
Section 3.4 HW
Please give complete, well written solutions to the following exercises.

We have studied y′ = ky which is equivalent to the rate of change of an object
being proportional to it’s current value. In these exercises we will investigate
the differential equation

y′′ = ky.

This equations states that the acceleration of an object is directly proportional
to it’s position. This is sometimes known as the spring equation or the equation
of vibration.

1. Suppose k = 0. Show that the solution is of the form

y(t) = At+B,

where A and B are constants.

2. Suppose k > 0. Show that the solution can be written in the form
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where A and B are constants.

3. Suppose k < 0. Show that the solution can be written in the form
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where A and B are constants.

4. Suppose that the differential equation also has conditions

y(0) = y(1) = 0.

This means that the vibrating object under investigation is “clamped.”
I.e., it is held fixed at both ends. Prove:

(a) If k = 0 the only solution requires both A = B = 0 and therefore
must be trivial. i.e. the solution must be y(t) = 0.

(b) If k > 0 the only solution requires that both A = B = 0 and therefore
must be trivial.

(c) If k < 0, the only NONTRIVIAL solutions are of the form

y(t) = A sinnπt

(that is, −k = nπ) where n is any integer.

You have now shown that a vibrating object held fixed at both ends must have
the shape of a sine wave. Moreover, that there are only certain types of sine
waves which are allowed. This has quite an impact on the allowable vibrational
patterns of things like strings and explains why certain harmonies sound good
together and others don’t.
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