
Chapter C
Random Variables

One is often interested in a particular characteristic of the (uncertain) outcomes of
an experiment. To deal with such situations we may want to transform the given
probability space (that models the underlying experiment) into another probability
space the sample space of which contains the set of all values of the characteristic that
we are interested in. This is achieved by means of ameasurable function, which is more
commonly referred to as a random variable in probability theory. In the most general
sense of the term, such a function maps one measurable space into another. However,
most measurable functions that are encountered in practice map a measurable space
into a metric space, leading to the notion of Borel measurability. This chapter is
devoted to a preliminary investigation of such functions. Our treatment is fairly
elementary, but we put particular emphasis on approximations of metric space-valued
random variables by simple random variables and on σ-algebras generated by metric
space-valued random variables, as these play an important role later in the text. We
also talk about Borel probability measures induced by metric space-valued random
variables in some detail, and introduce the notion of “almost sureness.”

1 Random Variables

First Impressions

Consider the experiment of tossing two fair dice together, and suppose that for some
reason we are interested in the sum of the faces of these dice. We could model here the
mother experiment by means of the probability space (X, 2X ,p) where X := [6]2 and
p(S) := |S|

36
for any S ∈ 2X . But this would not be particularly useful, because we are

interested in our experiment only insofar as its implications for the sum of the faces
of the two dice are concerned. To obtain the probability space that is tailored for our
purposes, it makes more sense to use instead the map x : X → {2, ..., 12} defined by
x(i, j) := i+ j. (This map is an example of a random variable on (X, 2X ,p).) Indeed,
the probability space we are after is none other than (Y, 2Y ,q), where Y := {2, ..., 12}
and q(S) := p{(i, j) ∈ X : x(i, j) ∈ S} for each S ∈ 2Y .1

This example suggests that a random variable on a probability space is any func-
tion that maps the sample space of the model to R. This is not quite right. To
wit, consider again the experiment of tossing two fair coins simultaneously, but this
time assume that we will only be told whether or not the faces of the dice sum up
to an even number at the end of the experiment. Thus, the probability space under

1One could get to this space directly by defining q(S) :=
∑
ω∈S

1
36 (6− |7− ω|) for each S ∈ 2Y ,

but defining q through p is in general much more practical.
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consideration is (X,Σ, r), where X := [6]2, Σ := {∅, A,X\A,X}, and r(A) := 1
2
, with

A standing for {(i, j) ∈ X : i+ j is even}. Now consider the map x : X → {2, ..., 12}
defined by x(i, j) := i + j as above. This map is unable to transform (X,Σ, r) into
a new probability space which tells us the likelihood of all potential values of x.
For instance, we have no way of assigning a probability to the event that “x takes
value 2,” because {(i, j) ∈ X : x(i, j) = 2} does not belong to Σ, that is, x−1(2)
is not viewed as an “event” in our original probability space. (The map x is thus
not a random variable on (X,Σ, r).) On the other hand, all goes well with the map
y : X → {2, ..., 12} defined by y(i, j) := 1 if i + j is even, and y(i, j) := −1 if i + j
is odd, because, obviously, both y−1(1) and y−1(−1) belong to Σ. (This map is a
random variable on (X,Σ, r).) The map y transforms (X,Σ, r) into the probability
space (Z, 2Z , s), where Z := {−1, 1} and s(−1) := 1

2
, which is the relevant probability

space for, say, a gambler who bets $1 to the event that faces of the dice sum up to
an even number.
Okay, then, it seems we should define a random variable on a given probability

space (X,Σ,p) as a map x : X → R such that x−1(a) ∈ Σ for any a in x(X). This is
better, and indeed it is the right definition if X is a countable set. In that case, for
any subset S of x(X) (or of R), the set x−1(S), that is, {ω ∈ S : x(ω) ∈ S}, belongs
to Σ, because x−1(S) =

⊔
{x−1(a) : a ∈ S}, and hence the probability of the event

that x takes a value within S is readily assessed as
∑

a∈S p(x−1(a)). But when X
is uncountable, we again run into a diffi culty, for then x−1(S) need not belong to Σ
anymore for some subsets S of x(X), because x−1(S) is no longer sure to be a union
of countably many events of the form x−1(a). In the general case, then, it seems
more reasonable to ask x to satisfy the condition x−1(S) ∈ Σ for every subset S of
R. But as we shall see, this is actually too much to ask, because 2R is an unnaturally
large space. (Recall that the cardinality of Borel non-measurable sets in R is larger
than that of the Borel measurable ones in R.) Well, then, how about the condition
“x−1(S) ∈ Σ for every Borel subset S of R”? Voilà! This is the correct definition of
a random variable on (X,Σ,p). The only room for improvement is left in terms of
our choice of the range of x. Indeed, many interesting random variables encountered
in practice take values in Rn, or a more general metric space. But, as we shall see
shortly, this is readily handled by replacing R in our definition with an arbitrary
metric space Y .

1.1 Measurable Functions

Measurable Maps

In our intuitive discussion above, we have arrived at the definition of a random variable
going from special to general. Let us now reverse this approach, and define what we
are after going from general to special. The “general” in this case is the notion of
a measurable map, which is a fundamental construct of measure theory. Here is its
definition.
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Definition. Let (X1,Σ1) and (X2,Σ2) be two measurable spaces. We say that a
function f : X1 → Y2 is Σ1\Σ2-measurable if f−1(S) ∈ Σ1 for every S ∈ Σ2.

This notion is too general for the purposes of probability theory; we will use it
only in some exercises in this chapter, and then much later in the text (when we get to
discuss measure-preserving transformations). Indeed, in most instances of probability
theory, and most applications of measure theory, the codomain of a measurable map
comes with at least a metric structure. This prompts the following definition.

Definition. Let (X,Σ) be a measurable space and Y a metric space. A function
x : X → Y is called a Y -valued random variable on (X,Σ) if it is Σ\B(Y )-
measurable, that is, if x−1(S) ∈ Σ for every S ∈ B(Y ). An R-valued random variable
is simply called a random variable on (X,Σ).

Notation. In this book the set of all random variables on a measurable space (X,Σ)
is denoted by L0(X,Σ). Moreover, we define

L0+(X,Σ) := {x ∈ L0(X,Σ) : x ≥ 0}.

It is common to talk about a random variable “on a probability space (X,Σ,p),”
but strictly speaking, this means that x is a random variable on (X,Σ). Indeed, the
measure p does not play any role in the definition of a random variable. (In our general
definition of a “measurable function,”there is no mention of a measure at all!) As we
have discussed above (and will do so more in due course), p is instead used to assign
probabilities to events that are defined through a random variable on (X,Σ). But,
for the time being (until Section 2), we will not worry about how exactly one would
carry out these probability assignments, but will rather focus on the mathematical
structure of (metric space-valued) random variables. Our discussion may seem a bit
technical (and disconnected from probability theory) at times, but rest assured that
it develops a major building block for the measure-theoretic approach to probability
theory.

Remark 1.1. [1] In real analysis what we call here a “random variable on (X,Σ)”
is called a Σ-measurable real function on X. Furthermore, a (Y -valued) random
variable on a Borel probability space is said to be Borel measurable. While we
mostly stick with the probabilistic jargon in this book, you should definitely familiar-
ize yourself with this alternative terminology as it is widely used. We too will adopt
it on occasion.

[2] Many authors refer to an Rn-valued random variable as a random n-vector
if n ≥ 2. Analogously, an R∞-valued random variable may be called a random real
sequence, a B[0, 1]-valued random variable a random bounded map on [0, 1],
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and so on. More generally, a Y -valued random variable (for any metric space Y ) is
sometimes referred to as a random element of Y. �

Alternative Formulations of “Measurability”

Let (X,Σ) be a measurable space and Y a metric space. In principle, to verify that a
map x : X → Y is a Y -valued random variable, we need to show that x−1(B) ∈ Σ for
every Borel subset B of Y . But, fortunately, there is a nice short-cut. If we can find
a collection A of subsets of Y that generates B(Y ), and if we manage to verify that
x−1(A) ∈ Σ for every A ∈ A, we may then conclude that x is a Y -valued random
variable. For instance, if

x−1(O) ∈ Σ for every open subset O of Y,

or
x−1(C) ∈ Σ for every closed subset C of Y,

then x is sure to be a Y -valued random variable. These observations, which are
routinely invoked in practice, are proved (by the good set technique) as follows.

Exercise 1.1. Let (X1,Σ1) and (X2,Σ2) be two measurable spaces, and A a collection of
subsets of Y such that σ(A) = Σ2. Take any f : X → Y, and show that {A ∈ 2Y : f−1(A) ∈
Σ1} —think of the members of this collection as “good sets”—is a σ-algebra. Then use this
fact to prove that if all members of A are good sets, then so are all members of Σ. Conclusion:

f is Σ1\Σ2-measurable iff f−1(A) ∈ Σ1 for each A ∈ A.

The following simple consequence of this exercise, and the fact that the set of
all intervals of the form (−∞, a], or of the form (−∞, a), generates B(R) —recall
Example B.1.5 — is used so frequently that it is probably a good idea to state it
separately.

Observation 1.1. Given any measurable space (X,Σ) and a map x : X → R, we
have

x ∈ L0(X,Σ) iff {ω ∈ X : x(ω) ≤ a} ∈ Σ for every a ∈ R (1)

and
x ∈ L0(X,Σ) iff {ω ∈ X : x(ω) < a} ∈ Σ for every a ∈ R.

In measure theory and probability, we simply write {x ≤ a} for the set {ω ∈ X :
x(ω) ≤ a}.While it may take a bit getting used to at first, this type of shorthand no-
tation simplifies complex expressions considerably. For instance, with this notational
convention, (1) becomes

x ∈ L0(X,Σ) iff {x ≤ a} ∈ Σ for every a ∈ R.
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In what follows, we will work with these sorts of expressions routinely. All you need
to do is to remember that, given a probability (or measure) space (X,Σ,p), the set

{a statement about random variables defined on this space}

equals, by convention,

{ω ∈ X : this statement is true}.

