
Chapter B
Probability via Measure Theory

The primary objective of this chapter is to introduce the basic probability model from
the measure theoretic point of view. Consequently, we first start with discussing the
idea behind the formal notion of a probability space, and provide a fairly introductory
discussion of finite measure theory. Our pace here is quite leisurely. In particular, we
discuss semialgebras, algebras and σ-algebras in detail, pay due attention to Borel
σ-algebras, and prove several elementary properties of probability measures. In ad-
dition, we sketch an introductory account of Borel probability measures on Polish
spaces, and establish that such measures are not only regular, but they admit sup-
ports that can be approximated by compact sets.
Of primary importance in this chapter are constructions of some useful probability

spaces, including those that are induced by distribution functions and Markov chains.
As usual, these constructions are achieved by invoking the fundamental extension
theorem of Carathéodory. The proof of the existence part of this result is a bit
involved, and it is given here mainly for the more advanced readers. The proof of
its uniqueness part, however, is for everybody. Indeed, that argument is based on a
standard method of measure theory, the so-called “good set technique,”and provides
a good occasion for learning about the amazingly useful Sierpiński Class Lemma.1

1 Measurable Spaces

The most fundamental notion of probability theory is that of a probability measure.
Roughly speaking, a probability measure tells us the likelihood of observing any
conceivable event in an experiment the outcome of which is uncertain. To formally
introduce this concept, however, we need to model the elusive term “conceivable
event”in this description —hence the next subsection.

1There is, of course, no shortage of truly excellent textbooks that introduce probability theory
from the measure-theoretic viewpoint. In particular, the treatments of Billingsley (1986), Shiryaev
(1996) and Chung (2001) are classical. Among the more recent references are Durrett (2010),
Fristedt and Gray (1997), Resnick (1997), Gut (2005) and Athreya and Lahiri (2007). I personally
like the treatment of Fristedt and Gray (1997) the most, but it may be a bit advanced for you if
you don’t have a measure theory backround. On the other hand, Resnick (1997) presents a rich
set of exercises, while Gut (2005) develops the theory with the ultimate aim of making a proper
introduction to mathematical statistics. Durrett (2010) is very dear to my heart —I learned about
probability for the first time from Harry Kesten and Rick Durrett at Cornell (in 1997) who used an
earlier version of this text. Admittedly, this book is a bit short on details when it comes to proofs,
but it has an amazing set of examples.
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1.1 Semialgebras, Algebras and σ-Algebras

Algebras

Definition. Let X be a nonempty set. A nonempty collection A of subsets of X is
called an algebra on X if

(i) X\A ∈ A for all A ∈ A; and
(ii) A ∪B ∈ A for all A,B ∈ A.

We say that A is a finite algebra on X if it is an algebra on X such that |A| <∞.

In words, an algebra on a nonempty set X is a nonempty collection of subsets of
X that is closed under complementation and taking pairwise (and thus finite) unions,
and a finite algebra on X is one that contains finitely many elements. (Obviously, any
algebra on a finite set is a finite algebra on that set.) It is readily verified that both
∅ and X belong to any algebra A on X. (Indeed, since A is nonempty, there exists
an A in A, and hence X\A belongs to A. Thus, X = A ∪ (X\A) ∈ A.) Moreover,
by the de Morgan Law, an algebra A on X is closed under taking finite intersections.
That is, if S is a finite subset of A, then

⋂
S ∈ A.

σ-Algebras

For reasons that will become clear only later, we need to go beyond algebras to talk
about the “conceivable events”that may occur in an experiment. The key concept
to this end is the notion of a σ-algebra.

Definition. Let X be a nonempty set. A nonempty collection Σ of subsets of X is
called a σ-algebra on X if

(i) X\A ∈ Σ for all A ∈ Σ; and

(ii)
⋃∞Ai ∈ Σ whenever Ai ∈ Σ for each i = 1, 2, ....

Any element of Σ is called a Σ-measurable set in X. If Σ is a σ-algebra on X, we
refer to the pair (X,Σ) as a measurable space.

That is, a σ-algebra on X is a nonempty collection of subsets of X that is closed
under complementation and taking countably infinite unions. For any subsets A and
B of X, applying condition (ii) above to the sequence (A,B,B, ...), we see that a
σ-algebra on X is closed under taking pairwise (and thus finite) unions. (So, any σ-
algebra onX is an algebra onX.) In other words, saying that a collection of subsets of
X is a σ-algebra on X is the same thing as saying that this collection is an algebra on
X which is closed under taking countable unions. In particular, there is no difference
between an algebra and a σ-algebra when the ground set X under consideration is
finite. (More generally, every finite algebra on X is a σ-algebra on X.) Moreover, by
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the de Morgan Law, a σ-algebra on X is closed under taking countable intersections.
That is, if C is a countable subset of a σ-algebra Σ on X, then

⋂
C ∈ Σ.

First Impressions

Before considering some examples, let us provide a quick interpretation of measurable
spaces. Given a nonempty set X and a σ-algebra Σ on X, we think of X as the set of
all possible outcomes that may result in an experiment, the so-called sample space,
and view any one member of Σ (and only such a subset of X) as an “event” that
may take place in the experiment. To illustrate, consider the experiment of rolling an
ordinary die once. It is natural to takeX := [6] as the sample space of this experiment.
But what is an “event”here? The answer depends on the actual scenario that one
wishes to model. If it is possible to discern the differences between all subsets of X,
we would take 2X as the σ-algebra of the model, thereby deeming any subset of X as
a conceivable event. (For instance, [3] would be the event that “a number strictly less
than 4 comes up.”) On the other hand, the situation we wish to model may call for
a different type of an event space. For example, if we want to model the beliefs of a
person who will be told after the experiment only whether or not 1 has come up, [3]
would not really be deemed as a conceivable event. (If the outcome is 2, one would
like to say that [3] has occurred, but given her informational limitation, our agent
has no way of concluding this.) Indeed, this person may have an assessment only of
the likelihood of 1 coming up in the experiment, so a nontrivial “event” for her is
either “1 comes up”or “1 doesn’t come up.”Consequently, to model the beliefs of
this individual, it makes more sense to choose a σ-algebra like {∅, X, {1}, {2, ..., 6}}.
An “event” in this model would then be one of the four members of this particular
collection of sets.
In practice, then, there is quite a bit of latitude in choosing a particular class Σ of

events to endow a sample space X with. However, we cannot do this in a completely
arbitrary way. If A is an event, then we need to be able to talk about this event
not occurring, that is, to deem the set X\A also as an event. This requires Σ be
closed under complementation. Similarly, we wish to be able to talk about at least
one of countably many events occurring, and this requires Σ be closed under taking
countable unions. Besides, these two properties warrant that we can view “countably
many events occurring simultaneously” as an event as well. To give an example,
consider the experiment of rolling an ordinary die arbitrarily many times. Clearly,
we would take X = [6]∞ as the sample space of this experiment. Suppose next that
we would like to be able talk about the situation in which 2 comes up in the ith
roll of the die. We would then choose a σ-algebra that surely contains all sets of the
form Ai := {(ωm) ∈ [6]∞ : ωi = 2}. This σ-algebra must contain many other types of
subsets of X. For instance, the situation that “2 comes up in neither the first nor the
second roll”must formally be an event, because {(ωm) ∈ [6]∞ : ω1, ω2 6= 2} equals
(X\A1) ∩ (X\A2). Similarly, since each Ai is deemed as an “event,” our σ-algebra
would maintain that

⋃∞Ai (“2 comes up at least once through the rolls”) and ⋂∞Ai
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(“each roll results in 2 coming up”) are “events”in our model.
In short, given a σ-algebraΣ onX, the intuitive concept of an “event”is formalized

as any Σ-measurable set in X. That is, and mark this, we say that A is an event if
and only if A ∈ Σ, and for this reason a σ-algebra on X is often referred to as an
event space on X. One may define many different event spaces on a given sample
space, so what an “event”really is depends on the model one chooses to work with.

Atomic Algebras vs. Algebras vs. σ-Algebras

Example 1.1. 2X and {∅, X} are σ-algebras on any nonempty set X. The collection
2X corresponds to the finest event space allowing each subset of X to be deemed as
an “event.”2 By contrast, {∅, X} is the coarsest possible event space that allows one
to perceive of only two types of events, “nothing happens”and “anything happens.”
More generally, let S be any partition of X, and put A := {

⋃
T : ∅ 6= T ⊆ S} ∪ {∅}.

The collection A is sometimes referred to as the atomic algebra on X with atoms
S, and it is easily checked to be a σ-algebra on X. (By an atomic algebra on X, we
thus mean an atomic algebra on X with atoms S, where S is some partition on X.)
Clearly, the atomic algebra on X with atoms {{ω} : ω ∈ X} is 2X and the atomic
algebra on X with atoms {X} is {∅, X}. Besides, there are many atomic algebras
of interest. In fact, every finite algebra on X is sure to be atomic. (See Exercise
1.4 below.) In general, however, an algebra on X need not be atomic (even if X is
countable), and we will indeed work with such non-atomic algebras as a matter of
routine. �

Example 1.2. It is easy to check that

A := {A ∈ 2N : min{|A| , |N\A|} <∞}

is an algebra on N. (A is called the cofinite algebra on N.) But A is not a σ-
algebra. Indeed, {i} ∈ A for each odd i ∈ N, but {1, 3, ...} /∈ A. So A is not closed
under taking countable unions. A similar argument shows that A is not an atomic
algebra on N either. Indeed, if S is a partition of N such that A is the atomic algebra
on N with atoms S, then {i} ∈ S for each i ∈ N (because {i} ∈ A), so we must have
S = {{i} : i ∈ N}. But then, as A is the atomic algebra on N with atoms S, we must
have {1, 3, ...} ∈ A, which is a contradiction. �

Semialgebras
2The discussion above suggests that certain subsets of X may not be deemed as “events” for

an observer with limited information, so 2X may not always be the relevant event space to endow
X with. (I will talk about this issue at greater length when studying the notion of conditional
probability later in the text.) There are also mathematical reasons for why one cannot always view
2X as a useful event space. Roughly speaking, when X is an infinite set, 2X may be “too large”of
a set for one to be able to assign probability numbers to each element of 2X in a nontrivial way.
(More on this in Section 3.5.)
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It is sometimes easier to analyze a given σ-algebra Σ by looking first at a suitable (in
a sense, maximal) algebra A contained in Σ. In turn, there are important cases where
the structure of A itself would be more easily understood by looking at a subset of it
that exhibits consistency conditions weaker than those of an algebra. In a few pages
we shall make use of the following notion in this manner.

Definition. Let X be a nonempty set and S a collection of subsets of X. We say
that S is a semialgebra on X if (i) both ∅ and X belong to S, (ii) S is closed under
taking finite intersections, and (iii) for any S ∈ S, the set X\S can be written as the
union of a collection of finitely many pairwise disjoint elements of S.

The notion of a semialgebra is a bit more convoluted than that of an algebra.
For the moment, let us not worry about why this concept is of interest —this will
become apparent in Section 3 —and note only that an algebra on a nonempty set X
is necessarily a semialgebra on X. The following examples show that the converse is
false, that is, a semialgebra need not be an algebra.

Example 1.3. [1] The collection of all intervals is a semialgebra on R, but it is not
an algebra.

[2] The collection of all open intervals is not a semialgebra on R.

[3] The collection of all right-semiclosed intervals is a semialgebra on R, but it
is not an algebra. (Recall Section A.2.4.) The smallest algebra on R that contains
all right-semiclosed intervals is the collection of all finite disjoint unions of right-
semiclosed intervals. This algebra is not a σ-algebra. (Proofs?) �

Exercise 1.1. Let X be a metric space. Let OX and CX denote the collection of all open
and closed subsets of X, respectively. Is either OX or CX a semialgebra? An algebra? A
σ-algebra? How about OX ∪ CX?

Exercise 1.2.H Let X and Y be two nonempty sets, and S and T semialgebras on X and Y,
respectively. Prove that {S × T : (S, T ) ∈ S × T } is a semialgebra on X × Y . Is this true for
algebras?

Exercise 1.3.H Let X be a nonempty set, and R a collection of σ-algebras on X.
(a) Show that

⋂
R is a σ-algebra on X.

(b) Give an example to show that
⋃
R need not be an algebra even if R is finite.

(c) Suppose R = {Σ1,Σ2, ...} where Σ1 ⊆ Σ2 ⊆ · · ·. Show that
⋃
R is an algebra, but it need

not be a σ-algebra.
∗(d) Suppose R = {Σ1,Σ2, ...} where Σ1 ⊂ Σ2 ⊂ · · ·. Prove that

⋃
R is not a σ-algebra.

Exercise 1.4. Prove:
(a) Any atomic algebra on a nonempty set X is a σ-algebra on X.
(b) Any finite algebra on a nonempty set X is atomic. Use this observation to conclude that
any finite algebra on a nonempty set has 2k many elements for some k ∈ N.
(c) Let A be the collection of all subsets of R which are either intervals or complements of
intervals. Show that A is an algebra on X but it is not an atomic algebra on X.
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Exercise 1.5.H Let X and Y be two nonempty sets, and Σ a σ-algebra on X. Let f : X → Y
be any map. If {f(S) : S ∈ Σ} is a σ-algebra on Y , then does f have to be surjective? How
about the converse?

Exercise 1.6. Let X be a nonempty set, and define

A :=
{
A ∈ 2X : either A or X\A is countable

}
.

Show that A is a σ-algebra (which is called the cocountable σ-algebra on X) which need
not be an atomic algebra on X. Also show that A = 2X iffX is countable.

Insight. An atomic algebra A on a nonempty set X is a σ-algebra on X, and a σ-algebra
on X is an algebra on X. Converses of neither of these implications are valid in general.
However, a finite algebra on X is necessarily atomic, so in this case all three of these concepts
coincide.

Exercise 1.7.H Show that a σ-algebra on a nonempty set is either finite or uncountable.

Generated Algebras

In practice, it is not uncommon that we have a pretty good idea about the kinds of
sets we wish to consider as events, but we have some diffi culty in terms of finding a
“good”σ-algebra for the problem because the collection of sets we have at hand does
not constitute a σ-algebra. The resolution is usually to first extend the collection
of sets which we are interested in to an algebra, and then that to a σ-algebra, in a
minimal way. (We consider minimal extensions because we wish to depart from our
“interesting”sets as little as possible. Otherwise taking 2X as the event space would
have trivially solved the problem of extension.) The following definition is the first
step toward formalizing this method.

Definition. Let X be a nonempty set and S a subset of 2X . The smallest algebra
on X that contains S (in the sense that this algebra is included in any other algebra
that contains S) is called the algebra generated by S, and is denoted as α(S).

To illustrate, if X := {a, b, c}, then α(∅) = α({∅}) = α({X}) = {∅, X}, α({∅, X,
{a}}) = {∅, X, {a}, {b, c}}, and α({∅, X, {a}, {b}}) = 2X . Of course, we have A =
α(A) for any algebra A on any nonempty set.
Does any collection of subsets S of a given nonempty set X generate an algebra on

X? The answer is not entirely trivial, because it is not self-evident if we can always
find a smallest algebra that extends an arbitrarily given collection of sets. The matter
is, however, easy to settle. First, note that there is at least one algebra on X, namely
2X , which is sure to contain S. That is, the collection {A : A is an algebra on X and
S ⊆ A} is nonempty. Furthermore, if we intersect all members of this collection we
again get an algebra on X that contains S. And, obviously, this algebra is a subset
of any algebra on X that contains S. Conclusion: There is a unique smallest algebra
that contains S, so α(S) is well-defined, and we have

α(S) =
⋂
{A : A is an algebra on X such that S ⊆ A} . (1)
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In fact, at least when S has some special structure, we can give an explicit description
of the members of α(S). The situation is particularly simple when S is a semialgebra
on X.

Lemma 1.1. Let S be a semialgebra on a nonempty set X. Then, for every A ∈ α(S)
there is a nonempty finite collection SA of pairwise disjoint elements of S such that
A =

⊔
SA.

Proof. Let A stand for the collection of all subsets A of X that can be written as⊔
SA for some finite collection SA of pairwise disjoint elements of S. Our task is to

show that A = α(S). Note first that A ⊆ α(S) because, being an algebra on X, α(S)
contains any finite union of elements of S. In turn, the converse containment would
be proved if we can show that A is an algebra on X. (For, it would then follow that
A is an algebra on X that contains S while α(S) is the smallest such algebra on X.)
As S contains ∅, so does A. In particular, A is nonempty. We claim that this

collection is closed under taking pairwise (and thus finite) intersections. To see this,
take any A and B in A. By definition of A, there are nonempty finite subsets SA and
SB, each containing pairwise disjoint sets, such that A =

⊔
SA and B =

⊔
SB. But

A ∩B =
⊔
SA ∩

⊔
SB =

⊔
{S ∩ T : (S, T ) ∈ SA × SB},

so, as S ∩ T ∈ S for any (S, T ) ∈ SA×SB (because S is closed under taking pairwise
intersections), we find A ∩ B ∈ A. Conclusion: A is a nonempty subset of 2X which
is closed under taking finite intersections.
Now take any A in A, and write A =

⊔
SA for some nonempty finite collection

SA of pairwise disjoint elements of S. Clearly,

X\A =
⋂
{X\S : S ∈ SA}.

As S is a semialgebra on X, for every S ∈ SA there is a finite collection T (S) of
pairwise disjoint elements of S such that X\S =

⊔
T (S). Consequently,

X\A =
⋂

S∈SA

⊔
T (S).

But
⊔
T (S) ∈ A by definition of A, and we now know that A is closed under

taking finite intersections. It follows that X\A ∈ A. Conclusion: A is closed under
complementation. On the other hand, for any A and B in A, we have A ∪ B =
(X\A)∩ (X\B), and hence, A∪B ∈ A, because A is closed under complementation
and taking pairwise intersections. Conclusion: A is an algebra on X. As we have
noted above, this finding concludes our proof. �

Exercise 1.8. Let S be a semialgebra on a nonempty set X, and assume that S is closed under
taking finite unions. Show that S ∪ {X\S : S ∈ S} is an algebra on X. Does this algebra
equal α(S)?
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Generated σ-Algebras

The following definition is fundamental for the development of probability theory.

