
Appendix 3
Normed Linear Spaces
This appendix provides a review of the elements of the theory of normed linear spaces which is
used throughout the main body of the text. Our presentation is quite selective and it is fast paced.
Most of the lengthier proofs are omitted, but we suggest references when this is the case. The only
prerequisites for this appendix are Chapter A and Appendix 1.

1 Linear Spaces

1.1 Basics
Abelian Groups

Let X be a nonempty set, and + a binary operation on X. The ordered pair (X,+) is called a group
if (i) + is associative, that is, (x + y) + z = x + (y + z) for all x, y, z ∈ X; (ii) there is an element
0 ∈ X such that 0+ x = x = x+ 0 for all x ∈ X; (iii) for each x ∈ X, there is an element −x ∈ X
such that x + −x = 0 = −x + x. If, in addition, + is commutative, that is, x + y = y + x for all
x, y ∈ X, we say that (X,+) is an Abelian group.

Linear Spaces

An ordered triplet (X,+, ·) is called a linear space if (X,+) is an Abelian group, and if · is a
mapping that assigns to each (a, x) ∈ R×X an element a · x of X (which we denote simply as ax)
such that, for all a, b ∈ R and x, y ∈ X, we have (i) (associativity) a(bx) = (ab)x; (ii) (distributivity)
(a+ b)x = ax+ bx and a(x+y) = ax+ay; and (iii) 1x = x. In a linear space (X,+, ·), the mappings
+ and · are called the addition and scalar multiplication operations on X, respectively. When
these operations are transparent (or are arbitrary), we denote such a space simply as X, and talk
about X as if it is a set, or a linear space, depending on the context. (For instance, when we say
that Y is a subset of the linear space X, we mean simply that Y ⊆ X.) The identity element 0 is
called the origin (or zero), and any member of X is referred to as a vector. If x ∈ X\{0}, we say
that x is a nonzero vector in X.

Notation. Let X be a linear space, and S, T ⊆ X and a ∈ R. Then,

S + T := {x+ y : (x, y) ∈ S × T} and aS := {ax : x ∈ S}.

For simplicity, we write S + y for S + {y}, and similarly, y + S := {y}+ S.

A linear space X has an algebraic infrastructure relative to which the addition and scalar
multiplication operations behave exactly as they do in R. For instance, the familiar cancellation law
“x+ y = z + x iff y = z”is true in X, while we have −(−x) = x and −(x+ y) = −x+−y for any
x, y ∈ X. (Proofs?) On the other hand, a0 = 0 for any a ∈ R, because a0+a0 = a(0 + 0) = a0 =
0 + a0 so that, by the previous cancellation law, a0 = 0. A similar reasoning yields 0x = 0 for all
x ∈ X. More generally, for any x ∈ X\{0}, we have ax = 0 iff a = 0. (Proof. a 6= 0 and ax = 0
imply x = (1/a)ax = (1/a)0 = 0.) Even more generally, for any a, b ∈ R and x ∈ X\{0}, we have
ax = bx iff a = b. (Proof. ax = bx iff ax + −bx = bx + −bx iff (a − b)x = 0 iff a = b.) Similarly,
−(ax) = (−a)x for any (a, x) ∈ R × X. (Proof?) Thanks to the latter fact, (−1)x and −x, and
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hence −x+−y and −x+ (−1)y, are equal. In what follows, we write x− y for either of the latter
two expressions, and for any subset A of X, we define A− y := {x− y : x ∈ A}.

Example 1.1. A singleton set can be regarded as a linear space by designating the only element of
this set as the origin. Naturally, this space is denoted as {0}. Any linear space that contains more
than one vector is called nontrivial. �

Example 1.2. For any positive integer n, Rn is a linear space under the usual (coordinatewise
defined) addition and scalar multiplication operations. Neither Rn+ nor [−1, 1]n is a linear space
relative to these operations. �

Example 1.3. Let X be a nonempty set. Then, RX is a linear space relative to the pointwise defined
operations of addition and scalar multiplication (Section 2.1 of Appendix 1). We always have these
operations in mind when we consider RX , or any subset of RX , as a linear space. In particular, the
previous example obtains as a special case by letting X = [n]. Similarly, choosing X = N, tells us in
what way we see R∞ as a linear space.

We may use the idea of defining the addition and scalar multiplication operations pointwise to
obtain many other examples of linear spaces. For instance, B(X) is such a linear space (for any
nonempty set X). Similarly, `p (for any 1 ≤ p ≤ ∞), along with Cb(X) and C(X) are linear spaces
relative to these operations. �

Linear Subspaces

Let X be a linear space and ∅ 6= Y ⊆ X.We say that Y is a linear subspace of X if ax+y ∈ Y for
each a ∈ R and x, y ∈ Y. (A linear subspace Y of X is thus a linear space in its own right under the
operations of addition and scalar muliplication of X restricted, respectively, to Y × Y and R× Y.)
If, further, Y 6= X, then Y is called a proper linear subspace of X.

Notation. If Y is a linear subspace of a linear space X, we write Y b X.

For instance, {(x1, x2) ∈ R2 : x1 + x2 = 0} b R2 but [0, 1]2 is not a linear subspace of R2.
Similarly, `p b `∞ for all p ≥ 1 and P[0, 1] b C[0, 1] b B[0, 1].

Affi ne Manifolds and Hyperplanes

Translations of linear subspaces are very important in convex analysis. We introduce them next.

Definition. A subset S of a linear space X is said to be an affi ne manifold of X if S = Z + x∗

for some Z b X and x∗ ∈ X. If Z is a ⊇-maximal proper linear subspace of X here, S is called a
hyperplane in X.

There is no hyperplane in the trivial space, while any hyperplane in R is a singleton. In R2, any
one-point set, any line and the entire R2 are the only affi ne manifolds. A hyperplane in this space
is necessarily of the form {x ∈ R2 : a1x1 + a2x2 = b} for some real numbers a1, a2 and b with either
a1 6= 0 and a2 6= 0. Finally, all hyperplanes are of the form of (indefinitely extending) planes in R3.

Exercise 1.1. Let S be an affi ne manifold of a linear space X. Show that S b X iff 0 ∈ S.

Exercise 1.2. Let S be a nonempty subset of a linear space X. Show that S is an affi ne
manifold of X iff aS + (1− a)S ⊆ S for each a ∈ R.
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Algebraic Combinations of Vectors

Let X be a linear space and (xm) ∈ X∞. We define

∑
i∈[m]

xi := x1 + · · ·+ xm and
m∑
i=k

xi :=
∑

i∈[m−k+1]

xi+k−1

for any m ∈ N and k ∈ [m]. There is no ambiguity in this definition, thanks to the associativity of
the addition operation + on X. By the same token, for any nonempty finite subset of T of X, it is
without ambiguity to write

∑
x∈T x for the sum of all members of T.

Definition. Let X be a linear space, T a nonempty subset of X and a ∈ RT . The vector
∑
x∈T a(x)x

is called a linear combination of the vectors in T. (Here a(x) is called the coeffi cient of x in this
linear combination.) It is called a positive linear combination of these vectors if a(T ) ⊆ R+, and
an affi ne combination of them if

∑
x∈T a(x) = 1. A positive and affi ne combination is referred to

as a convex combination.

Span and Affi ne Hull

The set of all linear (affi ne) combinations of finitely many members of a nonempty subset S of a
linear space X is called the span (affi ne hull) of S. We denote these sets by span(S) and aff(S),
respectively. By convention, we let both span(∅) and aff(∅) equal {0}.

Given a linear space X, span(X) = X while span{x} = {ax : a ∈ R} for every x ∈ X. If
S ⊆ X, then span(S) b Y for any Y b X with S ⊆ Y. Therefore, span(S) is the smallest (i.e.
⊇-minimum) linear subspace of X that contains S. On the other hand, by Exercise 1.2, aff(S) is an
affi ne manifold of X and any affi ne manifold of X that contains S also contains aff(S). Therefore,
aff(S) is the smallest affi ne manifold of X that contains S. Equivalently, this manifold equals the
intersection of all affi ne manifolds of X that contain S.

Exercise 1.3. Let S be a nonempty subset of a linear space X. Show that aff(S) = span(S −
x) + x for any x ∈ S.

Linear Independence

Let S be a subset of a linear space X. We say that S is linearly dependent in X if it either
equals {0} or at least one of the vectors x in S can be expressed as a linear combination of finitely
many vectors in S\{x}. In turn, we say that S is linearly independent in X if no finite subset
of it is linearly dependent in X. Finitely many distinct vectors x1, ..., xm in X are called linearly
dependent (independent) if {x1, ..., xm} is linearly dependent (independent) in X.

In other words, a nonempty subset S of X is linearly independent in X iff
∑
x∈T a(x)x = 0

implies a = 0 for every nonempty finite subset T of S and a ∈ RT . (Why?) As for examples, note
that ∅ and any singleton set in X other than {0} is linearly independent in X. For any distinct
x, y ∈ X\{0}, the set {x, y} is linearly dependent in X iff y ∈ span{x}. Hence, one says that two
nonzero vectors x and y are linearly dependent iff they both lie on a line through the origin. More
generally, a subset S of X\{0} is linearly dependent in X iff x ∈ span(S\{x}) for some x ∈ S.