For instance, for any x, y ∈ L0(X,Σ), the event that the absolute value of the differ-
ence between x and y is strictly larger than 3 is written as {|x− y| > 3} instead of
the mouthful {ω ∈ X : |x(ω)− y(ω)| > 3}. In turn, the probability of this event is
written simply as p{|x− y| > 3}.

Examples

Before going through some examples, let us agree on one final bit of jargon.

Definition. Let Y be a metric space. A Y -valued random variable x is called simple
if it takes finitely many values, that is, when the range of x is a finite set.

Example 1.1. If X is a nonempty set and Y a metric space, then any map from X
into Y is a Y -valued random variable on (X, 2X). In particular, RX = L0(X, 2X). If
X is finite, then any such function is a simple random variable on (X, 2X). �

Example 1.2. Let (X,Σ) be a measurable space. For any event S ∈ Σ, recall that
the indicator function 1S of S on X is defined as

1S(ω) :=

{
1, if ω ∈ S
0, otherwise.

Clearly, 1S ∈ L0(X,Σ), because the inverse image of any nonempty subset of R under
this map is either ∅, S, X\S, or X.2
More generally, a11A1 + · · · + am1Am is a simple random variable on (X,Σ) for

any positive integer m and any (a1, A1), ..., (am, Am) in R× Σ. (Why?) In fact, any
simple random variable x on (X,Σ) can be expressed in this way, because

x =
∑

a∈x(X)

a1{x=a}

2The same argument shows a bit more: 1S ∈ L0(X,Σ) iff S ∈ Σ. Thus:

1S is Σ-measurable iff S is Σ-measurable.

This observation is often used to furnish examples of bounded real maps that are not random
variables. For instance, if S is a subset of [0, 1] that is not Borel measurable (Example B.3.6), then
1S is a bounded real map on [0, 1] which is not Borel measurable.
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is an identity (so long as x(X) is a finite set). �

Example 1.3. Let X and Y be two metric spaces. If x : X → Y is continuous,
then x is a Y -valued random variable on (X,B(X)). Indeed, continuity of x implies
that the inverse image of every open set in Y under x is open in X. As we have seen
above, this is enough to conclude that x is a Y -valued random variable. In particular,
C(X) ⊆ L0(X,B(X)). �

Example 1.4. Every monotonic self-map on R is Borel measurable. Indeed, the
inverse image of an interval under such a map is necessarily an interval. As the col-
lection of all intervals generates B(R), therefore, an immediate application of Exercise
1.1 allows us to conclude that such a function must be Borel measurable. �

Warning. A monotonic real function on R2 need not be Borel measurable. To illustrate, let A
stand for the diagonal {(s, t) : t = −s} and B for {(s, t) : t < −s} in R2. Pick any subset S of A
which is not Borel measurable. It is easily checked that x := 1S + 21A\S + 31B is a decreasing real
map on R2. Yet x−1(1) = S, so it is not a Borel subset of R2, which means that x is not Borel
measurable.3

Warning. A random variable on (X,B(X)) need not be continuous, monotonic or even bounded.
For instance, the real map depicted in Figure 1.1 possesses none of these properties, but it is Borel
measurable.

FIGURE 1.1 ABOUT HERE

Remark 1.2. Borel measurability is in general much less demanding than continuity, but on
some rare occasions, these two notions coincide. This is true, for instance, in the case of additive
real maps. To see this, suppose x is an additive self-map on R such that x|I is Borel measurable
on some nondegenerate interval I. Pick any distinct a and b in I with a < b, and notice that
`({t ∈ [a, b] : |x(t)| < m}) must be positive for large enough m ∈ N. Then, by Proposition B.3.4, x
must be linear, and hence continuous. Conclusion: An additive self-map on R is Borel measurable
iff it is continuous.

Now fix any m and n ∈ N, and suppose x is an additive Borel measurable map from Rm into
Rn (that is, x(ω + ν) = x(ω) + x(ν) for any two m-vectors ω and ν). Assume first that m = 1. For
each i ∈ [n], define the real map πi on Rn by πi(ω) := ωi, and note that πi is continuous, so, as the
composition of measurable functions is measurable —see Proposition 1.2 below —πi ◦ x is a Borel
measurable self-map on R. As πi ◦ x is clearly additive, then, πi ◦ x is continuous for each i ∈ [n],
and this implies that x is continuous (Example 2.6 of Appendix 2). Let us now relax the assumption
that m = 1, and for each j ∈ [m], define xj : R→ Rn by xj(t) := x(t, 0−j) where (t, 0−j) stands for
the m-vector whose jth term equals t and whose every term but the jth one is 0. For each j ∈ [m], it
is easily verified that xj is additive and Borel measurable, so in view of what we have found above,
xj is continuous. But additivity of x implies x(ω) =

∑
j∈[m] xj(ωj) for every ω ∈ Rm, and it follows

readily from this that x is continuous. Conclusion: An additive map from Rm into Rn is Borel
measurable iff it is continuous. �

3I have taken this example from Wise and Hall (1993) who attribute it to Loren Pitt.
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More on “Continuity implies Measurability”

We have seen in Example 1.3 that every continuous function from a metric space into
another is Borel measurable. The following observation sharpens this observation a
bit further.

Proposition 1.1. Let X and Y be two metric spaces, and x : X → Y a map that is
continuous at all but countably many points. Then, x is a Y -valued random variable
on (X,B(X)).

Proof. Let C stand for the set of all points in X at which x is continuous, and let
D := X\C. (Since D is countable, both C and D are Borel subsets of X.) Take any
O ∈ OY , and note that

x−1(O) =
(
x−1(O) ∩ C

)
∪
(
x−1(O) ∩D

)
.

Being countable, x−1(O)∩D is a Borel subset of X. In view of Exercise 1.1, therefore,
our proof will be complete if we can show that x−1(O)∩C ∈ B(X). To this end, define
y := x|C . By definition of C, y is a continuous map from C into Y, so y−1(O) is an
open subset of C. It follows that y−1(O) = C∩U for some U ∈ OX .4 Since C ∈ B(X),
therefore, y−1(O) ∈ B(X). But y−1(O) = x−1(O) ∩ C, so we are done. �

Insight. Continuity at everywhere but countably many points is suffi cient for Borel
measurability. The converse is false. Even a map that is discontinuous everywhere
may be Borel measurable. (Example. 1Q is a Borel measurable self-map on R.)

In the following set of exercises (X,Σ) stands for an arbitrarily fixed measurable space.

Exercise 1.2. Assume that Σ is an atomic algebra on X with atoms S. Show that a real map
on X is Σ-measurable iff it is constant on each S ∈ S.

Exercise 1.3.H Take any x ∈ L0(X,Σ), and define y ∈ RX by setting y(ω) to 1 if x(ω) is a
rational number, and to 0 otherwise. Is y a random variable on (X,Σ)?

Exercise 1.4.H A function x : X → R is an R-valued random variable on (X,Σ) iff {x−1(−∞),
x−1(S), x−1(∞)} ⊆ Σ for every Borel subset S of R. True or false?

Exercise 1.5.H Show that x ∈ L0(X,Σ) implies |x| ∈ L0(X,Σ), but not conversely.

Exercise 1.6. Suppose that Σ = σ{{ω} : ω ∈ X}. Show that a real map x on X is a random
variable on (X,Σ) iff there is a countable subset S of X such that x|X\S is constant.

Exercise 1.7. Assume thatX is a metric space. Show that any upper (or lower) semicontinuous
map x ∈ RX is a random variable on (X,B(X)).

4See Exercise 1.1 of Appendix 2.

7



1.2 Transformations of Random Variables

Compositions of Random Variables

Let us now investigate how “new” random variables can be obtained from “old”
ones. Our first observation is that the notion of measurability is stable under taking
compositions. For instance, if x is a Y -valued random variable on (X,Σ) and f a
Borel measurable real map on Y, then f ◦ x is a random variable on (X,Σ). This is a
special case of the following general fact whose (simple) proof is left as an exercise.

Proposition 1.2. Let (Xi,Σi) be a measurable space for each i ∈ [3]. If f : X1 → X2

is a Σ1\Σ2-measurable map and g : X2 → X3 is a Σ2\Σ3-measurable map, then g ◦ f
is a Σ1\Σ3-measurable map from X1 into X3.

Joint Transformations of Random Variables

It is routine to work with a transformation of a multitude of random variables in
practice, so determining exactly when the resulting map itself is a random variable is
important. For instance, we certainly would like to know if the sum of two random
variables x and y on a measurable space (X,Σ) is again a random variable on that
space. The answer is yes. Indeed, thanks to the denseness of rationals in the reals,

{x+ y < a} =
⋃
r∈Q

{x < r and y < a− r}

for every real number a. But the latter set lies in Σ, for, thanks to Observation 1.1,
both {x < r} and {y < a− r} belong to Σ for any r ∈ Q. Applying Observation 1.1
again, then, we may conclude that x+ y ∈ L0(X,Σ).

Remark 1.3. It is evident from Observation 1.1 that x ∈ L0(X,Σ) implies ax ∈
L0(X,Σ) for any real number a. Also, we have just found that x + y ∈ L0(X,Σ) for
any x, y ∈ L0(X,Σ). Thus, L0(X,Σ) is a linear space under the usual (pointwise)
addition and scalar multiplication operations. The set of all simple random variables
on (X,Σ) constitutes a linear subspace of this linear space, which is itself a linear
subspace of RX . By Example 1.3, if X is a metric space, then C(X) is also a linear
subspace of L0(X,B(X)). �

Of course, by induction, the argument we gave above generalizes to the case of any
number of random variables. That is, for any positive integer m and real numbers
a1, ..., am,

x1, ..., xm ∈ L0(X,Σ) implies
∑
i∈[m]

aixi ∈ L0(X,Σ).