Definition. Let X be a nonempty set and S a nonempty subset of 2X . The smallest
σ-algebra on X that contains S (in the sense that this σ-algebra is included in any
other σ-algebra that contains S) is called the σ-algebra generated by S, and is
denoted as σ(S).

Once again, the existence is not a matter of concern. As in the case of algebras,
for any collection S of subsets of a nonempty set X, there exists a unique smallest
σ-algebra that contains S, so σ(S) is well-defined. Indeed, we have

σ(S) =
⋂
{Σ : Σ is a σ-algebra on X such that S ⊆ Σ} .

(The proof is identical to that of (1).) Unlike generated algebras, however, the explicit
characterization of a generated σ-algebra is an elusive problem which is often settled
indirectly. Here is an illustration.

Example 1.4. Let X be a nonempty set and put S := {{ω} : ω ∈ X}, the collection
of all singleton subsets of X. Then, the σ-algebra generated by S is the cocountable
σ-algebra on X, that is

σ(S) = {S ∈ 2X : either S or X\S is countable}. (2)

To prove this, denote the right-hand side of (2) by A, and note that σ(S) ⊇ A
because every singleton belongs to σ(S) and σ(S) is closed under taking countable
unions and complementation. As S ⊆ A, our assertion will then be proved if we can
show that A is a σ-algebra on X.3 But A is obviously nonempty and closed under
complementation. It remains to show that A is also closed under taking countable
unions. Let B be a countable subset of A. If every B ∈ B is countable, so is

⋃
B, and

hence
⋃
B ∈ A. Suppose, then, there is at least one uncountable element of B, say,

A. But, by definition of A, this means that X\A is countable. As X\
⋃
B ⊆ X\A,

therefore, X\
⋃
B is countable, and we find

⋃
B ∈ A once again, completing the

proof of the equation (2). �

It readily follows from the definitions that σ(S) = σ(α(S)) for any collection S
of subsets of a given nonempty set. Thus, “going from S to the σ-algebra generated
by S”yields the same result as “first going from S to the algebra A generated by S
and then from A to the σ-algebra generated by A.”We will use this observation in
Section 3 when we get to construct some probability spaces.

3If you have already solved Exercise 1.6, we are done at this point.

8



Exercise 1.9. Does the σ-algebra generated by the algebra of Example 1.3.[3] include all open
sets in R?

Exercise 1.10.H Compute σ(A), where A := {S ⊆ R : min{|S| , |R\S|} <∞}.

Exercise 1.11. Let (X,Σ) be a measurable space, and S a subset of X that does not belong
to Σ. Prove:

σ(Σ ∪ {S}) = {(A ∩ S) ∪ (B ∩ (X\S)) : A,B ∈ Σ}.

Exercise 1.12.H Let (X,Σ) be a measurable space such that Σ = σ(A) for some countable
collection A of countable subsets of X. Show that there is a countable collection B of pairwise
disjoint countable subsets of X such that Σ = σ(B).

Exercise 1.13. Let X be a nonempty set and A a countable collection of pairwise disjoint
subsets of X with ∅ ∈ A. Prove that

σ(A) = {A ∈ 2X : A ∈ {
⋃
B, X\

⋃
B} for some B ⊆ A}.

Exercise 1.14.H Let (X,Σ) be a measurable space. We say that Σ (or (X,Σ) itself) is count-
ably generated if there is a countable subset A of 2X such that σ(A) = Σ. Show that the
cocountable σ-algebra on X (Exercise 1.6) is not countably generated unless X is a countable
set.

1.2 Borel σ-Algebras

Preliminaries

Let X be a metric space, and as usual, let OX stand for the collection of all open, and
CX for that of all closed, subsets of X.4 The members of OX , or of CX , are of obvious
importance, but unfortunately neither of these collections is an algebra in general.
In metric spaces, then, it is natural to consider the σ-algebra generated by OX . This
σ-algebra is called the Borel σ-algebra on X, and its members are referred to as
Borel sets (or in probabilistic jargon, Borel events).5 Throughout this text, we
denote the Borel σ-algebra on a metric space X by B(X). By definition, therefore,
we have B(X) := σ(OX).

Notation. We write B[a, b] for B([a, b]), and B(a, b] for B((a, b]), where −∞ < a <
b <∞.

Example 1.5. By definition, B(R) = σ(OR), but one does not actually need all open
sets in R for generating B(R). For instance, what if we used instead the class of all
open and bounded intervals, call it A1, as a primitive collection and attempt to find

4The basic theory of metric spaces is outlined in Appendix 2. I will use this theory extensively
here on out.

5Émile Borel (1871-1956) was one of the pioneers of measure theory. His work has set the stage
for the subsequent contributions of René Baire and Henri Lebesgue, and helped measure theory
establish itself as a major branch of real analysis. You have probably already heard of Borel —he is
the Borel of the “Heine-Borel Theorem.”His name will pop up in several other occasions throughout
this course.
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σ(A1)? This would lead us exactly to the σ-algebra σ(OR)! To see this, observe first
that σ(OR) is obviously a σ-algebra that contains A1 so, by definition of σ(A1), we
have σ(A1) ⊆ σ(OR). To establish the converse containment, remember that every
open set in R can be written as the union of countably many open and bounded
intervals. (Right?) Thus: OR ⊆ σ(A1). But then, since σ(OR) is the smallest σ-
algebra that contains OR, and σ(A1) is a σ-algebra, we must have σ(OR) ⊆ σ(A1).
Conclusion: σ(A1) = B(R).
In fact, there are all sorts of other ways of generating the Borel σ-algebra on R.

For instance, consider the following classes:

A2 := the set of all closed and bounded intervals
A3 := the set of all closed sets in R
A4 := the set of all bounded intervals of the form (a, b]
A5 := the set of all intervals of the form (−∞, a]
A6 := the set of all intervals of the form (−∞, a).

It is easy to show that all of these collections generate the same σ-algebra, namely,
B(R). We have already seen that σ(A1) = B(R). On the other hand, every closed and
bounded interval can be written as the intersection of countably many open intervals.
(Proof. [a, b] =

(
a− 1

2
, b+ 1

2

)
∩
(
a− 1

3
, b+ 1

3

)
∩ · · · for any real numbers a and b with

a ≤ b.) It follows that A2 ⊆ σ(OR), and hence σ(A2) ⊆ σ(OR). But, similarly, any
open and bounded interval can be written as the union of a countable collection of
closed and bounded intervals. So, A1 ⊆ σ(A2), and it follows that σ(A1) ⊆ σ(A2).
Thus: σ(A2) = σ(A1) = B(R). The rest of our claims would be proved similarly. �

Example 1.5 shows that different collections of sets might well generate the same
σ-algebra. In fact, the Borel σ-algebra on a metric space is also generated by the
family of all closed subsets of that space. That is, for any metric space X,

B(X) := σ(OX) = σ(CX).

(Yes?) A simple consequence of this is that every singleton, and hence every count-
able, subset of X belongs to B(X).
The following exercises play on this theme a bit more.

Exercise 1.15. Recall Exercise 1.14, and show that B(R) is countably generated.

Exercise 1.16. Let I denote the set of all bounded intervals in R. For any positive integer
n, and for each j ∈ [3], put

Aj := {I1 × · · · × In : Ii ∈ I(j) for each i ∈ [n]} ,

where I(1) := {I ∈ I : I is open}, I(2) := {I ∈ I : I is right-closed}, and I(3) := {I ∈ I : I
is closed}. Show that we have B(Rn) = σ(A1) = σ(A2) = σ(A3).
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Exercise 1.17. Let X be a separable metric space. Prove that

B(X) = σ({Nε(ω) : ω ∈ X and ε > 0}),

where Nε(ω) is the ε-neighborhood of ω in X. Also show that B(X) is countably generated.

Exercise 1.18. Let X be a metric space. Show that B(X) is the smallest collection of subsets
of X that contain OX and that is closed under taking unions of countably many pairwise
disjoint sets as well as taking intersections of countably many sets.

∗Exercise 1.19. For any positive integer m, and (t1, B1), ..., (tm, Bm) in [0, 1]× B[0, 1], define

A(t1, ..., tm, B1, ..., Bm) := {f ∈ C[0, 1] : f(ti) ∈ Bi for each i ∈ [m]},

and

A := {A(t1, ..., tm, B1, ..., Bm) : m ∈ N and (ti, Bi) ∈ [0, 1]× B[0, 1] for each i ∈ [m]}.

Prove that σ(A) = B(C[0, 1]).

More on Generated σ-Algebras: The Good Set Technique

The fact that there is often no way of giving an explicit description of a generated
σ-algebra is a source of discomfort. In particular, this often makes it diffi cult to check
whether or not all members of a given σ-algebra satisfies a property of interest. There
is, however, a method of settling such problems in which we utilize the definition of
the “σ-algebra generated by A”directly.

Remark 1.1. (The Good Set Technique) Suppose we wish to verify that all members
of a given σ-algebra Σ on a nonempty set X satisfy a certain property. Let us call
any one member of Σ that satisfies this property a good set, and let

G := the collection of all good sets.

The problem at hand is thus to show that Σ ⊆ G. Now suppose we know a bit more
about Σ, namely, we know that it is generated by a nonempty collection A of subsets
of X. It is often easy to verify that all members of A are good sets (otherwise Σ ⊆ G
cannot be true anyway). So suppose we proved A ⊆ G. The point is that this is
enough to conclude that all members of Σ are good sets, that is, Σ ⊆ G, provided
that the collection G of all good sets is a σ-algebra on X. In sum, the “good set
technique”transforms the problem at hand into checking whether or not G is closed
under complementation and taking countable unions.6 �

6The good set technique applies to algebras as well —the word “σ-algebra”can be replaced with
“algebra” everywhere in Remark 1.1. In fact, if you go back and check, you will see that I have
proved Lemma 1.1 above by using precisely this method.
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“Computing”Borel σ-Algebras by the Good Set Technique

The good set technique is particularly useful when working with Borel σ-algebras.
We provide an immediate illustration of this in the form of an exercise. (We will see
many other examples throughout the text.)

Exercise 1.20. Let X be a metric space, and Y a metric subspace of X.
(a) Show that {S ∩Y : S ∈ B(X)} is a σ-algebra that contains all open subsets of Y. (Recall:
O ∈ OY iff O = U ∩ Y for some U ∈ OX .)
(b) Define G := {S ∈ 2X : S ∩ Y ∈ B(Y )}. (These are our “good sets” in this instance.)
Check that T is a σ-algebra that contains OX so that B(X) ⊆ G.
(c) Conclude that

B(Y ) = {S ∩ Y : S ∈ B(X)}.

In particular, if Y is itself a Borel set in X, then B(Y ) equals the set of all subsets of Y that
are Borel in X.

The observation noted in the previous exercise is quite useful. For instance, it
implies that the knowledge of B(R) is suffi cient to describe the collection of all Borel
subsets of [0, 1]:

B[0, 1] = {S ∈ 2[0,1] : S ∈ B(R)}.
The following is another exercise that showcases the good set technique.

Exercise 1.21.H For any S ∈ B[0, 1] and α ∈ R, show that (S + α) ∩ [0, 1] ∈ B[0, 1].

2 Elements of Probability Theory

2.1 Probability Spaces

Additive Set Functions

It is now time to introduce the fundamental concept of measure in general, and that
of probability measure in particular. We begin with a preliminary definition.

Definition. Let X be a nonempty set and A a collection of subsets of X which
contains ∅. A map p : A → [0,∞] is said to be finitely additive (σ-additive,
resp.) if p(∅) = 0 and

p(
⊔
S) =

∑
S∈S

p(S) (3)

for any nonempty finite (countable, resp.) set S of pairwise disjoint elements of A
such that

⊔
S ∈ A.7

7The right-hand side of (3) is well-defined for countably infinite S, because p ≥ 0 (Remark A.3.1).

12



If we know a bit more about the underlying collection A, this definition can be
simplified. For instance, by induction, if A is an algebra, an [0,∞]-valued map p on
A is finitely additive iff p(∅) = 0 and p(A t B) = p(A) + p(B) for any A,B ∈ A.
(Such a simplification would not be valid if all we knew was that A is a semialgebra.)
Similarly, if A is a σ-algebra, then p is σ-additive iff p(∅) = 0 and (3) holds for any
countable set S of pairwise disjoint elements of A.

Additive Extensions

Probability theory is full of instances in which one needs to extend a given finitely
additive (or σ-additive) nonnegative map on a collection S of sets to the σ-algebra
generated by that collection in a way that preserves the additivity property. One
often attacks this sort of a problem by first additively extending the function to the
algebra generated by S. Depending on the structure of S, such an extension may
or may not exist. But if the collection we start with is a semialgebra, then not only
there is such an extension, but there is a unique one at that. We put this fact on
record now, even though it will be a while until we need it.

Lemma 2.1. Let S be a semialgebra on a nonempty set X, and q : S → [0,∞] a
finitely additive map. Then, there is a unique finitely additive map p : α(S)→ [0,∞]
such that p(S) = q(S) for each S ∈ S.

Proof. For any A ∈ α(S), we know from Lemma 1.1 that there is a nonempty finite
set SA of pairwise disjoint elements of S such that A =

⊔
SA. Then, if p and r are

two finitely additive maps on α(S) that extend q, we have

p(A) =
∑
S∈SA

p(S) =
∑
S∈SA

q(S) =
∑
S∈SA

r(S) = r(A)

for any A ∈ α(S). This proves the uniqueness part of our assertion.
We now use the representation of the elements of A ∈ α(S) to define p : α(S)→

[0,∞] as
p(A) :=

∑
S∈SA

q(S).

We claim that p is well-defined, that is, the definition of p(A) is independent of the
representation we choose for A. Put precisely, our task is to show that if U and V
are two nonempty finite subsets of S, each containing pairwise disjoint elements of
S, and we have

⊔
U =

⊔
V , then

∑
U∈U q(U) =

∑
V ∈V q(V ). To see this, notice that

U =
⊔
{U ∩ V : V ∈ V} for every U ∈ U . But U ∩ V ∈ S for each (U, V ) ∈ U × V

(because S is closed under taking finite intersections), so we may use finite additivity
of q to find ∑

U∈U
q(U) =

∑
U∈U

∑
V ∈V

q(U ∩ V ).
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But if we change the roles of U and V in this argument, we get∑
V ∈U

q(V ) =
∑
V ∈V

∑
U∈U

q(V ∩ U),

proving our claim. Conclusion: p is well-defined. As it is plain that p is finitely
additive and p(S) = q(S) for each S ∈ S, we are done. �

With a little bit more work, we can show that the function p defined in the proof
above is σ-addditive, provided that q is σ-additive. That is:

Lemma 2.2. Let S be a semialgebra on a nonempty set X, and q : S → [0,∞] a
σ-additive map. Then, there is a unique σ-additive map p : α(S)→ [0,∞] such that
p(S) = q(S) for each S ∈ S.

Exercise 2.1.H Prove Lemma 2.2.

Exercise 2.2.H (An Improvement of Lemma 2.2) Let S be a semialgebra on a nonempty set
X, and q : S → [0,∞] a finitely additive map such that

q(
⊔
T ) ≤

∑
T∈T

q(T )

for any countable set T of pairwise disjoint elements of S with
⊔
T ∈ S. Prove that there is

a unique σ-additive p : α(S)→ [0,∞] with p|S = q.

Insight. Every finitely additive (finitely additive and σ-subadditive) [0,∞]-valued
map on a semialgebra S can be extended, uniquely, to a finitely additive (σ-additive)
[0,∞]-valued map on the algebra generated by S.

Measure Spaces

And, finally, here is our main course:

Definition. Let (X,Σ) be a measurable space. Any σ-additive function µ : Σ →
[0,∞] is called a measure on Σ (or on X if Σ is clear from the context), and in
that case the ordered triplet (X,Σ, µ) is said to be a measure space. If µ(X) <∞,
then µ is called a finite measure, and (X,Σ, µ) is referred to as a finite measure
space. If there is a countable subset T of Σ such that X =

⊔
T and µ(T ) < ∞ for

each T ∈ T , we say that µ is a σ-finite measure, and refer to (X,Σ, µ) as a σ-finite
measure space.
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Definition. Let (X,Σ, µ) be a measure space. If µ(X) = 1, then µ is said to be a
probability measure, and in this case, (X,Σ, µ) is called a probability space. (In
this book, we denote generic probability measures with symbols like p, q and r.) 8

Notation. In the context of the previous definitions, if an event is given an explicit
description, for instance, if it is written as {ω ∈ X : such and such is true about
ω}, we write µ{ω ∈ X : such and such is true about ω}, removing the brackets from
µ({ω ∈ X : such and such is true about ω}). Similarly, we write µ{ω} for µ({ω}),
µ{ω1, ω2} for µ({ω1, ω2}), etc..

Let (X,Σ) be a measurable space. A useful interpretation is to think of a measure
on Σ as a function that tells us the “size”of each set in Σ in some geometric sense.
(Depending on the context, for instance, this may correspond to, say, area or volume
or mass, etc., of the members of Σ.) In general, this function may assign ∞ to a set,
for we may indeed wish to think of some sets of being infinite in size. But when it is
a probability measure, this function is sure to assign to each event (that is, to each
member of Σ) a number between 0 and 1. By a twist of interpretation, we then view
this number as corresponding to the likelihood of the occurrence of that event.

First Examples

Here are some concrete measure and probability spaces.

Example 2.1. [1] Let (X,Σ) be a measurable space, and define µ0 : Σ → [0,∞] by
µ0(S) := 0. Then, µ0, which is called the zero measure on Σ, is a finite measure on
Σ. Similarly, the map µ∞ : Σ → [0,∞], defined by µ∞(∅) := 0 and µ∞(S) := ∞ for
every nonempty S ∈ Σ, is a measure on X. (This measure is not σ-finite.) These are
extreme examples in the sense that µ0 ≤ µ ≤ µ∞ for any measure µ on Σ.

[2] Let (X,Σ) be a measurable space, and define µ : Σ → [0,∞] by µ(S) := |S| .
Then, µ is a measure on Σ; it is called the counting measure on Σ. Clearly, (X,Σ, µ)
is a finite measure space iff X is a finite set, and it is a probability space iff X is a
singleton. The space (X,Σ, µ) is not σ-finite, unless X is finite.