The following is a fundamental principle of linear algebra.

Proposition 1.1. Let A and B two subsets of a linear space X such that B is linearly independent
in X and B ⊆ span(A). Then |B| ≤ |A| .

Proof. Suppose |B| > |A| . Then A is finite, so we can enumerate it as {x1, ..., xm}. Take any y1 ∈ B.
We have y1 6= 0, because B is linearly independent. Since y1 ∈ span(A), therefore, it can be written as
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a linear combination of x1, ..., xm, with at least one nonzero coeffi cient. This implies that at least one
member of A, say x1 (relabeling if necessary), can be written as a linear combination of y1, x2, ..., xm.
Thus, span(A) = span{y1, x2, ..., xm}. (Why?) But repeating the same reasoning successively (and
keeping in mind that B is linearly independent), we would find vectors y2, ..., ym ∈ B with span(A) =
span{y1, ..., ym}. (How, exactly?) This means that any y ∈ B\{y1, ..., ym} —there is such a y because
|B| > m —can be written as a linear combination of y1, ..., ym, contradicting the linear independence
of B. �

For any positive integer n and i ∈ [n], the ith unit n-vector —denoted by ei —is the vector
in Rn whose ith term equals 1 and whose all other terms equal 0. Obviously, e1, ..., en are lin-
early independent in Rn. It then follows from Proposition 1.1 that there can be at most n linearly
independent vectors in Rn, or, equivalently, any S ⊆ Rn with |S| > n is linearly dependent in Rn.

Affi ne Independence

Let S be a nonempty subset of a linear space X. We say that S is affi nely independent in X if
S − x is linearly independent for some (and hence any) x in S. It is easy to verify that S is affi nely
independent in X iff

∑
x∈T a(x)x = 0 and

∑
x∈T a(x) = 0 imply a = 0 for every nonempty finite

subset T of S and real map a on T.

Basis and Dimension

A basis for a linear space X is a ⊇-minimal subset of X that spans X. That is, S is a basis for X
iff (i) X = span(S); and (ii) span(T ) ⊂ X for every T ⊂ S. If X has a finite basis, then it is said
to be finite dimensional, and its dimension, dim(X), is defined as the number of vectors in any
one of its bases. If X does not have a finite basis, it is called infinite dimensional, and in this
case we write dim(X) =∞.

The following is a useful characterization of “basis,”whose proof is routine.

Proposition 1.2. A subset of a linear space X is a basis for X if, and only if, S is linearly independent
and X = span(S).

Combining Propositions 1.1 and 1.2 shows that there is no ambiguity in the definition of “the”
dimension of a finite-dimensional linear space.

Corollary 1.3. Any two bases of a finite-dimensional linear space have the same number of elements.

Corollary 1.4. Let X be a finite dimensional linear space. Then, any linearly independent subset S
of X with |S| = dim(X) is a basis for X.

Proof. Put Y := span(S) so, by Proposition 1.2, S is a basis for Y . Obviously, Y b X. But if
x ∈ X\Y, then Y ∪ {x} is linearly independent in X and hence dim(X) ≥ dim(span(Y ∪ {x})) =
dim(X) + 1, a contradiction. Thus, Y = X, and we are done. �

Example 1.4. ∅ is a basis for the trivial space {0} and hence dim({0}) = 0. �

Example 1.5. For any n ∈ N, the set {e1, ..., en} of all unit n-vectors is a basis for Rn —it is called
the standard basis for Rn. Thus: dim(Rn) = n. Of course, any linearly independent subset S of
Rn with n elements serves as a basis for Rn. For instance, {iei : i ∈ [n]} is also a basis for Rn. �

Example 1.6. For any p ≥ 1, suppose dim(`p) = m for some positive integer m. Then, any
linearly independent subset of `p with m elements, say {u1, ...,um}, qualifies as a basis for `p, where

4



u1 := (1, 0, 0, ...), u2 := (0, 1, 0, ...), etc.. But this is impossible, as um+1 is not in span{u1, ...,um}.
Conclusion: dim(`p) =∞. As `p ⊆ `∞, this implies dim(`∞) =∞ as well. �

Exercise 1.4. Prove: dim(B(X)) = |X| for any nonempty set X.

Uniqueness of Basis Representations

The following observation has very important implications.

Proposition 1.5. Let S be a basis for a linear space X. Any x ∈ X\{0} can be expressed as a linear
combination of finitely many members of S with nonzero coeffi cients in only one way.1

Proof. Take any y ∈ X\{0}. Since span(S) = X, there is a finite subset A of S and a map
a : A → R\{0} such that x =

∑
y∈A a(y)y. Take another finite B ⊆ S and a map b : B → R\{0}

such that x =
∑
z∈B b(z)z. Then∑
y∈A\B

a(y)y −
∑

z∈B\A

b(z)z +
∑

w∈A∩B
(a(w)− b(w))w = x− x = 0,

with the convention that any of the three terms on the left hand side equals 0 if it is a sum over the
empty set. Since, by Proposition 1.2, S is linearly independent in X, so is (A\B)∪(B\A)∪(A ∩B) .
It follows that a(y) = 0 for all y ∈ A\B, b(z) = 0 for all z ∈ B\A, and a(w) = b(w) for all w ∈ A∩B.
As neither a nor b ever takes value zero, this can happen iff A = B and a = b. �

Naturally, a similar result can be formulated in terms of affi ne combinations. Let S be an affi nely
independent subset of a linear space X. Then, for every x in aff(S), there is a unique finite subset
T of S and a map a : T → R\{0} such that x =

∑
y∈T a(y)y and

∑
y∈T a(y) = 1. One often refers

to {a(y) : y ∈ T} here as the barycentric coordinates of x in aff(S).

Existence of Bases

Any linearly independent subset S of a finite-dimensional linear space X can be extended to a basis
for X. (Proof. If S is not already a basis for X, pick any x ∈ X\span(S), and notice that T := S∪{x}
is linearly independent. If T is a basis, we are done. Otherwise, we adjoin to T a y ∈ X\span(T ),
and so on.) In fact, by a clever application of the Axiom of Choice we can show that this result is
valid for infinite-dimensional linear spaces as well. (For a proof, see Ok (2007), Section F.1.6.)

Theorem 1.6. Any linearly independent set in a linear space X can be enlarged to a basis for X.

Corollary 1.7. Every linear space has a basis.

1.2 Linear Operators and Functionals
Those functions that map one linear space into another in a way that preserves linear combinations
are of great importance for linear analysis. We investigate such functions next.

Linear Operators

1If x = 0, we obviously have to allow for zero coeffi cients, so the claim must be altered slightly
(as 0 = 0x + 0y for any x, y ∈ S). This triviality does not arise if dim(X) < ∞, because then we
can use all basis elements in the representation.
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Let X and Y be two linear spaces. A map L : X → Y is called a linear operator if

L(ax+ y) = aL(x) + L(y) for all x, y ∈ X and a ∈ R. (1)

The set L−1(0) is called the null space of L, and is denoted by null(L).2

Notation. L(X,Y ) := the set of all linear operators from a linear space X into a linear space Y.

For any linear spaces X and Y, an L ∈ L(X,Y ) is sure to map the origin of X to that of Y,
that is, 0 ∈ null(L). (Proof. L(0) = L(0+ 0) = L(0) + L(0).) Therefore, there is only one constant
function in L(X,Y ), the one that maps the entire X to the origin of Y. If Y = R, this function is
called the zero functional on X.

It is easy to verify that null(L) b X and L(X) b Y . These spaces tell us quite a bit about L.
In particular, as L(0) = 0, injectivity of L implies null(L) = {0}. Conversely, if null(L) = {0} and
L(x) = L(y) for some x, y ∈ X, then L(x − y) = 0 by linearity of L, so x − y = 0. Conclusion:
L ∈ L(X,Y ) is injective iff null(L) = {0}.

Exercise 1.5. (Fundamental Theorem of Linear Algebra) Prove: For any linear spaces X and
Y and L ∈ L(X,Y ), we have dim(null(L)) + dim(L(X)) = dim(X).

Example 1.7. For any m,n ∈ N and f : [m]× [n]→ R, the map L : Rn → Rm defined by

L(x1, ..., xn) :=

∑
j∈[n]

f(1, j)xj , ...,
∑
j∈[n]

f(m, j)xj

 ,
belongs to L(Rn,Rm). In fact, any L ∈ L(Rn,Rm) has this form where f is given by f(i, j) := Li(e

j).
(Why?) �

Example 1.8. For any p ≥ 1, define L : `p → `p by L(x1, x2, ...) := (x2, x3, ...). Then L is a surjective
linear operator and null(D) equals the set of all real sequences all but the first terms of which are
zero. �

Example 1.9. Define D : C1[0, 1] → C[0, 1] by D(ϕ) := ϕ′. Then D is a surjective linear operator
and null(D) equals the set of all constant real maps on [0, 1]. �

Linear Isomorphisms

Let X and Y be two linear spaces and L ∈ L(X,Y ). If L is a bijection, then it is called a linear
isomorphism from X onto Y, and we say that X and Y are isomorphic. Clearly, the linear
algebraic structures of two isomorphic linear spaces coincide. Put differently, from the perspective
of linear algebra, two isomorphic linear spaces differ from each other only in the labelling of their
constituent vectors. In particular, the dimensions of any two isomorphic linear spaces are the same.
In fact, the converse of this is also true for finite dimensional linear spaces.