This is not bad, but using a grain of real analysis, we could do much better.
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Lemma 1.3. Let (X,Σ) be a measurable space and n a positive integer. Let Yi
be a separable metric space, and xi a Yi-valued random variable on (X,Σ), for each
i ∈ [n]. Then, (x1, ..., xn) is a Y1 × · · · × Yn-valued random variable on (X,Σ).5

Proof. Separability of Yi entails that there is a countable base Oi for OYi for each
i ∈ [n]. Then, where O := O1 × · · · × On, we have

U =
⋃
{O1 × · · · ×On ∈ 2U : (O1, ..., On) ∈ O}

for every open subset U of Y := Y1×···×Yn; see Proposition 4.2 of Appendix 2. AsO is
countable, therefore, the σ-algebra generated by {O1×···×On ∈ 2U : (O1, ..., On) ∈ O}
includes all open subsets of Y, and hence, equals B(Y ). (Yes?) Moreover, as xi is a
Yi-valued random variable on (X,Σ) for each i ∈ [n], we have

(x1, ..., xn)−1(O1 × · · · ×On) = x−11 (O1) ∩ · · · ∩ x−1n (On) ∈ Σ

for any (O1, ..., On) ∈ O. In view of Exercise 1.1, we are done. �

Proposition 1.4. Let (X,Σ) be a measurable space and n a positive integer. Let Yi
be a separable metric space, and xi a Yi-valued random variable on (X,Σ), for each
i ∈ [n]. Then, ϕ(x1, ..., xn) is a random variable on (X,Σ) for any ϕ ∈ C(Y1×···×Yn).

Proof. By Example 1.3, ϕ is a Borel measurable real map on Y1 × · · · × Yn. Our
assertion thus follows from combining Proposition 1.2 and Lemma 1.3. �

This result allows us to obtain many new random variables from a given set
of random variables. For instance, using what we have just established, we may
conclude: For any positive integer n and ϕ ∈ C(Rn),

x1, ..., xn ∈ L0(X,Σ) implies ϕ(x1, ..., xn) ∈ L0(X,Σ).

In particular, max{x1, ..., xn}, min{x1, ..., xn} and
∏

i∈[n] xi are all random variables
on (X,Σ).

Remark 1.4. Let (X,Σ) be a measurable space. As the supremum and infimum of
any two maps f and g in RX are defined as max{f, g} and min{f, g}, respectively, we
may now safely conclude that L0(X,Σ) is a lattice (relative to the usual (pointwise)
ordering of real maps). Given Remark 1.3, therefore, we find that L0(X,Σ) is a vector
lattice (or more precisely, L0(X,Σ) is a vector sublattice of RX). If X is a metric
space, then C(X) is also a vector sublattice of L0(X,B(X)). �

5Just so we are clear, by (x1, ..., xn), I mean the map ω 7→ (x1(ω), ..., xn(ω)) on X. And, the
metric of Y1 × · · · × Yn is the usual product metric. (See Section 1 of Appendix 2.)
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Positive and Negative Parts of a Random Variable

Let X be a nonempty set and x an R-valued function on X. We define the positive
and negative parts of x as

x+ := max{x, 0} and x− := max{−x, 0},

respectively. (See Figure 1.2.) Clearly, both x+ and x− are [0,∞]-valued functions
on X, and we have

x = x+ − x−. (2)

The absolute value of x is also decomposed into these two functions as follows:

|x| = x+ + x−.

In view of what we have found above, it is plain that the positive and negative
parts of an R-valued function inherits the measurability of that function. In other
words, if x is an R-valued random variable on a probability space (X,Σ,p), then both
x+ and x− are [0,∞]-valued random variables on (X,Σ,p). Conversely, if x+ and x−

are [0,∞]-valued random variables on (X,Σ,p), then x must itself be an R-valued
random variable on (X,Σ,p).6

FIGURE 1.2 ABOUT HERE

We will later encounter various instances in which a property is proved for non-
negative random variables on a measurable space (X,Σ). Then, in view of the decom-
position (2), to show that that property is actually valid for all random variables on
(X,Σ), it is enough to show that the collection of all random variables which satisfy
that property is a linear space. We will use this method as a matter of routine later
in the text.

Limits of Random Variables

In probability theory it is quite often that we work with pointwise limits of random
variables, so it is useful to know when the limit function is itself a random variable.
Thus, the question we pose now is this: If (xm) is a sequence of metric space-valued
random variables on some measurable space, is limxm such a random variable on that
space? Unlike what is the case with continuous functions, the answer to this question
is yes, provided, of course, limxm is well-defined.

Proposition 1.5. Let Y be a metric space and (xm) a sequence of Y -valued random
variables on a measurable space (X,Σ) such that xm → x for some function x : X →
Y . Then, x is a Y -valued random variable on (X,Σ).

6If both x+ and x− are real-valued, this is immediate from (2) and Proposition 1.4. If x+ and
x− are allowed to assume ∞, the argument must be slightly modified. (Exercise!)

10



Proof. We wish to show that x−1(O) ∈ Σ for every O ∈ OY . To this end, take any
open subset O of Y , and for any positive integer k, define

Ok :=
{
ν ∈ O : dY (ν, Y \O) > 1

k

}
,

where dY stands for the metric of Y . (Here dY (ν, Y \O) denotes the distance of ν from
Y \O.) As dY (·, Y \O) is continuous (Example 2.10 of Appendix 2), each Ok is open in
Y . Now fix any ω ∈ X, and suppose that x(ω) ∈ O. Then, dY (x(ω), Y \O) > 0 (Propo-
sition 1.2 of Appendix 2) so there is a positive integer k such that dY (x(ω), Y \O) > 1

k
,

that is, x(ω) ∈ Ok. Since xm(ω)→ x(ω), therefore, there is a positive integerM large
enough that xm(ω) ∈ Ok for eachm ≥M . Conversely, if there are k,M ∈ N such that
xm(ω) ∈ Ok for each m ≥ M , we readily get dY (x(ω), Y \O) ≥ 1

k
> 0 by continuity

of dY (·, Y \O), and hence, x(ω) ∈ O. Thus: x(ω) ∈ O iff there are positive integers k
and M such that xm(ω) ∈ Ok for each m ≥M . In view of the arbitrariness of ω, this
means that

x−1(O) =
∞⋃
k=1

∞⋃
M=1

⋂
m≥M

x−1m (Ok).

But for each m and k, we have x−1m (Ok) ∈ Σ, because Ok ∈ OY and xm is a Y -valued
random variable on (X,Σ). We may thus conclude that x−1(O) ∈ Σ. Since O is an
arbitrary element of OY here, we are done. �

In applications, it is sometimes possible to verify that the pointwise limit of a
given sequence of measurable functions is well-defined. In such cases, Proposition
1.5 becomes readily applicable. An important instance of this is when the sequence
at hand takes values in R and the pointwise convergence takes place monotonically.
To be precise, let us agree to call a sequence of R-valued random variables on a
measurable space (X,Σ) increasing if x1 ≤ x2 ≤ · · · (and decreasing if x1 ≥ x2 ≥
· · ·). Then, clearly, limxm is a well-defined function from X into R, and Proposition
1.5 guarantees that this function is Borel measurable. That is:

Corollary 1.6. Let (xm) be an increasing sequence of R-valued random variables on
a measurable space (X,Σ). Then, limxm is an R-valued random variable on (X,Σ).

We could also prove Corollary 1.6 directly. Indeed, the hypothesis x1 ≤ x2 ≤ · · ·
implies that {x ≤ a} = {x1 ≤ a} ∩ {x2 ≤ a} ∩ · · · for any extended real number
a. As {xi ≤ a} ∈ Σ (because xi is an R-valued random variable) for each i, it thus
follows that {x ≤ a} ∈ Σ (since Σ is closed under taking countable intersections).
Since {{x ≤ a} : a ∈ R} generates B(R), applying Exercise 1.1 proves the claim.

In the following set of exercises (X,Σ) stands for an arbitrarily fixed measurable space.
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Exercise 1.8.H Let (xm) be a sequence of R-valued random variables on (X,Σ). Show that
inf xm, supxm, lim inf xm and lim supxm are R-valued random variables on (X,Σ).7

Warning. The pointwise supremum (or infimum) of an uncountable collection of random
variables on a probability space need not be a random variable on that space. For instance,
take any subset S of R which is not Borel measurable. For each s ∈ S, the indicator function
1{s} is Borel measurable, but sup{1{s} : s ∈ S}, that is, 1S , is not Borel measurable.

Exercise 1.9. For any x, x1, x2, ... ∈ L0(X,Σ), show that {xm → x} ∈ Σ.

Exercise 1.10. Let A be the collection of all subsets of R∞ of the form (−∞, a1)×(−∞, a2)×···
where (am) is any sequence of extended real numbers such that ai < ∞ for at most finitely
many i. Show that σ(A) = B(R∞). Next, use this fact to prove that, for any x1, x2, ... ∈
L0(X,Σ), the function (x1, x2, ...) (which maps any ω in X to the real sequence (xm(ω))) is
an R∞-valued random variable.

Exercise 1.11.H Assume that X is a metric space. Show that B(X) is the smallest σ-algebra
on X such that C(X) ⊆ L0(X,B(X)).

Exercise 1.12.H Assume that Y is a metric space and take any map x : X → Y . Use
the previous exercise to show that x is a Y -valued random variable on (X,Σ) iff f ◦ x ∈
L0(X,B(X)) for each f ∈ C(X).

Exercise 1.13. (Egorov’s Theorem) Let p be a probability measure on Σ, and x, x1, x2, ...
random variables on (X,Σ) such that xm → x. Let ε be any number in (0, 1).
(a) For any positive integers m and k, define

Bm,k :=

∞⋃
i=m

{|xi − x| ≥ 1
k}.

For any k, show that B1,k ∩ B2,k ∩ · · · is contained in {xm → x is false}, and conclude that
there is a positive integer m(k) such that p(Bm(k),k) < ε2−k.
(b) Let S be the complement of Bm(1),1 ∪ Bm(2),2 ∪ · · · in X. Verify that p(X\S) < ε and
xm → x uniformly on S.8

Insight. Every convergent sequence of random variables on a probability space converges
uniformly on a set which is arbitrarily large from the probabilistic point of view.

Warning. Egorov’s Theorem does not say that every convergent sequence of random vari-
ables on a probability space converges uniformly with probability one. For instance, let (xm)
be the sequence of random variables on ((0, 1),B(0, 1), `) defined by xm(t) := tm. Then,
xm → 0, but there is no Borel subset S of (0, 1) such that `(S) = 1 and xm → x uniformly
on S.9

Warning. Egorov’s Theorem is not valid in the case of infinite measures. For instance,
consider the sequence (1[m,m+1]) of indicator functions on R. Clearly, 1[m,m+1] → 0. But for
any Borel subset S of R with `(S) <∞, we have 1 ∈ 1[m,m+1](R\S) for all m large enough,
so (1[m,m+1]) does not converge to the zero function uniformly on S.