8The origins of probability theory goes back to the famous exchange between Blaise Pascal and
Pierre Fermat that started in 1654, and that has eventually led in 1657 to the first book on probability
theory: De Ratiocinates in Aleae Ludo (On Calculations in Games of Chance) by Christian Huygens.
While Pascal and Fermat were mostly concerned with gambling type problems, the importance and
applicability of the general topic were shortly understood, and the subject was developed by many
mathematicians, including Jakob Bernoulli, Abraham de Moivre, and Pierre Laplace. Despite the
host of work that took place in the 18th and 19th centuries, however, a universally agreed definition of
“probability”did not appear until 1933. This is when Andrei Kolmogorov introduced the (axiomatic)
definition that I just presented, and set the theory on rigorous grounds, much the same way Euclid
has given an axiomatic basis for planar geometry.

15



[3] Let (X,Σ) be a measurable space, and pick any ω∗ in X. Consider the function
δω∗ : Σ → {0, 1}, defined by δω∗(S) := 1 iff ω∗ ∈ S. Then, δω∗ is a probability
measure on Σ; it is called the Dirac measure on Σ. (When, {ω∗} ∈ Σ, we say that
δω∗ is the Dirac measure on Σ with unit mass on ω∗.)

[4] Let (X,Σ) be a measurable space, and n a positive integer. If (λ1, ..., λn) is
an n-vector of nonnegative real numbers with

∑
i∈[n] λi = 1, and p1, ...,pn are prob-

ability measures on Σ, then
∑

i∈[n] λipi is a probability measure on Σ. In particular,
p :=

∑
i∈[n] λiδωi is a probability measure on Σ for any given (ω1, ..., ωn) ∈ Xn. For

any S ∈ Σ, we have p(S) =
∑
λi where the summation is over all i ∈ [n] such that

ωi ∈ S. �

These are of course trivial examples, and we will encounter much more interesting
probability spaces later in this chapter. However, as surprising as it may be, describing
such spaces formally is not a trivial matter. For now, we will not worry about this,
and instead, focus on deriving some basic properties of probability spaces. The matter
of constructing probability spaces will be taken up in Section 3.

Elementary Properties of Measures

By definition, a measure is additive with respect to countably many pairwise disjoint
events. This additivity property, which is the heart and soul of measure theory, entails
several other useful properties for measures. The following lemma provides a case in
point.

Lemma 2.3. Let X be a nonempty set, A an algebra on X, and µ : A → [0,∞] a
σ-additive map on A. Then, µ is finitely additive. Consequently,

µ(B\A) = µ(B)− µ(A) for any A,B ∈ Awith A ⊆ B,

which shows that µ is ⊇-increasing (that is, µ(A) ≤ µ(B) for any A,B ∈ A with
A ⊆ B). Moreover,

µ(
⋃
S) ≤

∑
S∈S

µ(S)

for any countable S ⊆ A with
⋃
S ∈ A.

Proof. We only need to prove the final assertion. To this end, take any countable
subset S of A with

⋃
S ∈ A. We assume that S is countably infinite (but the

same argument applies to the case when |S| < ∞ as well). Let us enumerate S as
{S1, S2, ...}, and put T1 := S1 and Ti := Si\(S1 ∪ · · · ∪ Si−1), i = 2, .... Clearly, each
Ti belongs to A, while Ti ∩ Tj = ∅ for any i 6= j, and

⊔∞ Ti =
⋃∞ Si ∈ A. Hence, as

µ is σ-additive and ⊇-increasing,

µ

( ∞⋃
i=1

Si

)
= µ

( ∞⊔
i=1

Ti

)
=

∞∑
i=1

µ(Ti) ≤
∞∑
i=1

µ(Si).
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In view of Proposition 1.8 of Appendix 1, we are done. �

Warning. As a probability measure is ⊇-increasing, one is tempted to think that a subset of
an event of probability zero must occur with probability zero. But there is a catch here. How
do we know that this subset is assigned a probability at all? For instance, let X := {a, b, c},
Σ := {∅, X, {a, b}, {c}} and let p be the probability measure on Σ that satisfies p{c} = 1. Here,
while p{a, b} = 0, it is not true that p{a} = 0 since p is not even defined at {a}. This probability
space maintains that {a} is not an event. (Note. Those measure spaces for which any subset of a
set of measure zero belongs to the σ-algebra under consideration (and has itself measure zero) are
called complete. With the exception of a few (relatively advanced) remarks, however, this notion
will not play an important role in the present exposition.)

The following special case of Lemma 2.3 is often attributed to the famous 19th

century logician George Boole.

Boole’s Inequality. Let (X,Σ,p) be a probability space. Then,

p(
⋃
S) ≤

∑
S∈S

p(S) for any nonempty countable S ⊆ Σ.

“Continuity”of Finite Measures

The next result exploits the σ-additivity of probability measures some more. We will
use this result in numerous occasions throughout this text.

Proposition 2.4. Let (X,Σ, µ) be a finite measure space, and let (Am) ∈ Σ∞. If
A1 ⊆ A2 ⊆ · · · (in which case we say that (Am) is an increasing sequence), then

limµ(Am) = µ

( ∞⋃
i=1

Ai

)
.

On the other hand, if A1 ⊇ A2 ⊇ · · · (in which case we say that (Am) is a decreasing
sequence), then

limµ(Am) = µ

( ∞⋂
i=1

Ai

)
.

Proof. Let (Am) ∈ Σ∞ be an increasing sequence. Set B1 := A1 and Bi := Ai\Ai−1,
i = 2, ..., and note that Bi ∈ Σ for each i and

⋃∞Ai =
⊔∞Bi. Then, by σ-additivity,

µ

( ∞⊔
i=1

Bi

)
=

∞∑
i=1

µ(Bi) = lim
∑
i∈[m]

µ(Bi) = limµ

 ⊔
i∈[m]

Bi

 ,
that is, µ (

⋃∞Ai) = limµ (Am). The proof of the second claim is analogous. �
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It is customary to write Am ↑
⋃∞Ai if (Am) is an increasing sequence of sets, and

Am ↓
⋂∞Ai if it is a decreasing one. Thus Proposition 2.4 states that

Am ↑
∞⋃
i=1

Ai implies µ(Am) ↑ µ
( ∞⋃
i=1

Ai

)
,

and similarly for decreasing sequences of events. Consequently, the two properties
of a finite measure measure identified in this proposition are often referred to as the
properties of continuity (from below and above, resp.) of a finite measure.

Warning. The first claim of Proposition 2.4 is valid even when µ is an infinite measure. (The proof
goes through verbatim.9) When µ(X) = ∞, however, the validity of the second claim requires the
additional assumption that µ(Ak) < ∞ for some k. To see the need for this additional hypothesis,
consider the measure space (N, 2N, µ), where µ is the counting measure on N. (That is, µ(S) := |S|
for every subset S of N.) Here, if Am := {m,m + 1, ...} for each m ∈ N, then

⋂∞
Ai = ∅ and yet

µ(Am) =∞ for each m.

There is a partial converse to Proposition 2.4. It turns out that finite additivity
and continuity of a set function jointly imply its σ-additivity.

Proposition 2.5. LetX be a nonempty set,A be an algebra onX, and µ : A → [0,∞]
a finitely additive function such that µ(Cm) ↓ 0 for any (Cm) ∈ A∞ with Cm ↓ ∅.
Then, µ is σ-additive.

Proof. Take any sequence (Am) of pairwise disjoint elements of A, and put A :=⊔∞Ai ∈ A. LetBm :=
⊔
i∈[m]Ai for each positive integerm. Then, by finite additivity

of µ,
µ(A) = µ(A\Bm) + µ(Bm) (4)

for each m ∈ N. But (A\Bm) is a decreasing sequence in A with
⋂∞A\Bi = ∅ so

that, by hypothesis, limµ(A\Bm) = 0. Therefore, letting m ↑ ∞ in (4), and using
the finite additivity of µ again, we get

µ(A) = limµ(Bm) = limµ

 ⊔
i∈[m]

Ai

 = lim
∑
i∈[m]

µ (Ai) =

∞∑
i=1

µ (Ai) .

In view of Proposition 1.8 of Appendix 1, we are done. �

Insight. A finitely additive [0,∞]-valued function on an algebra that is continuous
from above at ∅ is σ-additive. Therefore, for a real map on an algebra, finite additivity
and continuity from above at ∅ is equivalent to σ-additivity.

9More generally, if µ is a σ-additive real map on an algebra A, and (Am) is an increasing sequence
in A such that

⋃∞
Ai ∈ A, then µ(Am) ↑ µ(

⋃∞
Ai). In fact, we can take A as a semialgebra in this

statement. (Exercise!)
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Warning. We cannot take A as a semialgebra in Proposition 2.5. To give an example, put
X := Q∩ [0, 1], and let S stand for the collection of all sets of the form Q∩ (a, b), Q∩ [a, b), Q∩ (a, b]
or Q ∩ [a, b], where 0 ≤ a ≤ b ≤ 1. It is easily checked that S is a semialgebra on X. Now define the
real map µ on S by assigning to any of the sets of the form stated above the value b− a. It is easy
to check that µ is finitely additive and continuous from above at ∅. However, µ{r} = 0 for any r in
X, so, as X is countable, we have

∑
r∈X µ{r} = 0, and yet µ(X) = 1.

In the following set of exercises (X,Σ,p) stands for an arbitrarily fixed probability space.

Exercise 2.3. We say that a subset S of X is negligible with respect to p if there is an
event T ∈ Σ such that S ⊆ T and p(T ) = 0. Let S be the set of all negligible subsets of X
with respect to p. Show that (i) ∅ ∈ S; (ii) S ⊆ T ∈ S implies S ∈ S; and (iii) S is closed
under taking countable unions.

Exercise 2.4. (A Bonferroni Inequality) Prove: For any m ∈ N and S1, ..., Sm ∈ Σ,

p

 ⋂
i∈[m]

Si

 ≥ ∑
i∈[m]

p(Si)− (m− 1).

Exercise 2.5. (The Inclusion-Exclusion Formula) For any positive integer m and S1, ..., Sm ∈
Σ, use mathematical induction to prove that

p

 ⋃
i∈[m]

Si

 =
∑
k∈[m]

(−1)k−1

 ∑
i1,...,ik∈[m]
i1<···<ik

p(Si1 ∩ · · · ∩ Sik)

 .
Exercise 2.6.H Show that if (Am) ∈ Σ∞ satisfies p(Ai ∩Aj) = 0 for every i 6= j, then

p

( ∞⋃
i=1

Ai

)
=

∞∑
i=1

p(Ai).

Exercise 2.7. Show that

p

( ∞⋃
i=1

Ai

)
− p

( ∞⋃
i=1

Bi

)
≤
∞∑
i=1

(p(Ai)− p(Bi))

for every (Am), (Bm) ∈ Σ∞ with Bm ⊆ Am, m = 1, 2, ....

Exercise 2.8. Let A := {S ⊆ N : min{|S| , |N\S|} <∞}, and define q : A → [0, 1] as

q(S) :=

{
1, |N\S| <∞
0, |S| <∞.

Show that q is finitely additive, but not σ-additive.

Exercise 2.9.H Let (pm) be a sequence of probability measures on (X,Σ). Prove: If (am) ∈ R∞+
satisfies

∑∞
ai = 1, then

∑∞
aipi is a probability measure on (X,Σ).

Exercise 2.10. Define the real map dp on Σ× Σ by dp(S, T ) := p(S4T ).
(a) Show that dp is a semimetric on Σ.
(b) For any A and B in Σ, show that

|p(A)− p(B)| ≤ dp(A,B),
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and conclude that p is a 1-Lipschitz map from the semimetric space (Σ, dp) into [0, 1].
(c) Convergence with respect to dp is consistent with the notion of convergence we have
encountered in Proposition 2.4 in the following sense: For any A,A1, A2, ... ∈ Σ, we have
dp(Am, A)→ 0 if either Am ↑ A or Am ↓ A. Prove!
(d) For any positive integer m, and events A1, B1, ..., Am, Bm ∈ Σ, show that

dp

 ⋃
i∈[m]

Ai,
⋃
i∈[m]

Bi

 ≤ ∑
i∈[m]

dp(Ai, Bi).

Exercise 2.11.H (a) Let A be a subset of Σ such that (i) A∩B = ∅ for every distinct A,B ∈ A,
and (ii) p(A) > 0 for each A ∈ A. Prove that A is countable.
(b) Assume that Σ contains all singleton subsets of X. Show that there is a countable Z ∈ Σ,
and measures µ and υ on Σ, such that µ{x} = 0 for each x ∈ X, υ(X\Z) = 0, and p = µ+υ.

Summary

Probability theory is built on the abstract notion of probability space (X,Σ,p), which
is best thought of as a model of an experiment whose outcomes are uncertain. In
this model, X stands for the sample space of the experiment being modeled, the set
of all outcomes, so to speak. The σ-algebra Σ, on the other hand, tells us which
subsets of X can be discerned in the experiment, that is, of which subsets of X we
can talk about the likelihood of occurring or not occurring. (But recall that things
are not completely arbitrary; by definition of a σ-algebra, there is some consistency in
what is and is not deemed as an event.) Finally, the probability measure p quantifies
the likelihood of the members of Σ. Things hang tightly together by the property of
σ-additivity. The likelihood of the union of countably many pairwise disjoint events
is simply the sum of the individual probabilities of each of these events.10

The Fréchet-Nikodym Metric

Let (X,Σ,p) be a probability space, and consider the semimetric dp introduced in Exercise 2.10.
Consider the binary relation ∼p on Σ defined as A ∼p B iff dp(A,B) = 0. It is plain that ∼p is an
equivalence relation on Σ. Thus, the quotient set Σ/∼p is a partition of Σ in which any two events
are in the same cell of the partition, that is, deemed “equivalent”by ∼p, iffA and B differ by a set
that is negligible with respect to p.

Let us write Σ/p for Σ/∼p , and denote the equivalence class of an event A ∈ Σ by [A]p (instead
of [A]∼p). Then, (Σ/p, d∗p) is a metric space, where d∗p is the real map on Σ/p×Σ/p defined by

d∗p([A]p, [B]p) = dp(A,B).

(See Remark 1.1 of Appendix 2.) The distance function d∗p is called the Fréchet-Nikodym metric.
It is remarkable that we can say something intelligent about the metric space (Σ/p, d∗p) even at this
level of abstraction: (Σ/p, d∗p) is a complete metric space. This is, in fact, a special case of what is

10While defining a probability measure as a σ-additive set function on a σ-algebra is entirely
standard, there is also a fairly well developed theory which takes probability measures only as
finitely additive. This theory is aptly called the finitely additive probability theory, and it does
possess some highpoints, but I will not talk about it in this text.
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known as the Riesz-Fischer Theorem (for L1) which we will prove in Chapter C. However, we now
have enough machinery at our disposal that we can offer a direct proof as well.

Let ([Am]p) be a Cauchy sequence in the metric space (Σ/p, d∗p). We wish to show that this
sequence converges, and for this, it is enough to find a convergent subsequence of ([Am]p). To
this end, let us pick a subsequence ([Amk

]p) of ([Am]p) such that
∑∞

dp(Ami+1
, Ami

) < ∞. (See
Proposition 3.1 of Appendix 2.) Put

Bk :=

∞⋃
i=k

Ami , k = 1, 2, ..., and A :=

∞⋂
k=1

Bk.

Since
dp(Amk

, A) ≤ dp(Amk
, Bk) + dp(Bk, A)

for each k ∈ N, our proof will be complete if we can show that dp(Amk
, Bk)→ 0 and dp(Bk, A)→ 0

(as k ↑ ∞). The second of these two claims follows immediately from the fact that Bk ↓ A and
Proposition 2.4. To see the first one, notice that

Bk\Amk
⊆
∞⋃
i=k

(Ami+1
\Ami

)

for each k ∈ N. (For, if ω ∈ Bk\Amk
, there must be a largest integer i ≥ k such that ω is not

contained in Ami
, and for this integer we have ω ∈ Ami+1

\Ami
.) Then, by Boole’s Inequality,

dp(Amk
, Bk) = p(Bk\Amk

) ≤
∞∑
i=k

p(Ami+1
\Ami

) ≤
∞∑
i=k

dp(Ami+1
, Ami

)

for each k ∈ N. Since
∑∞

dp(Ami+1
, Ami

) <∞, we have
∑∞
i=k dp(Ami+1

, Ami
)→ 0 as k ↑ ∞, and

our proof is complete.
By putting more structure on the underlying probability space, we can understand the struc-

ture that the Fréchet-Nikodym metric brings to the table better. In particular: If Σ is countably
generated, then (Σ/p, d∗p) is a complete and separable metric space. (See Exercise 2.13 below.)

∗Exercise 2.12. (Marczewski-Steinhaus) Let (X,Σ,p) be a probability space, and define D∗p :
Σ/p×Σ/p→ R as

D∗p([A]p, [B]p) =

{
dp(A,B)
p(A∪B) , if p(A ∪B) > 0

0, otherwise.

(a) Prove that (Σ/p, D∗p) is a metric space.
(b) Prove that every sequence that converges in (Σ/p, D∗p) converges also in (Σ/p, d∗p), while
the converse is true provided that the limit event is not negligible with respect to p.

2.2 Approximation of Probabilities

Let (X,Σ,p) be a probability space, and A an algebra on X that generates Σ. In
applications, it is often the case that we know how to compute the probabilities of
the events in A, but we have trouble doing this for other events in Σ. It is thus a relief
that, even though Σ can be much larger than A in a set-theoretic sense, its contents
can be approximated probabilistically by the events in A to any desired degree of
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accuracy. In many cases of interest, this observation allows us to derive conclusions
without making explicit calculations.

The Approximation Lemma. Let (X,Σ,p) be a probability space, and A an algebra
on X with σ(A) = Σ. Then, for any S ∈ Σ and ε > 0, there is an A ∈ A such that
p(S4A) < ε.

