
Chapter A
Preliminaries

This chapter introduces the basic set-theoretic nomenclature that we adopt in the
present text. As you are more than likely to be familiar with most of what we have to
say here, our exposition is rather fast-paced and to the point. Indeed, the majority
of this chapter is a mere collection of de�nitions and elementary illustrations, and it
contains only a few exercises. It is actually possible that one starts with Chapter B
instead, and then comes back to the present chapter when (s)he is not clear about a
particular jargon that is used in the body of the text. However, it makes good sense
to at least read the part on countable sets below before doing this, because we derive
several results there that will be used elsewhere in the book in a routine manner.
We begin the chapter with a review of the abstract notions of sets, binary relations,

preorders, lattices and functions. As we will work with in�nite products of sets later
in the text, we also talk brie�y about the Axiom of Choice in our review of set theory.
But our presentation focuses mainly on cataloging the basic de�nitions that will be
needed later on, and it is duly informal. Besides, we presume in this book that the
reader is familiar with the number systems of integers, rational numbers, and real
numbers. Nevertheless, after our set theory review, we discuss the algebraic and
order-theoretic structure of these systems, putting on record some of their commonly
used properties.1

The next stop is the theory of countability, the most important part of this chapter.
As it is essential for probability theory, we actually treat this topic in fair detail. In
particular, we introduce the cardinality ordering, and show that a wide variety of
seemingly unrelated sets are in fact cardinally equivalent. This also provides an
occasion for us to introduce the Cantor set, a construct that is routinely used in
measure theory. The usual results on the countability and uncountability of particular
subsets of R are then deduced from our investigation of the cardinality ordering
through Cantor�s Theorem.

1To limit the size of this introductory chapter, I say nothing about mathematical analysis on R
here. Starting from Chapter B, however, I will assume that you are familiar with this topic. In
particular, I will freely use some classical results about the limits of real sequences, subsequential
limits, rearrangement of in�nite series, equality of iterated limits, and di¤erential calculus. These
results are reviewed in Appendix 1.
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1 Set Theory

1.1 Sets

Sets, Subsets and �the�Empty Set

Intuitively speaking, a �set�S is a collection of objects �these objects are called the
�elements�(or �members�) of S: We write ! 2 S to indicate that ! is an element of
S; and !; � 2 S to denote that both ! 2 S and � 2 S hold. For any positive integer
m; a statement like !1; :::; !m 2 S is understood analogously. If ! 2 S is false, then
we write ! =2 S.
If two sets A and B have the same elements, that is, ! 2 A i¤ ! 2 B; then we

write A = B; and otherwise A 6= B: If every member of A is also a member of B;
then A is said to be a subset of B (also read �A is a set in B; " or �B contains A;�
etc.) and write A � B (or B � A). Clearly, A = B i¤ A � B and B � A. If A � B
but A 6= B, then we say that A is a proper subset of B; and write A � B.

Notation. 2S stands for the set of all subsets of a set S (the power set of S).

The total number of elements of a set S is denoted as jSj : We say that S is a
singleton if jSj = 1; and a doubleton if jSj = 2: If S contains �nitely many elements
�this situation is expressed by writing jSj <1 �we say that S is �nite. If S is not
�nite, it is said to be an in�nite set.
If jSj = 0; that is, if S contains no elements, it is called the empty set; we denote

this set by ;. By de�nition, we have ; � S for any set S: This, in particular, implies
that there is only one empty set. (Proof. If ;1 and ;2 are two nonempty sets, we
must then have ;1 � ;2 and ;2 � ;1; and hence, ;1 = ;2.) If S 6= ;; we say that S is
nonempty.

Describing a Set

We sometimes describe a set by enumerating its elements as in f!1; :::; !mg or f!1; !2;
:::g, with the implicit understanding that !i 6= !j for any distinct i and j: (Example.
The set of positive integers is f1; 2; :::g �this set is denoted by N in this book �and
the set of all positive integers less than or equal to a positive integer m is f1; :::;mg:)

Notation. Throughout this text, f1; :::;mg is denoted by [m]; that is,

[m] := f1; :::;mg

for any positive integer m:
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Notation. We set 0! := 1; and for any positive integer k; by k! we mean the product
of the elements of [k]: (Note. k! is read \k factorial.�) In turn, for any nonnegative
integers m and n with m � n; we let�

n

m

�
:=

n!

m!(n�m)! :

(Note.
�
n
m

�
is read \n choose m.�) This is the number of all subsets T of a set S

where jT j = m and jSj = n:

One can also describe a set S as a collection of all objects ! that satisfy a property
P: If P (!) stands for the statement �! satis�es the property P;�we may write S =
f! : P (!) is trueg or simply S = f! : P (!)g: If A is a set and B is the set that
contains all elements ! of A such that P (!) is true, we write B = f! 2 A : P (!)g:
(Example. The set of all even positive integers can be written as f! 2 N : ! is eveng:)

Operations on Sets

Given any two sets A and B; A [ B is the set f! : ! 2 A or ! 2 Bg which is called
the union of A and B: In turn, the intersection of A and B �denoted as A \ B �
is de�ned as the set f! : ! 2 A and ! 2 Bg: (See Figure A.1.) If A \ B = ;; we say
that A and B are disjoint. Obviously, if A � B; then A [ B = B and A \ B = A:
In particular, ; [ S = S and ; \ S = ; for any set S: Throughout this text, we write
A tB to denote the union of two disjoint sets.

FIGURE A.1 ABOUT HERE

Taking unions and intersections are commutative operations in the sense that

A \B = B \ A and A [B = B [ A

for any sets A and B: They are also associative, that is,

A \ (B \ C) = (A \B) \ C and A [ (B [ C) = (A [B) [ C;

and distributive, that is,

A \ (B [ C) = (A \B) [ (A \ C) and A [ (B \ C) = (A [B) \ (A [ C)

for any sets A; B and C:
Given any two sets A and B; the di¤erence between A and B is the set AnB :=

f! : ! 2 A and ! =2 Bg: (See Figure A.1.) It is obvious that Sn; = S; SnS = ;; and
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;nS = ; for any set S; and AnB = BnA i¤ A = B for any sets A and B: Moreover,
we have

An(B [ C) = (AnB) \ (AnC) and An(B \ C) = (AnB) [ (AnC)

for any sets A; B and C: These two properties are called the De Morgan Laws.
The symmetric di¤erence between the sets A and B �denoted as A4B �is

de�ned as the set (AnB) [ (BnA): It is easily checked that A4B = (A [ B)n(A \
B): (See Figure A.1.) Taking the di¤erence between two sets is not an associative
operation, but taking their symmetric di¤erence is. That is, for any sets A; B and
C; the set An(BnC) is in general distinct from (AnB)nC; but we have A4(B4C) =
(A4B)4C:

1.2 Collections of Sets

Let A be a nonempty collection of sets. By this, we mean that A is a nonempty
set every element of which is itself a set (which may itself be a collection of sets).
The union of all members of this collection is de�ned as the set f! : ! 2 A for
some A 2 Ag: We denote this set as

S
A; or

S
fA : A 2 Ag; or

S
A2AA. We use

the notation
F
instead of

S
if the involved sets are pairwise disjoint. That is, the

expression
F
A corresponds to

S
A; but it conveys the additional information that

A \ B = ; for every distinct A and B in A: In turn, the intersection of all sets in
A is de�ned as the set f! : ! 2 A for each A 2 Ag: We denote this set as

T
A; orT

fA : A 2 Ag; or
T
A2AA.

Warning. We leave the expressions
S
; and

T
; as unde�ned.

Notation. A common way of specifying a collection A of sets is by designating a
nonempty set I as a set of indices, and then putting A := fAi : i 2 Ig: In this case,S
A may be denoted as

S
i2I Ai. If I = fk; k + 1; :::; Kg for some integers k and

K with k < K; then we often write
SK
i=k Ai (or Ak [ � � � [ AK) for the set

S
i2I Ai.

Similarly, if I = fk; k + 1; :::g for some integer k; then we may write
S1
i=k Ai (or

Ak [Ak+1[ � � �) for
S
i2I Ai. We often denote

S1
i=1Ai as

S1Ai in this book. Similar
notational conventions apply to

F
and

T
as well.

1.3 Products of Finitely Many Sets

For any integer n � 2; we think of an n-vector as a list (!1; :::; !n) with the under-
standing that (!1; :::; !n) = (!01; :::; !

0
n) i¤ !i = !0i for each i 2 [n]: (A 2-vector is

often called an ordered pair.) The product of n sets A1; :::; An; is then de�ned as

A1 � � � � � An := f(!1; :::; !n) : !1 2 A1; :::; !n 2 Ang;
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but we often write XnAi instead of A1�� � ��An: For any set S; we de�ne Sn := XnS;
and refer to this set as the n-fold product of S: Taking products is not commutative.
(Proof. f!g� f�g 6= f�g� f!g for any two distinct objects ! and �.) It is, however,
an associative operation.2

1.4 Binary Relations

Let X and Y be two nonempty sets. A subset R of X�Y is called a binary relation
from X to Y: If Y = X here, that is, R � X2, we simply say that R is a binary
relation on X: If (!; �) 2 R; then we think of R as associating the object ! with
�; and if f(!; �); (�; !)g \R = ;; we understand that there is no connection between
! and � as instigated by R: In this text, we adopt the convention of writing ! R �
instead of (!; �) 2 R. Moreover, we simply write ! R � R & to mean ! R � and � R
&:
A binary relation R on a nonempty set X is said to be re�exive if ! R ! for

every ! 2 X: It is complete if either ! R � or � R !, symmetric if ! R � implies
� R !; and antisymmetric if ! R � R ! implies ! = � (for any !; � 2 X). We say
that R is transitive if ! R � R & implies ! R & for any !; �; & 2 X:

Exercise 1.1. Let R be a re�exive binary relation on a nonempty set X: The asymmetric
part of R is de�ned as the relation R> on X with ! R>� i¤ ! R � but not � R !: The
relation R= := RnR> on X is then called the symmetric part of R.
(a) Show that R= is re�exive and symmetric.
(b) Show that R> is neither re�exive nor symmetric.
(c) Show that if R is transitive, so are R> and R=:

1.5 Equivalence Relations

Occasionally, one needs to �identify� two objects when they possess a particular
property of interest. Naturally, such an identi�cation scheme should satisfy certain
consistency conditions. For instance, if ! is identi�ed with �; then � must be identi�ed
with !: Similarly, if ! and � are deemed identical, and so are � and &; then ! and &
must be identi�ed. Such considerations lead us to the notion of equivalence relation.
Put precisely, a binary relation � on a nonempty set X is called an equivalence

relation if it is re�exive, symmetric and transitive. For any ! 2 X; the equivalence
class of ! relative to � is de�ned as the set

[!]� := f� 2 X : � � !g:

The collection of all equivalence classes relative to � is denoted by X=�, that is,

X=� := f[!]� : ! 2 Xg:
2Formally, A� (B�C) and A�B�C are distinct, because the members of the former look like

(!; (�; �)) and those of the latter like (!; �; �): But this is only due to the redundant use of brackets.
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This collection is called the quotient set of X relative to �.
One typically uses an equivalence relation to simplify a situation in a way that all

things that are indistinguishable from a certain perspective are put together in a set
and are treated as if they are a single entity. In particular, an equivalence relation can
be used to decompose a grand set of interest into subsets such that the members of
the same subset are thought of as �identical�while the members of distinct subsets
are viewed as �distinct.� To say this formally, let us recall that a partition of a
nonempty set X is a collection A of nonempty subsets of X such that

S
A = X and

A \ B = ; for any distinct A;B 2 A: Not surprisingly, the collection of equivalence
classes induced by any equivalence relation on a set is a partition of that set.