7These functions are understood to be defined pointwise. For instance, supxm is the R-valued
map ω 7→ sup{x1(ω), x2(ω), ...} on X.

8By “xm → x uniformly on S,” I mean that for every δ > 0, there is an M ∈ N such that
|xm(ω)− x(ω)| < δ for each ω ∈ S.

9For, if `(S) = 1, this set must intersect every interval of the form (a, 1), and hence sup{xm(t) :
t ∈ S} = 1 for each m. Thus, it cannot be the case that xm → x uniformly on S.
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Images of Borel and Lebesgue Sets under Continuous Maps

Consider a random variable x defined on a Borel probability space (X,B(X),p). Then, by definition,
the inverse image of every Borel subset of R under x is Borel in X. A natural question is then if
this is true for direct images under x as well. Put more precisely, is x(B(X)) ⊆ B(R)? The answer
is a resounding no. In fact, a negative answer obtains even when X = R and x is continuous. That
is: The continuous image of a Borel subset of R need not be a Borel subset of R.

Unfortunately, the demonstration of this fact requires relatively advanced methods of set theory,
so we cannot present it here. However, if only not to skip this issue without any elaboration, we
will look at another, related matter, and show that the continuous and bijective image of a Lebesgue
measurable subset of R need not be a Borel subset of R.10 This will also give us an opportunity
to introduce a useful construct of measure theory, the Cantor function, which we will use for other
purposes later in the text.

Example 1.5. (The Cantor Function) Recall that we delete 2m−1 many open intervals at stage m of
the construction of the Cantor set C (Example A.3.5). Let us think of these open intervals as ordered
from left to right, and let Im,k stand for the kth open interval deleted at stage m (relative to this
ordering), where m is any positive integer and k ∈ [2m−1]. (For instance, I1,1 = ( 13 ,

2
3 ), I2,1 = ( 19 ,

2
9 )

and I2,2 = ( 79 ,
8
9 ).) Let I be the union of all these open intervals, and define the real map Fm on I

by Fm(t) := (2k − 1)2−m for any t ∈ Im,k, where k ∈ [2m−1]. Next, we extend this function to the
entire [0, 1] by setting Fm(0) := 0 and Fm(1) := 1, and then using linear interpolation. (See Figure
1.2.) Evidently, each Fm is continuous and increasing. It is also routine to verify that

Fm(t) =


1
2Fm−1(3t), if t ∈ [0, 13 ]

1
2 , if t ∈ ( 13 ,

2
3 )

1
2 + 1

2Fm−1(3t− 2), if t ∈ [ 23 , 1]

for each m ∈ N, where F0 as the identity function on [0, 1]. (We can in fact use these equations to
define the sequence (Fm) recursively.)

FIGURE 1.2 ABOUT HERE

Now, with a little bit of (tedious) work, we can show that |Fm+1(t)− Fm(t)| ≤ 2−m for each
m ∈ N. But Fm+1 = F1 +

∑
i∈[m](Fi+1 − Fi), so by the Weierstrass M -Test —see Section 2.1 of

Appendix 2 —we find that (Fm) converges to some F ∈ C[0, 1] uniformly. This map F is known
as the Cantor function (or in more memorable terms, the devil’s staircase). It is increasing,
continuous, and we have F (0) = 0 and F (1) = 1. As we shall see, this function has numerous
perplexing properties, and it is a great source of counter-examples. Let us first see that it maps the
meager Cantor set to the entire [0, 1]!

Claim. F (C) = [0, 1].

Proof. As F is continuous and F (0) = 0 and F (1) = 1, the Intermediate Value Theorem dictates
that F is surjective. Moreover, it is clear from our construction that all values of F on [0, 1]\C belong
to the set A := {(2k−1)2−m : m ∈ N and k ∈ [2m−1]}. It follows that [0, 1]\A ⊆ F (C). But it is also

10This is not a special case of the previous fact that I mentioned. Indeed, a famous theorem of set
theory, the Kuratowski Theorem, says that if f is a Borel measurable map from a Polish space X into
another Polish space Y , and S is a Borel subset of X such that f |S is injective, then f(S) ∈ B(Y ).
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evident from our construction that given any m ∈ N and k ∈ [2m−1], the value of Fn is (2k− 1)2−m

at either endpoint of Im,k whenever n ≥ m. As these endpoints belong to C, therefore, F assumes
every value of the form (2k − 1)2−m as well, where m ∈ N and k ∈ [2m−1]. ‖

Consider now the self-map x on [0, 1] defined by x(t) := 1
2 (F (t) + t). It is easily verified that x

is a continuous bijection from [0, 1] onto [0, 1]. Further, the value of x at any t ∈ Im,k equals t
2 plus

a constant (whose exact value depends on m and k), so `(x(Im,k)) = 1
2`(Im,k). So, x([0, 1]\C) is an

open subset of [0, 1] whose Lebesgue measure is precisely 1
2 . In view of Proposition B.3.5, therefore,

[0, 1]\x([0, 1]\C) must contain a non-Borel set, say, T. But, being contained in the Cantor set, the
set S := x−1(T ) is Lebesgue measurable, while x(S) does not belong to B[0, 1]. �

This example teaches us a good number of things. First, it proves that the continuous bijective
image of a Lebesgue measurable set in [0, 1] need not be a Borel set. Second, we see that if we defined
a “random variable”on a measurable space (X,Σ) as a real map on X such that the inverse image
of every Lebesgue measurable set belongs to Σ, then things would be very different. In particular,
when X is a metric space and Σ = B(X), we could not then conclude that every continuous real
map on X is a “random variable.”After all, in the context of the example above, y := x−1 is a
continuous (and bijective) self-map on [0, 1] with y−1(S) /∈ B[0, 1]. (That is, in this example, we
have y−1(B[0, 1]) ⊆ B[0, 1] but it is not true that y−1(Leb[0, 1]) ⊆ B[0, 1].) Finally, as an immediate
corollary of this finding, we see that there are indeed non-Borel but Lebesgue measurable sets in
[0, 1], that is, B[0, 1] is a proper subset of Leb[0, 1]. Or, put differently, we now have the proof of
([0, 1],B[0, 1], `) being not a complete probability space.

1.3 Approximations of Random Variables

In this section we shall examine some conditions under which we can approximate a
given random variable on a measurable space by means of simple random variables
on that space. Such results are used routinely in practice. To wit, suppose we need to
establish a property for an arbitrarily given random variable on a measurable space.
A standard method of doing this is to follow a two-step procedure. First, we check
if the said property holds for simple random variables on that space. (Often times,
this is much easier than dealing with the general problem at hand.) Second, we use
the first step and a suitable “approximation by simple random variables”argument
to deal with the general case. The results we report below provide ammunition for
such approximation arguments.

Approximation of Metric Space-Valued Random Variables

Our first observation is that for a random variable with compact range, we have a
first-best result.

Theorem 1.7. Let Y be a compact metric space and x a Y -valued random variable
on a measurable space (X,Σ). Then, there is a sequence (xm) of simple Y -valued
random variables on (X,Σ) such that xm → x uniformly.

Proof. Take an arbitrary positive integer m. As Y is compact, it is totally bounded,
so we can find finitely may open sets, say, O1, ..., Ok, in Y such that Y = O1∪· · ·∪Ok
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and diam(Oi) <
1
m
for each i ∈ [k]. Define

A1 := O1 and Ai := Oi\(O1 ∪ · · · ∪Oi−1), i = 2, ..., k,

and notice that Y = A1 t · · · t Ak and diam(Ai) < 1
m
for each i ∈ [k]. Then,

X = x−1(Y ) = x−1(A1) t · · · t x−1(Ak), so, where νi is an arbitrarily picked point
in Ai for each i ∈ [k], we may define the map xm : X → Y by setting xm(ω) := νi
whenever ω ∈ x−1(Ai) for some i ∈ [k]. Clearly, xm is a simple Y -valued random
variable on (X,Σ). Moreover, for any ε > 0, we have

dY (x(ω), xm(ω)) < ε for each ω ∈ X and m ≥ 1
ε
,

which means xm → x uniformly. �

Compactness of Y plays an essential role in guaranteeing the “uniformness” of
the approximation in Theorem 1.7. If, for instance, we relax this hypothesis to
separability, then we would only get “pointwise”approximation.

In the following set of exercises (X,Σ) stands for an arbitrarily fixed measurable space.

Exercise 1.14. Let x be a random variable on (X,Σ) with ‖x‖∞ < ∞. Show that there is a
sequence (xm) of simple random variables on (X,Σ) such that xm → x uniformly.

Exercise 1.15.H Let Y be a separable metric space and x a Y -valued random variable on a
measurable space (X,Σ). Prove: There is a sequence (xm) of Y -valued random variables on
(X,Σ) such that xm → x uniformly and xm(X) is countable for each m.

Exercise 1.16.H Let Y be a separable metric space and x a Y -valued random variable on a
measurable space (X,Σ). Then, there is a sequence (xm) of simple Y -valued random variables
on (X,Σ) such that xm → x.

Lusin’s Theorem

We now look at an important application that shows us how we may use Theorem 1.7
(or Exercise 1.16) in practice. (We will encounter numerous other such applications
throughout the text.) We have seen earlier that a function from a metric space
into another is Borel measurable, provided that it is continuous at all but countably
many points of its domain. So, a natural question is just how discontinuous a Borel
measurable function can be. A celebrated theorem of measure theory, (generalized)
Lusin’s Theorem, provides a very interesting answer to this question. We first prove
this theorem for random variables that take values in a compact metric space, and
give the more general version of the result as an exercise.