Proof. Define the real map dp on Σ× Σ by dp(S, T ) := p(S4T ), and recall that dp
is a semimetric (Exercise 2.10). We will use the good set technique (Remark 1.1).
Let us agree to call an event S in Σ “good”if for every ε > 0, there is an A ∈ A such
that dp(S,A) < ε. We wish to show that all events in Σ are good. Put differently,
where G is the set of all good events in Σ, we wish to show that Σ ⊆ G. Obviously,
A ⊆ G. Therefore, if G is a σ-algebra, we get Σ = σ(A) ⊆ G, as we seek.
It remains to prove that G is a σ-algebra, that is, it is closed under (i) comple-

mentation, and (ii) taking countable unions. To settle (i), take any S ∈ G. For
any ε > 0, there is an A ∈ A with dp(S,A) < ε, so, as S4A = (X\S)4(X\A),
we have dp(X\S,X\A) = dp(S,A) < ε. Since A is closed under complementation,
therefore, X\S ∈ G. Now, to settle (ii), we take any sequence (Sm) in G, and set
S := S1 ∪ S2 ∪ · · ·. Fix an arbitrary ε > 0. As

⋃
i∈[m] Si ↑ S, Proposition 2.4 ensures

that there is a positive integer m such that dp(S,
⋃
i∈[m] Si) <

ε
2
. On the other hand,

as Si is a good set, we can find an Ai ∈ A with dp(Si, Ai) <
ε
2m
for each i ∈ [m]. Now

put A :=
⋃
i∈[m]Ai and note that A ∈ A. Furthermore, by Exercise 2.10,

dp(S,A) ≤ dp

S, ⋃
i∈[m]

Si

+ dp

 ⋃
i∈[m]

Si,
⋃
i∈[m]

Ai

 ≤ ε
2

+
∑
i∈[m]

dp(Si, Ai) < ε,

so we conclude that S ∈ G, as we sought. �

Exercise 2.13.H Let (X,Σ,p) be a probability space such that Σ is countably generated, that
is, Σ = σ(A) for some countable A ⊆ 2X . Recall Exercise 2.10, and prove that (Σ, dp) is a
separable semimetric space.

Various types of probability approximation problems can be settled through the
Approximation Lemma. For a quick illustration, let us consider the following ques-
tion: If a semialgebra S generates a σ-algebra Σ, is it always possible to find a
nonempty member of S inside any given event in Σ? Easy examples would show that
this is false in general. However, it turns out that for any S ∈ Σ we can always find
an event T in S such that, probabilistically speaking, an arbitrarily large part of T is
in S. We now prove this result as an application of the Approximation Lemma.

Corollary 2.6. Let (X,Σ,p) be a probability space, and S a semialgebra on X with
σ(S) = Σ. Then, for any S ∈ Σ with p(S) > 0, and δ > 0, there is a T ∈ S such
that p(S ∩ T ) > (1− δ)p(T ).
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Proof. Fix any S ∈ Σ and δ > 0, and assume p(S) > 0. We pick an ε > 0 small
enough so that (1− δ)(1 + ε) < 1− ε (for reasons that will become clear shortly). As
σ(α(S)) = Σ, we can use the Approximation Lemma to find an A ∈ α(S) such that
p(S4A) < εp(S). As S ∩ A = S\(S\A), therefore, S approximates A in the sense
that

p(S ∩ A) = p(S\(S\A)) ≥ p(S)− p(S4A) > (1− ε)p(S).

Now, there are finitely many disjoint events, say, A1, ..., Ak, in S such that A =
A1 t · · · t Ak (Lemma 1.1). We will complete our proof by showing that p(S ∩
Ai) > (1 − δ)p(Ai) for at least one i ∈ [k]. To derive a contradiction, then, suppose
p(S ∩ Ai) ≤ (1 − δ)p(Ai) for each i ∈ [k]. As Ais are disjoint, summing these
inequalities yields p(S ∩ A) ≤ (1− δ)p(A). Thus, as A ⊆ S ∪ (S4A),

p(S ∩ A) ≤ (1− δ)(p(S) + p(S4A))

< (1− δ)(1 + ε)p(S)

< (1− ε)p(S),

contradiction. �

2.3 Borel Probability Spaces

We have so far considered probability spaces in general terms, allowing the sample
space to be entirely arbitrary. In many probabilistic applications, however, the sample
spaceX has a given structure —it is, in particular, a metric space. As we have dicussed
earlier, there is a natural σ-algebra on X in that case —the Borel σ-algebra on X —
and measures defined on that σ-algebra are of great importance.

Definition. Given a metric space X, any measure p on B(X) is called a Borel
measure on X, and in this case (X,B(X),p) is referred to as a Borel space. If, in
addition, p is a probability measure, then (X,B(X),p) is called aBorel probability
space.

Notation. Throughout this text, we denote the set of all Borel probability measures
on a metric space X by ∆(X).

Regularity of Probability Measures

Much of the diffi culty with working with probability measures stems from the fact that
the contents of the σ-algebra of a probability space are often obscure. The situation
reads markedly better in the case of Borel probability spaces, for the σ-algebra of such
a space is generated by sets that are somewhat concrete (such as open (or closed)
subsets of the sample space). Moreover, in the context of any Borel probability space,
it is possible to approximate the probability of any event by using only the open and
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closed sets. Put more formally, if X is a metric space and p ∈ ∆(X), then, for any
Borel subset S of X and ε > 0, we can find an open subset O and a closed subset C
of X such that C ⊆ S ⊆ O and p(O\C) < ε. As the structure of open and/or closed
subsets of most metric spaces is much simpler than their Borel subsets, this sort of
an approximation is frequently useful.

Exercise 2.14. (Regularity of Borel Probability Measures) In this exercise, we use the good
set technique (Remark 1.1) to prove a very important property of Borel probability measures.
Let X be a metric space and p ∈ ∆(X). As usual, let OX and CX denote the class of all open
and closed subsets of X, respectively. Let us agree to call a Borel subset S of X “good” if
p(S) = inf{p(O) : S ⊆ O ∈ OX} and p(S) = sup{p(C) : S ⊇ C ∈ CX}. Finally, let G stand
for the collection of all good Borel subsets of X.
(a) For any positive integer m and nonempty closed subset C of X, define Om := {ω ∈ X :
d(ω,C) < 1/m}, where d is the metric of X and d(ω,C) is the distance of ω from C relative
to d. (See Section 1.1 of Appendix 2.) Show that Om ↓ C, and use this to conclude that
CX ⊆ G.
(b) Verify that G is a σ-algebra on X.
(c) Conclude that

inf{p(O) : S ⊆ O ∈ OX} = p(S) = sup{p(C) : S ⊇ C ∈ CX} (5)

holds for any S ∈ B(X).

A Borel measure p on a metric space X is said to be regular if (5) holds. Exercise
2.14 shows that every Borel probability measure on X is regular. But, if µ is a finite
Borel measure on X, then either µ = 0 or µ/µ(X) is a Borel probability measure on
X. It follows that every finite Borel measure is regular.

Insight. Every finite Borel measure on a metric space is regular.

Warning. Even a σ-finite Borel measure on a metric space need not be regular. For instance, the
counting measure on B(Q) is easily checked to be not regular.

As a nice corollary of the regularity of Borel probability measures, we find that
such a measure is identified uniquely by its behavior on all open (or all closed) sets.
That is:

Corollary 2.7. Let p and q be two Borel probability measures on a metric space X.
If p(O) = q(O) for every open subset O of X (or if p(C) = q(C) for every closed
subset C of X), we have p = q.

Tightness of Probability Measures

We know that it is always possible to approximate the probability of a Borel set
(from below) by using a closed subset of that set. This is very good, but things
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would have been even better if we could carry out such an approximation by means
of compact sets. Well, one cannot do this in general. But it turns out that this sort of
an approximation is indeed possible when the sample space of our probability space
is a complete and separable metric space, or more generally, a Polish space.11 This
is just one of the remarkable properties of Borel probability measures defined on a
Polish space. Put informally, if X is a Polish space and p ∈ ∆(X), then much of the
“action”within (X,B(X),p) takes place, essentially, on a compact subset of X. Put
formally:

Ulam’s Theorem. Let X be a Polish space and p ∈ ∆(X). Then, for any ε > 0,
there exists a compact subset K of X such that p(K) ≥ 1− ε.

Proof. It is without loss of generality to assume that X is itself a complete and
separable metric space.12 Moreover, there is nothing to prove when |X| < ∞, so we
assume otherwise. Then, by separability of X, there exists a countably infinite dense
subset of X, which we enumerate as {ω1, ω2, ...}. For each positive integers k and m,
define

Sk,m :=
⋃
i∈[k]

{ω ∈ X : d(ω, ωi) ≤ 1
m
},

which is a closed subset ofX. (Here, as usual, d stands for the metric ofX.) Obviously,
for any givenm, we have Sk,m ↑ X —yes? —so Proposition 2.4 entails that p(Sk,m) ↑ 1
as k ↑ ∞.
Now take any ε > 0. In view of what we have just shown, for every positive integer

m, there is a k(m) ∈ N such that p(Sk(m),m) ≥ 1− ε2−m, that is,

p(X\Sk(m),m) ≤ ε2−m.

The set we are after is K :=
⋂∞ Sk(m),m. Indeed, by Boole’s Inequality,

p(X\K) = p

( ∞⋃
m=1

X\Sk(m),m

)
≤

∞∑
m=1

p(X\Sk(m),m) ≤
∞∑
m=1

ε2−m = ε.

Moreover, K is easily checked to be totally bounded: For any ε > 0, pick anym > 1/ε
and check that any point of K is less than ε away from some point in {ω1, ..., ωk(m)}.
11The completeness and separability properties of a metric space are reviewed in Sections 3 and 4

of Appendix 2. A Polish space is a metric space which is homeomorphic to a complete and separable
metric space. Such spaces are discussed in Section 5 of Appendix 2.
12Perhaps I should be more clear about what I have in mind. Suppose we have proved our result

for complete and separable metric spaces, and fix an arbitrary ε > 0. As X is Polish, there is
such a metric space Y and a homeomorphism Φ from X onto Y. Define q : B(Y ) → [0, 1] by
q(S) := p(Φ−1(S)), and check that q ∈ ∆(Y ). Then, there is a compact subset K ′ of Y such that
q(K ′) ≥ 1 − ε. Putting K := Φ−1(K ′), and recalling that a continuous image of a compact set is
compact (Proposition 6.11 of Appendix 2), completes our proof.
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Moreover, being a closed subset of a complete metric space X, K is complete (as a
metric subspace of X). As a metric space is compact iff it is totally bounded and
complete (Theorem 6.3 of Appendix 2), we are done. �

A finite Borel measure p on a metric space X is said to be tight if for each
ε > 0, there is a compact subset K of X such that p(X\K) < ε.13 Thus, while any
p ∈ ∆(X) is regular, Ulam’s Theorem says in addition that any p ∈ ∆(X) is tight
when X is Polish. In particular: Every Borel probability measure on a complete and
separable metric space is tight.14

Insight. In the context of a Borel probability space, we can always approximate
the probability of a Borel set S (to any degree of accuracy) by means of a closed set
within S. If the sample space at hand is a Polish space, we can do better, because
every Borel probability measure (or more generally, any finite Borel measure) on a
Polish space is tight. As a consequence, in this case, the said approximation can be
carried out by using compact subsets of S.

What we mean by the last sentence of the previous paragraph is exactly this:

Corollary 2.8. Let X be a Polish space and p ∈ ∆(X). Then,

p(S) = sup{p(K) : K is a compact subset of X with K ⊆ S} (6)

for every Borel subset S of X.

Proof. Take any S ∈ B(X) and ε > 0. As p is regular (Exercise 2.14), there is a
closed set C in X such that C ⊆ S and p(S\C) < ε

2
. By Ulam’s Theorem, there

exists a compact set T in X such that p(X\T ) < ε
2
. Then K := C ∩ T is a compact

subset of X with K ⊆ S and C\K ⊆ X\T . Moreover, S\K ⊆ (S\C) ∪ (C\K), and
hence p(S\K) ≤ p(S\C) + p(C\K) < ε. As ε > 0 is arbitrary here, we are done. �

Insight. A Borel probability measure on a Polish space X is identified uniquely by
its behavior on the compact subsets of X.

13This terminology is not entirely standard. What I call “tight”here is often called “inner regular”
in measure theory. Moreover, many authors say that a measure is “regular”only when this measure
is tight and regular in the sense I have defined these terms here. (My terminology is consistent with,
say, Billingsley (1968).)
14In case you are curious about this, let me say that completeness cannot be omitted in this

statement (but I will not produce an example to this effect). The situation about separability is
much more complicated. Whether or not every Borel probability measure on a complete metric
space is tight is a well-known, and a very complicated problem. Its answer is not a simple yes or no.
(Loosely speaking, it depends on what sort of a set theory one chooses to work within.)
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Exercise 2.15.H (Tightness of σ-Finite Borel Measures) Let X be a metric space and µ a
Borel measure on X. Assume that µ is σ-finite, that is, there is a countable collection T of
Borel subsets of X such that X =

⊔
T and µ(T ) <∞ for each T ∈ T . Prove: If X is Polish,

then (6) holds for every Borel subset S of X.

2.4 Support of a Borel Probability Measure

Loosely speaking, by “support”of a probability measure p, we mean a minimal event
such that any event that lies outside that event is rendered negligible by p. There
may be more than one such event in general, but when the probability measure at
hand is Borel, there is at most one closed event with this property. Thus:

Definition. Let X be a metric space and p ∈ ∆(X). The support of p, denoted as
supp(p), is the smallest closed subset S of X such that p(S) = 1.15

Unfortunately, the support of a Borel probability measure need not exist in gen-
eral.16 What we need to overcome this existence problem is to take as our underlying
metric space a suffi ciently well-behaved one. This is another instance in which sepa-
rability acts as the sought remedy.

Proposition 2.9. Let X be a separable metric space. Then, supp(p) exists for every
p ∈ ∆(X).

Proof. Take any p ∈ ∆(X), and define S :=
⋂
{C ∈ CX : p(C) = 1}. Clearly, it is

enough to show that p(S) = 1. First, note that X\S =
⋃
{O ∈ OX : p(O) = 0}.17 As

X is separable, there is a countable U ⊆ OX such that O =
⋃
{U ∈ U : U ⊆ O} for

each O ∈ OX .18 But then V := {U ∈ U : U ⊆ O for some O ∈ OX with p(O) = 0} is
a countable collection of open sets in X such that X\S =

⋃
V . Obviously, p(V ) = 0

for each V ∈ V, and hence, by Boole’s Inequality, p(X\S) ≤
∑

V ∈V p(V ) = 0, which
means p(S) = 1, as we sought. �

We conclude with an alternative characterization of the support of a Borel prob-
ability measure on a separable metric space.

Proposition 2.10. Let X be a separable metric space. Then,

supp(p) = {ω ∈ X : p(Nε(ω)) > 0 for all ε > 0} (7)

15That is, p(supp(p)) = 1, and supp(p) ⊆ C for every C ∈ CX with p(C) = 1.
16Giving a concrete example to demonstrate this is not a trivial matter. All examples that I know

utilize concepts from set theory that lie beyond the scope of the prerequisites for this course. So,
with apologies, just take my word on this.
17Notice that the collection of sets on the right-hand side of this equation need not be countable.

I impose the separability of X to deal with precisely this diffi culty.
18See Proposition 4.1 of Appendix 2.
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for every p ∈ ∆(X).

Proof. In the proof of Proposition 2.9 we have seen that supp(p) equals the inter-
section of all closed subsets C of X with p(C) = 1. It follows that X\supp(p)
equals

⋃
{O ∈ OX : p(O) = 0}. But the latter set is readily checked to equal

{ω ∈ X : p(Nε(ω)) = 0 for some ε > 0}, and (7) follows by taking the comple-
ments. �

Exercise 2.16.H Let X be a separable metric space, and C a closed subset of X. Show that
there is a Borel probability measure p on X with supp(p) = C.

Exercise 2.17. Let p be a Borel probability measure on a Polish space X. Prove that supp(p)
can be written as the union of countably many compact sets in X, and conclude that supp(p)
is a separable metric subspace of X.

Exercise 2.18. Let X be a complete and separable metric space with no isolated points. Prove
that there is a p ∈ ∆(X) such that p{ω} = 0 for every ω ∈ X.

3 Constructing Probability Spaces

Our introduction to probability theory so far has been quite abstract. We now have
the basic measure-theoretic fundamentals of this theory in our possession, and know
quite a bit about the properties of probability and Borel probability measures. How-
ever, other than the very simple examples we looked at in Example 2.1, we have not
yet produced a concrete example of a probability space. This is our main task in this
section.

3.1 A First Set of Examples

Simple Probability Spaces

Our first example provides a method of defining a non-trivial measure on any given
σ-algebra. We will use this method to give the formal description of the canonical
probability space whose sample space is countable.

Example 3.1. Let (X,Σ) be a measurable space and f : X → R+ any function.
Define pf : 2X → [0,∞] by

pf (S) := sup

{∑
ω∈T

f(ω) : T is a finite subset of S and T ∈ Σ

}
. (8)

Then, (X,Σ,pf ) is a measure space. Indeed, pf (∅) = 0 because of our convention
that summation over the empty set is zero. Next, take any countable collection S
of pairwise disjoint subsets of X such that S ⊆ Σ. The argument is simpler when
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this collection is finite, so we presume instead that S is an infinite collection. Let us
enumerate S as {S1, S2, ...}. (In view of Proposition 1.8 of Appendix 1, the following
argument is independent of this enumeration.) Note first that if T is any finite Σ-
measurable subset of

⊔
S, then∑

ω∈T
f(ω) =

∞∑
i=1

∑
ω∈Si∩T

f(ω) ≤
∞∑
i=1

pf (Si),

and it follows from this that pf (
⊔
S) ≤

∑∞ pf (Si). To see the converse inequality,
take any ε > 0, and for each positive integer i choose a finite Σ-measurable subset
Ti of Si such that

∑
ω∈Ti f(ω) > pf (Si)− ε2−i. Then,

⊔n Ti is a finite Σ-measurable
subset of

⊔
S for any n, and hence

pf (
⊔
S) ≥

∑
i∈[n]

(∑
ω∈Ti

f(ω)

)
>
∑
i∈[n]

pf (Si)− ε
∑
i∈[n]

2−i.

Letting n ↑ ∞, and noting that ε > 0 is arbitrary, we then find that pf (
⊔
S) ≥∑∞ pf (Si). Conclusion: pf is a measure on Σ.