Proposition 1.8. Two finite dimensional linear spaces are isomorphic if, and only if, they have the
same dimension.

2Please note that the + operation on the left of the equation in (1) is the addition operation on
X while the one on the right is that on Y, and similarly for the scalar multiplication operations.
Besides, 0 in the definition of null space is the origin of Y.
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Proof. The proof of the “only if”part is straightforward. To see the “if”part, let X and Y be two
linear spaces o dimension n ∈ N. Pick any bases {x1, ..., xn} and {y1, ..., yn} of X and Y, respectively,
and check that there is a unique L ∈ L(X,Y ) with L(xi) = yi for each i ∈ [n]. It is an easy exercise
to show that this L is a linear isomorphism from X onto Y.

Corollary 1.9. Every nontrivial finite dimensional linear space is isomorphic to Rn for some n ∈ N.

Exercise 1.6. Given any two linear spaces X and Y, show that L(X,Y ) is a linear space
under the pointwise defined addition and scalar multiplication operations. Also show that if
X and Y are finite-dimensional, then dim(L(X,Y )) = dim(X) dim(Y ).

Corollary. dim(L(X,R)) = dim(X) for any finite dimensional linear space X.

Linear Functionals

For any linear space X, a real-valued linear operator is called a linear functional on X.

Example 1.10. As a special case of Example 1.7 we see that a real map L on Rn is a linear
functional on Rn iff there are real numbers a1, ..., an such that L(x1, ..., xn) = a1x1 + · · ·+ anxn for
all x1, ..., xn ∈ R. �

Example 1.11. Define L : C[0, 1]→ R by L(ϕ) := ϕ(0). Then L is a surjective linear functional and
null(L) equals the set of all continuous real maps on [0, 1] for which 0 is a fixed point. �

The Hahn-Banach Theorem

Let X be a linear space and ϕ a real map on X. We say that ϕ is positively homogeneous if
ϕ(ax) = aϕ(x) for every x ∈ X and real number a > 0, and that it is subadditive if ϕ(x) +ϕ(y) ≥
ϕ(x+y) for every x, y ∈ X. Such maps are used in a crucial way in the following fundamental result.

The Hahn-Banach Theorem. Let X be a linear space, Y b X, and ϕ a positively homogeneous
and subadditive real map on X. If L is a linear functional on Y such that ϕ|Y ≥ L, then there is a
linear functional L∗ on X such that L∗|Y = L and ϕ ≥ L∗.

We will omit the proof of this result here (but see Ok (2007), Section G.2.1). We should note,
however, that this theorem is a principal tool for studying even the most basic questions about linear
functionals. Here are two examples.

Corollary 1.10. Every linear functional on a linear subspace Y of a linear space X can be extended
to a linear functional on X.

Proof. Take any Y b X, and let L be a linear functional on Y . Define ϕ : X → R as ϕ(x) := |L(x)|
if x ∈ Y, and ϕ(x) := 0 otherwise. Now check that ϕ is positively homogeneous and subadditive,
and apply the Hahn-Banach Theorem to complete the proof.

Corollary 1.11. Let X be a linear space, and x and y two distinct points in X. Then, there is a
linear functional L on X such that L(x) 6= L(y).

Proof. If x and y are linearly dependent, and, say, x 6= 0, put Y := span{x}, and define L : Y → R
by L(ax) := a. Otherwise, put Y := span{x, y}, and define L : Y → R by L(ax + by) := a. In
view of Proposition 1.5, L is well-defined in either case, and we have L(x) = 1 6= L(y). Apply the
Hahn-Banach Theorem. �
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Linear and Affi ne Real Maps

For any nonempty subset S of a linear space X, a real map ϕ on S is said to be linear (affi ne) if

ϕ

(∑
x∈T

a(x)x

)
=
∑
x∈T

a(x)ϕ(x)

for every nonempty finite subset T of S and every a ∈ RT with
∑
x∈T a(x)x ∈ S (and

∑
x∈T a(x) =

1). (Note. This definition reduces to that of a linear functional when S b X.)

Example 1.12. Our characterization of linear funtionals on Rn extends to the case of linear maps
as is: A real map L on a nonempty subset S of Rn is linear iff there are real numbers a1, ..., an
such that L(x1, ..., xn) = a1x1 + · · · + anxn for all (x1, ..., xn) ∈ S. (Proof. Let A be a basis
for span(S). Choose any B ⊂ Rn such that C := A ∪ B is a basis for Rn. Then, by Proposition
1.5, for any n-vector x there is a unique real map ax on C such that x =

∑
z∈C ax(z)z. Define

L : Rn → R by L(x) :=
∑
z∈A ax(z)ϕ(z). Notice that L extends ϕ, because, for any x ∈ S, we have

x =
∑
z∈A ax(z)z, so it follows from the linearity of ϕ that L(x) = ϕ(x). Now verify that L is a

linear functional on Rn, and apply the characterization obtained in Example 1.10. �

A similar characterization holds for affi ne maps as well.

Exercise 1.7. Let S be a nonempty subset of Rn. Prove that a real map L on S is affi ne
iff there are real numbers a1, ..., an, b such that L(x1, ..., xn) = a1x1 + · · · + anxn + b for all
(x1, ..., xn) ∈ S.

Linear Functionals and Hyperplanes

You may recall that a hyperplane in Rn can be characterized as the set of all real n-vectors (x1, ..., xn)
such that a1x1 + · · · + anxn = b, where each (a1, ..., an) ∈ Rn\{0} and b ∈ R. In view of Example
1.10, therefore, every hyperplane in Rn is of the form L−1(b) for some nonzero linear functional L
on Rn and b ∈ R. This fact is true in general.

Proposition 1.12. Let Y be a subset of a linear space X. Then, Y is a ⊇-maximal proper linear
subspace of X if, and only if, Y = null(L) for some nonzero L ∈ L(X,R).

Proof. Let Y be a ⊇-maximal proper linear subspace of X. Pick any z ∈ X\Y, and notice that
span(Y + z) = X by ⊇-maximality of Y. So, for any x ∈ X, there is a unique (yx, ax) ∈ Y ×R such
that x = yx + axz. Now define L : X → R by L(x) := ax, and check that L is a nonzero linear
functional on X with null(L) = Y. Conversely, take any nonzero L ∈ L(X,R) so that null(L) is a
proper linear subspace of X. Take any y ∈ X\null(L) and assume L(y) = 1 (otherwise, we would
work with y/L(y) instead of y). Then, for any x ∈ X, we have L(x − L(x)y) = L(x) − L(x) = 0,
that is x− L(x)y ∈ null(L). Thus, x ∈ null(L) + L(x)y for all x ∈ X. This means that null(L) + y
spans X, which is possible iff null(L) is a ⊇-maximal proper linear subspace of X. (Why?) �

By way of “translating”the involved linear subspaces, we can extend this result into the realm
of hyperplanes as follows.

Corollary 1.13. A subset H of a linear space X is a hyperplane in X if, and only if, H = L−1(b)
for some nonzero L ∈ L(X,R) and b ∈ R.

Exercise 1.8. Prove Corollary 1.13.
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We may thus identify a hyperplane H in a linear space X with a real number b and a nonzero
linear functional L on X through the equation H = L−1(b). A set like {x ∈ X : L(x) ≥ b} or {x ∈
X : L(x) ≤ b} is then called a closed halfspace induced by H, and a set like {x ∈ X : L(x) > b}
or {x ∈ X : L(x) < b} an open halfspace induced by H. It makes sense to imagine that H divides
X into the closed halfspaces that it induces. If we omit the vectors that belong to H, on one side of
H is one of its open halfspaces, and on the other is its other open halfspace. It is easy to show that
neither of the open halfspaces induced by a hyperplane H can be empty. Moreover, at least in Rn,
any open halfspace is open and any closed halfspace is closed.

1.3 Convexity
Linear spaces allow us define the notion of “line segment”in algebraic terms. thereby enabling one
to formulate, purely algebraically, the notion of convexity.

Lines

For any two distinct vectors x and y in a linear spaceX, we think of the set {ax+(1−a)y ∈ X : a ∈ R}
as the line through x and y. From this point of view, the set {ax + (1 − a)y ∈ X : 0 ≤ a ≤ 1}
corresponds to the line segment between x and y.

Convex Sets

A subset S of a linear space X is said to be convex if aS + (1 − a)S ⊆ S for every 0 ≤ a ≤ 1.
In other words, a subset of a linear space is convex iff it contains the entire line segment between
any two of its elements. For example, in any given linear space, all affi ne manifolds, hyperplanes,
halfspaces and line segments are convex.

Exercise 1.9. Prove: For any convex subset S of a linear space, aff(S) =
⋃
{aS + (1− a)S :

a ∈ R}.