Proposition 1.8. Let X be a Polish space and p ∈ ∆(X). Let Y be a compact metric
space and x a Y -valued random variable on (X,B(X)). Then, for every ε > 0, there
is a compact subset K of X such that p(X\K) < ε and x|K is continuous.
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Proof. (Step 1) Let us assume that x is simple, that is, x(X) is a finite set, which we
enumerate as {ν1, ..., νn}. By tightness of p —recall Corollary B.2.8 —for each i ∈ [n],
there is a compact subset Ki of {x = νi} such that p(Ki) > p{x = νi} − ε

n
. We put

K := K1t···tKn. This set is a compact subset ofX, and p(K) =
∑

i∈[n] p(Ki) > 1−ε.
Since K1, ..., Kn are pairwise disjoint closed subsets of X, and the map x is constant
on each of these sets, x|K is continuous. Conclusion: The statement of Proposition
1.8 is valid, provided that x is simple.
(Step 2) We now tackle the general case. By Theorem 1.7, there is a sequence (xm)

of simple Y -valued random variables on (X,Σ) such that xm → x uniformly. By what
we have found in Step 1, for each positive integer m, there is a compact subset Km

of X such that p(X\Km) < ε2−m and xm|Km is continuous. Put K := K1 ∩K2 ∩ · · ·.
Then, K is compact and p(X\K) ≤

∑∞ p(X\Ki) < ε. Moreover, xm|K → x|K
uniformly, so x|K is continuous as well. (Recall Proposition 2.2 in Appendix 2). �

Using Exercise 1.16 and Egorov’s Theorem, one can show that it is enough to take
Y as a Polish space in Proposition 1.8.

Exercise 1.17.H (Lusin’s Theorem) Let X and Y be Polish spaces, and take any p ∈ ∆(X)
and Y -valued random variable x on (X,B(X)). Then, for every ε > 0, there is a compact
subset K of X such that p(X\K) < ε and x|K is continuous.

Approximation of R-Valued Random Variables

In the case of R-valued random variables, we can sharpen the approximation results
we obtained above. Indeed, we can easily deduce from Theorem 1.7 that any such
random variable can be approximated by (real-valued) simple random variables. (As
easy as it is, this result is not a special case of that given in Exercise 1.16.)

Proposition 1.9. For any R-valued random variable x on a measurable space (X,Σ),
there is a sequence (xm) of simple random variables on (X,Σ) such that xm → x.

Proof. As R is compact, there is a sequence (ym) of R-valued random variables on
(X,Σ) with ym → x uniformly. For each positive integer m, define

xm := −m1{ym=−∞} + ym1{ym∈R} +m1{ym=∞}.

Then, obviously, xm → x. �

If x is nonnegative in the context of Proposition 1.9, we can choose the sequence
(xm) as an increasing sequence. We will reap great benefits from this fact in the next
chapter.
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Proposition 1.10. For any [0,∞]-valued random variable x on a measurable space
(X,Σ), there is a sequence (xm) of simple random variables on (X,Σ) such that

0 ≤ x1 ≤ x2 ≤ · · · and xm ↑ x.

Proof. For each positive integer m, define

ym := x1{x<m} +m1{x≥m},

which is a [0,m]-valued random variable on (X,Σ). (Note that y1 ≤ y2 ≤ · · · and
ym ↑ x.) By Theorem 1.7, therefore, for each m, there is a simple [0,m]-valued
random variable zm on (X,Σ) such that

|ym(ω)− zm(ω)| < 1
m

for each ω ∈ X.

(Then, an immediate application of the Triangle Inequality shows that lim zm =
lim ym = x.) Now, for each m, we define

xm := max{0, z1 − 1, ..., zm − 1
m
},

which is a simple R+-valued random variable on (X,Σ). Moreover, for each m, we
have zi − 1

i
< yi ≤ ym for all i ∈ [m], so

zm(ω)− 1
m
≤ xm(ω) ≤ ym (ω)

for each ω ∈ X, and hence letting m ↑ ∞ yields limxm = x. As we obviously have
0 ≤ x1 ≤ x2 ≤ · · · here, our proof is complete. �

Exercise 1.18. (A Direct Proof for Proposition 1.10) Let x be a [0,∞]-valued random variable
on a measurable space (X,Σ). For each positive integer m and i ∈ [m2m], define Aim :=
{(i− 1)2−m ≤ x < i2−m} and Bm := {x ≥ m}. Check that {Bm, A1m, ..., Am2

m

m } ⊆ Σ and
that this collection is a partition of X (for each m). Now define

xm(ω) :=

{
(i− 1)2−m, if ω ∈ Aim, i ∈ [m2m]
m, if ω ∈ Bm,

and verify that xm ↑ x.

Exercise 1.19. (The Monotone Class Lemma for Random Variables) Let X be a nonempty
set and A a nonempty collection of subsets of X which contains X and which is closed under
taking finite intersections. Let V be a linear subspace of RX such that (i) 1A ∈ V for each
A ∈ A; and (ii) if xm is an increasing sequence of bounded maps in V with limxm ∈ RX ,
then limxm ∈ V .
(a) Use the S-Class Lemma to show that 1A ∈ V for each A ∈ σ(A), and conclude that V
contains all simple random variables on (X,σ(A)).
(b) Show that L0+(X,σ(A)) ⊆ V.
(c) Applying what you have found in part (b) to the positive and negative parts of any given
map in RX , show that V contains all bounded σ(A)-measurable real maps on X.
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1.4 The σ-Algebra Generated by a Random Variable

Informational Content of a Random Variable

Let (X,Σ) be a measurable space which models a certain experiment whose outcome
is not deterministic. As we have discussed in Chapter B, the event space Σ contains
all events that we can discern to occur or not to occur (once the experiment is
performed). In other words, Σ contains all the information that we can obtain (once
the experiment is run). Then, we can think of any σ-algebra Σ′ onX that is contained
in Σ —we refer to Σ′ as a sub-σ-algebra of Σ —as “partial information”that pertains
to our experiment. Good, but now suppose we are given a random variable x on
(X,Σ). What information would we gather about our original experiment if we were
to observe x? In other words, what is the sub-σ-algebra of Σ that we would learn by
observing x?
Let’s see. Suppose we observe that x equals 1. Then, we would not know exactly

which outcome has occured in the experiment, but we will certainly know that this
outcome belongs to x−1(1). More generally, “observing x” would certainly tell us
exactly which event in the collection {x−1(a) : a ∈ R} has occurred. But, of course,
there is more. If, for instance, I is an interval, “observing x” would also tell us
whether or not {x ∈ I} has occurred. Thus, the informational content of x, that is,
the sub-σ-algebra of Σ that we are after, surely contains all events in {x−1(I) : I is an
interval}. But there is no reason why we only use intervals here. The same reasoning
says that “observing x”tells us whether or not {x ∈ S} has occurred for any subset
S of R such that {x ∈ S} is actually deemed as an event in our experiment. As
x ∈ L0(X,Σ), then, we can take S as any Borel set in R here. It thus seems to make
good sense that we view {x−1(S) : S ∈ B(R)}, which is indeed a sub-σ-algebra of Σ,
as the “informational content”of x. (We will substantiate this interpretation further
in the next section.)

The σ-Algebra Generated by a Random Variable

Let (X,Σ) be a measurable space and Y a metric space. The discussion above points
to the importance of the collection

σ(x) := {x−1(S) : S ∈ B(Y )}. (3)

The occurence or non-occurence of any element of this collection can be determined
on the basis of observing x alone, while to know if any other member of Σ has occurred
or not, we would need more information than x may possibly provide for us. Besides,
this set has a number of important properties. First, it is easily checked to be a
sub-σ-algebra of Σ. Second, x is a Y -valued random variable on the measurable space
(X, σ(x)). In fact, evidently, σ(x) is the smallest sub-σ-algebra of Σ that satisfies this
property (in the sense that σ(x) is contained within any sub-σ-algebra Σ′ of Σ such
that x ∈ L0(X,Σ′)). For this reason, we refer to σ(x) as the σ-algebra generated
by x.
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Example 1.6. [1] Let (X,Σ) be a measurable space and S ∈ Σ. Then, σ(1S) =
{∅, S,X\S,X}.

[2] Consider the random variable x on (R,B(R)) defined by x(ω) := bωc. Then,
σ(x) = σ{[i, i+ 1) : i ∈ Z}.

[3] Let x be a continuous, strictly increasing and surjective self-map on R. Then,
x is a random variable x on (R,B(R)) which is “fully informative,”in the sense that
σ(x) = B(R). �

“Computing”the σ-Algebra Generated by a Random Variable

Let x be a Y -valued random variable on (X,Σ), where Y is a metric space. As
you would expect, we do not need to find x−1(S) for each Borel subset S of Y to
“compute”the σ-algebra generated by x. Instead, it is enough to find the σ-algebra
generated by the inverse images of a collection of subsets of Y which generates B(Y ).
That is,

σ(x) = σ{x−1(A) : A ∈ A}, (4)

for any collectionA of subsets of Y with σ(A) = B(Y ). The “⊇”part of this assertion
is obvious. To prove the converse containment, we use the good set technique. Denote
the right-hand side of (4) by T , and consider the collection G := {S ∈ B(Y ) : x−1(S) ∈
T }. It is readily checked that G is a σ-algebra on Y that contains A. It follows that
σ(A) ⊆ G, that is, B(Y ) = G, which means that σ(x) is contained in T , as we have
claimed.
We will use equation (4) routinely in the remainder of this text.

Exercise 1.20. Describe σ(x) where x is the random variable on (R,B(R)) defined by
(a) x(ω) := 1; (b) x(ω) := |ω| ; (c) x(ω) := sinω.

Exercise 1.21. Describe σ(x) where x is the random variable on (R2,B(R2)) defined by
(a) x(ω1, ω2) := ω2; (b) x(ω1, ω2) := ω1 + ω2; (c) x(ω1, ω2) := ω1 + |ω2| .

Exercise 1.22. Let x be a random variable on a measurable space (X,Σ). For any interval I,
show that σ(x1{x∈I}) = {x−1(S) ∩ x−1(I) : S ∈ B(R)}.