Choosing particular functions for f here leads us to some concrete measure spaces.
For instance, if f is the constant function on X that equals 1 everywhere, pf is none
other than the counting measure on Σ. Similarly, for any given ω∗ ∈ X such that
{ω∗} ∈ Σ, if f is the indicator function of {ω∗} on X, then pf is the Dirac measure
on Σ with unit mass on ω∗ (Example 2.1).
To obtain another family of examples, suppose, for some nonempty countable

subset Z of X, the map f satisfies f |Z > 0, f |X\Z = 0 and
∑

ω∈Z f(ω) = 1. (Such a
map is referred to as a simple density function on X.) Then, pf is a probability
measure on Σ — it is said to be a simple probability measure on Σ —and we
have pf (S) =

∑
ω∈S∩Z f(ω) for every Σ-measurable subset S of X. It is easily seen

that any probability space (X, 2X ,p) with countable X arises this way. Indeed, for
any such probability space, the map f : X → [0, 1], defined by f(ω) := p{ω}, is a
simple density function, and we have p = pf . In other words, when X is countable,
specifying p on singleton events defines p on the entire 2X :

p(S) =
∑
ω∈S

p{ω} for every S ⊆ X.

When X is a metric space, this probability space may or may not be Borel. But, as
singleton sets are closed in any metric space, we have 2X = CX , and hence (X, 2X ,p)
is Borel, provided that X is finite. �

Exercise 3.1.H Let X be a countably infinite set.
(a) If there is an f ∈ [0, 1]X such that S 7→

∑
ω∈S f(ω) is a finite measure on 2X , then

inf f(X) = 0 but min f(X) need not exist. True or false?
(b) Let |X| =∞, and take any nonzero f ∈ B(X) with f ≥ 0. Show that there is a g ∈ RX+
such that the map S 7→

∑
ω∈S g(ω)f(ω) is a probability measure on 2X . Is g unique?
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Exercise 3.2.H Let (X,A, µ) be a measure space such that A is a finite algebra on X. Show
that there exist a unique finite subset S of A and a map f : S → [0,∞] such that µ(A) =∑
S∈2A f(S) for each A ∈ Σ.

Exercise 3.3. Let X be a nonempty set, pick any f : X → R+, and define pf : 2X → [0,∞] by
(8). Determine necessary and suffi cient conditions on f so that pf is a probability measure
on 2X .

Tossing A Coin Infinitely Many Times

The following example is very important. It shows that constructing non-simple
probability measures on an infinite sample space is in general not a trivial matter.
We will revisit this example numerous times throughout the sequel.

Example 3.2. Consider the experiment of tossing k many (fair) coins successively.
Denoting ‘heads’by 1 and ‘tails’by 0 (for convenience), the sample space of this
experiment can be written as X := {0, 1}k. Given that X is finite, there is no problem
with taking 2X as the relevant event space. After all, thanks to the finiteness of X,
there is a natural way of assigning probabilities to events by using the notion of
relative frequency. Hence we define p(A) := |A| /2k for any event A ∈ 2X . (Of course,
p is none other than the simple probability measure induced by the simple density
function f(ω) := 1/ |X| for each ω ∈ X.) If we drop the finiteness assumption,
however, things get slightly icy, and it is actually at this point that the use of the
formalism of the general probability model kicks in.
Consider the experiment of tossing a (fair) coin infinitely many times. The sample

space of this experiment is the sequence space {0, 1}∞. How do we define events and
probabilities here? The problem is that the infinite cardinality of our sample space
makes it impossible to use the idea of relative frequency to assign probabilities to
all the events that we are interested in. Yet, intuitively, we still want to use the
relative frequency interpretation of probability. For instance, we really want to be
able to say that the probability of observing infinitely many tails is 1. Or, what is a
bit more problematic, we want to be able to say that after suffi ciently many tosses,
the probability that the relative frequency of heads tends to 1

2
is large.

Okay, let’s first have a look at the easy cases. For example, consider the set

{(ωm) ∈ {0, 1}∞ : ω1 = a1, ..., ωk = ak}, (9)

where k is a positive integer and a1, ..., ak ∈ {0, 1}. Clearly, we wish to qualify this
set as an “event”as this set is none other than a particular description of what has
happened in the first k tosses of our coin. As a matter of terminology, we refer to any
such event as well as ∅ and X as a cylinder set in {0, 1}∞. It is easy to verify that
the collection of all cylinder sets on {0, 1}∞ is a semialgebra on {0, 1}∞. Moreover, it
is easy to characterize the algebra on {0, 1}∞ generated by this semialgebra. Indeed,
by Lemma 1.1, any element of this algebra is of the form

{(ωm) ∈ {0, 1}∞ : (ω1, ..., ωk) ∈ A} (10)
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where k is a positive integer and A ⊆ {0, 1}k. An event of the form (10) tells us that
“the outcome of the first k tosses belongs to A.”The defining feature of such a set is
that whether or not it contains a sequence is determined by looking only at a (fixed)
number of initial terms of that sequence. Consequently, we refer to it as a finitely
determined set in {0, 1}∞ . (Notice that ∅ and {0, 1}∞ are both finitely determined
sets in {0, 1}∞ according to this terminology.) Assigning probabilities to such events
is straightforward. Clearly, we would assign probability 1/2k to any cylinder event
of the form (9). Then, finite additivity dictates that we assign probability |A| /2k to
any finitely determined set of the form (10).
What next? So far we know that we wish to include the algebra of all finitely

determined sets in {0, 1}∞, that is,

A :=

∞⋃
k=1

{
{(ωm) : (ω1, ..., ωk) ∈ A} : A ⊆ {0, 1}k

}
,

in our event space. But then why don’t we consider A as the nucleus of our event
space, and take the σ-algebra that it generates as the event space for our problem?
After all, not only is σ(A) is a σ-algebra that differs from A in a minimal way, it also
contains all sorts of interesting events that are not contained in A. For instance, by
contrast to the collection A, σ(A) maintains that “all tosses after the fifth toss come
up heads,”is an event, for {(ωm) : ωk = 1} is a cylinder set for each k, and hence

{(ωm) : ωk = 1 for all k ≥ 6} =
∞⋂
k=6

{(ωm) : ωk = 1} ∈ σ(A). (11)

Similarly, the situation “infinitely many heads come up throughout the experiment”
is captured by σ(A) (but not by A). For,

{(ωm) : ωk = 1 for infinitely many k} =
∞⋂
k=1

∞⋃
i=k

{(ωm) : ωi = 1} ∈ σ(A). (12)

(This is not entirely obvious; make sure you verify (12).) So, you see, there are many
events that are not finitely determined, and yet we can deduce them from cylinder sets
by taking unions, intersections and complements, and by taking unions, intersections
and complements of the resulting sets, and so on. The end point of this process,
which cannot be described in an inductive manner, is none other than σ(A).19

All this is good, σ(A) certainly looks like a good event space to couple our sample
space {0, 1}∞ with.20 But it is worrisome that we only know what probabilities to
assign to the members of A so far. What do we do about the members of σ(A)\A?
(And you are quite right if you suspect that there are very many such sets.) The good
news is that we don’t have to do anything about them, because the probabilities of
these sets are already determined! Read on. �
19Quiz. {(ωm) : 1

k

∑
i∈[k] ωi → 1

2} ∈ σ(A). True or false?
20One can show that 2{0,1}

∞ 6= σ(A) in the example at hand by using the Axiom of Choice. I will
spare you the details of the construction at this stage, however.
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3.2 Carathéodory’s Extension Theorem

The stage is now set for a fundamental theorem of measure theory, which was proved
by Constantin Carathéodory in 1918. This result says that we can always extend a
σ-additive [0,∞]-valued map on an algebra A to a σ-additive [0,∞]-valued map on
σ(A). Moreover, this extension is unique, provided that our map is real-valued. But
we have already seen in Lemma 2.2 that every σ-additive [0,∞]-valued map on a
semialgebra S can be extended, uniquely, to a σ-additive [0,∞]-valued map on α(S).
As σ(S) = σ(α(S)), therefore, we have:

Carathéodory’s Extension Theorem. Let S be a semialgebra on a nonempty set
X and take any q : S → [0,∞]. If q is σ-additive, then there exists a measure p
on σ(S) such that p(S) = q(S) for each S ∈ S. Moreover, if q(X) < ∞, then p is
unique.

The proof of this theorem is a bit involved, and we will postpone it until Section
3.6. For now, we would like to focus instead on how we may use this theorem in the
construction of probability spaces. In a nutshell, Carathéodory’s Extension Theorem
tells us that we can always obtain a probability measure, uniquely, on a σ-algebra
by specifying the behavior of the measure only on a semialgebra that generates this
σ-algebra. Since semialgebras and algebras are often easier than σ-algebras to work
with, this fact is quite useful in constructing probability measures.

More on Example 3.2. Consider the framework of Example 3.2, and define q ∈ [0, 1]A

by q({0, 1}∞) := 1 and

q{(ωm) ∈ {0, 1}∞ : (ω1, ..., ωk) ∈ A} :=
|A|
2k

for each positive integer k and A ⊆ {0, 1}k. (Is q well-defined?) Now, it is a fairly
easy (but tedious) exercise to show that q is finitely additive. (We will in fact prove
something a bit more general in our next example.) And in this instance, this implies
that q is σ-additive as well. Here is one way to see this.

Claim. q is a σ-additive function on A.
Proof. Take any decreasing sequence (Cm) of finitely determined sets in {0, 1}∞

with
⋂∞Ci = ∅. Let us view {0, 1} as a discrete metric space, and metrize {0, 1}∞ by

using the product metric. Then {0, 1} is a compact metric space, and this guarantees
that {0, 1}∞ is compact as well.21 Moreover, each Ci is a closed subset of {0, 1}∞.
(Yes?) Then,

⋂∞Ci = ∅ implies that the class {C1, C2, ...} cannot have the Finite
Intersection Property.22 It follows that

⋂
i∈[M ]Ci = ∅ for some M ∈ N, and hence,

21See Proposition 6.7 of Appendix 2.
22See Section 6 of Appendix 2.
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for any m ≥ M, we have Cm ⊆ CM =
⋂
i∈[M ]Ci = ∅ so that limq(Cm) = q(∅) = 0.

Applying Proposition 2.5 completes the argument.23 ‖

Enter, Carathéodory’s Extension Theorem. Applying this theorem, we actually
find a unique probability measure p on σ(A) which agrees with q on each finitely de-
termined set. In turn, this solves nicely the problem of finding the “right”probability
space for the experiment of Example 3.2.24

But, how does p attach probabilities to every event in σ(A)? Of course, a complete
answer to this question would require us to go through the proof of Carathéodory’s
Extension Theorem in this particular context. However, it is not diffi cult to find the
probability of at least some events that are not finitely determined in our experiment.
For instance, let us compute the probability of the event given in (11), namely, the
event that “all tosses after the fifth toss come up heads.”By using Proposition 2.4,
this is done easily. Defining the cylinder sets Ak := {(ωm) : ω6 = · · · = ωk = 1} for
each k ≥ 6, and using that proposition, we get

p{(ωm) : ω6 = ω7 = · · · = 1} = limp (Ak) = limq (Ak) = lim
25

2k
= 0,

a very agreeable finding. We can use a similar technique to compute the probability
of many other interesting events. For instance, in the case of the event given in (12),
we have

p

( ∞⋂
k=1

∞⋃
i=k

{(ωm) : ωi = 1}
)

= limp

( ∞⋃
i=k

{(ωm) : ωi = 1}
)

= 1− limp{(ωm) : ωk = ωk+1 = · · · = 0}
= 1,

once again quite an intuitive observation. �

Markov Chains

Example 3.3. Consider an experiment with, say, n, potential outcomes s1, ..., sn.
Suppose that the probability that outcome si obtains in this experiment is pi. (Of
course, pi ≥ 0 for each i ∈ [n], and p1 + · · · + pn = 1.) Once this experiment is
performed, imagine that we will rerun the experiment, but this time the probabilities
will adjust depending on the outcome of the first experiment. In particular, if the
outcome of the first experiment is si1 , then the probability that sj obtains in the

23The same argument would prove something much more general: If A is the collection of all
clopen (i.e., both open and closed) subsets of a compact metric space, then A is an algebra on X
and every finitely additive real map on A is σ-additive on A. (Exercise!)
24This example attests to the usefulness of the notion of σ-algebra. Suppose we instead designated

2{0,1}
∞
as the event space of this experiment. How would we define the probability of an arbitrary

set in {0, 1}∞?
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second experiment is pi1j. (Of course, pi1j ≥ 0 for each j ∈ [n], and pi11+ · · ·+pi1n = 1
for each i1 ∈ [n].) Once the second experiment is performed, we will rerun the
experiment again. If the outcome of the second experiment is si2 , then the probability
that sj obtains in the third experiment is pi2j. And on and on ad infinitum. What is
the probability space that corresponds to this infinite-horizon scheme?
Before we answer this question, let us note that the scenario that we have just

described can be interpreted from the viewpoint of discrete dynamical systems as
follows. Think of a system which can be in one of n states, s1, ..., sn, at each period.
The probability that the systems starts as state si is pi. If at period t the system is
at state si, then the probability that the system will move to state j is given by pij.
(In particular, this probability does not depend upon which states the system was at
before period t —this makes our model a Markov chain. Moreover, these probabilites
are independent of time t —this makes our model a time homogeneous Markov chain.)
Of course, for all this to make sense, we must assume that

pi ≥ 0 for each i ∈ [n] and
∑
i∈[n]

pi = 1, (13)

and
pij ≥ 0 for each i, j ∈ [n] and

∑
j∈[n]

pij = 1 for each i ∈ [n]. (14)

Given these assumptions, our model is fully characterized by the pair (p, P ), where
p is the n-vector whose ith entry is pi and P is the matrix [pij]n×n. We note that
such an n-vector is said to be a probability vector, and such a matrix is called
a stochastic matrix. In turn, (p, P ) is often referred to as a (time homogeneous)
Markov chain.
Let us now turn to the probability model that corresponds to our scheme.25

Whichever interpretation one wishes to adopt, it is clear that a through time outcome
of the process is a sequence in S := {s1, ..., sn}, the tth term of which telling us the
outcome of the tth running of our basic experiment (or the state reached at time t).
Thus, the sample space of our grand experiment is the sequence space S∞.Mimicking
what we have done in Example 3.2, let us consider next the collection of all sets of
the form ∅, S∞ or

{(ωm) ∈ S∞ : ω1 = sρ(1), ..., ωk = sρ(k)}, (15)

where k is a positive integer and ρ a map from [k] into [n]. Naturally, we call any such
set a cylinder set in S∞, and refer to k as the length of this set. The length of S∞

is understood as 0, while we leave the length of ∅ as undefined. (In keeping with our
earlier terminology, we call any set of the form {(ωm) ∈ S∞ : (ω1, ..., ωk) ∈ A}, where
25This model is bound to be more general than the one we constructed in Example 3.2. Indeed,

if n = 2 and P is the 2× 2 matrix every entry of which equals 1/2, the model reduces to that of the
experiment of tossing a fair coin infinitely many times.
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A ⊆ Sk for some k ∈ Z+, a finitely determined set in S∞.) It is easy to check
that adding ∅ and S∞ to this collection yields a semialgebra on S∞, which we denote
by S. Besides, elementary probability theory suggests that we assign probability 0
to ∅, probability 1 to S∞, and probability pρ(1)pρ(1)ρ(2) · · · pρ(k−1)ρ(k) to the set (15).
We thus define q : S → [0, 1] by setting q(∅) := 0, q(S∞) := 1, and

q{(ωm) ∈ S∞ : ω1 = sρ(1), ..., ωk = sρ(k)} = pρ(1)pρ(1)ρ(2) · · · pρ(k−1)ρ(k)

for any positive integer k and map ρ : [k] → [n]. We may at this point extend q
to the algebra generated by S, and repeat the argument given in Example 3.2. If
only to provide a variation on the theme, we will instead prove here directly that q
is σ-additive on S. As Proposition 2.5 is not valid for semialgebras in general, our
argument has to bypass that result. Due to the tedious nature of this argument, you
may wish to skip the proofs of the following two claims at this point, however.

Claim 1. No cylinder set in S∞ can be written as the union of countably infinitely many pairwise
disjoint cylinder sets in S∞.

Proof. Let (Bm) be a sequence of pairwise disjoint cylinder sets in S∞ and put B :=
⊔∞

Bi. To
derive a contradiction, let us assume that B is a cylinder set in S∞. Define Cm := B\(B1t·· ·tBm)
for each positive integer m, and note that each Cm is nonempty (because B1, B2, ... are pairwise
disjoint). Moreover, obviously, Cm ↓ ∅. In particular, {C1, C2, ...} is a collection of nonempty subsets
of S∞ with the Finite Intersection Property, and yet

⋂∞
Ci = ∅.

Let us now view S as a discrete metric space, and metrize S∞ by using the product metric.
Then S is a compact metric space, and this guarantees that S∞ is compact as well. Moreover, every
finitely determined set in S∞ is closed in S∞. (Why?) Now, B1 t · · · tBm is a finitely determined
set in S∞ (for any m), because B1, ..., Bm are cylinder sets in S∞. Consequently, as B is a cylinder
set as well, Cm is a finitely determined, and hence closed, set in S∞ for each m. Thus, {C1, C2, ...}
is a collection of closed subsets of the compact metric space S∞ with

⋂∞
Ci = ∅. But then this

collection cannot have the Finite Intersection Property, a contradiction. ‖

Claim 2. q is finitely additive on S.

Proof. Let t be any positive integer, and take any pairwise disjoint cylinder sets C1, ..., Ct in
S∞ such that C :=

⊔
j∈[t] Cj is itself a cylinder set in S

∞. (If all of these sets are empty, there is
nothing to prove, so we assume that C is nonempty.) For the moment, let us assume that each of
the sets Cj is of the same length, say, k. If k = 0, then we must have t = 1 and C1 = S∞, so, again,
there is nothing to prove. We thus assume that k ≥ 1. Now, by definition of cylinder sets, there is
a map ρ from [k]× [t] into [n] such that

Cj = {(ωm) ∈ S∞ : ω1 = sρ(1,j), ..., ωk = sρ(k,j)},

for each j ∈ [t]. As these sets are pairwise disjoint, for any distinct j and j′ in [t], we have ρ(l, j) 6=
ρ(l, j′) for some l ∈ [k], while

C = {(ωm) ∈ S∞ : (ω1, ..., ωk) = (sρ(1,j), ..., sρ(k,j)) for some j ∈ [t]}.