Convex Hull

Let S be any set in a linear space X, and S the collection of all convex subsets of X that contain
S. We have S 6= ∅ —after all, X ∈ S. Besides,

⋂
S is a convex set in X which, obviously, contains

S. Clearly, this set is the ⊇-minimum subset of X that contains S —it is called the convex hull
of S, and denoted by co(S). (Note. S = co(S) iff S is convex.) One can show that co(S) is none
other than the set of all convex combinations of finitely many vectors in S, that is, x ∈ co(S) iff
x =

∑
y∈T a(y)y for some nonempty finite subset T of S and some a ∈ RT+ with

∑
y∈T a(y) = 1.

Exercise 1.10. Prove: If S and T are convex subsets of a linear space, then x ∈ co(S ∪ T ) iff
x = ay + (1− a)z for some (y, z) ∈ S × T and a ∈ [0, 1].

Extreme Points

Let S be a subset of a linear space. A point x in S is said to be an extreme point of S provided
that x 6= ay + (1 − a)z for any distinct y, z ∈ S and 0 < a < 1. We denote the set of all extreme
points of S by ext(S).

It is easy to see that, for any convex subset S of a normed linear space, we have x ∈ ext(S)
iff S\{x} is convex. The extreme points of any polygonal region in R2 are thus the vertices of
that region. In particular, ext([0, 1]) = {0, 1}, ext((0, 1)) = ∅, and a linear manifold in a linear
space has an extreme point iff it is a singleton. For any positive integer n, the set of all extreme

9



points of {x ∈ Rn : ‖x‖p = 1} equals its boundary for any 1 < p < ∞. On the other hand,
ext({x ∈ Rn : ‖x‖1 = 1}) = {e1, ..., en} ∪ {−e1, ...,−en}, where ei is the ith unit vector of Rn, and
ext({x ∈ Rn : ‖x‖∞ = 1}) = {−1, 1}n.

In the context of many interesting convex sets, we can express any given point in the set as a
convex combination of finitely many extreme points of that set. The following classic result says
that we can always do this for compact and convex subsets of Rn.

Minkowski’s Theorem. Let S be a compact and convex subset of Rn. Then, for every x in S there
is a finite subset T of ext(S) such that x = co(T ), that is, S = co(ext(S)).

It is not diffi cult to give an elementary proof for this result, but as we will prove more general
versions of it later, we refrain from doing this here.

Finite Dimensional Simplices

For any nonnegative integer k, a k-simplex S in a linear space X is a set of the form co(T ) where
T is an affi nely independent subset of X with |T | = k + 1. (Here, the elements of T are called the
vertices of S, and are readily verified to be the only extreme points of S.) For instance, a 0-simplex
is a point, a 1-simplex is a closed line segment joining two points, a 2-simplex is a triangle, and a
3-simplex is a tetrahedron in Rn for any n ≥ 3.

Exercise 1.11. Let S be a k-simplex in a linear space X with vertices xi, ..., xk+1. Show
that for every x ∈ S there is a unique (a1, ..., ak+1) in Rk+1+ with x =

∑
i∈[k+1] aixi and∑

i∈[k+1] ai = 1.

Concave and Convex Functions

The definition of concavity for real maps defined on a Euclidean space extends to the general case
of linear spaces in the obvious way.

Definition. Let S a nonempty convex subset of a linear space X. A real map ϕ on S is said to be
concave if

ϕ(ax+ (1− a)y) ≥ aϕ(x) + (1− a)ϕ(y)

for all x, y ∈ S and a ∈ [0, 1]. If −ϕ is concave, we say that ϕ is convex. If both ϕ and −ϕ are
concave, we say that ϕ is affi ne.

All algebraic properties of concave functions familiar from Euclidean analysis hold in this more
general setup as well. For example, where S is a nonempty convex subset of a linear space, the
(pointwise) sum of two concave maps on S yields a concave map on S.

Convex Cones

A nonempty subset C of a linear space X is said to be a cone if tC ⊆ C for all t ≥ 0. If, also,
C+C ⊆ C, then C is said to be a convex cone. We say that a cone C is pointed if C ∩−C = {0}
and generating if span(C) = X.

Geometrically speaking, a cone is a set that contains all rays that start from the origin and pass
through another member of the set. In turn, a convex cone is none other than a cone which is a
convex set.

Example 1.13. Any linear subspace C of a linear space X is a convex cone in X. In this case,
C = −C, so C is pointed iff C = {0}. Moreover, C is generating iff C = X. �
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Example 1.14. Rn+ and Rn++ ∪ {0} are pointed generating convex cones in Rn, but Rn++ is not a
cone in Rn since it does not contain the origin 0. �

Example 1.15. Both {f ∈ C1[0, 1] : f ≥ 0} and C := {f ∈ C1[0, 1] : f ′ ≥ 0} are convex cones
in C1[0, 1]. The former one is pointed, but the latter is not (as all constant functions belong to
C ∩ −C). �

Exercise 1.12. Show that if C is a cone in a linear space X, then span(C) = C −C. Thus, C
is generating iffX = C − C.

Base for a Cone

Let X be a linear space and C a convex cone in X with C 6= {0}. A nonempty convex subset B
of C is called a base for C if, for each y ∈ C, there exists a unique (x, a) ∈ B × R++ such that
y = ax. The uniqueness requirement is essential here. For instance, due to this requirement, no
base can contain the origin of X. For, if B is a nonempty convex subset of C with 0 ∈ B 6= {0},
then for any nonzero x ∈ B we also have 1

2x ∈ B (because B is convex), so x itself has two distinct
representations: x = 1x and x = 2( 12x).

Conical Hull

Let S be any nonempty set in a linear space X. It is easily checked that S is a convex cone in X
iff
∑
x∈T a(x)x ∈ S for any nonempty finite subset T of S and a ∈ RT+. It follows that the smallest

convex cone that contains S —the conical hull of S —exists and equals the set of all positive linear
combinations of finitely many members of S. (Why?) We denote this convex cone by cone(S). For
instance, cone(Rn++) = Rn++ ∪ {0} and cone({e1, ..., en}) = Rn+, where {e1, ..., en} is the standard
basis for Rn.

1.4 Ordered Linear Spaces
Vector Orders

Let X be a linear space, and % a preorder on X. We say that % is a vector preorder on X
provided that x % y holds iff ax+ z % ay+ z for every x, y, z ∈ X and a > 0. When this is the case,
the ordered pair (X,%) is said to be a preordered linear space. If, in addition, % is a partial
order, then (X,%) is called an ordered linear space. Finally, if, in addition, (X,%) is a lattice,
we say that (X,%) is a vector lattice. When its order is clear from the context (or is arbitrary),
we denote such spaces simply by X in what follows.

Example 1.16. For any nonempty set X, recall that we consider RX as a poset by comparing any
two real functions on X pointwise (Section 2.1 of Appendix 1). Not only is that this poset is a
lattice, but the linear and order structures of RX are duly compatible with each other in the sense
that ≥ is a vector order on RX . Thus: RX is a vector lattice. �

Positive Cones

Given a preordered linear space (X,%), the set {x ∈ X : x % 0} is called the positive cone of
(X,%), and is commonly denoted as X+. It is readily verified that this set is a convex cone in X.
(This fact alone is responsible for the prevalence of convex analysis in the theory of preordered linear
spaces.) Moreover, X+ is pointed iff % is a partial order. It should be stressed that X+ contains
all the information that % contains in the sense that knowing X+ determines % entirely: x % y iff
x− y ∈ X+.
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This observation suggests an easy way of defining a vector preorder on a given linear space X.
Indeed, for any convex cone C in X, binary relation %C on X defined by x %C y iff x ∈ y + C, is
a vector preorder. (%C is often referred to as the vector preorder induced by C.) Furthermore,
(X,%C) is an ordered linear space if C is pointed. In fact, all preordered (and ordered) linear spaces
arise in this way. That is, for any preordered (ordered) linear space (X,%), there is a (pointed)
convex cone C in X such that % = %C . Indeed, it is readily verified that we have, per force, % =
%X+

in this case. (The positive cone of (X,%X+
) is X+!)

As for concrete examples, we note that (Rn,≥) is an ordered linear space whose positive cone is
the positive orthant of Rn. (The notation Rn+ for the positive orthant of Rn is thus consistent with
our notation for positive cones.) Similarly, the coordinatewise ordering ≥ of C[0, 1] is the vector
partial order on C[0, 1] that induces the convex cone {f ∈ C[0, 1] : f(t) ≥ 0 for each t ∈ [0, 1]}.
Many other classical linear spaces, such as the `p spaces, are also ordered linear spaces under their
usual (coordinatewise) ordering.

Strictly Positive Cones

The strictly positive cone of a preordered linear space (X,%) is {x ∈ X : x � 0} —we denote
this set as X++ —where � is the asymmetric part of %. (Note. If (X,%) is an ordered linear space,
X++ = X+\{0}.) For instance, the strictly positive cone of Rn consists of all nonnegative n-vectors
in Rn+ at least one component of which is positive.

Simplices

Let X be a linear space and S a nonempty convex subset of X. It is easily checked that if S is a
base for cone(S), that is, when for every y ∈ cone(S) there is a unique (a, x) ∈ R+×S with y = ax,
then <cone(S), the vector preorder on X induced by cone(S), is a partial order. The case in which
this partial order is a lattice order is of importance. (Recall Section A.1.6.) We say that S is a
(Choquet) simplex in X if S is a base for cone(S) and cone(S) is a lattice relative to <cone(S).