Proposition 1.1. For any equivalence relation � on a nonempty set X; the quotient
set X=� is a partition of X:

Exercise 1.2. Prove Proposition 1.1.

1.6 Order Relations

Preordered Sets, Posets and Losets

A binary relation % on a nonempty set X is called a preorder on X if it is transitive
and re�exive. It is said to be a partial (linear) order on X if it is an antisymmetric
(and complete) preorder on X.
A preordered set is an ordered pair (X;%), where X is a nonempty set and %

is a preorder on X: If % is a partial order on X; then (X;%) is called a poset (short
for partially ordered set), and if % is a linear order on X; then (X;%) is called a loset
(short for linearly ordered set). Where (X;%) is a preordered set, an extension of
% is a preorder D on X such that % � D and � � B; where B is the asymmetric
part of D. Intuitively speaking, an extension of the preorder % is �more complete�
than % in the sense that it compares more elements, but it certainly agrees with %
whenever the latter applies. Clearly, if D is a partial order, then it is an extension of
% i¤% � D.

Notation. For any preordered set (X;%), we denote by � the asymmetric part of
%; and by � the symmetric part of %. (Note. A preorder on a nonempty set X may
have a large symmetric part (which is necessarily an equivalence relation on X), but
the symmetric part of a partial order on X equals f(!; !) : ! 2 Xg:)

Notation. For any preordered set (X;%), let S be a subset of X and ! and element
of X: By ! % S; we mean that ! % � for every � 2 S: The expression �S % ��is
similarly understood.
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Extremal Elements with respect to a Preorder

Let (X;%) be a preordered set and ; 6= S � X: An element ! of S is called %-
maximal in S if there is no � 2 S with � � !; and %-minimal in S if there is no
� 2 S with ! � �: If ! % � for all � 2 S; then ! is called the %-maximum of S;
and if � % ! for all � 2 S; then ! is called the %-minimum of S:
For any preordered set (X;%), a %-maximum of a nonempty subset S of X is

%-maximal in that set. Moreover, if (X;%) is a poset, then there can be at most one
%-maximum of S:

Example 1.1. Let X be a nonempty set with at least two elements, and �x two
distinct elements !1 and !2 of X: Consider the binary relation % on 2X de�ned by
A % B i¤ A = B or (!1; !2) 2 A � B. Then, (2X ;%) is a preordered set which is a
poset i¤X is a doubleton. Any subset of X that does not contain !2 is %-maximal
in 2X , but there is no %-maximum of 2X because S % ; holds for no S 2 2Xnf;g;
and obviously, ; is not a %-maximum of 2X . Next consider the binary relation D
on 2X de�ned by A % B i¤ A = B or !1 2 A. Then, (2X ;D) is a preordered set
as well. Moreover, we have % � D; but D is not an extension on %. For instance,
f!1g � f!1; !2g but f!1g B f!1; !2g is false. Any subset of X that contains !1 is a
D-maximum of 2X : On the other hand, ; is a D-minimal element of 2X which is not
a %-minimum. �

Example 1.2. (N;�) is a loset, where � is the usual linear order on N which says
that � � � � 2 � 1: In turn, (Nn;�) is a poset for any positive integer n; where � is
de�ned coordinatewise, that is, (a1; :::; an) � (b1; :::; bn) i¤ ai � bi for each i 2 [n]:
The binary relation % on Nn de�ned by (a1; :::; an) % (b1; :::; bn) i¤ a1 � b1, is a
preorder on Nn. This preorder is a partial order i¤ n = 1: Moreover, � � %; but %
is not an extension of � unless n = 1. Finally, the binary relation D on Nn de�ned
by (a1; :::; an) D (b1; :::; bn) i¤ a1+ � � �+ an � b1+ � � �+ bn, is a preorder on Nn which
is an extension of �. �

Lattices

Let (X;<) be a poset. For any S � X; an element ! in X is said to be an <-
upper bound for S if ! < S; a <-lower bound for S is de�ned similarly. The
<-supremum of S in X; denoted commonly as

W
S; is de�ned as the <-minimum

element of the set of all <-upper bounds for S; that is,
W
S is an element of X such

that (i)
W
S < � for every � 2 S; and (ii) & <

W
S for any <-upper bound & for S:

It is plain that
W
S may not exist. (Example. Let X be any set with at least two

elements, and de�ne < on X by ! < � i¤ ! = �:) But if it exists, the <-supremum of
S in X is unique. The <-in�mum of S in X; denoted as

V
S; is de�ned analogously.

If S is a doubleton here, say, S = f!; �g, the <-supremum and <-in�mum of f!; �g
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in X are commonly denoted as ! _ � and ! ^ �; respectively. That is,

! _ � :=
W
f!; �g and ! ^ � :=

V
f!; �g:

To reiterate, if it exists, ! _ � is the unique element of X such that ! _ � < f!; �g
and & < ! _ � for every & 2 X with & < f!; �g; and similarly for ! ^ �:
Those posets in which there is a supremum and in�mum of every �nite set are of

great importance. Such posets are given a special name.

De�nition. Let (X;<) be a poset. If ! _ � and ! ^ � exist for all !; � 2 X; then we
say that (X;<) is a lattice. If

W
S and

V
S exist for all Y 2 2X ; then (X;<) is said

to be a complete lattice.

A poset need not be a lattice, of course. But if (X;<) is a loset, then it is sure to
be a lattice, because, then, ! _ � = ! i¤ ! < � i¤ ! ^ � = � for every !; � 2 X: In
particular, (N;�) is a lattice, where � is the usual linear order on N. But this lattice
is not complete because, for instance,

W
N does not exist in N.

Warning. Given any poset (X;<), any one element of X is both an <-upper bound and a <-lower
bound for ;. Consequently,

W
; must be the <-minimum of X; and

V
; must be the <-maximum of

X. It follows that every complete lattice must possess a <-minimum and <-maximum.

Given any lattice (X;<) and a subset Y of X; we say that Y is a sublattice
of (X;<) if Y is a lattice relative to the partial order <Y := < \ (Y � Y ) and the
<Y -supremum and <Y -in�mum of any two elements of Y in Y coincide with the
<Y -supremum and <Y -in�mum of those elements in X , respectively.

Example 1.3. Let X be a nonempty set, and consider the binary relation < on 2X

de�ned by A < B i¤ A � B. Clearly, < is a partial order on 2X . It is customary to
denote < simply as � in this sort of a context, and thus say that (2X ;�) is a poset.
This poset is a loset i¤ X is a singleton. But (2X ;�) is a complete lattice. In the
context of this lattice, we have

W
S =

S
S and

V
S =

T
S for any nonempty subset

S of 2X . Moreover,
W
; = ; and

V
; = X: On the other hand, where A := fS � X :

jSj � 2g, the poset (A;�) is not a lattice, unless X contains at most two elements,
but B is a sublattice of (2X ;�); where B is the set of all �nite subsets of X: Finally,
let C stand for the set of all singleton subsets of X plus ; and X: Then, (C;�) is a
lattice, but C is not a sublattice of (2X ;�) unless jXj � 2. �

1.7 Functions

Functions/Maps

Let X and Y be two nonempty sets. A function (or a map) f from X into Y �
denoted as f : X ! Y �is a subset of X � Y such that for each ! 2 X, there is
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exactly one ordered pair (!; �) in f . (Note. Every function is a binary relation.) If
(!; �) 2 f; we write f(!) = � (or � = f(!)), and refer to � as the image of ! under
f: The set of all functions from X into Y is denoted by Y X :3 (Example. f0; 1gX is
the set of all functions on X whose values are either 0 or 1:) The notation �f 2 Y X�
is used interchangeably with the expression �f : X ! Y �throughout this book.
Given a function f 2 Y X ; we refer toX as the domain of f , and Y the codomain

of f: The range of f �denoted as f(X) �is the set of all � 2 Y such that f(!) = �
for some ! 2 X: By de�nition, every element of the domain of f has a unique image
under f in the codomain of f: We say that two functions f and g are equal, and
write f = g, if they have the same domain and codomain, and f(!) = g(!) for each
! in the domain of f:
One may describe a function in a given context by noting its domain and codomain,

and the image of a generic point in its domain. So, one would say something like �let
f : X ! Y be de�ned by f(!) := :::�. (Example. The function f : N ! N de�ned
by f(t) := t2; maps every positive integer t to the square of t.) Since the domain of
the function is understood from the expression f : X ! Y; it is redundant to add
the phrase �for all ! 2 X�after the expression �f(!) := :::,�although sometimes we
may do so for clarity. Alternatively, when the codomain of the function is clear, a
phrase like �the map ! 7! f(!) on X�is commonly used. (Example. The quadratic
function mentioned above can be prescribed as �the map t 7! t2 on N.�)

Surjections, Injections and Bijections

For any map f 2 Y X ; if f(X) = Y; we say that f maps X onto Y; and refer to it
as a surjection (or as a surjective function/map): If f maps distinct points in its
domain to distinct points in its codomain, that is, if ! 6= !0 implies f(!) 6= f(!0) for
every !; !0 2 X; we say that f is an injection (or a one-to-one, or an injective
function/map): If f is both injective and surjective, then it is called a bijection (or
a bijective function/map). In turn, a bijection that maps X onto itself is sometimes
referred to as a permutation on X: We will see in Section 5 that the notion of a
bijection is an essential tool for classifying sets as being �nite, in�nite, countable,
etc..
Note that every injection can be viewed as a bijection, provided that we restrict

the codomain of the function as its range. Indeed, if f : X ! Y is an injection, then
the map f : X ! Z is a bijection, where Z := f(X): This is usually expressed by
saying that �f : X ! f(X) is a bijection.�

Types of Functions

Example 1.4. In the following examples X and Y are any nonempty sets.