The σ-Algebra Generated by a Set of Random Variables

In many cases of interest we receive information about the primary experiment of
interest by means of more than one random variables. It would thus be nice if we
developed a method of talking about the informational content of a set of random
variables. Let (X,Σ) be a measurable space and I an arbitrary (index) set. For each
i ∈ I, let Yi be a metric space and xi a Yi-valued random variable on (X,Σ). Then,
we define the σ-algebra generated by the collection {xi : i ∈ I} as the set

σ{xi : i ∈ I} := σ

(⋃
i∈I
σ(xi)

)
.
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This collection obviously contains each σ(xi), which makes perfect sense because
the information provided by the collection {xi : i ∈ I} should certainly contain
the information provided by each xi. Moreover, it is plain that σ{xi : i ∈ I} is
the smallest sub-σ-algebra of Σ that satisfies this property (in the sense that this
collection is contained within any sub-σ-algebra Σ′ of Σ such that each xi is Σ′-
measurable). This also makes good sense, because the information provided by the
collection {xi : i ∈ I} should exactly be what we get by observing each xi alone.
In most situations that we will deal with in this book, the index set I will be a

countable set. In particular, when I = [n] for some positive integer n, we will adopt
the convention of writing σ(x1, ..., xn) for σ{xi : i ∈ [n]}. Similarly, when I = N, we
will adopt the convention of writing σ(x1, x2, ...) for σ{xi : i ∈ N}. That is,

σ(x1, ..., xn) := σ

⋃
i∈[n]

σ(xi)

 and σ(x1, x2, ...) := σ

( ∞⋃
i=1

σ(xi)

)
.

Example 1.7. Let n be a positive integer, and Yi a separable metric space for each
i ∈ [n]. In what follows, Y stands for Y1 × · · · × Yn which we consider as a metric
space under the auspices of the product metric. For each i, let xi be a Yi-valued
random variable on a measurable space (X,Σ), and consider the map x : X → Y
defined by x(ω) := (x1(ω), ..., xn(ω)). It follows from Lemma 1.3 that x is a Y -valued
random variable on (X,Σ). Question: How does σ(x) relate to σ(x1, ..., xn)? Our
“information content” interpretation very much suggests that these two collections
must be the same. We now prove that this is indeed the case.
We wish to prove that σ(x) equals σ(x1, ..., xn), that is,

σ(x) = σ

⋃
i∈[n]

σ(xi)

 . (5)

To this end, note first that the separability of each Yi entails that there exists a
countable base Oi for OYi for each i ∈ [n]. Then, as we have seen in the proof of
Lemma 1.3, the σ-algebra generated by {O1×· · ·×On : (O1, ..., On) ∈ O} is precisely
B(Y ), where O := O1 × · · · × On. (Here we can assume that Oi contains Yi, for
otherwise we can just add Yi into the collection Oi.) Choosing A as {O1 × · · · ×On :
(O1, ..., On) ∈ O} in (4), therefore, we see that σ(x) is the same as the σ-algebra
generated by the sets of the form x−1(O1×· · ·×On) where Oi varies over Oi for each
i, that is,

σ(x) = σ{x−11 (O1) ∩ · · · ∩ x−1n (On) : (O1, ..., On) ∈ O}. (6)

Then, for each i, we have x−1i (Oi) ∈ σ(x) for every Oi ∈ Oi —recall that Yj is a
member of Oj and xj(Yj) = X for each j —so, choosing A as Oi in (4), we find
σ(xi) ⊆ σ(x). Since σ(x) is a σ-algebra, therefore, σ(x) contains the right-hand side
of (5). Conversely, if (O1, ..., On) ∈ O, then x−1i (Oi) ∈ σ(xi) for each i, and hence
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x−11 (O1)∩ · · · ∩ x−1n (On) belongs to the right-hand side of (5), which means that this
side contains σ(x). �

Exercise 1.23. Let (X,Σ) be a measurable space, and (xm) a sequence in L0(X Σ). We have
seen in Exercise 1.10 that the map x : X → Y∞, defined by x(ω) := (x1(ω), x2(ω), ...), is an
R∞-valued random variable on (X,Σ). Show that σ(x) = σ(x1, x2, ...).

1.5 The Doob-Dynkin Lemma

When is a real function y measurable with respect to the σ-algebra generated by a
given random variable x on a measurable space (X,Σ)? This is a question that often
arises in probabilistic analysis, so we digress for a moment and settle it here. First,
note that we have an obvious suffi cient condition for this. If f : R → R is Borel
measurable, then, clearly, the map f ◦ x would be σ(x)-measurable. A remarkable
fact is that the converse is also true, that is, any σ(x)-measurable real map on X
arises precisely in this manner. In fact:

The Doob-Dynkin Lemma. Let X be a nonempty set and Y a metric space. For
any x : X → Y, a map y : X → R is σ(x)-measurable if, and only if, there is a Borel
measurable map ϕ : Y → R such that y = ϕ ◦ x.

Before we prove this lemma, let us talk a bit about its interpretation. At the begin-
ing of the previous section, we have argued that, at least heuristically, we may think
about the σ-algebra generated by a random variable as the informational content of
that variable. This interpretation maintains that, in the context of the Doob-Dynkin
Lemma, the statement

“x provides more information than y” (7)

would formally be captured by the statement

“σ(y) ⊆ σ(x).” (8)

But there is another, apparently more natural, way of formalizing the statement (7).
Indeed, that statement means that whenever x is determined, so is y, for otherwise
y would provide some information that could not be obtained by “observing x.” In
other words, (7) seems to maintain that x(ω) determines the value of y at ω for every
outcome ω ∈ X, that is,

“y = ϕ ◦ x for some ϕ ∈ L0(Y,B(Y )).” (9)

Therefore, we have two distinct ways of formalizing the heuristic statement (7). For-
tunately, the Doob-Dynkin Lemma says that these two statements, that is, (8) and
(9), are equivalent.
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Proof of the Doob-Dynkin Lemma. We only need to prove the “only if”part of the
claim. We will first establish this for simple random variables and then extend it by
means of a monotone convergence argument. Take any σ(x)-measurable y : X → R,
and for the moment, assume that y(X) is a finite set. For any a ∈ y(X), we have
{y = a} ∈ σ(x) (because y is σ(x)-measurable), so {y = a} = x−1(Ba) for some Borel
subset Ba of Y . Then,

y =
∑

a∈y(X)

a1{y=a} =
∑

a∈y(X)

a1x−1(Ba) =
∑

a∈y(X)

a(1Ba ◦ x) = ϕ ◦ x,

where ϕ :=
∑

a∈y(X) a1Ba .

Let us now drop the assumption that y(X) is finite, but assume y ≥ 0. Then, by
Proposition 1.10, there is a sequence (ym) of σ(x)-measurable real maps on X such
that |ym(X)| <∞ for each m, and ym ↑ y. By what we have just shown, there exists
a sequence (ϕm) of Borel measurable real maps on Y such that ym = ϕm ◦ x for each
m. We now make the following observation:

Claim. S := {(ϕm) converges} is a Borel subset of Y such that x(X) ⊆ S.

Proof. As R is a complete metric space, S equals the set of all ν in Y such that
(ϕm(ν)) is a Cauchy sequence in R. This means that

S =
∞⋂
k=1

∞⋃
M=1

⋂
i,j≥M

{
∣∣ϕi − ϕj∣∣ < 1

k
},

so the fact that S ∈ B(Y ) follows from the Borel measurability of the maps ϕ1, ϕ2, ....
Besides, for any ω in X, (ϕm(x(ω))) is an increasing real sequence bounded above by
y(ω), so x(ω) ∈ S. ‖
Now, for each positive integer m, we define ϕ̂m := ϕm1S, where 1S is the indicator

function of S on Y . By our Claim, 1S, and hence ϕ̂m, is Borel measurable for
any m. Furthermore, by the choice of S, the sequence (ϕ̂m) converges pointwise.11

Consequently, ϕ := lim ϕ̂m is a well-defined Borel measurable self-map on R. Since
x(X) ⊆ S, therefore,

y(ω) = lim ym(ω) = limϕm(x(ω)) = lim ϕ̂m(x(ω)) = ϕ(x(ω))

for all ω ∈ X, that is, y = ϕ ◦ x.
Finally, suppose that all we know about y : X → R is that y is σ(x)-measurable.

By what we have just proved, y+ = ϕ1 ◦x and y− = ϕ2 ◦x for some Borel measurable
maps ϕ1 and ϕ2 on Y. Setting ϕ := ϕ1 − ϕ2, completes our proof. �
11Note that (ϕm) need not converge at each point on its domain. In particular, ϕ1 ≤ ϕ2 ≤ · · ·

need not hold —I have control over the behavior of (ϕm(ν)) only for those ν that belong to the range
of x. This is why I work with ϕ̂ms here, not with ϕms. (Note also that defining ϕ̂m as ϕm1x(X)
wouldn’t work, because we don’t know if x(X) is a Borel subset of Y.)
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In applications, the Doob-Dynkin Lemma is often encountered in the following
garb.

Corollary 1.11. Let x1, x2, ... be random variables on a measurable space (X,Σ).
Then, for any positive integer n, a real map y on X is σ(x1, ..., xn)-measurable if,
and only if, there is a Borel measurable map ϕ : Rn → R such that

y(ω) = ϕ(x1(ω), ..., xn(ω)) for each ω ∈ X.

Similarly, a real map z on X is σ(x1, x2, ...)-measurable if, and only if, there is a Borel
measurable map Φ : R∞ → R such that

z(ω) = Φ(x1(ω), x2(ω), ...) for each ω ∈ X.

Proof. Apply Lemma 1.3 (or Exercise 1.10) and the Doob-Dynkin Lemma. �

2 The Distribution of a Random Variable

We have started this chapter by giving a formal definition for a (metric space-valued)
random variable in a way that allows us to assign probabilities to some “natural
events that involve that random variable. In this chapter, we discuss how we may
actually do this in some detail.

2.1 Image Measures and Distributions

Image Measures

Let us again start with introducing the related concepts in the most general setup.