Example 1.17. Let k be a nonnegative integer and X a linear space. Then, any k-simplex S in X is a
simplex in X. To see this, let T := {x1, ..., xk+1} be an affi nely independent subset of X, and suppose
S := co(T ). Put Y := span(S) and yi := xi− xk+1 for each i ∈ [k]. Clearly, {y1, ..., yk} is a basis for
Y, so for every y ∈ Y, there is a unique set {a1(y), ..., ak(y)} of numbers such that y =

∑
i∈[k] ai(y)yi.

Consider the map L : Y → Rk defined as L(y) :=
∑
i∈[k] ai(y)ei, where {e1, ..., ek} is the standard

basis for Rk. It is easily checked that L is a linear isomorphism from Y onto Rk such that y <cone(S) z
iff L(y) ≥ L(z), where ≥ is the usual (coordinatewise) ordering of Rk. But L(S) = co({e1, ..., ek})
which is obviously a simplex in Rk. It follows that S is a simplex in X. �

In fact, the converse of the observation noted in this example is also true: If S is a simplex in
a linear space X such that span(S) is k-dimensional, then S is a k-simplex. (Proof of this is a bit
harder, however.) Thus, the way we have defined simplices above is consistent with the earlier way
we have defined the finite-dimensional simplices.

Positive Operators

Let (X,%X) and (Y,%Y ) be two preordered sets, and Φ : X → Y any map. We say that Φ is
increasing if Φ(x) %Y Φ(y) for every x, y ∈ X with x %X y. This map is said to be strictly
increasing if it is increasing and Φ(x) �Y Φ(y) for every x, y ∈ S with x �X y. These definitions
reduce to the usual ones when X is Rn and Y is R.

Definition. A (strictly) increasing linear operator from a preordered linear space into another is
said to be a (strictly) positive operator.
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By virtue of its linearity, positivity of a linear operator can be fully understood by examining
its behavior on the positive cone of its domain. Put precisely, a linear operator L from a preordered
linear space X into another such space Y is positive iff L(X+) ⊆ Y+. (Such an operator is strictly
positive iff L(X+) ⊆ Y+ and L(X++) ⊆ Y++.) Thus the zero functional on any preordered linear
space X with X+ 6= {0} is a positive linear functional which is not strictly positive.

Example 1.18. Consider the linear operator L ∈ L(Rn,Rm) of Example 1.7. This map is a positive
operator iff f ≥ 0. (Why?) �

Example 1.19. The maps (xm) 7→ x1, (xm) 7→ (x2, x3, ...) and (xm) 7→
∑∞

2−ixi are positive linear
functionals on `∞. The first two are not strictly positive, but the third one is. �

Example 1.20. The operator D ∈ L(C1[0, 1],C[0, 1]) of Example 1.9 is not positive. �

Exercise 1.13. Let X and Y be two ordered linear spaces, and denote the set of all positive
operators from X into Y by L+(X,Y ). Show that L+(X,Y ) is a convex cone in L(X,Y ).
Moreover, if X+ is generating, then L+(X,Y ) is pointed.

2 Normed Linear Spaces

2.1 Basics
Norms

An R+-valued function ‖·‖ on a linear space X is said to be a seminorm on X if for every x, y ∈ X
and a ∈ R, we have (i) ‖0‖ = 0; (ii) (absolute homogeneity) ‖ax‖ = |a| ‖x‖ ; and (iii) (subadditivity)
‖x+ y‖ ≤ ‖x‖+ ‖y‖. If ‖·‖ is a seminorm on X and ‖x‖ > 0 for every x ∈ X\{0}, we say that ‖·‖
is a norm on X.

The basic viewpoint of vector calculus is to regard a “vector”x in a linear space as a directed
line segment that begins at 0 and ends at x. This allows one to think of the “length” (or the
“magnitude”) of a vector in a natural way. For instance, we think of the length of a vector in Rn
as the distance between this vector and the origin, and as you would expect, x 7→ d2(x,0) defines a
norm on Rn. Just as the notion of metric generalizes the geometric notion of “distance,”therefore,
the notion of norm generalizes that of “length”or “magnitude”of a vector.

Many properties that intuition would suggest about the notion of “length”can be deduced from
the defining properties of a norm. For instance, for any normed linear space X,

|‖x‖ − ‖y‖| ≤ ‖x− y‖ for all x, y ∈ X, (2)

which is a consequence of the absolute homogeneity and subaddivity of ‖·‖ . (Proof?)

Normed Linear Spaces

An ordered pair (X, ‖·‖) is called a (semi)normed linear space if X is a linear space and ‖·‖ is
a (semi)norm on X. When the (semi)norm under consideration is transparent (or is arbitrary), we
denote such a space simply as X, and talk about X as if it is a set, or a linear space, or a normed
linear space, depending on the context. When we need to deal with two normed linear spaces X
and Y, the norms of these spaces will be denoted by ‖·‖ and ‖·‖Y , respectively.

Example 2.1. For any p ≥ 1, the map ‖·‖p on Rn, defined as ‖x‖p := dp(x,0), is a norm on Rn. For
p = 2, this norm is called the Euclidean norm. �
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Example 2.2. For any p ≥ 1, the map ‖·‖p on `p, defined as ‖x‖p := dp(x,0), is a norm on `p —it
is called the p-norm. In what follows, we will consider `p as a normed linear space relative to this
norm. �

Example 2.3. For any nonempty set X, the linear space B(X) is normed by ‖·‖∞ : B(X) → R+,
where ‖f‖∞ := d∞ (f,0) . For obvious reasons, ‖·‖∞ is called the sup-norm. (Note. As usual we
use the notation `∞ instead of B(N) in what follows.) �

Normed Linear Subspaces

Let X be a normed linear space. By a normed linear subspace of X, we mean a linear subspace
Y of X whose norm is the restriction of the norm of X to Y (that is, ‖y‖Y := ‖y‖ for each y ∈ Y ). In
what follows, we refer to a normed linear subspace simply as a subspace. We also carry through our
notational convention of writing Y b X when Y is a normed linear subspace of X. If X 6= Y b X,
we say that T is a proper subspace of X.

For instance, given any nonempty set X, we view Cb(X) as a subspace of B(X), that is, when
we talk about the norm of a ϕ ∈ Cb(X), what we mean is ‖ϕ‖∞ . Similarly, c0, space of all real
sequences that converge to zero is a subspace of `∞.

Finite Products of Normed Linear Spaces

For any given positive integer n, let Xi be a normed linear space for each i ∈ [n]. Let X :=
X1 × · · · ×Xn, and make this set a linear space by defining the operations of addition and scalar
multiplication coordinatewise. (That is, (x1, ..., xn) + (y1, ..., yn) := (x1 + y1, ..., xn + yn) for each
xi, yi ∈ X, i ∈ [n], and similarly for scalar multiplication.) We norm this linear space by means of
the map ‖·‖ ∈ RX+ defined by ‖(x1, ..., xn)‖ := ‖x1‖X1

+ · · ·+ ‖xn‖Xn
. The resulting normed linear

space is called the product of the normed linear spaces X1, ..., Xn.

Countably Infinite Products of Normed Linear Spaces

Let Xi be a normed linear space, i = 1, 2, .., set X := X1 × X2 × · · ·, and make this set a linear
space by defining the operations of addition and scalar multiplication coordinatewise. We norm this
linear space X by means of the so-called product norm ‖·‖ ∈ RX+ which is defined by

‖(x1, x2, ...)‖ :=

∞∑
i=1

2−i min{1, ‖xi‖Xi
}.

The resulting normed linear space is called the product of the normed linear spaces X1, X2, ....

Metrics induced by Norms

Norms provide a natural way of metrizing linear spaces. Indeed, any given norm ‖·‖ on a linear
space X induces a distance function d‖·‖ on X as follows:

d‖·‖(x, y) := ‖x− y‖ for all x, y ∈ X. (3)

If X is a normed linear space, it is implicitly viewed also as a metric space under this metric.

Warning. One cannot use (3) to derive a norm from a metric in general. That is, x 7→ d(x,0)
need not be a norm on a linear space X even if d is a metric on X. For instance, this map is not a
seminorm on R∞ where d is the product metric on R∞.
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Given that we now have a way of looking at a normed linear space X as a metric space, every
notion that makes sense in the latter context remains meaningful in the former with that notion
being defined for (X, d‖·‖). For example, whenever we talk about the ε-neighborhood of a point
x in X, we mean {y ∈ X : ‖x− y‖ < ε}. Similarly, the closed unit ball of X, which we denote
henceforth as BX , takes the form {x ∈ X : ‖x‖ ≤ 1}. (Note. Both of these sets are convex. Yes?) Or,
we say that (xm) ∈ X∞ converges to x ∈ X —we write this again as xm → x —iff ‖xm − x‖ → 0. Any
topological property, along with boundedness and completeness, of a subset of X is, again, defined
relative to the metric d‖·‖. By the same token, when we talk about the continuity of a function ϕ
that maps X into another normed linear space Y, what we mean is: For all x ∈ X and ε > 0, there
is a δ > 0 such that ‖ϕ(x)− ϕ(y)‖Y < ε for all y ∈ X with ‖x− y‖ < ε. In other words, ϕ : X → Y
is continuous iff for any x, x1, x2, ... ∈ X, we have ‖ϕ(xm)− ϕ(x)‖Y → 0 whenever ‖xm − x‖ → 0.