[1] A constant function is a map whose range is singleton, that is, f 2 Y X is
constant i¤ there exists a � 2 Y such that f(!) = � for every ! 2 X: Obviously,

3There is a sense in which this notation is natural. I will explain this in Section 1.9.
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f(X) = f�g in this case, so a constant function is not surjective unless its codomain
is a singleton, and it is not injective unless its domain is a singleton.

[2] A function whose domain X equals its codomain is called a self-map on X:
An important example of a self-map is the identity function on X: This function
is denoted as idX , and it is de�ned by idX(!) := !: Obviously, idX is a bijection.

[3] For any S 2 2X ; the indicator function of S on X, which we denote by 1S
(assuming that the domain X is understood from the context), is de�ned as:

1S(!) :=

�
1; if ! 2 S
0; if ! 2 XnS.

We have 1A[B + 1A\B = 1A + 1B and 1A\B = 1A1B for every A;B 2 2X : �

Example 1.5. In the following examples, X; Y; Z and W are any nonempty sets.

[1] Assume Z � X � W; and take any f 2 Y X : By the restriction of f to Z
�denoted as f jZ �we mean the map f jZ 2 Y Z de�ned by f jZ(!) := f(!): By an
extension of f to W; on the other hand, we mean a map f � 2 Y W with f �jX = f .
If f is injective, so must f jZ ; but surjectivity of f does not entail that of f jZ :

[2] The function f 2 XX�Y de�ned by f(!; �) := !; is called the projection
from X � Y onto X:4 (The projection from X � Y onto Y is similarly de�ned.)
Obviously, f(X � Y ) = X; that is, f is necessarily surjective. It is not injective
unless Y is a singleton.

[3] Given functions f : X ! Z and g : Z ! Y; the composition of f and g is the
map g � f : X ! Y de�ned by g � f (!) := g(f(!)): Obviously, idZ � f = f = f � idX :
But, even whenX = Y = Z; taking the composition of two maps is not a commutative
operation. �

Image and Inverse Image of a Set under a Function

For any nonempty sets X and Y; the image of a set A � X under a map f 2 Y X �
denoted as f(A) �is de�ned as the collection of all elements � in Y with � = f(!)
for some ! 2 A; that is,

f(A) := ff(!) : ! 2 Ag:
(Note. The range of f is thus the image of its domain.)
The inverse image of a subset B of Y under f �denoted as f�1(B) �is de�ned

as the set of all members of X whose images under f belong to B; that is,

f�1(B) := f! 2 X : f(!) 2 Bg:
4Strictly speaking, I should write f((!; �)) instead of f(!; �); but that�s nothing but a redundant

use of brackets.
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By convention, we write f�1(�) for f�1(f�g); that is,

f�1(�) := f! 2 X : f(!) = �g; � 2 Y:

Obviously, f�1(�) is a singleton for each � 2 Y i¤ f is an injection.
Whether or not one can express the (inverse) image of a union/intersection of a

collection of sets as the union/intersection of the (inverse) images of the sets in the
collection is an important issue. The following exercise describes the situation in this
regard.

Exercise 1.3. Let X and Y be two nonempty sets and f 2 Y X : Prove that, for any nonempty
collections A � 2X and B � 2Y ; we have

f (
S
A) =

S
ff(A) : A 2 Ag and f (

T
A) �

T
ff(A) : A 2 Ag;

whereas

f�1 (
S
B) =

S
ff�1(B) : B 2 Bg and f�1 (

T
B) =

T
ff�1(B) : B 2 Bg:

The inverse images thus behave well with respect to taking unions and intersec-
tions, but this is not the case for images in the case of intersections. In fact, if
f 2 Y X is not a n injection, we can always �nd two nonempty subsets A and B
of X with f(A \ B) � f(A) \ f(B). In other words, for any f 2 Y X ; we have
f(A \B) � f(A) \ f(B) for all A;B � X i¤ f is injective.

Invertible Maps

Finally, we turn to the problem of inverting a function. For any f 2 Y X ; let us de�ne
the relation

f�1 := f(�; !) 2 Y �X : (!; �) 2 fg:
This relation simply reverses the map f in the sense that if ! is mapped to � by f;
then f�1 maps � back to !: If f�1 is a function, we say that f is invertible and f�1

is the inverse of f:
The following result gives two useful characterizations of invertible functions.

Proposition 1.2. Let X and Y be two nonempty sets. For any f 2 Y X , the following
are equivalent:
(a) f is invertible;
(b) f is a bijection;
(c) There exists a map g 2 XY with g � f = idX and f � g = idY :

Exercise 1.4. Prove Proposition 1.2.
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1.8 Sequences and Vectors

By a sequence in a nonempty set X, we intuitively mean an ordered array of the form
(!1; !2; :::) where each term !i of the sequence belongs to X:We understand from the
notation (!1; !2; :::) that the ith term in the array is !i: We may thus think of such
an array as a function that maps the set N of positive integers into X: This function
tells us that �the ith term in the array is !i�by mapping i to !i: In other words,
our intuitive understanding of the ordered array (!1; !2; :::) is formally captured by
the function f(i; !i) : i = 1; 2; :::g = f: Formally, then, we de�ne a sequence in a
nonempty set X as a map f : N ! X; and represent this map as (!1; !2; :::) where
!i := f(i) for each i 2 N: Consequently, the set of all sequences in X is equal to XN;
but we denote this set as X1 in this text. Besides, we often write (!m) in place of
the sequence (!1; !2; :::).
A subsequence of a sequence (!m) 2 X1 is a sequence made of certain terms of

(!m), remaining loyal to the order in which these terms appear in (!m): Formally,
a subsequence of (!m) is de�ned as a sequence of the form (!m1 ; !m2 ; :::) where
(mk) 2 N1 satis�es m1 < m2 < � � �. (We denote this subsequence as (!mk

):)
By a double sequence in X; we mean an in�nite matrix each term of which is

a member of X: Formally, a double sequence is a function f in XN�N: As in the
case of sequences, we represent this function as (!kl) with the understanding that
!kl := f(k; l): The set of all double sequences in X equals XN�N; but it is customary
to denote this set as X1�1: We note that one can always view (in more than one
way) a double sequence in X as a sequence of sequences in X; that is, as a sequence
in X1. For instance, we can think of (!kl) as ((!1l); (!2l); :::) or as ((!k1); (!k2); :::):
The idea of viewing a string of objects as a particular function also applies to �nite

strings. For instance, the function space X [n] is none other than the set f(!1; :::; !n) :
!1; :::; !n 2 Xg for any n 2 N: We may thus de�ne an n-vector in X as a map
f : [n]! X, and represent this map as (!1; :::; !n) where !i := f(i) for each i 2 [n]:5
The n-fold product of X is then de�ned as X [n], but we denote this set simply as
Xn:

1.9 Products of In�nitely Many Sets

Intuitively speaking, the product of all members of a collectionA of sets is the set of
all collections each of which contains a unique element of each member of A: That
is, a member of this product is really a function on A that selects a single element
from each set in A: Question: How do we know that such a function exists?
If jAj <1; then this is no pickle as we can construct such a function by choosing

an element from each set in A one by one. But when A contains in�nitely many
sets, then this method does not work, so we need proof that such a map exists. For

5Notice that (!1; :::; !n) = (!01; :::; !
0
n) i¤ !i = !0i for each i 2 [n]; so everything is in concert

with the way I de�ned n-vectors in Section 1.3.
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instance, if A were a collection of some sets of positive integers, then there would be
no problem. We could then de�ne f : A !

S
A by f(A) := the smallest element of

A �this well de�nes f as a map that selects one element from each member of A.
But what if we were not told anything about the contents of A? You see, in general,
it is impossible to specify a formula, or even a recursive algorithm, the application of
which yields such a map. Then how do we know that such a thing exists in the �rst
place?6

As a matter of fact, the problem of ��nding a f : A !
S
A for any given collection

A of sets that picks one element from each A 2 A,�that is, the status of the following
statement, cannot be settled by means of the standard axioms of set theory.7

The Axiom of Choice. For any nonempty collection A of sets, there exists a function
f : A !

S
A such that f(A) 2 A for each A 2 A:

The Axiom of Choice cannot be disproved by using the standard axioms of set
theory. That is, provided that no contradiction may be logically deduced from these
axioms, adjoining the Axiom of Choice to them would again yield a consistent ax-
iomatic system. This raises the possibility that perhaps the Axiom of Choice can be
deduced as a �theorem.� Oddly, this is false as well, that is, the Axiom of Choice is
not provable from the standard axioms of set theory.8

We are then at a crossroads. We must either reject the validity of the Axiom of
Choice and con�ne ourselves to the conclusions that can be reached only on the basis
of the standard axioms of set theory, or alternatively, adjoin the Axiom of Choice
to the standard axioms to obtain a richer set theory that would yield certain results
that could not have been proved within the con�nes of the standard axioms. Most
mathematicians follow the second route, but some are particularly careful in making
explicit if the Axiom of Choice is a prerequisite for a particular theorem to be proved.
Given our largely applied interests here, we will be quite relaxed about this matter
in this book.
Going back to our original query, we de�ne the (Cartesian) product of an arbi-

trary collection A of sets as the set of all f : A !
S
A with f(A) 2 A for each A 2 A:

We denote this set by XA; and note that XA 6= ;; because of the Axiom of Choice.
If A = fAi : i 2 Ig; where I is an index set, then we write Xi2IAi for XfAi : i 2 Ig:
Clearly, Xi2IAi is the set of all maps f : I !

S
fAi : i 2 Ig with f(i) 2 Ai for each

i 2 I: This de�nition is consistent with that of the (Cartesian) product of �nitely
many sets we gave in Section 1.3.