Definition. Let (X1,Σ1) and (X2,Σ2) be two measurable spaces, and f : X1 → Y2
a Σ1\Σ2-measurable function. For any measure µ on Σ1, the map µf : Σ2 → [0,∞],
defined by

µf (S) := µ(f−1(S)),

is called the image measure of µ by f.12

We should of course verify that the image measure of µ by f is actually a measure
on Σ. This is straightforward. First, we have µf (∅) = µ(f−1(∅)) = µ(∅) = 0, and
second, for any nonempty countable set S of pairwise disjoint elements of ±2, we have
f−1(Si) ∩ f−1(Sj) = ∅ for any distinct positive integers i and j, and hence

µ
(
f−1 (

⊔
S)
)

= µ
(⊔
{f−1(S) : S ∈ S}

)
=
∑
S∈S

µ
(
f−1(S)

)
,

12Some authors refer to µf as the pushforward measure of µ by f. It is also common to denote µf
by µ ◦ f−1 or µf−1.
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that is, µf (
⊔
S) =

∑
S∈S µf (S). Moreover, µf (X2) = µ(f−1(X2)) = µ(X1), so the

total measure ofX2 according to the image measure of µ by f equals the total measure
of X1 according to µ. In particular, the image measure of µ by f is finite as long as
µ is finite.

Warning. In the context of the definition above, the σ-finiteness of µ does not guarantee the
σ-finiteness of the image measure of µ by f. For instance, consider the σ-finite measure space
(R,B(R), `) and the self-map f on R defined by f(t) = 1 for each t ∈ R. Then, µf is a Borel measure
on R with µf (S) =∞ if 1 ∈ S, and µf (S) = 0 otherwise. Obviously, this measure is not σ-finite.

Exercise 2.1.H Let (X1,Σ1) and (X2,Σ2) be two measurable spaces. If f : X1 → Y2 is a
Σ1\Σ2-measurable function such that µf is σ-finite, then µ must be σ-finite. True or False?

The Distribution of a Y -Valued Random Variable

Let us recall the idea behind the concept of a random variable. We begin with an
experiment which is modeled by means of a probability space (X,Σ,p).We then pick
a function x mapping X into R, so the values of x are random in the sense that x
assumes a given value a iff a particular event occurs in the experiment. A natural
candidate for this event is, of course, {x = a}, that is, x−1(a). But for this to make
sense formally, the set x−1(a) must really be an event, which explains why we require
x−1(a) ∈ Σ when defining a random variable. More generally, to assess the likelihood
of the event that the value of x belongs to some interval, or even more generally, to
some Borel set S in R, we need x−1(S) to belong to Σ. A random variable x on (X,Σ)
is a real map on X that has precisely this property.
All in all, for any S ∈ B(R), it is only natural that we assign p(x−1(S)) as the

probability of x−1(S). This prompts the following definition.

Definition. Let Y be a metric space. For any Y -valued random variable x on a
probability space (X,Σ,p), the image measure of µ by x (where we think of x as
Σ\B(Y )-measurable) is called the distribution of x, that is, px is the Borel measure
on Y such that

px(S) := p(x−1(S)) for each S ∈ B(Y ).13

For any metric space Y, the distribution px of a Y -valued random variable x on
a probability space (X,Σ,p) describes the probabilities for every event that may
involve x. This is meaningful because px is actually a Borel probability measure on

13As I have already mentioned in Section 1.1, there is nothing probabilistic about the notion of
a random variable. It is thus a bit silly to say that x is defined on a probability space (X,Σ,p) —
x is fully identified on the measurable space (X,Σ). However, in probability theory, one is foremost
interested in the distribution of a random variable, and that surely depends on the probability
measure that one uses on (X,Σ). It is for this reason that probabilists often talk of “a random
variable x on a probability space (X,Σ,p),”and henceforth, I will adhere to this convention as well.
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Y . Indeed, being an image measure, it is surely a measure on B(Y ). Moreover,
px(Y ) = p(x−1(Y )) = p(X) = 1, so we have px ∈ ∆(Y ), as claimed.

Continuous and Discrete Random Variables

When x is a random variable —that is, Y = R —the distribution function induced by
px is called the distribution function of x. We denote this distribution function
by Fx, and say that x is continuous if Fx is a continuous function.14 On the other
hand, we say that x is discrete if Fx is a discrete distribution function (Exercise
B.3.11).

Warning. As odd as this may sound, generically speaking, a “continuous random variable” is
distinct from a random variable that happens to be a continuous function. The former concept
is universally defined while the latter concept demands (something like) a metric structure on the
sample space. In fact, even in the case of Borel probability spaces these are distinct notions. If X
is finite, every real map on X is a random variable on (X, 2X) which is continuous on X (where
we view X as metrized by the discrete metric). But, obviously, in this case no real function on X
qualifies as a continuous random variable.

Exercise 2.2.H Let x be a continuous random variable on some probability space (X,Σ,p).
Then Fx ◦x is also a random variable on that space. Describe the distribution of this random
variable.

Defining a Random Variable through its Distribution

We often describe the probabilistic behavior of a random variable by specifying its
distribution function directly. So, the statement

“x is a random variable on X with the distribution function F”

means that x is a random variable on some probability space (X,Σ,p) such that the
distribution of x is the Lebesgue-Stieltjes probability measure induced by F, that is,
F = Fx.

Example 2.1. Let a and b be two real numbers with a < b. Consider the distribution
function F where F |(−∞,a) = 0, F |(b,∞) = 1, and

F (t) =
t− a
b− a, a ≤ t ≤ b.

(See Figure 2.1.) This distribution function, as well as the Lebesgue-Stieltjes proba-
bility measure induced by it, is called the uniform distribution on [a, b]. In turn,
a random variable with the uniform distribution on [a, b] is often referred to as a
“random variable which is uniformly distributed on [a, b].”Such a random variable is
sure to be continuous. �
14In particular, p{x = a} = px{a} = 0 for every continuous random variable x and a ∈ R.
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FIGURE 2.1 ABOUT HERE

Example 2.2. Let λ be a positive real number. Consider the distribution function F
where F |(−∞,0) = 0 and

F (t) = 1− e−λt, t ≥ 0.

(See Figure 2.1.) This distribution function, as well as the Lebesgue-Stieltjes proba-
bility measure induced by it, is called the exponential distribution with parameter
λ. In turn, a random variable with the exponential distribution with parameter λ
is often referred to as a “random variable which is exponentially distributed with
parameter λ.”This is again an example of a continuous random variable. �

Remark 2.1. In Section B.3.3 we have seen that there is a one-to-one correspondence
between Borel probability measures on R and distribution functions. Interestingly,
there is a similar relation between such measures and random variables on the prob-
ability space ((0, 1),B(0, 1), `). Indeed, it is obvious that any such random variable x
induces a Borel probability measure on R, namely, its distribution `x. The converse
is also true: Every Borel probability measure p on R arises this way, that is, p equals
the distribution of some such x.15 This is easy to see if p is induced by a strictly
increasing distribution function, say F. Since F is then a bijection from R onto (0, 1),
it is invertible, and we may define in this case x := F−1. Since x is increasing, we
have x ∈ L0((0, 1),B(0, 1)). Moreover,

`x(a, b] = `(x−1(a), x−1(b)] = F (b)− F (a) = p(a, b]

for any −∞ ≤ a ≤ b <∞, and

`x(a,∞) = 1− F (a) = p(a,∞)

for any −∞ ≤ a. Thus `x and p agree on the semialgebra of all right-semiclosed
intervals. By Example B.1.5 and Proposition B.4.1, then, `x = p, as we sought.
Unfortunately, this argument breaks down when F is not invertible. What we

need to do in the general case is to come up with some sort of a definition for the
“inverse” of an increasing function, even though this function may be constant on
some intervals. This leads us to define the pseudo-inverse of a distribution function
F as the map F−1 : (0, 1)→ R with

F−1(ω) := inf{t ∈ R : F (t) ≥ ω}.
15It is trivial that, for any p ∈ ∆(R), there is a random variable x on some probability space

such that px = p. Indeed, the identity function on (R,B(R),p) is one such random variable. What
I claim here is a wee bit less trivial. I’m saying that such an x can be defined on the particular
probability space ((0, 1),B(0, 1), `). As we shall see later, the fact that this space is independent of
p makes this a very useful observation.
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This map is easily checked to be increasing. (It is also left-continuous, but we do not
need this fact here.) Moreover, for any (ω, t) ∈ (0, 1)× R, we have

ω ≤ F (t) iff F−1(ω) ≤ t. (10)

The “only if”part of this assertion follows readily from the definition of F−1. Con-
versely, assume F−1(ω) ≤ t. By definition of F−1, for every ε > 0 there is a real
number s such that F (s) ≥ ω and F−1(ω) + ε > s. Then, t + ε > s, and as F is
increasing, we have F (t + ε) ≥ F (s) ≥ ω. By the right-continuity of F, therefore,
F (t) ≥ ω.
Now define x := F−1. Since it is increasing, x is a random variable on the proba-

bility space ((0, 1),B(0, 1), `). Moreover, for any real number t, we have

Fx(t) = `{x ≤ t} = `{ω ∈ (0, 1) : ω ≤ F (t)} = `(0, F (t)] = F (t),

where we used (10) to get the second equality. Thus: Fx = F. But as we know,
this means that `x = p. (Yes?) Conclusion: For every p ∈ ∆(R), there is a random
variable x on the probability space ((0, 1),B(0, 1), `) whose distribution equals p. �

Insight. There is a one-to-one correspondence between any two of the following
three concepts:

• Borel probability measures on R,

• distribution functions, and

• random variables on ((0, 1),B(0, 1), `).

In applications, therefore, one may choose to work with whichever of these concepts
is more convenient.

Exercise 2.3. Let x and y be two random variables such that px(t,∞) ≥ py(t,∞) for every
real number t. Show that there exist two random variables z and w on the probability space
((0, 1), B(0, 1), `) such that `z = px, `w = py, and z ≥ w.

Exercise 2.4. Let X be a Polish space and p a Borel probability measure on X. Prove that
there exists a [0, 1]-valued random variable x ∈ L0(X,B(X)) such that px = `.

2.2 Almost Everywhere and Almost Sure (In)Equality

In probability theory, the validity of a logical statement is often understood as valid-
ity “with probability one”which is usually different from validity “always.”(Dually,
something holding “never”is frequently understood as that thing holding “with prob-
ability zero.”) When the truth of a statement is understood as such, that statement
is accompanied by the phrase “almost surely.”The following provides a case in point.
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Definition. Let Y be a separable metric space, and x and y two Y -valued random
variables on a measure space (X,Σ, µ). If µ{x 6= y} = 0, we say that x and y
are equal µ-almost everywhere, and write x =µ-a.e. y. But if µ is a probability
measure, and x and y are equal µ-almost everywhere, that is, when µ{x = y} = 1,
we say that x and y are equal almost surely (assuming that µ is understood from
the context), and write x =a.s. y.16

Here are some simple examples.

