
Section 2.8 HW
Please give complete, well written solutions to the following exercises.

In this section we discussed the tangent line approximation L(x) as the best
“first-order” approximation to a given function y = f(x). If we were to construct
L(x) at the point (a, f(a)), then we required that this approximation satisfy the
two conditions:

• L(a) = f(a)

• L′(a) = f ′(a).

In these exercises we will search for “higher-order” approximations. The first of
which is the “second-order” or “quadratic” approximation. In this case we are
looking for a parabola of the form

Q(x) = Ax2 +Bx+ C.

This approximation should satisfy three conditions:

• Q(a) = f(a)

• Q′(a) = f ′(a).

• Q′′(a) = f ′′(a).

Note that both L(x) and Q(x) agree with f(x) in position and first derivative.
Since the quadratic approximation ALSO agrees with the second derivative, we
presume that it will provide a better approximation to f than L.

1. Let a = 0 and f(x) = cosx. Compute L(x) and Q(x) and graph all of
f, L,Q on the interval [−π, π]. Comment on how well each of L and Q
approximate f .

2. Let a = 0 and f(x) =
√
x+ 4. Compute L(x) and Q(x) and graph all

of f, L,Q on the interval [−2, 2]. Comment on how well each of L and Q
approximate f .

3. Let us increase the degree of the approximating polynomial:

M3(x) = c3x
3 + c2x

2 + c1x+ c0.

In this case, we still want the derivatives of M3 to agree with those of f
as before:

• M3(a) = f(a).

• M ′3(a) = f ′(a).

• M ′′3 (a) = f ′′(a).

• M ′′′3 (a) = f ′′′(a).

If a = 0 and f(x) = sinx derive M3(x). Use a calculator to compute
M3(π/4). How close is this value to the true value of sin(π/4)?
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4. Consider the general n-th order polynomial:

Mn(x) = cnx
n + cn−1x

n−1 + · · ·+ c1x+ c0.

Suppose this polynomial is to approximate the function f(x) at a = 0.
Following the same pattern of derivative agreement from before, show
that

ck =
f (k)(0)
k!

.

The polynomial with coefficients ck given by the above formula is called
the degree n MacLaurin polynomial.
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