Therefore, as C is a nonempty cylinder set in S∞, there must exist an l ∈ [k] such that

{ρ(l, 1), ..., ρ(l, t)} = · · · = {ρ(k, 1), ..., ρ(k, t)} = [n] (16)
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and
ρ(r, 1) = · · · = ρ(r, t) for each r ∈ [l − 1]. (17)

If l = 1, then t = nk. In this case, therefore, for every (i1, ..., ik) in [n]k, there is a unique Cj such
that ρ(1, j) = i1, ..., ρ(k, j) = ik, while C = S∞, whence∑

j∈[t]

q(Cj) =
∑

(i1,...,ik)∈[n]k

pi1pi1i2 · · · pik−1ik = 1 = q(C)

where the second equality is a consequence of (13) and (14). (Here, when k = 1, what we mean
by pi1pi1i2 · · · pik−1ik is pi1 .) On the other hand, if l ∈ {2, ..., k}, (16) and (17) imply that for
every (il, ..., ik) in [n]k−l+1, there is a unique Cj such that ρ(l, j) = il, ..., ρ(k, j) = ik, and we have
C = {(ωm) : ω1 = si1 , ..., ωl−1 = sil−1} where i1 = ρ(1, j), ..., il−1 = ρ(l − 1, j) for each j ∈ [t].
Hence, using (14) repeatedly, we find∑
j∈[t]

q(Cj) = pi1pi1i2 · · · pil−2il−1
∑

(il,...,ik)∈[n]k−l+1

pil−1il · · · pik−1ik = pi1pi1i2 · · · pil−2il−1 = q(C).

(Here, when l = 2, what we mean by pi1pi1i2 · · · pil−2il−1 is pi1 .)
We now drop the assumption that all Cjs be of the same length. The key to this is the fact

that, for any two nonnegative integers k and l with k > l, we may express a cylinder set of length l
in S∞ as the union of nk−l many pairwise disjoint cylinder sets of length k in S∞ such that the sum
of the q values of these sets is equal to q(C).26 We now combine this observation with what we have
found in the previous paragraph to complete our proof. Let C1, ..., Ct, C be as above, but without
any restriction on the lengths. Let us denote the length of Cj as l(j), and suppose k := l(t) ≥ l(j)
for each j ∈ [t]. To simplify the notation, let us put r(j) := nk−l(j) for each j ∈ [t]. As we have just
noted, for each j ∈ [n− 1] we can find pairwise disjoint cylinder sets Cj,1, ..., Cj,r(j) in S∞ of length
k such that Cj equals the union of these sets and q(Cj) equals the sum of the q values of these sets.
(This notation ensures that, if the length of a set Cj is k, then r(j) = 1, and Cj,1 = Cj .) As the
length of any Cj,v in this construction is k, we may then apply what we have found in the previous
paragraph to conclude that

q

⊔
j∈[t]

Cj

 = q

⊔
j∈[t]

⊔
v∈[r(j)]

Cj,v

 =
∑
j∈[t]

∑
v∈[r(j)]

q(Cj,v) =
∑
j∈[t]

q(Cj),

and our proof is complete. ‖

Claim 1 entails that q is σ-additive on S iff it is finitely additive on S. Conse-
quently, by Claim 2, we may conclude that q is σ-additive on S. It then follows from
Carathéodory’s Extension Theorem that there is a unique probability measure p on
σ(S) such that

p{(ωm) ∈ S∞ : ω1 = si1 , ..., ωk = sik} = pi1pi1i2 · · · pik−1ik
26Let D be a cylinder set of length l in S∞. The idea is to split this set appropriately. In particular,

for k = l+1, we can write D as the union of all the cylinder sets of the form Dj := {(ωm) : ω1 = sj}
if l = 0, and of the form Dj := {(ωm) : ω1 = si1 , ..., ωl = sil , ωl+1 = sj} if l ≥ 1, where j ∈ [n]. In
the first case, D = S∞, so we have q(D) = 1, while (13) implies

∑
j∈[n] q(Dj) = 1. Similarly, when

k ≥ 1, using (14) yields
∑
j∈[n] q(Dj) = q(D). The argument extends to the general case where l is

an arbitrary integer with l > k by induction.
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for any positive integer k and si1 , ..., sik ∈ S. For instance,

p{(ωm) ∈ S∞ : ω2 = si2 , ..., ωk = sik} =
∑
i∈[n]

pipii2 · · · pik−1ik

for any k ∈ N and si1 , ..., sik ∈ S. Similarly, for any k ∈ N and i, j ∈ [n], we have

p{(ωm) ∈ S∞ : ω1 = si and ωk = sj} = pip
(k)
ij

where p(k)ij is the ijth entry of the matrix P k.27 �

Exercise 3.4.H Consider the probability space ({0, 1}∞, σ(A),p) we have constructed in Ex-
ample 3.2 for the experiment of tossing infinitely many fair coins. Show that the statements
“at least one head comes up after the tenth toss,”“only heads come up after finitely many
tosses,” and “a tail comes up at every even toss,” are formally captured as events in the
model at hand. Compute the probability of each of these events.

Exercise 3.5. Recall that a real sequence (am) is called eventually constant if there is a
positive integer M such that aM = aM+1 = · · ·. Similarly, (am) is said to be eventually
periodic if there are positive integers M and k such that am = aM+k for each m ≥ M.
Consider the probability space ({0, 1}∞, σ(A),p) we have constructed in Example 3.2, and
let A and B denote the collection of all eventually constant and eventually periodic sequences
in {0, 1}∞, respectively. Show that both A and B belong to σ(A), and compute p(A) and
p(B).

Exercise 3.6. Take any (αm) ∈ (0, 1)∞, and consider the experiment of performing a coin
toss infinitely many times, where at the mth toss, the probability of observing heads is αm.
Where A is the algebra of finitely determined sets in {0, 1}∞, define q : A → [0, 1] by

q{(ωm) ∈ {0, 1}∞ : (ω1, ..., ωk) ∈ S} =
∑

(ω1,...,ωk)∈S

∏
i∈[k]

αωii (1− αi)1−ωi

for every positive integer k and S ⊆ {0, 1}k.
(a) Since a finitely determined set in {0, 1}∞ may be expressed in different forms, the defini-
tion of q is ambiguous. Nevertheless, q is in fact well-defined. Verify this!
(b) Show that there is a probability measure p on σ(A) such that p(A) = q(A) for each
A ∈ A.
(c) Suppose α1 = α2 = · · ·, and show that p{(ωm) : ωi = 1 for finitely many i} = 0.
(d) Is there a sequence (αm) ∈ (0, 1)∞ such that p{(ωm) : |{i : ωi = 1}| <∞} = 1?

Exercise 3.7. Let (X,Σ,p) be a finite probability space. Regarding X as a finite metric space,
consider X∞ as a metric space relative to the product metric. Prove that there exists a
unique probability measure p∞ on B(X∞) such that

p∞({ω1} × · · · × {ωk} ×X ×X × · · ·) =
∏
i∈[k]

p{ωi}

for every positive integer k and ω1, ..., ωk ∈ X.
Exercise 3.8. Extend the coverage of Example 3.3 to the case where the state space S is
countably infinite.

27Reminder. P 1 := P . Given that P (k) is defined for any positive integer k, we then define P k+1

as the matrix whose ijth entry is
∑
r∈[n] p

(k)
ir prj .
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3.3 The Lebesgue-Stieltjes Probability Measure

Distribution Functions

A map F : R→ [0, 1] is said to be a distribution function if it is increasing, right-
continuous, and F (−∞) = 0 = 1−F (∞). For instance, 1[a,∞), the indicator function
of [a,∞) on R is a distribution function for any real number a. (But 1(a,∞) is not
a distribution function for any a.) Similarly, the map t 7→ t1[0,1](t) is a distribution
function. It is also useful to keep in mind that the set of all distribution functions is
a convex subset of [0, 1]R, that is, if F and G are distribution functions, then so is
λF + (1− λ)G for any real number λ in [0, 1].

Exercise 3.9. Let S be a dense subset of R and ϕ : S → [0, 1] an increasing function such that
inf ϕ(S) = 0 and supϕ(S) = 1. Prove that F : R → [0, 1], defined by F (t) := inf{ϕ(s) : S 3
s > t}, is a distribution function. (Thus, every (normalized) increasing real map on a dense
subset of R can be made into a distribution function.)

Exercise 3.10.H Show that a distribution function can have at most countably many dis-
continuity points. Also show that if a distribution function is continuous, then it must be
uniformly continuous.

Exercise 3.11. (Decomposition of Distribution Functions) We say that a distribution function
F is discrete if there is a countable set S in R and a map f : S → R++ such that

∑
s∈S f(s) =

1 and F (t) =
∑
f(s) where the sum is taken over all s ∈ S with s ≤ t. By contrast, we say

that F is continuous if it is a continuous map from R into [0, 1].
. Let F be any distribution function, and denote the set of all points of discontinuity of
F by d(F ). As we have just noted in the previous exercise, d(F ) is countable, and as F is
right-continuous, we have s ∈ d(F ) iff F (s)− F (s−) > 0. Define the real maps G and H on
R by

G(t) :=
∑

s∈d(F )
s≤t

(F (s)− F (s−)) and H(t) := F (t)−G(t).

(In words, G(t) is the sum of all jumps of F in (−∞, t].)
(a) Show that G is an increasing and right-continuous self-map on R such that G(−∞) = 0
and G(∞) ≤ 1.
(b) Show that H is an increasing and continuous self-map on R with H ≥ 0.
(c) Verify that F is continuous if G = 0, and it is discrete if H = 0. If neither G nor H is
identically zero, put λ := G(∞) —we have 0 < λ < 1 —and show that F1 := 1

λG is a discrete
distribution function and F2 := 1

1−λH is a continuous distribution function, and we have
F = λF1 + (1− λ)F2.

Insight. Every distribution function can be written as the convex combination of a discrete
and a continuous distribution function.

Warning. Despite what the previous exercises may suggest, distribution functions may exhibit
quite strange behavior. For instance, given an enumeration {r1, r2, ...} of Q, the map F : R→ [0, 1]
defined by F (t) :=

∑
i∈Q(t) 2−i, where Q(t) := {i ∈ N : ri ≤ t}, is a distribution function. (Check!)

This function is discontinuous on a dense subset of R!

Distribution functions play an important role in probability theory. First of all,
every Borel probability measure on R induces a distribution function in a natural
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manner. Indeed, it is easy to see that the map t 7→ p(−∞, t] on R is a distribution
function for any p ∈ ∆(R).

Exercise 3.12.H Show that, for any p ∈ ∆(R), the map Fp : R → [0, 1], defined by F (t) :=
p(−∞, t], is a distribution function. (We refer to Fp the distribution function induced
by p.) Moreover, prove that

p{t} = Fp(t)− Fp(t−) for every t ∈ R,

so Fp is continuous at t iff p{t} = 0.

Exercise 3.13. Prove that, for any p ∈ ∆(R),

supp(p) = {t ∈ R : Fp(t+ ε)− Fp(t− ε) > 0 for each ε > 0}.

Use this observation to conclude that if Fp is continuous, then supp(p) is a perfect set in
R.28

Lebesgue-Stieltjes Probability Measures

Not only that every Borel probability measure on R induces a distribution function,
but this process can be reversed. That is, and this is important, every distribution
function induces a Borel probability measure on R. Indeed, this is the most common
way of “defining”a probability measure on R. And once again, the justification rests
on Carathéodory’s Extension Theorem.

Example 3.4. Let S be the semialgebra of all right-semiclosed intervals (Example
1.3). Taking any distribution function F, define the map q ∈ [0, 1]S as

q(a, b] := F (b)− F (a), −∞ ≤ a ≤ b <∞,

and
q(a,∞) := 1− F (a), −∞ ≤ a.

Our problem now is to find a probability measure on σ(S) which accords with q. But
σ(S) is none other than the Borel σ-algebra B(R) here, and B(R) is much larger than
S. This makes our problem a potentially diffi cult one. Moreover, what if there are
two such measures, which one should we choose? Carathéodory’s Extension Theorem
deals with these issues at one stroke. If we can show that q is σ-additive on S, we can
conclude that q (and hence F ) actually “defines”the probability measure on B(R)
that assigns probability F (b)−F (a) to any interval of the form (a, b] and probability
1 − F (a) to any interval of the form (a,∞). After all, Carathéodory’s Extension
Theorem would then say that there is a unique extension of q to a probability measure
on B(R). This probability measure, which we denote by pF , is called the Lebesgue-
Stieltjes probability measure induced by F on R.
28A subset of R is perfect if it is closed and it does not contain any isolated points. (See Section

1.1 of Appendix 2.)
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We are not done though, we still have to establish the σ-additivity of q. To this
end, let us take any countably infinite set T of pairwise disjoint right-semiclosed
intervals, and assume that

⊔
T is itself a right-semiclosed interval, say, (a, b]. (As

things are trivial when a = b, we assume in what follows that a < b.) We will assume
here that

⊔
T is bounded from above, that is, it is an interval of the form (a, b], where

−∞ ≤ a < b < ∞, and leave the analysis of the situation where
⊔
T is of the form

(a,∞) to the reader. Let us then enumerate T as {(a1, b1], (a2, b2], ...}. We wish to
show that

q(a, b] =
∞∑
i=1

q(ai, bi].

(In view of Proposition 1.8 of Appendix 1, this is enough to conclude that q is σ-
additive.) Let m be a positive integer. Since F is increasing, and (a1, b1], ..., (am, bm]
are disjoint, it is easily seen that∑

i∈[m]

(F (bi)− F (ai)) ≤ F (b)− F (a).

Letting m ↑ ∞, then, we find
∞∑
i=1

q(ai, bi] =
∞∑
i=1

(F (bi)− F (ai)) ≤ F (b)− F (a) = q(a, b].

Establishing the converse inequality is a bit harder. To this end, we fix an arbitrary
ε > 0, and choose real numbers c, d1 d2, ... such that

• a < c < b1 and F (c)− F (a) < ε; and

• di > bi and F (di)− F (bi) < ε2−i, i = 1, 2, ...

(We can find such real numbers because F is right-continuous.) Since di > bi for each
i, we have [c, b] ⊆

⋃∞(ai, di). Since [c, b] is compact, the Heine-Borel Theorem says
that there is a positive integer m such that

(c, b] ⊆ [c, b] ⊆
⋃
i∈[m]

(ai, di) ⊆
⋃
i∈[m]

(ai, di].

But then, as F is increasing,

q(c, b] = F (b)− F (c) ≤ F

(
max
i∈[m]

di

)
− F

(
min
i∈[m]

ai

)
≤
∑
i∈[m]

(F (di)− F (ai)).

(Why the second inequality?) It follows that q(c, b] ≤
∑∞(F (di)−F (ai)), and hence,

by the choice of dis,

q(c, b] ≤
∞∑
i=1

(F (bi)− F (ai)) + ε =

∞∑
i=1

q(ai, bi] + ε.
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Therefore, by the choice of c,

q(a, b] = q(a, c] + q(c, b] ≤ F (c)− F (a) +

∞∑
i=1

q(ai, bi] + ε.

As F (c) − F (a) < ε and ε is an arbitrary positive number here, it follows that
q(a, b] ≤

∑∞ q(ai, bi], as we sought. �

Exercise 3.14. Our proof of the fact that q is σ-additive above is incomplete. Complete this
proof by settling the case where

⊔
T is a right-semiclosed interval which is not bounded from

above.

Exercise 3.15. In the context of Example 3.4, show that q would not be σ-additive if F were
not right-continuous.

Example 3.4 teaches us an important lesson: One can always define a Borel prob-
ability measure p on R by means of a distribution function F . Conversely, as we
have seen in Exercise 3.12, p induces a distribution function Fp through the formula
Fp(t) = p(−∞, t] for each real t. Of course, as expected, we have F = Fp, and the
circle is complete.

Insight. A Borel probability measure on R can actually be identified with a distri-
bution function.

Exercise 3.15. (The Lebesgue-Stieltjes Probability Measure on R2) Let F : R2 → [0, 1] be an
increasing and right-continuous function such that F (−am,−bm) ↓ 0 and F (am, bm) ↑ 1 for
any increasing real sequences (am) and (bm) that converge to ∞. Assume also that

F (b1, b2)− F (a1, b2)− F (b1, a2) + F (a1, a2) ≥ 0

for any real numbers a1, a2, b1, b2 with a1 ≤ b1 and a2 ≤ b2. Prove that there is a unique
probability measure pF on B(R2) such that

pF ((a1, b1]× (a2, b2]) = F (b1, b2)− F (a1, b2)− F (b1, a2) + F (a1, a2)

for any real numbers a1, a2, b1, b2 with a1 ≤ b1 and a2 ≤ b2.

Lebesgue-Stieltjes Measures on Intervals

We have constructed in Example 3.4 the Lebesgue-Stieltjes probability measure in-
duced by a distribution function F on the entire R. The analogous construction works
for any interval. For instance, if X := (a, b] with −∞ < a < b <∞, and F ∈ [0, 1]X

is an increasing and right-continuous function with F (a+) = 0 and F (b) = 1, then
we can define the Lebesgue-Stieltjes probability measure induced by F on
(a, b] by using precisely the approach developed in Example 3.4. It is not diffi cult to
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show that this measure is the restriction of the Lebesgue-Stieltjes probability mea-
sure induced by the distribution function G on R to B(a, b], where G is the (unique)
distribution function with G|(−∞,a] = 0, G|X = F and G|(b,∞) = 1.
By the way, the conditions F (a+) = 0 and F (b) = 1 amount only to a normal-

ization here. Indeed, the argument outlined in Example 3.4 works for any right-
continuous and increasing F ∈ R(a,b]. (The only modification needed in the argument
given in Example 3.4 is that we now consider only the right-closed intervals that are
in (a, b] when defining q via F and set q(X) = F (b)−F (a+).) Of course, the resulting
(unique) measure —now called the Lebesgue-Stieltjes measure induced by F on
(a, b] —is not a probability measure (unless F (b)−F (a+) = 1). This measure rather
assesses the “size”of the space X as F (b)− F (a+).

3.4 The Lebesgue Measure

Even though we focus on probability measures throughout this text, we need to
examine at least one paricular infinite measure, which is, geometrically speaking,
the natural measure on the real line. To introduce this measure, take any integer i,
let Xi := (i, i + 1], and define Fi : Xi → [0, 1] by Fi(t) := t − i. Let `i denote the
Lebesgue-Stieltjes measure induced by Fi on Xi for each i.29 We define the Lebesgue
measure on R as the [0,∞]-valued map ` on B(R) with

`(S) :=
∑
i∈Z

`i(S ∩Xi).