Example 2.3. [1] Let Y be a separable metric space, and x and y Y -valued random
variables on a measurable space (X,Σ). Pick any ω∗ inX, and consider the probability
space (X,Σ, δω∗). (Recall Example B.2.1.) In the context of this space, we have
x =a.s. y iff x(ω∗) = y(ω∗).

[2] Consider the probability space (N, 2N,p) where p{i} = 2−i for each i ∈ N.
Any two (Y -valued) random variables x and y on this space is almost surely equal to
each other iff x = y.

[3] Consider the probability space ([0, 1],B[0, 1], `) and take any two random vari-
ables x and y on this space. If x|[0,1]\Q = y|[0,1]\Q, then x =a.s. y. Of course, we can
replace Q with any countable subset of [0, 1] in this observation. �

Exercise 2.5. Let (X,Σ,p) be a probability space such that Σ is an atomic algebra on X with
atoms S such that p(S) > 0 for each S ∈ S. For any separable metric space Y, and any
Y -valued random variables x and y on (X,Σ,p), show that x =a.s. y iff x = y.

Intuitively speaking, two random variables that are equal almost surely are indis-
tinguishable from each other insofar as the probabilistic viewpoint is concerned. The
following exercise supplies the formal argument.

In the following set of exercises Y stands for a separable metric space, and (X,Σ, µ) an
arbitrarily fixed measure space.

Exercise 2.6. Let x and y be two Y -valued random variables on (X,Σ,p) such that x =µ-a.e. y.
Show that if µx is σ-finite, then so is µy and we have µx = µy.

Insight. The distributions of two almost surely equal random variables are the same.

Warning. The converse of the observation noted in Exercise 2.5 is false. For instance,
consider the experiment of tossing a fair coin, and let x take value 1 if heads come up, and −1
otherwise. (Formally, our probability space here is ({0, 1}, 2{0,1},p), where p{0} = 1

2 = p{1},
and x is a real map on {0, 1} with x(0) := −1 and x(1) := 1.) Then, if y := −x, we have
px = py, but p{x = y} = 0.

Exercise 2.7. Let X stand for a nonempty collection of Y -valued random variables on
(X,Σ, µ). Show that =µ-a.e. is an equivalence relation on X .

16Quiz. How do I know that {x = y} ∈ Σ? (Hint. Recall Proposition 1.4.)
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Exercise 2.8. Let x, x′, y and y′ be Y -valued random variables on (X,Σ, µ) such that x =µ-a.e. y
and x′ =µ-a.e. y

′. Show that ϕ(x, x′) =µ-a.e. ϕ(y, y′) for any ϕ ∈ C(Y × Y ).

Exercise 2.9. Let x, x1, x2, ..., y, y1, y2, ... be Y -valued random variables on (X,Σ, µ) such that
xm =µ-a.e. ym for each m ∈ N, xm → x and ym → y. Show that x =µ-a.e. y.

When there is an order structure on the codomain of two random variables (on a
given probability space), we can also talk about one of these random variables being
almost surely larger than another. We will use this notion routinely in the case of
R-valued random variables.

Definition. Let x and y be two R-valued random variables on a measure space
(X,Σ, µ). If µ{x < y} = 0, we say that x is larger than y µ-almost every-
where, and write x ≥µ-a.e. y. But if µ is a probability measure, and x is larger than
y µ-almost everywhere, that is, when µ{x ≥ y} = 1, we say that x is larger than y
almost surely (assuming that µ is understood from the context), and write x ≥a.s. y.
The expressions “x ≤µ-a.e. y”and “x ≤a.s. y”are understood similarly.

In the context of this definition, it is obvious that x =µ-a.s. y implies both x ≥µ-a.s. y
and y ≥µ-a.s. x. The converse is true as well. Indeed, if we have x ≥µ-a.s. y and
y ≥µ-a.s. x simultaneously, then p{x 6= y} = p{x < y} + p{y > x} = 0, that is,
x =µ-a.s. y. Conclusion: x =µ-a.s. y iff x ≥µ-a.s. y ≥µ-a.s. x. We will henceforth use this
fact routinely.
Finally, we note that ≥a.s. acts as a preorder on any given nonempty set of random

variables on a (fixed) probability space. This preorder need not be a partial order,
that is, it may fail the antisymmetry property, because x ≥a.s. y and y ≥a.s. x do not
necessarily yield x = y.

2.3 Almost Sure Convergence

Consider the probability space ([2], 2[2],p) where p{2} := 1, and for each positive
integerm, define xm ∈ {−1, 1}[2] as xm(1) := (−1)m and xm(2) := 1. What is limxm?
From the perspective of, say, calculus, this is not really a meaningful question because
limxm is not defined at 1. But from a probabilistic perspective, this is a triviality.
The sequence (xm) behaves irregularly only at the outcome 1, and probabilistically
speaking, there is no reason to really care about this, for in our experiment the
outcome 1 obtains only with probability zero. Viewed this way, (xm) is in fact a
constant sequence “where it matters,”that is, on a set of probability 1. This prompts
the following definition.

Definition. Let Y be a separable metric space, and let x, x1, x2, ... be a Y -valued
random variables on a probability space (X,Σ,p). We say that (xm) converges
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almost surely to x (or that x is an almost sure limit of (xm)) whenever p{xm →
x} = 1, 17 that is,

p{ω ∈ X : dY (xm(ω), x(ω))→ 0} = 1.

In this case, we write xm →a.s. x, but if x is a constant map, say, x = ν for some
ν ∈ Y, we abuse notation and write xm →a.s. ν.

For instance, in the context of our little example above, we have xm →a.s. 1.
Actually, given that p{1} := 0, it is irrelevant what value we assign to an almost
sure limit of (xm) at 1. That is, for any extended real number a, we have xm →a.s. x
where x(1) := a and x(2) = 1. (In particular, we see here that almost sure limit of a
sequence of random variables need not be unique.) Here are some other examples.

Example 2.4. Throughout this example, the underlying probability space is taken as
([0, 1],B[0, 1], `).

[1] Consider the sequence (xm) in R[0,1] where xm(ω) := ω+ωm. Then, xm → 1 is
false, because xm(1) = 2 for eachm, and yet {xm → 1} = [0, 1), and hence xm →a.s. 1.

[2] Consider the sequence (ym) in R[0,1] where ym is the indicator function of
[0, m+1

2m
] on [0, 1]. Then, ym →a.s. 1[0,1/2) but ym(1

2
) = 1 for each m.

[3] Let Sm be a sequence of countable subsets of [0, 1], and define zm := 1[0,1]\Sm for
each positive integer m. Then, zm →a.s. 1 because |zm(ω)− 1| > 0 only if ω belongs
to an `-null subset of [0, 1], namely, S1 ∪S2 ∪ · · ·. Of course, we also have zm →a.s. 1S
for any `-null subset S of [0, 1]. �

In the following set of exercises x, x1, x2, ... and y, y1, y2, ... stand for R-valued random vari-
ables on a probability space (X,Σ,p).

Exercise 2.10. Prove: If xm →a.s. x, ym →a.s. y and ym ≥a.s. xm for each m, then y ≥a.s. x.

Exercise 2.11. Suppose xm →a.s. x, and prove that xm →a.s. y iff x =a.s. y.

Exercise 2.12. Prove: If xm →a.s. x and ym →a.s. y, then ϕ(xm, ym) → ϕ(x, y) for any
ϕ ∈ C(R× R).

Exercise 2.13. True or False: If x is the unique almost sure limit of (xm), then xm → x.

17This definition presupposes that the expression p{xm → x} makes sense. Put differently, it
presumes that p recognizes S := {xm → x} as an event, that is, S ∈ Σ. Proving that this presumption
is valid is not diffi cult. Note that ω ∈ S iff, for every positive integer k, there exists a positive integer
M such that dY (xm(ω), x(ω)) ≤ 1

k for every m ≥M. Therefore,

S =

∞⋂
k=1

∞⋃
M=1

∞⋂
m=M

{
dY (xm, x) ≤ 1

k

}
.

Now, since dY ∈ C(Y × Y ) and Y is separable, dY (xm, x) is a random variable on (X,Σ,p) by
Proposition 1.4. Consequently, {dY (xm, x) ≤ 1

k} ∈ Σ for any positive integers k and m, and hence
the equation above establishes that S ∈ Σ.

30



Exercise 2.14. Show that it is not possible to find a semimetric d on L0([0, 1],B[0, 1]) such
that `{zm → z} = 1 iff d(zm, z) → 0 for any random variables z, z1, z2, ... on ([0, 1],B[0, 1]).
(In Section J.3.1, we will prove a generalization of this observation.)

Exercise 2.15.H Assume that x, x1, x2, ... are real-valued. We say that xm → x almost uni-
formly, if for every ε > 0, there is a set S ∈ Σ such that p(X\S) < ε and xm → x uniformly
on S. Show that if xm → x almost uniformly, then xm →a.s. x.

Exercise 2.16. (Egorov’s Theorem, Again) Assume that x, x1, x2, ... are real-valued. We have
seen in Exercise 1.13 that xm → x implies xm → x almost uniformly. Now prove that
xm →a.s. x implies xm → x almost uniformly.

Insight. For any sequence of random variables on a probability space, almost sure conver-
gence and almost uniform convergence are equivalent concepts.

We conclude by introducing one final bit of notation. Let x, x1, x2, ... be R-random
variables on a probability space (X,Σ,p). Recall that we write xm ↑ x to indicate
that (xm) is an increasing sequence which converges to x. In keeping with this, we
write xm ↑a.s. x to indicate that xm ↑ x fails only on an event which is negligible with
respect to p. That is, xm ↑a.s. x means

p {x1 ≤ x2 ≤ · · · and xm → x} = 1.

The expression xm ↓a.s. x is understood analogously.
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