Continuity of Norms and Operations

It is important to remember that the norm of a normed linear space is continuous, in fact, 1-Lipschitz,
relative to the metric induced by that norm. This is an immediate consequence of the inequality
(2).

Proposition 2.1. The norm of any normed linear space is 1-Lipschitz.

Similarly, the addition operation of a normed linear space X is a 1-Lipschitz map from X ×X
onto X, and that of scalar multiplication is a continuous map from R×X onto X. (Here, X ×X is
the product of X and X, and similarly for R×X.)

Exercise 2.1. Let X be a normed linear space and (xm) a Cauchy sequence in X. Show that
(‖xm‖) is a convergent real sequence.
Exercise 2.2. Prove: A set S in a normed linear space is bounded iff sup{‖x‖ : x ∈ S} <∞.
Exercise 2.3. Let X be a normed linear space. Show that BX is the closure of {x ∈
X : ‖x‖ < 1}. Also show that cl(Nε(x)) = x+cl(Nε(0)) for any x ∈ X and ε > 0, while
cl(Nε(0)) = −cl(Nε(0)).

Equivalence of Norms

We say that two norms ‖·‖1 and ‖·‖2 on a linear space X are equivalent if idX is a homeomorphism
from (X, ‖·‖1) onto (X, ‖·‖2), which is the same thing as saying that d‖·‖1 and d‖·‖2 are equivalent.
Less obvious is the fact that ‖·‖1 and ‖·‖2 are equivalent iff d‖·‖1 and d‖·‖2 are strongly equivalent.
(That is, the notions of equivalence and strong equivalence coincide for metrics induced by norms.)
Put precisely, ‖·‖1 and ‖·‖2 are equivalent iff α ‖·‖1 ≤ ‖·‖2 ≤ β ‖·‖1 for some real numbers α, β > 0.
To see this, assume the equivalence of these norms, and put β := sup{‖x‖2 : x ∈ X and ‖x‖1 = 1}.
As idX is continuous at 0, there is a δ ∈ (0, 1) such that ‖y‖2 < 1 for every y ∈ X with ‖y‖1 ≤ δ.
Then, ‖δx‖2 < 1 for every x ∈ X with ‖x‖1 = 1, and it follows that β ≤ 1/δ. Thus, β > 0 is a real
number such that ‖y‖2 = ‖y/ ‖y‖1‖2 ‖y‖1 ≤ β ‖y‖1 for every y ∈ X. Replacing the roles of ‖·‖1 and
‖·‖2 in this argument, we can also find an α > 0 such that α ‖.‖1 ≤ ‖·‖2 , and we are done.

Equivalence of Norms on Rn

Up to equivalence, it does not matter how we norm Rn: Any two norms on Rn are equivalent.
Indeed, for any norm ‖·‖ on Rn and any x ∈ Rn,

‖x‖ =

∥∥∥∥∥ ∑i∈[n]xiei
∥∥∥∥∥ ≤ ∑

i∈[n]
|xi|

∥∥ei∥∥ ≤ β ‖x‖1 ,
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where β := max{
∥∥ei∥∥ : i ∈ [n]}. (Here xi is the ith component of x.) Besides, using (2) and this

observation shows that ‖·‖ is a Lipschitz map on the metric space (Rn, d1). Let S be the boundary
of the closed unit ball of this space, and recall that this set is compact. Therefore, there is an x∗ ∈ S
such that ‖x∗‖ ≤ ‖x‖ for all x ∈ S (Weierstrass’Theorem). Let α := ‖x∗‖ . Since ‖x‖1 6= 0, we have
α > 0. Moreover, α ≤ ‖x/ ‖x‖1‖ , so α ‖x‖1 ≤ ‖x‖ , for any x ∈ Rn, and this proves our assertion.

Exercise 2.4. Let X be the linear space of all real sequences only finitely many terms of
which are nonzero. Show that ‖·‖1 and ‖·‖2 are not equivalent norms on X.

Finite Dimensional Normed Linear Spaces

We know that any two linear spaces of the same finite dimension are linearly isomorphic (Propo-
sition 1.8). It turns out that any two normed linear spaces of the same finite dimension cannot
be distinguished from each other from the perspective of topological properties either. This is a
consquence of the following result. (In a slightly more general context, a proof of this is given in,
say, Ok (2007), Section I.3.)

Theorem 2.2. Every linear isomorphism from a finite dimensional normed linear space onto another
is a homeomorphism.

We say that two normed linear spaces are linearly homeomorphic if there is a continuous lin-
ear isomorphism between these spaces whose inverse is also continuous. In this language, combining
Theorem 2.2 and Corollary 1.8 yields:

Corollary 2.3. Every nontrivial finite dimensional normed linear space is linearly homeomorphic to
Rn for some positive integer n.

In view of this result and the Heine-Borel Theorem, the closed unit ball of any finite-dimensional
normed linear space is compact. We next show that this happens only in the finite-dimensional case.

Riesz’s Lemma. Let X be a normed linear space, and Y a proper closed subspace of X. For any
ε ∈ (0, 1), there is an x ∈ X such that ‖x‖ = 1 and d‖·‖(x, Y ) ≥ 1− ε.

Proof. Fix any ε ∈ (0, 1), and pick some y ∈ X\Y. Put δ := d‖·‖(y, Y ) and note that δ > 0
because Y is closed. Clearly, we can find a ς ∈ Y such that ‖y − ς‖ ≤ δ/(1 − ε). As Y is a linear
space, we have ‖y − (ς − ϑ)‖ ≥ δ for every ϑ ∈ Y , so d‖·‖(y − ς, Y ) ≥ δ ≥ (1 − ε) ‖y − ς‖ . Setting
x := (y − ς)/ ‖y − ς‖ completes the proof. �

Proposition 2.4. Let X be a normed linear space. Then, dim(X) <∞ if and only if BX is compact.

Proof. We only need to prove the “if”part. To this end, suppose dim(X) =∞, and pick any x1 in
X. As the span of {x1} is a proper closed subspace of X, we may invoke Riesz’s Lemma to find an
x2 ∈ BX such that d‖·‖(x2, span{x1}) ≥ 1/2. As the span of {x1, x2} is a proper closed subspace
of X, we can similarly find a x3 ∈ BX such that d‖·‖(x3, span{x1, x2}) ≥ 1/2. Continuing this way
yields a sequence (xm) in BX such that ‖xk − xl‖ ≥ 1/2 for every distinct k and l in N. As this
sequence cannot contain a convergent subsequence, BX is not sequentially compact. Now apply
Theorem 4.3 of Appendix 1. �
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2.2 Bounded Linear Operators and Functionals
Bounded Linear Operators

Every continuous linear functional L on a normed linear space X must be bounded on the closed
unit ball BX . Indeed, by continuity at 0, there exists a δ in (0, 1) such that |L(y)| < 1 for all y ∈ X
with ‖y‖ ≤ δ. But then the absolute homogeneity of ‖·‖ entails |L(δx)| < 1, that is, |L(x)| < 1/δ,
for any x ∈ X with ‖x‖ ≤ 1. Thus sup {|L(x)| : x ∈ BX} <∞. A moment’s reflection shows that L
being real-valued does not play a key role here. If L was instead a continuous linear operator from
X into another normed linear space Y, we would find

sup {‖L(x)‖Y : x ∈ BX} <∞ (4)

in the same way. Linear operators L that satisfy this property are said to be bounded. Equivalently,
L ∈ L(X,Y ) is bounded iff there is an M > 0 such that

‖L(x)‖Y ≤M ‖x‖ for every x ∈ X. (5)

(Proof. (5) obviously implies (4). Conversely, if (4) holds, lettingM := sup {‖L(x)‖Y : x ∈ BX} yields
‖L(y)‖Y = ‖L (y/ ‖y‖)‖Y ‖y‖ ≤M ‖y‖ for all y ∈ X.)

We have seen above that the continuity of a linear operator at 0 implies its boundedness.
Conversely, (5) shows that every bounded linear operator is Lipschitz. (Yes?) Thus:

Proposition 2.5. (Banach) Let X and Y be two normed linear spaces, and L ∈ L(X,Y ). Then, L
is (Lipschitz) continuous if, and only if, it is bounded.