6It takes a bit of an e¤ort to see the essence of the problem here, so don�t be discouraged if you
are shaky about this discussion. I talk more about this matter in Ok (2007), and Halmos (1960)
and Devlin (1993) do so even more.

7You may think of these standard axioms as the formal properties needed to �construct�the set
theory you are familiar with. These axioms have an unproblematic standing in mathematics.

8These results are of extreme importance for the foundations of the entire �eld of mathematics.
The �rst one was proved by Kurt Gödel in 1939, and the second one by Paul Cohen in 1963.
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We may now clarify the origin of our notation for function spaces. Assume that
all Ais in the previous paragraph are equal to a �xed set, say, Y . In this case, it is
natural to denote the product XfAi : i 2 Ig simply as Y I . But, by de�nition, the
elements of Y I are precisely the functions that map I into Y . So, if we denote I as
X; we see that Y X is the set of all maps from X into Y: This explains the origin of
the notation Y X we introduced in Section 1.7. In a nutshell, the set of all functions
from a given set into another can be viewed as one glori�ed product set (for which
the index set is the domain of the functions).

2 The Real Number System

2.1 Ordered Fields

Given a nonempty set X, let us agree to call a function of the form � : X �X ! X
a binary operation on X, but write ! � � instead of �(!; �) for any !; � 2 X:
(Example. The addition and multiplication operations + and � are binary operations
on the set N of natural numbers but the subtraction operation is not.)

De�nition. Given any nonempty set X; let + and � be two binary operations on X,
but let us write !� for ! � � for simplicity. The list (X;+; �) is called a �eld if the
following properties are satis�ed:

(i) (Commutativity) ! + � = � + ! and !� = �! for all !; � 2 X;

(ii) (Associativity) (!+ �)+ & = !+(�+ &) and (!�)& = !(�&) for all !; �; & 2 X; 9

(iii) (Distributivity) !(� + &) = !� + !& for all !; �; & 2 X;

(iv) (Existence of Identity Elements) There exist elements 0 and 1 in X such that
0 + ! = ! = ! + 0 and 1! = ! = !1 for all ! 2 X;

(v) (Existence of Inverse Elements) For each ! 2 X; there exists an element �! in
X �the additive inverse of ! �such that ! +�! = 0 = �! + !; and for each
! 2 Xnf0g; there exists an element !�1 in X �the multiplicative inverse of !
�such that !!�1 = 1 = !�1!:

A �eld (X;+; �) is an algebraic structure that envisages two binary operations +
and � on the set X which allows for the arithmetic that is familiar from the context of
real numbers. In particular, given the + and � operations, we can de�ne the operation

9Throughout this exposition, (�) is the same thing as �, for any � 2 X: For instance, (! + �)
corresponds to ! + �, and (�!) corresponds to �!: I use the brackets only for clarity. Note also
that the associativity of + makes an expression such as !1+ � � �+!m unambiguous for any positive
integer m; and similarly for �.
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of subtraction by ! � � := ! + ��; and the operation of division by !
�
:= !��1,

provided that � 6= 0: (Note. The division operation is not a binary operation. For
instance, 1

0
is not de�ned in X.)

De�nition. The list (X;+; �;�) is called an ordered �eld if (i) (X;+; �) is a �eld;
and (ii) (X;�) is a poset such that ! � � implies ! + & � � + & for any !; �; & 2 X;
and !& � �& for any !; �; & 2 X with & � 0: We note that the expressions ! � � and
� � ! are identical. The same goes also for the expressions ! > � and � < !; where
> is the asymmetric part of �. We also adopt the following notation:

X+ := f! 2 X : ! � 0g and X++ := f! 2 X : ! > 0g:

The sets X� and X�� are de�ned analogously.

Exercise 2.1. (Rules of Exponentiation) Let (X;+; �) be a �eld. For any ! 2 X and k 2 N;
we de�ne !0 := 1; !k := !k�1! and !�k := (!k)�1: For any i; j 2 Z and !; � 2 X; prove
that !i!j = !i+j , (!i)j = !ij ; !

i

!j = !
i�j , and (!� )

i = !i

�i (the latter two, provided !; � 6= 0).

Exercise 2.2. (The Binomial Theorem) Let (X;+; �) be a �eld, and let us agree to write
m! for ! + � � � + ! (m times) for any positive integer m and ! 2 X: Use the Principle of
Mathematical Induction to prove:

(! + �)k =

�
k

0

�
�k +

�
k

1

�
!�k�1 + � � �+

�
k

k � 1

�
!k�1� +

�
k

k

�
!k

for every !; � 2 X and k 2 N:

2.2 Natural Numbers, Integers and Rationals

N

We have already introduced the notation N. This is the set of all natural numbers
(also known as the positive integers), that is, N := f1; 2; :::g: Among the properties
that N satis�es, the following is most noteworthy:

The Principle of Mathematical Induction. If S is a subset of N such that 1 2 S;
and i+ 1 2 S whenever i 2 S; then S = N:

This property is actually one of the main axioms that are commonly used to
construct the natural numbers.10 It is frequently employed when giving a recursive

10Roughly speaking, the standard construction goes as follows. One postulates that N is a set
endowed with a binary relation on it, called the successor relation, which speci�es an immediate
successor for each member of N: (If i 2 N; then the immediate successor of i, which must belong to N
as well, is denoted as i+1:) Then, N is the set that is characterized by the Principle of Mathematical
Induction and the following two axioms: (i) there is an element 1 in N which is not a successor of
any other element in N; (ii) if i and j have the same successor, then i = j:
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de�nition (as in Exercise 2.1 below), or when proving in�nitely many propositions by
recursion. Suppose P1; P2; ... are logical statements. If we can prove that P1 is true,
and then show that the validity of Pi+1 would in fact follow from the validity of Pi
(i being arbitrarily �xed in N); then we may invoke the Principle of Mathematical
Induction to conclude that each proposition in the string P1; P2; ... is true. We use
such inductive arguments routinely in the present text.

Z

Adjoining to N an element to serve as the additive identity, namely the zero, we
obtain the set of all nonnegative integers, which is denoted by Z+: In turn, adjoining
to Z+ the set f�1;�2; ::::g of all negative integers (whose construction would mimic
that of N); we obtain the set Z of all integers. In the process, the binary operations
+ and � are suitably extended from N to Z so that they become binary operations on
Z that satisfy all of the �eld axioms except the existence of multiplicative inverses.
Moreover, we have a natural linear order � on Z (which is deduced from the successor
relation behind the construction of N):

Q

Extending Z (in a minimal way) to a �eld gives us the set Q of all rational numbers.
(Slightly) informally speaking, this set consists of all fractions m

n
with (m;n) 2 Z� N.

The operations + and � are extended to Q in the natural way (so that, for instance,
the additive inverse of m

n
is�m

n
; and provided thatm;n 6= 0; the multiplicative inverse

of m
n
is n

m
. The standard linear order � on Z is also extended to Q in the obvious

way. When we talk of Q; we really talk of the entire system (Q;+; �;�) implicitly.
With this in mind, we can say that Q is an ordered �eld. For instance, the standard
rules of exponentiation (Exercise 2.1) are valid in Q:

Remark 2.1. The �de�nition�of Q given above is not quite formal, for it presupposes that we know
the operation of �division,�while we do not at this stage in the construction, for this binary operation
is not de�ned on Z: The proper approach is instead to de�ne Q as the set of equivalence classes
[(m;n)]� where the equivalence relation � is de�ned on Z � N by (m;n) � (k; l) i¤ ml = nk: The
addition and multiplication operations on Q are then de�ned as [(m;n)]�+[(k; l)]� = [(ml+nk; nl)]�
and [(m;n)]�[(k; l)]� = [(mk; nl)]�: Finally, the linear order � on Q is de�ned via the ordering of
integers as follows: [(m;n)]� � [(k; l)]� i¤ml � nk: �

2.3 Real Numbers

R

The structure of Q is still not rich enough to deal with many worldly matters. For
instance, if we take a square with sides having length one, and attempt to compute
the length r of its diagonal, we would be in trouble if we were to use only the rational
numbers. After all, we know from planar geometry that r must satisfy the equation
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r2 = 2: Yet, no rational number can do this. There are certainly two rational numbers
a and b such that a2 > 2 > b2; but there is no r 2 Q with r2 = 2:11 It is like there is a
�hole�in the set of rational numbers. Intuitively speaking, then, we wish to complete
Q by �lling up its holes with �new�objects, and, in fact, doing this leads us to the
set R of real numbers: (Note. Any member of the set RnQ is said to be an irrational
number.)
This is not the place to get into the formal details of how such a completion would

be carried out, so we leave things at this heuristic level. But note that, during this
completion, the operations of addition and multiplication are extended to R in such
a way to make it a �eld. (For instance, the standard rules of exponentiation are valid
in R:) Similarly, the linear order � is extended from Q to R nicely, so great many
algebraic and order-theoretic properties of Q are inherited by R: In particular, R is
an ordered �eld.
When we refer to order-theoretic concepts in the context of R; we always have the

standard (linear) order � of R: The upper bounds, the maximum, and the supremum,
of a subset S of R is thus implicitly understood relative to �, and similarly for lower
bounds, the minimum, and the in�mum of S. (In accordance with this, we simply
write supS and inf S for the �-supremum and �-in�mum of S; respectively.) To
reiterate, then, an upper bound for a set S in R is a real number a such that a � S:
(If there is such number, we say that S is bounded from above.) Moreover, supS
is the upper bound s� for S such that a � s� for every upper bound a for S. (We
de�ne the sets that are bounded from below, and inf S dually.)

Completeness of the Reals

There is a major order-theoretic di¤erence between Q and R. This is:

The Completeness Axiom. For every nonempty subset S of R which is bounded
from above, there is an s 2 R such that s = supS:

We cannot replace R with Q in this statement. For instance, S := fr 2 Q : r2 <
2g is a subset of Q which is bounded from above, but supS does not exist in Q.
Instead, supS exists in R by the Completeness Axiom (or as is usually said, by the
completeness of R), and of course, supS =

p
2.12 In an intuitive sense, therefore, R

is obtained by �lling in the �holes�of Q so as to satisfy the Completeness Axiom.
(In Appendix 2, we describe this �completion�procedure formally.)