This is indeed a measure on B(R).30 Indeed, it is obvious that `(∅) = 0, while, for
any countable collection S of pairwise disjoint Borel subsets of R,

` (
⊔
S) =

∑
i∈Z

`i

(⊔
S∈S

S ∩Xi

)
=
∑
i∈Z

∑
S∈S

`i(S ∩Xi) =
∑
S∈S

∑
i∈Z

`i(S ∩Xi) =
∑
S∈S

`i(S),

where the third equality follows from the Discrete Version of Tonelli’s Theorem (Sec-
tion 1.5 of Appendix 1). In addition, for every integer i, ` agrees with `i on Xi in
the sense that `(S) = `i(S) for every S ∈ B(Xi). Conclusion: ` is a σ-finite Borel
measure on R (that is, ` is a measure on B(R) and R can be written as the union of
a countable collection of disjoint Borel sets (namely, {Xi : i ∈ Z}) that are assigned
finite values by `). As such, ` is both regular and tight (Exercise 2.15). Furthermore,
it assigns to any interval its length as its measure. In particular, it is readily verified
that `(a, b] = b− a for any real numbers a and b with a < b, while `(I) =∞ for any
unbounded interval I.
The restriction of ` to any Borel subset X of R is a Borel measure on X, that

is, (X,B(X), `|B(X)) is a Borel measure space for any X ∈ B(R). For brevity, we

29Quiz. Show that supp(`0) = [0, 1].
30Quiz. Why is ` well-defined? Hint. Recall Exercise 1.20 and Proposition 1.8 of Appendix 1.

42



denote this measure space simply as (X,B(X), `) in what follows. For instance,
([0, 1],B[0, 1], `) is a Borel probability space.
Let us establish a few elementary facts about the Lebesgue measure. First of all,

what is the Lebesgue measure of a singleton set? The answer is:

`{a} = `

( ∞⋂
m=1

(a− 1
m
, a]

)
= lim `(a− 1

m
, a] = lim 1

m
= 0

for any real number a. (Why the second equality?) Consequently, any singleton set
in R has Lebesgue measure zero. Combining this finding with the fact that the value
of ` at any bounded right-semiclosed interval is the length of that interval, we see
that the Lebesgue measure assigns to any interval the length of that interval.
Since the Lebesgue measure of any singleton is zero, so must be the Lebesgue

measure of any countable subset of R, because the σ-additivity of ` implies that
`{a1, a2, ...} =

∑∞ `{ai} = 0 for any real sequence (am). For instance: `(Q) = 0.31

This situation may at first seem reminiscent of Cantor’s countability theory where
one thinks of countably infinite sets as “smaller”than uncountable sets, but this is
misleading. For, there are in fact uncountable sets in R which have Lebesgue measure
zero.

Example 3.5. (The Cantor Set, Again) Recall the construction of the Cantor set C
we have outlined in Example A.3.5. Let Im be the set that we remove in the mth step
of the procedure used to construct C. (For instance, I1 = (1

2
, 2
3
), I2 = (1

9
, 2
9
) t (2

3
, 7
9
),

etc..) Clearly, `(I1) = 1
3
, `(I2) = 2

(
1
9

)
, ..., `(Im) = 2m

(
1

3m+1

)
for any positive integer

m. But then

`

( ∞⊔
i=1

Ii

)
=
∞∑
i=0

2i

3i+1
= 1

3

(
1 +

∞∑
i=1

(
2
3

)i)
= 1,

where we used Example 1.1 of Appendix 1 to get the final equality. As C =
[0, 1]\

⊔∞ Ii, therefore, we must conclude that `(C) = 0 even though we have seen in
Section A.3.4 that C is uncountable. �

Insight. The “relative size”of a subset of the real line from the “countability”and
“measure”perspectives may well be radically different.

31While various attempts of formulating (what we now call) the Lebesgue measure were made
prior to the contributions of Emile Borel and Henri Lebesgue (in their respective doctoral theses
of 1854 and 1902), these attempts were not brought to their fruition precisely because they too
assigned measure zero to countably infinite sets, an implication that was deemed “absurd”by the
mathematical community of the day. (Even the otherwise revolutionary Cantor was no exception to
this.) In succession, Borel and Lebesgue set the theory on a completely rigorous foundation, and as
the structure of countable sets were better understood in time, it was eventually accepted that an
infinite set can be deemed “very small,”in fact “negligible,”from the measure-theoretic perspective.
(See Hawkins (1980), especially pp. 172-180, for a beautiful survey on the origins of the theory of
the Lebesgue measure and integral.)
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Exercise 3.17.H Prove: If S is a Borel subset of [0, 1] with `(S) > 0, then |a− b| ∈ Q for some
a, b ∈ S.

Exercise 3.18.H Show that there is a closed subset S of [0, 1] such that `(S) > 0 and yet S
does not contain any nondegenerate open interval.

Exercise 3.19.H For any S ∈ B[0, 1],

`(S) = inf

∞∑
i=1

`(Oi)

where the infimum is taken over all sequences (Om) of open subintervals of [0, 1] such that
S ⊆ O1 ∪O2 ∪ ··. Prove!

3.5 More on the Lebesgue Measure
The previous subsection contains just about all you need to know about the Lebesgue measure to
follow the subsequent development. So, if you wish to get to the core of probability theory faster,
you might want to skip the present section. Our main objective here is to complete the discussion
above by going over a few highlights of the theory of Lebesgue measure.

Properties of the Lebesgue Measure

Let us first make note of the translation invariance of the Lebesgue measure.

Proposition 3.1. For any real number a and Borel subset S of R, the set S + a is Borel, and
`(S + a) = `(S).

Proof. Fix any a ∈ R, and define S := {S ∈ B(R) : S + a ∈ B(R)}. It is easily checked that
S is a σ-algebra. Therefore, as S contains all intervals, we have B(R) ⊆ S, establishing our first
assertion. To prove the second claim, note first that `(S + a) = `(S) holds for any interval S. Next,
define µ : B(R) → [0,∞] by µ(S) := `(S + a). It is plain that µ is a Borel measure on R and the
measures µ and `i agree on the semialgebra of all right-semiclosed intervals in Xi. (We use here the
notation introduced in the previous section.) By the uniqueness part of Carathéodory’s Extension
Theorem, therefore, µ(S) = `i(S) for every S ∈ B(Xi) and i ∈ Z. It follows that µ(S) = `(S) for
every S ∈ B(R), and we are done. �

Exercise 3.20. Fix any S ∈ B(R), and define the map ϕ : R+ → R by ϕ(t) := `(S ∩ [−t, t]).
Prove that this map is increasing and Lipschitz continuous.

Exercise 3.21. (Approximation Lemma for `) Let A be the algebra generated by the semi-
algebra of all right-semiclosed intervals. Show that, for any Borel subset S of R and ε > 0,
there is an A ∈ A such that `(S4A) < ε.

Exercise 3.22.H Prove: `(S ∩ (S + 1
m ))→ `(S) for every S ∈ B(R).

Exercise 3.23. Let S be a Borel subset of R such that `(S\(S + a)) = 0 for every real number
a. Prove that either `(S) = 0 or `(R\S) = 0.

Exercise 3.24.H (a) (Non-atomicity of `) Show that, for any Borel subset A of R with `(A) > 0,
there is a B ∈ B(R) with B ⊆ A and 0 < `(B) < `(A).
(b) Give an example of a measure on B(R) which possesses neither of the properties given in
part (a) and Proposition 3.1.
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In view of its non-atomicity, Corollary 2.6 reads a bit sharper for `.

Proposition 3.2. For any Borel subset S of [0, 1) with `(S) > 0, and δ > 0, there is an interval I
such that `(S ∩ I) > (1− δ)`(I) and `(I) < δ.

Proof. Go back to the proof of Corollary 2.6, and notice that, thanks to the non-atomicity of `, we
can choose each of the sets Ai there in a way to ensure that p(Ai) < δ. �

Steinhaus’Lemma

The structure of a Borel subset S of R may be quite complicated. In particular, such a set may or
may not contain a nondegenerate interval within. It is thus quite surprising that S − S is sure to
contain an open interval (so long as `(S) > 0). This interesting observation, which actually remains
valid in any separable Banach space equipped with a translation invariant measure (with the same
proof), was made by Hugo Steinhaus in 1920. We will use it in a few occasions below.

Steinhaus’Lemma. For any Borel subset S of R with `(S) > 0, there is an open interval I such
that 0 ∈ I ⊆ S − S.32

Proof.33 Without loss of generality, we may assume that `(S) is a finite number. Then, as finite
Borel measures on R are regular, and Corollary 2.8 applies also to such measures, we can find a
compact subset K of R and an open subset O of R such that K ⊆ S ⊆ O and `(O) < 2`(K). Since
O is an open neighborhood of the compact set K, there is an ε > 0 such that Nε(K) ⊆ O. (See
Example 6.1 of Appendix 2.) Of course, in the present context, K + Nε(0) = Nε(K), so we have
K+Nε(0) ⊆ O. But then K+ t and K cannot be disjoint for any t ∈ Nε(0), for otherwise we would
find

`(O) < 2`(K) = `(K + t) + `(K) = `((K + t) tK) ≤ `(O),

where we used the translation invariance of ` to get the first equality. Conclusion: For any t ∈ Nε(0),
there are a and b in K (and hence in S) such that a + t = b, and hence t = b − a ∈ S − S. This
shows that Nε(0) ⊆ S − S, so setting I := Nε(0) completes our proof. �

Warning. It is plain that the positive measure requirement cannot be omitted in the statement of
Steinhaus’Lemma. It is, however, not necessary. For instance, the Cantor set C is a Borel subset
of R with `(C) = 0, but C − C = [−1, 1].

Exercise 3.25. Prove: For any Borel subset S of R with `(S) > 0, there is an open interval I
such that 0 ∈ I ⊆ S + S.

Application: The Structure of Additive Real Maps on Borel Subsets of R

We say that a real map f on R is additive if f(s) + f(t) = f(s + t) for any s, t ∈ R. Obviously,
every linear self-map on R is additive, but it can be shown that there are some peculiar self-maps
on R that are additive but not linear.34 Under some fairly weak regularity conditions, however,
additivity and linearity properties coincide for self-maps on R. In particular, an additive self-map
on R is linear if it is known to be bounded on any nondegenerate interval.

32Reminder. For any two sets A and B in R (or actually in any linear space), by A+B, we mean
the set {a+ b : (a, b) ∈ A×B}, and by A−B, the set {a− b : (a, b) ∈ A×B}.
33The original proof of the result was quite complicated. The simple proof that I will give here is

due to Stromberg (1972).
34The proof of this fact is based on a clever use of the Axiom of Choice. It is not particularly

diffi cult, but as it has nothing to do with measure theory, I will not give it here.
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Lemma 3.3. Let f be an additive self-map on R. If f is bounded on some nondegenerate interval,
then it is linear.

Proof. Define the self-map g on R by g(t) := f(t)− f(1)t. Then, clearly, g is additive, and if we can
show that g = 0, setting α := f(1) will complete our proof. To this end, note first that g(0) = 0,
because g(0) = g(0 + 0) = g(0) + g(0). On the other hand, for any positive integers m and n,
additivity of g yields ng( 1

n ) = g(1) = 0 so g( 1
n ) = 0, and hence, g(mn ) = mg( 1

n ) = 0. Conclusion:
g|Q+ = 0. But then, for any negative rational number r, we have g(r) = g(r) + g(−r) = g(0) = 0, so
g(r) = 0. Conclusion: g|Q = 0.

Now suppose that f is bounded on some interval. Then, there are real numbers a and b such
that a < b and M := sup{|f(s)| : s ∈ [a, b]} < ∞. Clearly, g is bounded on [a, b] as well; indeed,
putting M ′ := M + |f(1)| b, we see readily that |g(s)| ≤ M ′ for each s ∈ [a, b]. To complete the
proof, fix an arbitrary real number t. As rationals are dense in R, for every m ∈ N we can find an
rm ∈ Q such that t− rm ∈ [ am ,

b
m ]. But then, m(t− rm) ∈ [a, b], so

m |g(t)| = |g(mt)| = |g(mt−mrm) + g(mrm)| = |g(m(t− rm))| ≤M ′,

where we used the additivity of g to get the second equality and the fact that g|Q = 0 to get the
third. We thus find that |g(t)| ≤ M ′

m for each m ∈ N, which is possible iff g(t) = 0. In view of the
arbitrary choice of t, we conclude that g = 0, as we sought. �

In view of Steinhaus’s Lemma, we can improve Lemma 3.3 by weakening its boundedness hy-
pothesis.

Proposition 3.4. Let f be an additive self-map on R. If f is bounded on some Borel subset S of R
with `(S) > 0, then it is linear.

Proof. By Steinhaus’Lemma, there is an open interval I ⊆ S − S. Then, for any t ∈ I, we have
t = a − b for some a, b ∈ S, so it follows from the additivity of f that |f(t)| = |f(a)− f(b)| ≤
|f(a)|+ |f(b)| . It follows that f is bounded on I, and our assertion follows from Lemma 3.3. �

Lebesgue Measurable Sets

We note that the probability space ([0, 1],B[0, 1], `) is not complete, that is, there are sets A in B[0, 1]
such that `(A) = 0 and yet B /∈ B[0, 1] for some B ⊂ A. (We will prove this formally in Section 5.1.)
However, we can “complete”this space in a straightforward manner.

Let us in fact go for the completion of the entire measure space (R,B(R), `). To this end, we
refer to a Borel subset of R as `-null if `(S) = 0, and then define

Leb(R) := {S ∪B : S ∈ B(R) and B is a subset of an `-null set in R},

which is easily checked to be the smallest σ-algebra generated by B(R)∪{B : B is a subset of an
`-null set in R}. Any member of Leb(R) is said to be a Lebesgue measurable set in R.

Now define `∗(S ∪ B) := `(S) for any S ∈ B(R) and any subset B of an `-null set in R. It is
not diffi cult to show that `∗ is well-defined, and (R,Leb(R)], `∗) is a complete measure space. This
space extends (R,B(R), `) in the sense that B(R) ⊆ Leb(R) and `∗|B(R) = `. Moreover, it is the
smallest such extension in the sense that if (R,Σ, µ) is any complete measure space with B(R) ⊆ Σ
and µ|B(R) = `, then Leb(R) ⊆ Σ.

Naturally, we define
Leb[0, 1] := {S ∈ 2[0,1] : S ∈ Leb(R)},

and with an abuse of notation, write `∗ for the restriction of `∗ to Leb[0, 1]. Then, ([0, 1],Leb[0, 1], `∗)
is a complete probability space, which is called the Lebesgue probability space.

Most properties of the Lebesgue measure are preserved during this completion procedure. In
particular:
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Exercise 3.26. Show that `∗ is translation invariant, that is, for any real number a and S ∈
Leb(R), we have S + a ∈ Leb(R) and `∗(S + a) = `∗(S).

Existence of Non-Measurable Sets

There is a sense in which Leb[0, 1] is “much”larger than B[0, 1]. Indeed, every subset of the Cantor
set C belongs to Leb[0, 1]. As C ≈card R, therefore, we have 2C ≈card 2R (Exercise A.3.9), while,
by Cantor’s Theorem, 2R �card R. It follows that Leb[0, 1] �card R. Yet, by using some set-
theoretical methods that fall outside the scope of the prerequisites for this text, one can show that
B[0, 1] ≈card R.35 Thus: Leb[0, 1] �card B[0, 1]; there are (many!) Lebesgue measurable sets in [0, 1]
that are not Borel measurable.

And yet, even Leb[0, 1] does not exhaust all subsets of [0, 1]: There are subsets of [0, 1] that are
not Lebesgue measurable.

Example 3.6. (The Vitali Paradox, Again) Recall that the Vitali paradox says that there is a
countable partition S of [0, 1] and a map a : S → R such that

⋃
{S+a(S) : S ∈ S} = R. (We proved

this in Section A.3.3.) An immediate implication of this fact is that at least one of the elements of
S is not Lebesgue measurable. For, if S ⊆ Leb[0, 1], using Exercise 3.15 and Boole’s Inequality we
get

1 = `∗([0, 1]) =
∑
S∈S

`∗(S) =
∑
S∈S

`∗(S + a(S)) ≥ `∗
(⋃
S∈S

(S + a(S))

)
= `∗(R) =∞,

a contradiction.36 �

In fact, modifying this argument only slightly we can show that within every Borel subset of
positive Lebesgue measure, there is a non-Borel set.

Proposition 3.5. Let A be a Borel subset of [0, 1]. If `(A) > 0, then there is a subset of A which
is not Borel.

Proof. Take any A ∈ B[0, 1], and assume that every subset of A belongs to B[0, 1]. We know that
there is a countable partition S of [0, 1] and a map a : S → R such that

⋃
{S + a(S) : S ∈ S} = R.

For any S ∈ S, let us put B(S) := (S + a(S)) ∩ A, so we have A =
⋃
{B(S) : S ∈ S}. Thanks to

Boole’s Inequality, our proof will thus be complete if we can show that `(B(S)) = 0 for each S ∈ S.
Fix an arbitrary S in S, and note that the construction of S implies that B + r and B + r′ are

disjoint for any distinct r, r′ ∈ Q. Moreover, by the tightness of `, we have `(B) = sup `(K), where
the supremum is taken over all subsets of B that are compact in [0, 1]. Take any such K. Then,
K + r and K + r′ are disjoint for any distinct r, r′ ∈ Q, while T :=

⋃
{K + r : r ∈ Q ∩ [0, 1]} is

contained within [0, 2]. But then

2 ≥ `(T ) =
∑

r∈Q∩[0,1]

`(K + r) =
∑

r∈Q∩[0,1]

`(K),

which is possible only if `(K) = 0. In view of the arbitrary choice of K, we thus find `(B) = 0, and
in view of the arbitrary choice of B, we are done. �

35All proofs I know for this result makes use of the transfinite construction of B[0, 1] by utilizing
the ordinal numbers. If you are familiar with these concepts, you can find a proof in pretty much
any graduate level text on measure theory. See, for instance, Hewitt and Stromberg (1965), pp.
133-134.
36Have a look at the way I proved the Vitali Paradox in Section A.3.3, and you will see that this

argument proves that the Vitali set is itself not Lebesgue measurable.
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Exercise 3.27. Let bac stand for the largest integer smaller than a, for any real number a. For
any set S in [0, 1] and any 0 ≤ a ≤ 1, set

S ⊕ a := {s+ a− bs+ ac : s ∈ S}.

