consider the following differential equation:

y′(t) = ky(t), (1)

What kind of function has a derivative that is a constant times itself?

Find a function y(t) that solves (1). Show that y(t) = is a solution to (1).
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Is this the only solution?

Is ekt + C a solution?

Is Cekt a solution?

The general solution to (1) is y(t) = .

If y(0) = y0, then y(0) = = . The unique solution is y(t) = .

3. Example: Concentration of a Drug

The concentration of a drug in a person, C(t), decreases at a rate proportional to the cur-

rent concentration of that drug with constant of proportionality k = −0.12. Given that the

concentration is 8mM at 2pm, find an initial value problem for C(t).

Solve the initial value problem for C(t).

What is the concentration at 5pm? At 10pm?

How long will it take for the concentration of the drug to reach half of its initial value, 1
2C0?

Note that lim
t→∞

C(t) = , i.e. the chemical concentration decays to .
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4. Example: Population Growth

The population of a bacteria colony grows at a rate proportional to the current population with

constant of proportionality k. If the initial population is P0, write an initial value problem for

P (t).

Solve the initial value problem for P (t).

Given that the population grows to five times its initial value after 2 days, P (2) = 5P0 find k.

Find the time it takes for the population to double in size, 2P0.

Note that for every P0, lim
t→∞

P (t) = , i.e. the population .
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