11Suppose r2 = 2 for some r 2 Q: Then r = m
n for some integers m and n with n 6= 0: Moreover,

I can assume that m and n do not have a common factor. (Right?) Then m2 = 2n2; so m2 must
be an even integer. But this is possible only if m is even itself �why? �so m = 2k for some k 2 Z:
Then 2n2 = m2 = 4k2 so that n2 = 2k2; that is, n2 is an even integer. But then n is even, which
means 2 is a common factor of both m and n; a contradiction.
12These assertions require proof, but I want to be fairly quick here, so I skip the formal arguments.

(See Section A.2.3 of Ok (2007) for a more complete story.)
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Exercise 2.3. Let S be a nonempty subset of R that is bounded from above. Show that
s� = supS i¤ (i) s� � S; and (ii) for any " > 0; there is an s 2 S such that s > s� � ":

Exercise 2.4. Let A and B be nonempty subsets of R that are bounded from above. Show
that A � B implies supA � supB; and that

supfa+ b : (a; b) 2 A�Bg = supA+ supB:

Moreover, if c � A; then c � supA:

Exercise 2.5. Let S � R be a nonempty set which is bounded from below. Prove that
inf S = � sup(�S) and supS = � inf(�S); where �S := f�s 2 R : s 2 Sg: Use this fact
to deduce from the Completeness Axiom that inf S exists in R for any subset S of R which
is bounded from below. (Note. This is the reason why we do not need to assume anything
about the in�mum of a set when stating the Completeness Axiom.)

Rn

As a set Rn is none other than the n-fold product of R; where n is any positive integer
n. (Of course, we identify R1 with R.) That is, any element of Rn is of the form of
an n-vector (a1; :::; an) where ai is a real number for each i 2 [n]:

2.4 Intervals

For any two real numbers a and b with a � b; we de�ne

[a; b] := ft 2 R : a � t � bg:

This sort of a set is referred to as a closed and bounded interval. We also de�ne
(a; b] := [a; b]nfag, [a; b) := [a; b]nfbg, and (a; b) := (a; b]nfbg: (Note. According to
our de�nition, [a; b] is never empty, but (a; b] may be empty.) Any one of these sets is
said to be a bounded interval, and it is of length b� a: Besides, any such interval
is called nondegenerate if b > a:
We also adopt the following standard notation for unbounded intervals: (a;1)

:= ft 2 R : t > ag and [a;1) := fag [ (a;1): The unbounded intervals (�1; b)
and (�1; b] are de�ned similarly. By a closed interval, we mean an interval of
the form [a; b]; [a;1), (�1; b] or R; the open intervals are de�ned similarly. By a
right-semiclosed interval we mean an interval of the form (a; b]; (a;1), (�1; b]
or R: (Notice that (a; b] = ; when a = b, so ; counts as a right semi-closed interval
according to this de�nition.) The left-semiclosed intervals are de�ned similarly.
Evidently, sup(�1; b) = sup(a; b) = sup(a; b] = b and inf(a;1) = inf(a; b) =

inf[a;1) = a: The Completeness Axiom says that every nonempty subset S of R
that �ts in a bounded interval has both an in�mum and a supremum. Conversely,
if S does not �t in any interval of the form (�1; b); then supS does not exist. We
sometimes indicate this by writing supS =1; but this is only a notational convention
since 1 is not a real number. (The statement inf S = �1 is interpreted similarly.)
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The Nested Interval Lemma

The question of whether or not a given collection of nested sets have a nonempty
intersection arises often in various contexts. For closed and bounded intervals, there
is a very nice answer to this, thanks to the completeness of the reals. We will use
this result in Section 3.

The Nested Interval Lemma. Let (Im) be a sequence of (nonempty) closed and
bounded intervals such that I1 � I2 � � � �: Then,

T1 Ii 6= ;:
Proof. For each m in N; let am and bm be the real numbers such that Im = [am; bm];
and note that am � bm. Clearly, b1 � fa1; a2; :::g, so by the Completeness Axiom,
a := supfa1; a2; :::g is a real number. Similarly, b := inffb1; b2; :::g is a real number
(Exercise 2.5). To derive a contradiction, suppose b < a: Then, since a is the least
upper bound for fa1; a2; :::g; we have b < ak for some positive integer k: In turn,
as b is the largest lower bound for fb1; b2; :::g; we have bl < ak for some positive
integer l: Now put m := maxfk; lg; and notice that Ik � Im and Il � Im imply that
bm � bl < ak � am; which contradicts the fact that am � bm. Conclusion: a � b: As
it is obvious that [a; b] is contained in

T1 Ii, we are done. �

2.5 Extended Real Numbers

R

It is often convenient to work with an extension of R which is obtained by adjoining
to R the symbols �1 and 1: The resulting set is called the set of extended real
numbers, and is denoted by R: By de�nition, R := R [ f�1;1g: We extend the
linear order � of R to R by letting

1 > �1 and 1 > t > �1 for all t 2 R; (1)

and hence view R itself as a loset. Note that R satis�es the Completeness Axiom.
In fact, every set S in R has an �-in�mum and a �-supremum. (Just as in R; we
denote these extended real numbers as inf S and supS, respectively.) For, if S is a
nonempty subset of R and supS is not a real number, (1) implies that supS = 1,
and similarly for inf S:13 Thus: R is a complete lattice.
For any nonempty S � R; we denote the �-maximum of S by maxS, and the

�-minimum of S by minS. Clearly, sup(0; 1) = 1 but max(0; 1) does not exist. Of
course, if S is �nite, then both maxS and minS exist. In general we have supS =
maxS and inf S = minS; provided that maxS and minS exist, respectively.
The interval notation introduced above extends readily to R: For instance, [0;1]

stands for the set of all nonnegative extended real numbers, that is, [0;1] := ft 2
R : t � 0g: Other types of intervals in R are de�ned similarly. Note that, for any
13In the context of R, we have sup ; = �1 and inf ; =1. (Why?)
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extended real number a > �1; we have min[�1; a) = inf[�1; a) = �1 and
max[�1; a] = sup[�1; a) = a:
Finally, we extend the operations of addition and multiplication to R as follows:

t+1 :=1+t :=1; t+�1 := �1+t := �1; 1+1 :=1; �1+�1 := �1;

t:1 :=1:t :=
�
1; if 0 < t � 1
�1; if �1 � t < 0,

and t(�1) := (�1)t := (�t)1; for every real number t:

Warning. The expressions 1 + (�1); �1 +1; 1:0, and 0:1 are left unde�ned �why, do you
think? �so R cannot be considered as a �eld.

Exercise 2.6. (The Triangle Inequality) The absolute value of an extended real number t
is de�ned as jtj := maxf�t; tg: Show that

ja+ bj � jaj+ jbj

for any extended real numbers a and b with a+ b 2 R:

Exercise 2.7. Show that jabj = jaj jbj for every nonzero extended real numbers a and b.

2.6 RX

The Linear Algebraic Structure of RX

Let X be a nonempty set. By a real function (or a real-valued function) on X,
we mean an element of RX , that is, a function whose domain and codomain are X
and R; respectively. The usual algebraic operations of the real line extends to RX in
the natural way if we apply them pointwise. In particular, for any f; g 2 RX and real
number a; we de�ne f + g and af as the elements of RX with

(f + g)(!) := f(!) + g(!) and (af)(!) := af(!) for all ! 2 X:

Naturally, these operations are called addition and scalar multiplication operations
on RX , respectively. In turn, the subtraction operation is de�ned on RX as f � g :=
f + (�1)g.

The Order Structure of RX

There are other natural mathematical structures that we can impose on RX . In
particular, we can use the order structure of R pointwise to obtain natural method
of ordering the elements of RX . More precisely, we de�ne the binary relation on <
on RX as f < g i¤ f(!) � g(!) for every ! 2 X. Obviously, < is a partial order on
X: Moreover, this partial order becomes a linear order when X is a singleton, and
indeed, in that case it is identical to � (provided that we identify R with RX when
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jXj = 1). For this reason, this partial order is commonly denoted as � instead of <.
In what follows, we will follow this tradition as well, and use the expresion �f � g�
to mean that f(!) � g(!) for every ! 2 X.
Unless otherwise is explicitly stated, when we treat RX , or any subset of it, as a

poset, we always have the partial order � in mind. As such � is called the ordering
of RX ; and relative to this ordering, RX is a lattice. (Put precisely, in this lattice,
f _ g is the map maxff; gg; that is, ! 7! maxff(!); g(!)g; on X; and similarly,
f ^ g(!) = minff(!); g(!)g for any ! 2 X.) Any linear space which is a lattice is
said to be a vector lattice. Consequently, as a matter of jargon, one often says that
RX is a vector lattice. Implicit in this is that we de�ne addition, scalar multiplication
and ordering of the elements of RX pointwise.

Notation. The symmetric and asymmetric parts of the partial order � on RX are
denoted by = and >. That is, for any f and g in RX ; by f = g; we mean f(!) = g(!)
for each ! 2 X; and by f > g; we mean f(!) � g(!) for every ! 2 X and f(!) > g(!)
for some ! 2 X: Finally, we write f � g to mean f(!) > g(!) for every ! 2 X:

Remark 2.1. [1] Let n be a positive integer. Setting X := [n] above, we see how to
order and add real n-vectors: In particular, � is none other than the coordinatewise
order of Rn, and, for any real number c and real n-vectors (a1; :::; an) and (b1; :::; bn);
we have

(a1; :::; an) + (b1; :::; bn) = (a1 + b1; :::; an + bn) and c(a1; :::; an) = (ca1; :::; can).

Similar remarks apply to real sequences by setting X := N. For instance, for any real
number c and real sequences (am) and (bm); we have (am) + (bm) = (am + bm) and
c(am) = (cam); while (am) � (0; 0; :::) means ai � 0 for each i:

[2] Let m and n be positive integers. By an m � n real matrix �denoted as
[aij]m�n �we simply mean a real map on X := [m] � [n] which maps (i; j) to the
real number aij: (As usual, we view such a matrix as a rectangular array in which
aij appears in the ith row and jth column.) The set of all m � n real matrices is
denoted as Rm�n (instead of R[m]�[n]): For any real number c and matrices [aij]m�n
and [bij]m�n; we have [aij]m�n+ [bij]m�n = [aij + bij]m�n and c[aij]m�n = [caij]m�n: �

Products of Real Maps

We de�ne the multiplication of real functions by using the product operation on R
pointwise. That is, for any f; g 2 RX ; we de�ne fg as the element of RX with
fg(!) := f(!)g(!): The map f=g on X is also de�ned pointwise, but, of course, this
presupposes that g(!) 6= 0 for every ! 2 X.