(a) Show that S ⊕ a ∈ Leb[0, 1] whenever S ∈ Leb[0, 1], and in this case `(S ⊕ a) = `(S).
(b) Prove Vitali’s Theorem: There is no probability space ([0, 1], 2[0,1],p) such that p(S⊕a) =
p(S) for every S ∈ 2[0,1] and a ∈ [0, 1].

Insight. It follows from Vitali’s Theorem that forcing the domain of a (probability) measure
to be the power set of the involved sample space would yield a theory with limited scope.
The use of σ-algebras in measure (and hence probability) theory is simply indispensable.

∗Exercise 3.28. A Bernstein set is a subset S of R such that both S and R\S intersect every
uncountable closed set in R. (Such sets exist, but you are not required to prove this here.)
Show that no Bernstein set can be Lebesgue measurable.

3.6 Proof of Carathéodory’s Extension Theorem
We now move to proving the existence part of Carathéodory’s Extension Theorem. (The uniqueness
part is treated in the next section.) Put precisely, what we will prove is this: Given an algebra A
on a nonempty set X and a σ-additive map q : A → [0,∞], there is a measure p on σ(A) with
p|A = q. In view of Lemma 2.2, this is all we need to do.

We initially assume that q(X) <∞; this requirement will be relaxed later. The key ingredient of
the proof is to introduce a nonnegative function on the collection of all subsets of X that is suitably
approximated by q. Specifically, where Pc(A) stands for the collection of all countable subsets of A,
we define Q : 2X → R+ by

Q(S) := inf

{∑
T∈T

q(T ) : T ∈ Pc(A) and S ⊆
⋃
T
}
.

(Note. Q is called the outer measure induced by q.) While Q need not be a measure, it is an
indispensable tool for constructing “the”measure on σ(A) that extends q.

Let us now go through a few properties of Q. First, note that Q is ⊇-increasing and Q(∅) = 0.
These are fairly easy consequences of the definition of Q. Second, Q extends q, that is, Q|A = q. To
see this, take any A ∈ A, and observe that Q(A) ≤ q(A) follows from the definition of Q. Conversely,
take an arbitrary T ∈ Pc(A) with A ⊆

⋃
T . Then, for T ′ := {A ∩ T : T ∈ T }, Lemma 2.3 entails

q(A) = q (
⋃
T ′) ≤

∑
T∈T

q(A ∩ T ) ≤
∑
T∈T

q(T ).

In view of the arbitrariness of T , then, q(A) ≤ Q(A) obtains by definition of Q. We proved:

Claim 1. Q is an ⊇-increasing real map on 2X such that Q(∅) = 0 and Q|A = q.

The next property of Q that we need is a bit more subtle; we wish to show that Boole’s Inequality
holds for Q.

Claim 2. For any sequence (Sm) in 2X , we have

Q

( ∞⋃
i=1

Si

)
≤
∞∑
i=1

Q(Si).
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Proof. Take any sequence (Sm) in 2X , and put S :=
⋃∞

Si. For any positive integer i and
ε > 0, the definition of Q implies that there is a countable subset T (i) of A with

Si ⊆
⋃
T (i) and

∑
T∈T (i)

q(T ) < Q (Si) + 2−iε.

Let T := T (1) ∪ T (2) ∪ · · ·. Then, T is a countable subset of A such that S ⊆
⋃
T . Therefore, by

definition of Q,

Q(S) ≤
∞∑
i=1

q(
⋃
T (i)) ≤

∞∑
i=1

∑
T∈T (i)

q(T ) <

∞∑
i=1

Q (Si) + ε,

where we used Proposition 1.8 and Example 1.1 of Appendix 1. Since ε > 0 is arbitrary here, we
are done. ‖

We now define

Σ :=
{
S ∈ 2X : Q(S ∩ T ) +Q((X\S) ∩ T ) ≤ Q(T ) for all T ⊆ X

}
,

and note that, by Claim 2,

Σ =
{
S ∈ 2X : Q(S ∩ T ) +Q((X\S) ∩ T ) = Q(T ) for all T ⊆ X

}
.

The rest of the argument consists of showing that Σ is a σ-algebra that contains A (hence σ(A) ⊆ Σ)
and that Q|Σ is σ-additive on Σ. If we can do all this, our proof will be complete upon setting
p := Q|σ(A), thanks to the fact that Q|A = q.

We go slow, step by step.

Claim 3. Σ is an algebra on X.

Proof. Exercise.37 ‖

Claim 4. Let S be a countable subset of Σ whose elements are pairwise disjoint. Then

Q (
⊔
S) =

∑
S∈S

Q(S).

Proof. If |S| = 2, say S = {S, T}, then

Q(S t T ) = Q(S ∩ (S t T )) +Q(X\S ∩ (S t T )) = Q(S) +Q(T ).

(The first equality is a consequence of S being a member of Σ, and the second is due to the hypothesis
that S and T are disjoint.) So, by induction, we see that the claim is true if |S| <∞.

37Hint. Evidently, X ∈ Σ and Σ is closed under complementation. So, it is enough to show that
Σ is closed under taking finite intersections. Take any A,B ∈ Σ, and using first the fact that A ∈ Σ
and then B ∈ Σ, show that, for any T ⊆ X,

Q(T ) = Q(A ∩ (B ∩ T )) +Q((X\A) ∩ (B ∩ T )) +Q((X\B) ∩ T )).

Similarly, for any T ⊆ X,

Q((X\(A ∩B)) ∩ T ) = Q((X\A) ∩ (B ∩ T )) +Q((X\B) ∩ T )).

Now combine these equations.
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Suppose next that S is countably infinite, and enumerate it as {S1, S2, ...}. By what we have
just proved and monotonicity of Q, then,∑

i∈[m]

Q(Si) = Q(S1 t · · · t Sm) ≤ Q (
⋃
S) , m = 1, 2, ...

Letting m ↑ ∞ and applying Claim 2 yield
∑∞

Q(Si) = Q (
⊔
S) . In view of Proposition 1.8 of

Appendix 1, we are done. ‖

Claim 5. Σ is a σ-algebra on X.

Proof. Given Claim 3, we only need to show that Σ is closed under taking countable unions.
So, take any (Am) ∈ Σ∞. It is without loss of generality to assume that Ais are pairwise disjoint
(otherwise we would work with the sequence (A1, A2\A1, A3\(A1∪A2), ...)). For each positive integer
m, set Bm := A1 t · · · tAm, and note that Bm ∈ Σ by Claim 3. Now, we assert that

Q(T ∩Bm) =
∑
i∈[m]

Q(T ∩Ai) for all T ⊆ X and m = 1, 2, ... (18)

This is trivially true for m = 1. As the induction hypothesis, assume that it holds also for an
arbitrary positive integer m. Then, as Am+1 ∈ Σ,

Q(T ∩Bm+1) = Q(Am+1 ∩ T ∩Bm+1) +Q((X\Am+1) ∩ T ∩Bm+1)

= Q(Am+1 ∩ T ) +Q(T ∩Bm)

=
∑

i∈[m+1]

Q(T ∩Ai),

so Am+1 ∩ Bm+1 = Am+1 and (X\Am+1) ∩ Bm+1 = Bm, where we owe the final equality to our
induction hypothesis.

It remains to use (18) to show that∑
i∈[m]

Q(T ∩Ai) +Q

(
T ∩

(
X\

∞⊔
i=1

Ai

))
≤ Q(T ) for all T ⊆ X and m = 1, 2, ...

(Exercise!) The proof is then completed by letting m ↑ ∞ and using Claim 2. ‖

Claim 6. A ⊆ Σ.

Proof. Take any A ∈ A. For any T ⊆ X and ε > 0, the definition of Q implies that there exists
a sequence (Am) ∈ A∞ with T ⊆

⋃∞
Ai and

∑∞
q(Ai) < Q(T ) + ε. Now use Claims 1 and 2, and

σ-additivity of q on A to show that Q(A∩ T ) +Q((X\A)∩ T ) ≤ Q(T ) + ε. (Exercise!) Since ε > 0
is arbitrary here, this completes the proof. ‖

We are now done with the existence part of Carathéodory’s Extension Theorem under the
assumption that q(X) is finite. We now relax this assumption. Take any σ-additive q : A → R+.
For any A ∈ A with q(A) < ∞, let AA := {B ∈ A : B ⊆ A}, which is an algebra on X, and
define the finite measure qA on AA by qA(B) := q(B). By what we have shown above, there exists
a probability measure pA on σ(AA) such that pA(B) = q(B) for all B ∈ AA.

Now define the map p : σ(A)→ [0,∞] by

p(B) :=
∑
A∈T

pA(B ∩A)

if there exists a countable subset T of A such that B ⊆
⋃
T and q(A) < ∞ for all A ∈ T , and let

p(B) := ∞ if there is no such T . As the final exercise of this section, show that p is a measure on
σ(A) such that p|A = q.
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4 The Sierpínski Class Lemma

S-Classes (a.k.a. λ-Systems)

The ultimate aim of this section is to provide a proof for the uniqueness part of
Carathéodory’s Extension Theorem. But note that the method of proof we shall use
for this purpose is important in its own right. We shall have plenty of occasions to
use this method later in the text.
Let us agree to call a nonempty collection S of subsets of a given nonempty set

X a Sierpínski class (or for short, an S-class) on X, provided that

(i) if A,B ∈ S and A ⊆ B, then B\A ∈ S, and
(ii) if A1, A2, ... ∈ S and A1 ⊆ A2 ⊆ · · ·, then

⋃∞Ai ∈ S.
The smallest S-class on X that contains a given collection A of subsets of X is
called the S-class generated by A, and is denoted by s(A). Just as in the case of
σ-algebras, it is easy to verify that such a collection exists. Indeed, we have

s(A) =
⋂
{S ⊆ 2X : A ⊆ S and S is an S-class on X}.

This follows from the facts that 2X is an S-class and the intersection of any collection
of S-classes on X is again an S-class on X.
The following exercise provides suffi cient conditions for an S-class to qualify as a

σ-algebra.

Exercise 4.1.H Let X be a nonempty set, and S an S-class on X. Prove that if X ∈ S and
S is closed under taking finite intersections, then S must be a σ-algebra.
Exercise 4.2.H Let (X,Σ,p) be a probability space, and S any element of Σ. Show that the
collection {T ∈ Σ : p(S ∩ T ) = p(S)p(T )} is an S-class on X, but it need not be an algebra.

The S-Class Lemma (a.k.a. Dynkin’s π-λ Theorem)

Here is an amazingly useful result. We shall use it again and again.

The Sierpínski Class Lemma.38 Given any nonempty set X, let A ⊆ 2X be closed
under taking finite intersections, and X ∈ A. If S is an S-class on X such that
A ⊆ S, then σ(A) ⊆ S.
Proof. Let S0 := s(A). Obviously, X ∈ S0. Thus, by Exercise 4.1, if we can show
that S0 is closed under taking finite intersections, then we can conclude that S0 is a
σ-algebra. From this it would follow that σ(A) ⊆ S0 ⊆ S, as we seek.39

38This result is often referred to as Dynkin’s π-λ Theorem (where an S-class is instead called a
λ-system). However, historically speaking, I think it is more suitable to use the terminology adopted
here, for even a stronger result was proved by Waclaw Sierpinski in 1928, albeit in a non-probabilistic
context. (I learned this from Bert Fristedt.)
39So, my objective is to derive the statement

A ∩B ∈ S0 for all (A,B) ∈ S0 × S0,

51



Define
S1 := {A ⊆ X : A ∩B ∈ S0 for all B ∈ A}.

By hypothesis, we have A ⊆ S1.Moreover, S1 is an S-class on X. Indeed, if A,C ∈ S1
and A ⊆ C, then, since S0 is an S-class,

(C\A) ∩B = (C ∩B)\(A ∩B) ∈ S0 for all B ∈ A.

(Why? Because A,C ∈ S1 implies that both C ∩ B and A ∩ B belong to S0, so the
claim follows from the facts that the latter set is a subset of the former, and S0 is an
S-class.) Similarly, if A1, A2, ... ∈ S1 and A1 ⊆ A2 ⊆ · · ·, then( ∞⋃

i=1

Ai

)
∩B =

∞⋃
i=1

(Ai ∩B) ∈ S0 for all B ∈ A.

(Yes?) It follows that S0 ⊆ S1, that is, A ∩B ∈ S0 for all (A,B) ∈ S0 ×A.
Now define

S2 := {B ⊆ X : A ∩B ∈ S0 for all A ∈ S0}.
By what is established in the previous paragraph, we haveA ⊆ S2. But, again, one can
easily check that S2 is an S-class on X. Therefore, S0 ⊆ S2, that is, A∩B ∈ S0 for all
A,B ∈ S0. By induction, it follows that S0 is closed under taking finite intersections,
and we are done. �

Using the S-Class Lemma

What is the point of all this? Well, the idea is that the Sierpiński Class Lemma allows
us to carry the good set technique (Remark 1.1) to the next level. Suppose we are
given a σ-algebra Σ on X that is generated by a collection A of subsets of X, and
our problem is to verify that all members of Σ satisfies a certain property. Let S be
the collection of all members of Σ that satisfy this property. (S is the set of all “good
sets.”) We wish to show that Σ ⊆ S. The point of the good set technique is simply
that if (i) A ⊆ S, and (ii) S is a σ-algebra on X, then Σ = σ(A) ⊆ S, and all is good.
(No pun intended!) In turn, the Sierpiński Class Lemma says that if we know a few
things about A, namely, that it contains X and it is closed under finite intersections,
then we do not have to verify that the set S of good sets is a σ-algebra, it is enough
to check that it is an S-class. As it is usually easier to work with S-classes rather

from the statement
A ∩B ∈ S0 for all (A,B) ∈ A×A,

which is true by hypothesis. Watch out for a very pretty trick! The idea is to prove first the
intermediate statement

A ∩B ∈ S0 for all (A,B) ∈ S0 ×A,

and then deal the final blow by using this intermediate step.
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than σ-algebras, this observation often makes it easier to “go from a given set to the
σ-algebra generated by that set.”To illustrate, consider the following:

Proposition 4.1. Let X and A be as in the Sierpiński Class Lemma. If p and q are
two finite measures on σ(A) such that p|A = q|A, then p = q.

Amoment’s reflection will show that this is even stronger than the uniqueness part
of Carathéodory’s Extension Theorem (for we do not require hereA to be an algebra).
How does one prove something like this? Let’s use the idea outlined informally above.
Define S := {S ⊆ X : p(S) = q(S)}. That is, we think of a subset S of X as a “good
set” if p(S) and q(S) are equal. This collection is in general not a σ-algebra on
X. However, using the continuity of p from below, we can easily verify that S is
an S-class on X. (The set of all “good sets” is an S-class.) But, by hypothesis, the
property p(S) = q(S) holds for all S in A. (All members of A are “good sets.”)
By the Sierpiński Class Lemma, then, σ(A) ⊆ S, that is, p(S) = q(S) holds for all
S ∈ σ(A), and we are done!

Warning. The uniqueness result reported in Proposition 4.1 is not valid for infinite measures in
general. (Example. Let A be the algebra on R induced by the right semi-closed intervals. Define
the measures p and q on σ(A) by p(S) := |S| , q(∅) := 0, and q(S) := ∞ whenever S 6= ∅. Then,
p|A = q|A but p 6= q.) However, if X can be written as the union of countably many disjoint
sets X1, X2, ... in A, and p(Xi) = q(Xi) < ∞ for each i, then Proposition 4.1 applies even if
p(X) = q(X) =∞. (Exercise!)

We conclude by noting that closedness ofA under taking finite intersections is cru-
cial for Proposition 4.1. To see this, let X := {a, b, c, d} and A := {{a, b}, {b, c}} so
that σ(A) = 2X . Now let p be the probability measure on 2X that assigns probability
1
2
to the outcomes b and d, and let q be the probability measure that assigns prob-

ability 1
2
to the outcomes a and c. Clearly, p and q are probability measures on 2X

with p = q on A but p 6= q in general. (Compare with Proposition 4.1.) Conclusion:
The Sierpiński Class Lemma does not work when A is not closed under taking finite
intersections. Indeed, S = {{a, b}, {b, c}, {a, b, c}} is a superset of A which is an
S-class, and yet σ(A), which equals 2X , is not contained within S in this example.

Exercise 4.3. Prove Corollary 2.7 by using the Sierpiński Class Lemma.

Exercise 4.4.H (Halmos) Let X be a nonempty set. A collection M of subsets of X is said
to be a monotone class on X if, for any (Am) ∈ M∞, we have

⋃∞
Ai ∈ M if (Am) is

increasing, and
⋂∞

Ai ∈M if (Am) is decreasing.
(a) Show that a monotone class on X which is an algebra is a σ-algebra on X.
(b) Show that if A is an algebra on X, the smallest class that contains A —denoted as m(A)
—must be an algebra on X.
(c) Prove the Monotone Class Lemma: If A is an algebra on X, and if A∗ is a monotone class
on X, then A ⊆ A∗ implies σ(A) ⊆ A∗.
(d) Prove the uniqueness part of Carathéodory’s Extension Theorem by using the Monotone
Class Lemma.
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Exercise 4.5. (Billingsley) Prove: If p ∈ ∆[0, 1] satisfies p(S) = 1
2 for every S ∈ B[0, 1] with

`(S) = 1
2 , we have p = `.

Exercise 4.6.H Let µ be a Borel measure on R such that λ := µ(0, 1] <∞. Suppose that µ is
translation invariant, that is, µ(S + a) = µ(S) for any S ∈ B(R) and a ∈ R.
(a) Show that µ(a, b] = λ`(a, b] for any rational numbers a and b with a < b.
(b) Fix any positive integer m, and put

S := {S ∈ B(R) : µ(S ∩ (−m,m]) = λ`(S ∩ (−m,m])}.

Show that S is an S-class, and use what you found in part (a) and the Sierpiński Class Lemma
to get B(R) ⊆ S.
(c) Deduce from part (b) that µ = λ`.

Insight. Every translation invariant Borel measure on R that assigns a finite value to (0, 1]
is a constant multiple of the Lebesgue measure.
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