Example 2.4. Let X stand for the normed linear space of all continuously differentiable func-
tions on [0, 1] with the sup-norm. Define D ∈ L(X,C[0, 1]) by D(ϕ) := ϕ′. If i ∈ N, and
ϕi ∈ R[0,1] is defined by ϕi(t) := ti, then ‖ϕi‖∞ = 1 and ‖D(ϕi)‖∞ = i. (Why?) It follows that
sup {‖D(ϕ)‖∞ : ϕ ∈ BX} =∞, so by Proposition 2,4, D is not bounded, and hence, not continuous.
�

Example 2.5. The real map ϕ 7→ ‖ϕ‖∞ + ‖ϕ′‖∞ is a norm on C1[0, 1]. If we consider C1[0, 1] as a
normed linear space relative to this norm, then D : C1[0, 1] → C[0, 1], defined by D(ϕ) := ϕ′, is a
bounded linear operator. (Proof?) �

Example 2.6. For any metric space X, every positive linear functional L on Cb(X) is bounded, and
hence continuous. Indeed, for any f in Cb(X), we have |L(f)| = |L(f+ − f−)| = |L(f+)− L(f−)| ≤
|L(f+)| + |L(f−)| , so, since L is positive, |L(f)| ≤ L(f+) + L(f−) = L(f+ + f−) = L(|f |).
(Here f+ and f− stand for the positive ans negative parts of f, respectively, as defined in Chapter
C.) On the other hand, ‖f‖∞ 1S − |f | ≥ 0 and the fact that L is a positive linear functional
implies L(|f |) ≤ ‖f‖∞ L(1S) for every f ∈ Cb(X). Combining these observations, we see that
|L(f)| ≤ L(1S) for every f in the closed unit ball of Cb(X), and we are done. �

Example 2.7. Let us determine the general structure of nonzero continuous linear functionals on
c0, the space of all real sequences that converge to zero (relative to the sup-norm). Let L be such
a functional. Denote the sequence (1, 0, ...) by e1, (0, 1, 0, ...) by e2, and so on, and put ci := L(ei)
for each i ∈ N. (As L is nonzero, ci 6= 0 for at least one i.) Now take any (am) in c0, and
notice that, by linearity of L, we have L((a1, ..., ak, 0, 0, ...) =

∑
i∈[k] ciai for each k ∈ N. It is

easy to see that ‖(a1, ..., ak, 0, 0, ...)− (am)‖∞ → 0 (because (am) is known to converge to zero),
so as L is continuous, we find that L((am)) =

∑∞
ciai. Next, consider the sequence (dm) where

dm := cm/ |cm| if cm 6= 0, and dm := 0 otherwise. Clearly, ‖(d1, ..., dk, 0, 0, ...)‖∞ = 1 for all but
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(possibly) finitely many k. Therefore, as L is bounded (Proposition 2.5), there is a number M > 0
such that |L((d1, ..., dk, 0, 0, ...))| ≤M while, where Ik := {i ∈ [k] : ci 6= 0}, we have

|L((d1, ..., dk, 0, 0, ...))| =
∑
i∈Ik

c2i
|ci|

=
∑
i∈[k]

|ci| ,

for each k ∈ N. Letting k → ∞, therefore, we find ‖(cm)‖1 ≤ M < ∞. Conclusion: For every
continuous linear functional L on c0 there is a sequence (cm) ∈ `1 such that L((am)) =

∑∞
ciai for

any (am) ∈ c0. �

Exercise 2.5. Let X be the linear space of all bounded real sequences, and define L ∈ L(X,R)
by L(x1, x2, ...) :=

∑∞
2−ixi. If we considerX normed by the sup-norm, then L is continuous,

but if we norm X by using the product norm, then it is not continuous. Prove!

Dual Spaces

For any given normed linear space X, the set of all continuous linear functionals is made a linear
space by defining the addition and scalar multiplication operations pointwise. We denote this space
by X∗. A useful way of turning X∗ into a normed linear space is by using the operator norm ‖·‖∗
which is defined as

‖L‖∗ := sup{|L(x)| : x ∈ BX}

for any L ∈ X∗. (It is easy to verify that ‖·‖∗ is a norm on X∗.) An elementary, but extremely
important, fact of linear functional analysis is that

‖L(x)‖Y ≤ ‖L‖
∗ ‖x‖ for all x ∈ X, (6)

for any given L ∈ B(X,Y ). (Proof. If ‖L(y)‖Y > ‖L‖∗ ‖y‖ for some y ∈ X, then y 6= 0, so
x := 1

‖y‖y ∈ BX , and we have ‖L(x)‖Y > ‖L‖∗ , which is absurd.)
Viewed as a normed linear space relative to the operator norm, X∗ is called the dual (space)

of X. For instance, we will prove in Section 3 that the dual of `2 is itself (in the sense that `2 and
(`2)∗ are linearly isometric normed linear spaces); the same is true for Rn as well.

Exercise 2.6. Let X be a normed linear space and L ∈ X∗. Show that ‖L‖∗ is the smallest
number M such that |L(x)| ≤M ‖x‖ for every x ∈ X.

Exercise 2.7. Recall Example 2.7, and show that c∗0 is `1 (in the sense that these spaces are
linearly isometric).

Existence of Continuous Linear Functionals

It is not clear if there is a nonzero continuous linear functional on any normed linear space. (Put
differently, the question is if the dual space of every normed linear space is nontrivial.) That the
answer is yes is established as a consequence of the Hahn-Banach Extension Theorem.

Theorem 2.6. (Banach) Let X be a normed linear space and Y a subspace of X. For any given
continuous linear functional L0 on Y , there exists a continuous linear functional L on X such that
L|Y = L0 and ‖L‖∗ = ‖L0‖∗ .

Proof. By (6), we have |L0(y)| ≤ ‖L0‖∗ ‖y‖ for each y ∈ Y. Define ϕ ∈ RX by ϕ(x) := ‖L0‖∗ ‖x‖,
and check that ϕ is a seminorm on X. We may then apply the Hahn-Banach Theorem to find a
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linear functional L on X with L|Y = L0 and L ≤ ϕ. From the latter condition it follows that
L(x) ≤ ‖L0‖∗ ‖x‖ and −L(x) = L(−x) ≤ ‖L0‖∗ ‖−x‖ = ‖L0‖∗ ‖x‖, and hence |L(x)| ≤ ‖L0‖∗ ‖x‖ ,
for each x ∈ X. Thus, L is bounded, hence continuous, and by (6), ‖L‖∗ ≤ ‖L0‖∗ . Moreover,

‖L‖∗ = sup{|L(x)| : x ∈ BX} ≥ sup{|L(x)| : x ∈ BY } = ‖L0‖∗ ,

and we are done. �

Many fundamental facts about normed linear spaces follow readily from this result.

Corollary 2.7. Let X be a normed linear space and Y a closed subspace of X. For every z ∈ X\Y ,
there is an L ∈ X∗ such that L|Y = 0 and L(z) = 1.

Proof. Define the real map L0 on span(Y ∪ {z}) by L0(y + az) := a. Check that L0 is a well-
defined continuous linear functional on its domain. Obviously, L0|Y = 0 and L0(z) = 1, so applying
Theorem 2.6 completes the proof. �

Corollary 2.8. Let X be a normed linear space, and x and y two distinct vectors in X. Then, there
is an L ∈ X∗ such that L(x) 6= L(y).

Proof. Put Y = {0} and z = x− y in the previous corollary. �

Finally, we have:

The Duality Theorem. For any vector x in a normed linear space X,

‖x‖ := sup{|L(x)| : L ∈ BX∗}.

Proof. From (6) and the fact that ‖L‖∗ = 1 for every L ∈ BX∗ , it is plain that ‖x‖ is larger than
the right-hand side of the equation above. To prove the converse inequality, define the real map L0
on span{x} by L0(ax) := a ‖x‖ . Check that L0 is a well-defined continuous linear functional on its
domain with ‖L0‖∗ = 1. Use Theorem 2.6 to find an L ∈ BX∗ which agrees with L0 on span{x}.
As |L(x)| = ‖x‖ , we are done. �

Unbounded Linear Functionals

An easy application of Corollary 2.3 shows that every linear functional on a finite dimensional linear
space is continuous. But note that this happens only in the finite dimensional case.

Proposition 2.6. Let X be a normed linear space. Then, dim(X) = ∞ if and only if there is an
unbounded linear functional on X.

Proof. We only need to prove the “only if” part. Assume dim(X) = ∞, and let T be a basis
for X. Since |T | = ∞, we may choose countably infinitely many distinct basis vectors from T,

say x1, x2, .... Define yi := 2−i

‖xi‖x
i for each i. As {y1, y2, ...} is linearly independent in X, we may

extend this set to a basis S for X (Theorem 1.6). By Proposition 1.5, for each x ∈ X, there exist
a unique finite subset S(x) of S and a map a : S(x) → R\{0} such that x =

∑
y∈S(x) a(y)y. We

may thus define L ∈ RX by L(x) :=
∑
y∈S(x) a(y), which is a linear functional with L(y) = 1

for each y ∈ S. Now, put zm :=
∑
i∈[m] y

i and wm := zm/ ‖zm‖ for each positive integer m.
Clearly, wm ∈ BX for each m. Besides, ‖zm‖ ≤

∑
i∈[m]

∥∥yi∥∥ ≤ ∑i∈[m] 2
−i < 1, and it follows that
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L(wm) =
∑
i∈[m] L(yi)/ ‖zm‖ > m for each m. Thus, sup {|L(x)| : x ∈ BX} = ∞, that is, L is an

unbounded linear functional on X. �

Closed vs. Dense Hyperplanes

Recall that every hyperplane in a linear space is the inverse image of a real number under a nonzero
linear functional (Corollary 1.13). We may thus identify any hyperplane with a nonzero linear
functional up to an additive constant. It turns out that the closed hyperplanes in a normed linear
space have the same relationship with the continuous nonzero linear functionals on that space. The
crux of the argument is contained in the following fact. (We omit the proof of this result here. See
Ok (2007), Section I.2.2, for a proof of a slightly more general observation.)