Warning. When X = [n]� [n]; RX corresponds to the set of all n�n real matrices. In that case we
often want to consider the matrix multiplication operation, which is de�ned as [aij ]n�n[bij ]n�n :=
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[
P

k2[n] aikbkj ]n�n instead of taking the product pointwise. (The latter would mean that the product
of [aij ]n�n and [bij ]n�n is [aijbij ]n�n.)

Monotonic Real Maps

When the domain of a real function is a preordered set, we can talk about how this
map a¤ects the ordering of things in its domain. To be precise, let (X;%) be a
preordered set and f 2 RX . For any nonempty subset S of X; we say that f is
%-increasing on S if f(!) � f(�) for every !; � 2 S with ! % �, and that f is
strictly %-increasing on S if it is %-increasing on S and f(!) > f(�) for every
!; � 2 S with ! � �. On the other hand, we say that f is (strictly) %-decreasing
on S, if �' is (strictly) increasing on S. (We simply say that f is (strictly) %-
increasing/decreasing when f is (strictly) %-increasing/decreasing on X.) A %-
monotonic real map on X is an element of RX which is either %-increasing or
%-decreasing.
When the underlying preorder is understood from the context, we often drop the

�%-...� quali�er in this terminology. For instance, by an increasing real map on
Rn (for some positive integer n), we mean an �-increasing function f : Rn ! R.
Similarly, by a decreasing real map on RX ; we mean a function � : RX ! R such
that f � g implies �(g) � �(f) for every f; g 2 RX .

Bounded Real Maps

We say that a real map f on a nonempty set X is bounded if there is a real number
K > 0 such that jf(!)j � K for every ! 2 X; that is, if supfjf(!)j : ! 2 Xg < 1.
The set of all bounded real maps on X is denoted as B(X):

3 Countability

3.1 The Cardinality Ordering

First Impressions

A fundamental idea of set theory is that a set is �more crowded�than another if all
elements of the latter can be matched with those of the former in a one-to-one manner.
In turn, if the elements of the two sets can be put in one-to-one correspondence in
such a way that both sets are exhausted, then we would like to view these sets as
�equally crowded.�We formalize this as follows.

De�nition. Let A and B be two nonempty sets. We say that A has higher cardi-
nality than B, and denote this by writing

A %card B;
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if there exists an injection from B into A: We write A �card B to mean A %card B
but not B %card A: Finally, if there is a bijection from A onto B (and hence one from
B onto A); we say that A and B have equal cardinality, and write

A �card B:

Convention. We extend these de�nitions to allow for the empty set in the obvious
manner: A �card ; for every nonempty set A; and ; �card ;.

These de�nitions make perfect sense in the context of �nite sets � they indeed
correspond to abstractions of how we compare two such sets by looking at the number
of elements they contain. For instance, for any positive integers m and n; we have
[m] �card [n] i¤ m = n; and [m] �card [n] i¤ m > n: (These facts are consequences
of what is called the Pigeonhole Principle; see Exercise 3.5 below.) In fact, provided
that positive integers are constructed without invoking the notion of ��nite set,�
� this is historically how the construction of N was �rst carried out �we can use
the cardinality ordering to �de�ne�what it means for a set to be �nite. Formally,
we say that a set S is �nite if either S = ; or there is a positive integer m such
that S �card [m]: (A set is called in�nite if it is not �nite.) Loosely speaking, this
means that all properties of a �nite set are determined by a process of mathematical
induction which begins at ; and then continues with adding new elements one by
one.
Things get more interesting when it comes to comparing in�nite sets. Before

looking at some examples of such cases, however, let us put on record a few properties
of the cardinality ordering %card. As the identity function on a set is bijective, we
obviously have A %card A for any set A:Moreover, composition of two injections yield
an injection (when well-de�ned), so, A %card B and B %card C imply A %card C for
any sets A; B and C: Conclusion: For any collection A of sets, (A;%) is a preordered
set, where % is the binary relation on A de�ned as A % B i¤ A %card B. (This set
need not be a poset, because, obviously, distinct sets may have equal cardinality.)
Similar considerations show that �card serves as an equivalence relation when applied
to any collection of sets.

Warning. It is natural to expect that we have A �card B for two nonempty sets A and B i¤
A %card B and B %card A hold simultaneously. This is true, but we should emphasize that the
�if�part of this statement is not trivial. This part actually corresponds to a famous theorem of set
theory, namely, the Schröder-Bernstein Theorem. Other than one isolated instance in Appendix 1,
we will not use this result in this text, however.

Examples

Example 3.1. N �card Z+. Indeed, the map f : N! Z+; de�ned by f(i) := i� 1; is
a bijection. (Thus, an in�nite set may well have the same cardinality with a proper
subset of itself, something that can never happen with �nite sets.) �
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Example 3.2. N �card Z. Indeed, consider the map f : N ! Z+; de�ned as
f(i) := i+1

2
if i is odd, and as f(i) := � i

2
if i is even. This is a bijection. �

Example 3.3. R �card (0; 1). Indeed, the map f : R! (0; 1); de�ned by

f(t) := 1
2

�
t

1+jtj

�
+ 1

2
;

is a bijection. (The graph of f is depicted in Figure A.2.) In fact, we also have
R �card [0; 1]. More generally, R has the same cardinality with any nondegenerate
interval. We will be able to prove this only in a little while, however. �

FIGURE A.2 ABOUT HERE

Example 3.4. 2N �card f0; 1g1: Indeed, it is readily checked that the map f : 2N !
f0; 1g1; de�ned by f(S) := (am(S)); where

am(S) :=

�
1; if m 2 S
0; otherwise,

is a bijection. �

Example 3.5. (The Cantor Set) We will now outline the construction of a peculiar
subset of the unit interval [0; 1] which is a source of many interesting examples. We
will encounter this set a number of times in the body of the text, so it is probably a
good idea to develop a sense for it as early as this stage.
We begin with removing the open middle third of [0; 1]; namely, (1

3
; 2
3
); to ob-

tain the set C1 := [0; 1
3
] t [2

3
; 1]: Next, we remove the open middle thirds of the

two component subintervals of C1; namely, (19 ;
2
9
) and (7

9
; 8
9
). This leaves us with

C2 := [0; 1
9
] t [2

9
; 1
3
] t [2

3
; 7
9
] t [8

9
; 1]: We then remove the open middle thirds of the

four component subintervals of C2; and proceed inductively. This procedure yields a
sequence (Cm) of subsets of [0; 1]; which can be de�ned, recursively, as

C0 := [0; 1] and Cm :=
1
3
Cm�1 t

�
2
3
+ 1

3
Cm�1

�
; m = 1; 2; :::

(See Figure A.3.) The Cantor set C is de�ned as the set of all points in [0; 1] that
are not deleted throughout this procedure, that is,

C :=

1\
i=1

Ci.

This set is nonempty. For instance, 0; 1; 1
3
; 2
3
; 1
9
; 2
9
; ::: 2 C. In fact, the endpoints of

any interval that is removed in our procedure are contained in C:
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FIGURE A.3 ABOUT HERE

And how large is the Cantor set? We are not quite prepared to give an insightful
answer to this yet, but we can easily show that C has the same cardinality with
f0; 1g1 (and hence with 2N). Take any t in C: Then, t is either in the left component
subinterval of C1 (namely, [0; 13 ]) or in the right component of C1 (that is, [

1
3
; 1]). In

the former case, set a1;t as 0 and in the latter case as 1. Now, suppose a1;t = 0:
Then, t must again belong to either of two component subintervals of C2 (namely,
[0; 1

9
] or [2

9
; 1
3
]). If it belongs to the former interval, set a2;t as 0 and if it belongs to

the latter put a2;t := 1: The same sort of labelling works in the case a1;t = 1 as well.
In that case, we set a2;t := 0 if t 2 [23 ;

7
9
]; and a2;t := 1 if t 2 [89 ; 1]: We continue by

induction. If am;t = 0; then t can be in one of exactly two nonoverlapping component
subintervals of Cm+1; so we set am+1;t := 0 if t is in the left of these intervals, and
am+1;t := 1 otherwise. If am;t = 1; we de�ne am+1;t analogously. This way we associate
t with a binary sequence (am;t) in f0; 1g1: But, the map f : C ! f0; 1g1; de�ned by
f(t) := (am;t) is easily seen to be an injection. (Proof. Obviously, the length of the
component intervals of Cm is 3�m for each m: But, supf3m : m 2 Ng = 1; 14 so if t
and s are distinct elements of C; we have 3m > 1= jt� sj ; and hence, jt� sj > 3�m;
for some positive integer m. As the length of the component intervals of Cm is 3�m,
this means that s and t must eventually lie in di¤erent components of Cms. For the
�rst positive integer m for which this is the case, we have am;s 6= am;t.)
We will complete our proof that C �card f0; 1g1 by showing that the map f is

surjective as well. Take any (am) in f0; 1g1. We de�ne

I1 :=

8<:
[0; 1

3
]; if a1 = 0

[2
3
; 1]; if a1 = 1

; and I2 :=

8>>>>>>>><>>>>>>>>:

[0; 1
9
]; if a1 = 0 and a2 = 0

[2
9
; 1
3
]; if a1 = 0 and a2 = 1

[2
3
; 7
9
] if a1 = 1 and a2 = 0

[8
9
; 1]; if a1 = 1 and a2 = 1

;

and continue de�ning the sequence (Im) of closed and bounded intervals this way
inductively. In view of the Nested Interval Lemma, I :=

T1 Ii is nonempty. In
fact, I contains exactly one point. (Proof. If s and t are distinct members of I;
then, obviously, [s; t] � I: But jt� sj > 3�m for some positive integer m, so, as the
length of Im is 3�m; the interval I cannot contain the entire [s; t]; a contradiction.)
Denoting the only member of I by t; then, we have f(t) = (am): This shows that

14By mathematical induction, it is readily veri�ed that 3m � 2m+1 for every positive integer m.
Thus, supf3m : m 2 Ng = supN =1:
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f(C) = f0; 1g1; that is, f is surjective. Thus, f is a bijection from C onto f0; 1g1;
which entails C �card f0; 1g1.15 �

Exercise 3.1. Prove: For any real numbers a and b with a < b; the open interval (a; b) is not
contained in the Cantor set.

Exercise 3.2. Let " be any real number with 0 < " < 1
2 : Put C0;" := [0; 1] and Cm;" :=

"Cm�1;" t (1� "+ "Cm�1;") for each m 2 N. Show that
T1

Ci;" �card f0; 1g1.
�Exercise 3.3. (Steinhaus) Prove: C � C = [�1; 1] where C is the Cantor set.

So far we have not produced an example in which two sets are ranked strictly on
the basis of their cardinality. One example to this e¤ect is: N �card [m] for every
positive integer m:16 A more interesting one is the following.

Example 3.6. (Cantor�s Theorem) 2S �card S for any set S. The proof is simple, but
quite subtle. We begin by noting that our claim is trivial when S = ;; so we may
assume that S is not empty. Next, notice that the map t 7! ftg is an injection from
S into 2S; so we have 2S %card S. It remains to show that S %card 2S is false. To
derive a contradiction, let us then suppose that there is an injection from 2S into S:
Clearly, this implies that there is a surjection from S onto 2S; say, f: Now, consider
the set

T := ft 2 S : t =2 f(t)g:
As T is a subset of S and f is surjective, there must be an s in S such that f(s) = T:
Obviously, s is either in T or not. If s is in T; then s 2 f(s) (because f(s) = T ); but
then s =2 T by de�nition of T; a contradiction. If, on the other hand, s is not in T;
then s =2 f(s) (because f(s) = T ); but then s 2 T by de�nition of T; a contradiction.
Thus, our initial hypothesis on the existence of an injection from 2S into S must be
false, that is, S %card 2S cannot be true. �

The observation noted in Example 3.6 was identi�ed in 1899 by Georg Cantor,
and is extremely important for set theory. For one thing, this example furnishes us
with an in�nite hierarchy of sets on the basis of cardinality. That is to say; we have
� � � �card 22

S �card 2S �card S for any set S, so, in particular, there is no set with the
largest cardinality. But then fx : x is a setg cannot be a set, because if it were, its
cardinality would be higher than any set that it contains. So, putting things a bit
lightly, we can say that the set of all sets is not a set �this is often called Cantor�s
Paradox. But, let us not digress.

Exercise 3.4. For any sets A; B and C; show that (AB)C �card AB�C :

15A more direct proof of the fact that C �card f0; 1g1: De�ne g : f0; 1g1 ! C by g((am)) :=P1 2
3i ai; and check that f is bijective.

16This claim is not entirely trivial. I outline an argument to prove it in Exercises 3.5 and 3.6.
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Exercise 3.5.H (The Pigeonhole Principle) Letm be a positive integer. Show that any injection
from [m] into [m] must be surjective.

Exercise 3.6. The de�nition of �niteness of a set we gave above entails that a set is in�nite if
it does not have the same cardinality with [m] for any positive integer m: Use the Pigeonhole
Principle to prove that N is in�nite.

Exercise 3.7.H Let X and Y be two nonempty sets and f a map from X into Y: Prove:
X %card f(X):
Exercise 3.8.H Let X; Y; Z and W be any sets such that X �card Y and Z �card W: Prove:
XZ �card YW :

Exercise 3.9. Let X and Y be two sets such that X �card Y: Prove that 2X �card 2Y .

3.2 Countable Sets

Countably In�nite Sets

Now that we know how to compare the �size� of two sets on the basis of their
cardinality, we can try to assess the size of an arbitrary set by comparing it to a
particular set that we know about. This is how, for instance, we have de�ned above
what it means for a set to be �nite.
It seems intuitively clear that the smallest in�nite set is N; for we can count the

elements of this set as in the case of a �nite set �the only di¤erence is that now our
counting will not ever stop. Loosely speaking, then, in�nite sets that are somewhat
�close to be �nite�are the ones that have the same cardinality with N. Such sets are
called countable.

De�nition. A set S is called countably in�nite if S �card N. In turn, S is said
to be countable if it is either �nite or countably in�nite, and uncountable if it is
not countable. Finally, we say that S has the cardinality of the continuum if
S �card R.

So, quite intuitively, we can �count�the members of a countable set just like we
can count the natural numbers. For any sequence (am) of distinct objects, a set like
S = fa1; a2; :::g is countably in�nite, for we can put the members of S into one-to-one
correspondence with the natural numbers:

a1  ! 1 a2  ! 2 � � � am  ! m � � �

Conversely, if S is countably in�nite, there is a bijection f from N onto S; and we
have S = fa1; a2; :::g; where ai := f(i) for every positive integer i.

Summation Notation
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Let (am) be a sequence in R. We de�neX
i2[m]

ai := a1 + � � �+ am and
mX
i=k

ai :=
X

i2[m�k+1]

ai+k�1

for any positive integers k and m with k � m. (These de�nitions are unambiguous,
precisely because the addition operation on R is associative.) For any nonempty �nite
subset S of N; we write

P
i2S ai to denote the sum of all terms of (am) the indices of

which belong to S:17

Convention. Summation over the empty set is taken as 0 throughout this text. In
particular, for any (am) 2 R1; we set

P
i2; ai := 0.

Remark 3.1. Let S be a countably in�nite subset of R: How can we meaningfully talk
about the sum of the elements of S? The natural inclination is to take an enumeration
fa1; a2; :::g of S, and de�ne

P
a2S a as

P1 ai; provided that
P1 ai 2 R: Unfortu-

nately, this need not well-de�ne
P

a2S a �what if we used a di¤erent enumeration
of S? The issue is, of course, none other than the rearrangement of in�nite series.
The right de�nition is:

P
a2S a :=

P1 ai where fa1; a2; :::g is any enumeration of S;
provided that

P1 ai 2 R and
P1 ai is invariant under rearrangements. (If any of

the latter two conditions fails, we declare that
P

a2S a is unde�ned.) We prove in
Section 1.3 of Appendix 1 that

P1 ai is invariant under rearrangements, if either
S � R+ or

P1 jaij <1 for some enumeration fa1; a2; :::g of S: Thus, under either of
these conditions,

P
a2S a is a well-de�ned extended real number. (Under the former

condition, this number lies in [0;1]; and under the latter in R.) �

New Countable Sets from Old Countable Sets

N is countable, as it is evident from the de�nition of countability. In fact, any subset
of N is countable. (In particular, any in�nite subset of N �for instance, the set of all
positive even integers �has the same cardinality with N.) More generally:

Proposition 3.1. Every subset of a countable set is countable.

Proof. Let A be a countable set, and take any B � A: If B is �nite, there is nothing
to prove, so say jBj = 1: Then A must be countably in�nite, and thus we can
enumerate it as A = fa1; a2; :::g: Let b1 be the �rst term of the sequence (am) that
belongs to B; b2 the second term of the sequence (am) that belongs to B, and so on.
Then B = fb1; b2; :::g, as we sought. �

Proposition 3.1 shows how one can obtain new countable sets by �shrinking�a
countable set. A quick look at Examples 3.1 and 3.2 shows that it is also possible to

17Formally speaking,
P

i2S xi :=
P

i2[jSj] x�(i); where � is any permutation on [jSj]:
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�expand�a countable set in order to obtain another countable set. The main result
in this regard is the following.

Proposition 3.2. The union of countably many countable sets is countable.

Proof. By enumerating the sets suitably, we see easily that the union of �nitely many
countable sets is countable. Again by enumeration, it is also plain that the union of
countably many �nite sets is countable. To establish the more general statement we
are after here, then, let S be a countably in�nite collection of countably in�nite sets,
which we enumerate as fS1; S2; :::g: For each i; we enumerate Si as Si = fai1; ai2; :::g.
Now de�ne

Tk := faij : i+ j = kg;
for any integer k � 2, and note that each Tk is a �nite set. Since the union of
countably many �nite sets is countable, T2 [ T3 [ � � � is countable. But the latter set
equals S1 [ S2 [ � � �, so we conclude that

S
S is countable.18 �

Corollary 3.3. The (Cartesian) product of �nitely many countable sets is countable.

Proof. Clearly, it is enough to show that the product of two countable sets is count-
able. Let A and B be two countable sets. If both A and B are �nite, our assertion
is trivial. Suppose then, say, A is countably in�nite, and enumerate it as fa1; a2; :::g:
For each positive integer m; we de�ne Sm := f(am; b) : b 2 Bg: Then, obviously, Sm
has the same cardinality with B; and hence it is countable. But A�B equals

S1 Si;
so, in view of Proposition 3.2, A�B is countable. �

Putting a Countable Set and an In�nite Set Together

We have motivated the notion of countability as the �smallest possible in�nity�at
the begining of this section. Propositions 3.2 and 3.3 certainly go along with this
intuition. Another justi�cation for this viewpoint stems from the following fact: If
we add countably many new elements to a given in�nite set we do not increase the
cardinality of that set. Put formally:

Proposition 3.4. Let A and B be two disjoint sets such that A is in�nite and B is
countable. Then, A �card A [B:
Proof. As A is in�nite, there is a countably in�nite subset, say, C; of A. (See Exercise
3.12 below.) Then, B [ C is also countably in�nite, so there is a bijection g from C
onto B [ C: So, f : A! A [B; de�ned by

f(t) :=

�
g(t); if t 2 C
t; otherwise

18Quiz. Did I use the Axiom of Choice here? (Hint. Yes. Let Ai be the set of all enumerations
of Si (that is, the set of all bijections from N onto Si); i = 1; 2; :::. True, I know that each Ai is
nonempty, because each Si is countable. But in the proof I work with an element of X1Ai.)
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is a bijection. �

Here is a useful application.

More on Example 3.3. An immediate consequence of Proposition 3.4 is that
(0; 1) �card [0; 1], while we have seen earlier that R �card (0; 1). Conclusion: R �card
[0; 1]: �

Exercise 3.10. Show that I �card J for any nondegenerate open intervals I and J:
Exercise 3.11. Show that if B is a countable set, and if there is an injection from a nonempty
set A into B; then A must be countable.

Exercise 3.12.H Use the Axiom of Choice to show that every in�nite set has a countably
in�nite subset.

Exercise 3.13.H Let � be an equivalence relation on a nonempty countable set X: Show that
X=� is countable.

Exercise 3.14.H Let us call a set A Dedekind in�nite if it has a proper subset B such that
A �card B: Show that a set is in�nite i¤ it is Dedekind in�nite.
Exercise 3.15.H If S is an uncountable subset of R; then there is a positive integer m such
that ft 2 S : jtj > 1

mg is countable. Prove!
Exercise 3.16. Show that the collection of all �nite subsets of N is countable.

Exercise 3.17.H A real sequence (am) is said to be eventually constant if there is a positive
integer M such that aM = aM+1 = � � �. The set of all eventually constant sequences in N is
countable. True or False?

Exercise 3.18.H A real sequence (am) is said to be an arithmetic progression if there is
a positive integer c such that am+1 = am + c for every m 2 N: The set of all arithmetic
progressions in N is countable. True or False?

Exercise 3.19. Show that the set of all polynomial functions on [0; 1] is countable.

3.3 Countability of Q and its Consequences

Q is countable
We may use Proposition 3.2 to verify that Q is countable. Indeed, for any given
positive integer n, it is possible to enumerate the set Sn = fmn : m 2 Zg. (For instance,
Sn = f0; 1n ;�

1
n
; 2
n
;� 2

n
; :::g �there may be redundancies in this enumeration, but this

is inconsequential.) Therefore, Sn is countable for any n 2 N. But, by de�nition,
Q =

S
fSn : n 2 Ng, so applying Proposition 3.2 we conclude: Q is countable.

Amazingly, then, Q �card N, that is, there are as many rational numbers as there are
natural numbers! Put di¤erently, Q can be enumerated as fr1; r2; :::g; even though
we do not at all know how to �construct�such an enumeration explicitly.

Remark 3.2. There is another, slightly more formal, way of verifying the countability of Q: Recall
from Remark 2.1 that Q �is� the quotient set of Z � N relative to some equivalence relation. We
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know that Z is countable (Example 3.2), and hence, by Corollary 3.3, Z� N is countable. But the
quotient set of a countable set is sure to be countable (Exercise 3.13), so we may conclude that Q
is countable. �
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Countability of Pairwise Disjoint Intervals

We will utilize the countability of Q in numerous instances throughout this book.
Sometimes this is done directly, and sometimes it is done through results that are
built on the fact that Q is countable. For instance, we know that in any given
nondegenerate interval, there is at least one rational number (Lemma 1.1 of Appendix
1). Countability of Q therefore implies that there cannot be uncountably many
intervals in R any two of which may overlap at most at one point.

Corollary 3.5. Let I be a collection of nondegenerate intervals any two of which
overlap at most at one point. Then, I is countable.

Recall that a subset O of an interval I is said to be open if for every t 2 O there
is a real number " > 0 small enough that the open interval (t� "; t+ ") is contained
within I: The following is a simple, but very useful, observation about such sets,
which is a consequence of Corollary 3.5 (and hence of the countability of Q). We will
use this observation routinely throughout this text.

Corollary 3.6. Every open subset of an interval I can be expressed as the union of
countably many pairwise disjoint intervals that are open in I.19

Proof. Let O be any open subset of I. De�ne the binary relation � on O by

a � b i¤ [minfa; bg;maxfa; bg] � O:

Then, � is an equivalence relation on O such that [a]� is an open interval in O for
each a 2 O. (Check!) Now apply Proposition 1.1 and Corollary 3.5. �

Exercise 3.20. Let f be a self-map on R, and let T (f) stand for the set of all local strictly
maximum points of f: (That is, t 2 T (f) i¤ there is a � > 0 such that f(t) > f(s) for every
s in (t� �; t+ �).) Prove that T (f) is countable.

Exercise 3.21. LetM[0; 1] stand for the set of all monotone real functions on [0; 1]: (See Section
1.1 of Appendix 1.) Prove that M[0; 1] �card R:

The Vitali Paradox

In 1905 Guiseppe Vitali has shocked the world of mathematics by countably partitioning a closed
and bounded interval in such a way that merely translating each of the elements of this partition
we obtain a collection of sets whose union is the entire real line. As we will use Vitali�s result in
Chapter B to prove a rather fundamental fact of measure theory, we present it here. You should
note that the key ingredients of this amazing observation are the countability of Q and the Axiom
of Choice.

19It is essential to choose the intervals as open (in I) in this result. For instance, it can be shown
that an open interval cannot be expressed as the union of countably many pairwise disjoint closed
subsets of R.
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The Vitali Paradox. For any closed and bounded interval I, there is a countable partition S of I
and a map a : S ! R such that

S
fS + a(S) : S 2 Sg = R:

For concreteness, we will take [0; 2] as I; but this is of course without loss of generality. Let us
begin by de�ning the binary relation � on [0; 1] by x � y i¤ x � y 2 Q: It is easily veri�ed that �
is an equivalence relation, so the quotient set [0; 1]=� is a partition of [0; 1]: We would like to pick
a single element from each member of this partition, and form a set V by putting these elements
together. (We are allowed to do this, thanks to the Axiom of Choice.) Let us call the resulting set
V ; this set is known as the Vitali set.

Here are a few observations about this set. First, V + r and V + r0 are disjoint for any distinct
r; r0 2 Q:20 (For, if there is a common element of these sets, then there is a pair (y; y0) 2 V �V such
that y + r = y0 + r0: This means that y � y0; so, by construction of V; y = y0; and hence, r = r0:)
Second, the union of all sets of the form V + r (over r 2 Q) gives us the entire R: (To see this, take
any real number x: Pick any rational number q with x�q 2 [0; 1]: As f[v]� : v 2 V g partitions [0; 1];
we have x� q 2 [v]�; that is, x� q � v 2 Q; for some v 2 V: So, r := x� v = (x� q � v) + q 2 Q;
while x = v + r 2 V + r:) Conclusion: fV + r : r 2 Qg partitions R:

Now, de�ne
S := fV + r : r 2 Q \ [0; 1]g [ fTg:

where T := [0; 2]n
F
fV +r : r 2 Q\ [0; 1]g: Clearly, S is a partition on [0; 2]: As Q\ [0; 1] is countably

in�nite, there is a bijection f from Q \ [0; 1] onto Q: Besides, for each rational number r in [0; 1];
the set V + f(r) is a translation of V + r: But then

S 0 := fV + f(r) : r 2 Q \ [0; 1]g [ fTg

is a countable collection each member of which is a translation of a member of S: (Put more
precisely, de�ning a : S ! R by a(V + r) := f(r) � r for each rational r in [0; 1]; and a(T ) := 0;
S 0 = fS+a(S) : S 2 Sg: But, as f(Q\ [0; 1]) = Q; by what we have seen in the previous paragraph,S
S 0 = R:

3.4 Uncountable Sets

We have so far not given an example of an uncountable set. But this is not di¢ cult.
Indeed, in view of Example 3.6, we have 2N �card N: Thus: 2N is uncountable. Besides,
we have seen in Examples 3.4 and 3.5 that 2N �card f0; 1g1 �card the Cantor set. It
follows that the latter two sets are uncountable as well. In turn, the uncountability
of the Cantor set implies that [0; 1] is uncountable. (Proof. By Proposition 3.1, if
[0; 1] were countable, then any one its subsets, in particular, the Cantor set, would
be countable.) Conclusion: [0; 1]; and hence R, is uncountable. Thus, any set S
whose cardinality is at most that of the continuum (that is, S %card R) is, per force,
uncountable.)
So far so good. But there is a gap to be �lled. We know that both the Cantor set

and R are uncountable, but we do not know how these sets would be ranked on the
basis of their cardinalities. Intuitively, of course, it does seem that R is much larger
than the Cantor set. After all, the latter set is so small that it does not contain a

20Here V + r is the translation of the set V by r; that is, V + r = ft+ r : t 2 V g.
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single nondegenerate subinterval (Exercise 3.1). And yet, as often is the case with
the theory of sets, reality is more interesting than what the intuition suggests.

Example 3.7. [0; 1] �card f0; 1g1: The method we will use to prove this is identical to
the one we used in Example 3.5. In that example, we got the bijection we were after
by representing each element of the Cantor set by its ternary expansion. Here we
will instead represent each number in the unit interval through its binary expansion.
We just have to be careful dealing with numbers that have two di¤erent binary
expansions. These are precisely the numbers of the form m2�n where n 2 N and
m = 1; 3; :::; 2n � 1: Let S be the set of all such numbers, and 0 and 1: For any
number t 2 [0; 1]nS; we de�ne the binary sequence (am;t) recursively as follows: (i)
a1;t = 0 if t 2 [0; 12 ] and a1;t = 1 if t 2 [

1
2
; 1]; (ii) if a1;t = 0; then a2;t = 0 if t 2 [0; 14 ]

and a2;t = 1 if t 2 [1
4
; 1
2
]; while if a1;t = 1; then a2;t = 0 if t 2 [1

2
; 3
4
] and a2;t = 1 if

t 2 [3
4
; 1]; (iii) so on. The map g : [0; 1]nS ! f0; 1g1, de�ned by g(t) := (am;t); is

then injective. But the complement of g([0; 1]nS) in f0; 1g1 is precisely the set of all
eventually constant sequences �this is the set T := f(am) 2 f0; 1g1 : am = am+1 = ���
for some m 2 Ng: (Check!) As both S and T are countably in�nite by Proposition
3.2, there is a bijection h from S onto T: So, f : [0; 1]! f0; 1g1, de�ned by

f(t) :=

�
g(t); if t 2 [0; 1]nS
h(t); if t 2 S;

is a bijection. �

Here is a summary of what we have learned so far. We have

N �card Z �card Q;

and any one (hence all) of these sets is countable. On the other hand,

2N �card the Cantor set �card f0; 1g1 �card [0; 1] �card R,

and any one (hence all) of these sets is uncountable. In particular, as di¢ cult as it is
to believe, the wimpy Cantor set has apparently the carrdinality of the continuum!21

Exercise 3.22. (Another Proof for the Uncountability of f0; 1g1) Suppose f0; 1g1 is countably
in�nite, so there is a bijection from N onto f0; 1g1. Let us denote the image of i 2 N under f
by (a1;i; a2;i; :::): Then, put ai := 1� aii for each i 2 N; and check that (am) does not belong
to f(N):

Exercise 3.23. Show that Rn �card R for any n 2 N.

21More can be said here. For instance, one can use the Schröder-Bernstein Theorem to show that
R; hence the Cantor set, has the same cardinality with the set of all continuous self-maps on R ! See
Section 2.1 of Appendix 1.
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