Proposition 2.7. A subset H of a normed linear space X is a closed hyperplane in X if, and only
if, H = L−1(b) for some nonzero bounded L ∈ L(X,R) and b ∈ R.

This result entails that any hyperplane that is induced by a discontinuous linear functional
cannot be closed. It is easily checked that the closure of a linear subspace Z of a normed linear
space X is itself a linear subspace of X. Thus the closure of a ⊇-maximal proper subspace Z of
X is either Z or X. Put differently, any ⊇-maximal proper linear subspace of X is either closed
or (exclusive) dense. Since any hyperplane H can be written as H = Z + x∗ for some ⊇-maximal
proper linear subspace Z of X and x∗ ∈ X, and since it is readily verified that the closure of Z +x∗

equals cl(Z) + x∗, this observation provides the following insight.

Corollary 2.8. A hyperplane in a metric linear space is either closed or (exclusive) dense.

By the Weierstrass Approximation Theorem, every continuous real function on [0, 1] is the
uniform limit of a sequence of polynomials defined on [0, 1]. This means that the linear subspace
of C[0, 1] that consists of all real polynomials on [0, 1] is not closed in C[0, 1]. Thus, in a normed
linear space, a proper subspace (which is not even ⊇-maximal) can be dense. Of course, this cannot
happen if that space is finite-dimensional.

2.3 Convex Analysis on Normed Linear Spaces
Minkowski Functionals

Let S be a convex set in a normed linear space X which contains 0 in its interior. TheMinkowski
functional of S (relative to X) is the real function ϕS on X defined by

ϕS(x) := inf
{
a ∈ R++ : 1ax ∈ S

}
.

Intuitively, we can think of x/ϕS(x) as the first boundary point of S (in X) on the ray that originates
from 0 and passes through x ∈ X. The following exercise summarizes the basic properties of ϕS
that we shall need below.

Exercise 2.8. Let X be a normed linear space and S a subset of X with 0 ∈ int(S). Prove:
(a) {a ∈ R++ : x/a ∈ S} 6= ∅ for any x ∈ X, and conclude that ϕS is well-defined;
(b) ϕS is positively homogeneous and ϕS(0) = 0;
(c) ϕS is subadditive;
(d) For any x ∈ X, we have ϕS(x) < 1 iff x ∈ int(S).
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Separation by Closed Hyperplanes

For any open and convex subset S of a normed linear space and a point y outside S, we can always
find a closed hyperplane that contains S in one of its open halfspaces and y on the other. It is
this sense that “x can be separated from S by a hyperplane.” This can be proved by using the
Hahn-Banach Theorem along with the Minkowski functionals.

Proposition 2.9. Let S be a convex subset of a normed linear space X with nonempty interior and
y a point in X\int(S). Then, there is a real number α and a continuous linear functional L on X
such that

L(y) ≥ α ≥ L(S) and α > L(x) for every x ∈ int(S).

Proof. Without loss of generality, we may assume that 0 ∈ int(S). (Otherwise we would work with
S − z and y − z for an arbitrarily fixed z in int(S).) Choose α = 1, put Y := {ay : a ∈ R}, and
consider the linear functional L on Y defined by L(ay) := a. Since y does not belong to int(S), we
have ϕS(y) ≥ 1 by Exercise 2.8.(d). As ϕS is positively homogeneous, then, ϕS(ay) = aϕS(y) ≥ a =
aL(y) = L(ay) for every positive a. Besides, as ϕS ≥ 0, we trivially have ϕS(ay) ≥ aL(y) = L(ay)
for every nonpositive a. Thus: ϕS |Y ≥ L. In view of Exercise 2.8, therefore, we can apply the
Hahn-Banach Theorem to conclude that there is a linear functional L on X such that L(ay) = a for
every real number a and ϕS ≥ L. Since 1 ≥ ϕS(x) for every x ∈ S, then, we have L(y) = 1 ≥ L(S).
Moreover, by Exercise 2.8.(d), 1 > ϕS(x), and hence 1 > L(x), for every x ∈ int(S). The latter fact
entails that there is an ε > 0 such that 2/ε > L(2x/ε) for every x ∈ Nε(0), which is the same thing
as saying that 2/ε > L(N2(0)). In particular, L(BX) is bounded from above by 2/ε. As −BX = BX ,
this also implies that −L(BX) is bounded above by the same number, so we can conclude that L is
bounded, and hence, continuous. �

By means of the following elementary observations we can turn this result into the form of
separation of two convex sets from each other by a hyperplane.

Lemma 2.10. Let X be a normed linear space and L a nonzero continuous linear functional on X.
(a) int(L−1(α)) = ∅ for any α ∈ R;
(b) For any nonempty open set O in X and any x ∈ O, we have L(y) > L(x) > L(z) for some

y, z ∈ X.

Proof. (a) It is enough to prove this for α = 0. (Why?) So, suppose L−1(0) has nonempty interior.
Take any x ∈ X with L(x) 6= 0, and choose ε > 0 such that Nε(0) ⊆ L−1(0). Then, for any nonzero
real number δ with |δ| < ε we have δ

‖x‖x ∈ Nε(0) ⊆ L−1(0). But this implies δ
‖x‖L(x) = 0 which is

possible only if δ = 0, a contradiction.
(b) Fix any x in O and set α := L(x). Pick any ε > 0 such that Nε(x) ⊆ O. By part (a),

L−1(α) does not contain Nε(x), so either L(y) > α for some y ∈ Nε(x) or α > L(z) for some
z ∈ Nε(x). In the first case, z := ax + (1 − a)y ∈ Nε(x) for small enough a > 1, and hence
L(z) = aα+ (1− a)L(y) < aα+ (1− a)α = α. The second case is settled analogously. �

The Separating Hyperplane Theorem. Let A and B be nonempty convex subsets of a normed
linear space X such that int(A) 6= ∅ and int(S) ∩ T = ∅. Then, there is a real number α and a
continuous linear functional L on X such that

L(B) ≥ α ≥ L(A) and α > L(x) for every x ∈ int(A).

Proof. Without loss of generality, we may assume 0 ∈ int(S) as in Proposition 2.9. Put S := A−B,
and observe that int(S) 6= ∅ (because −x ∈ int(S) for any x ∈ B). Leaving to show that int(S) does
not contain 0 as an exercise, we apply Proposition 2.9 to find an L ∈ X∗ such that L(0) = 0 ≥ L(S)
and 0 > L(x) for every x ∈ int(S). By definition of S and linearity of L, we then get L(B) ≥ L(A),
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so choosing α := inf L(B) yields L(B) ≥ α ≥ L(A). In view of Lemma 2.10.(b), this implies also
that α > L(x) for every x ∈ int(A). �

Corollary 2.11. Let S be a nonempty closed and convex subset of a normed linear space X and y a
point in X\S. Then, there is an L ∈ X∗ with L(y) > supL(S).

Proof. Pick any ε > 0 such that Nε(y) ⊆ X\S. Taking A = Nε(y) and B = S in the Separating
Hyperplane Theorem, we find an (α,K) ∈ R × X∗ with K(S) ≥ α > K(x) for all x ∈ Nε(y). In
particular, inf K(S) > K(y). Setting L := −K, we are done. �

Envelopes of Real Maps

Let S be a nonempty convex subset of a normed linear space X and put

A(S) := {f ∈ C(S) : f is affi ne}.

In what follows, we view A(S) as a subspace of C(S) (relative ot the sup-norm). We note that A(S)
contains all constant real map on S, and we have L|S + a ∈ A(S) for every L ∈ X∗ and a ∈ R.

For any bounded real function f : S → R, we define the map f• : S → R by

f•(x) := inf{ϕ(x) : ϕ ∈ A(S) and ϕ ≥ f}.

This function is called the upper envelope of f. (The lower envelope of f is defined dually.) We
will need the following properties of this function when proving Choquet’s Theorem in Chapter E.

Proposition.2.12. Let S be a nonempty convex subset of a normed linear space X. For any bounded
real maps f and g in X, the following hold:

(a) f• is upper semicontinuous, concave, and bounded;
(b) f• ≥ f ;
(c) If f is upper semicontinuous and concave, then f• = f ;
(d) 0 ≥ f implies 0 ≥ f•;
(e) f• + g• ≥ (f + g)• and ‖f − g‖∞ ≥ |f• − g•|;
(f) If g ∈ A(S), then f• + g• = (f + g)•.

Proof. We will only prove parts (c) and (e), leaving the proofs of the other assertions as exercises.
Throughout the proof, we put A(h) := {ϕ ∈ A(S) : ϕ ≥ h} for any bounded real map h on S.

To prove (c), suppose f•(y) > f(y) for some y ∈ S. Then, under the conditions of (c), T :=
{(x, t) : f(x) ≥ t} is a closed and convex set in X×R with (y, f•(y)) ∈ X\T. By Corollary 2.11, then,
there is a continuous linear functional onX×R and a real number α with L(y, f•(y)) > α > supL(T ).
In particular, L(y, f•(y)) > L(y, f(y)), that is, L(0, f•(y)− f(y)) > 0, which implies L(0, 1) > 0 by
linearity of L. We define ϕ : S → R by

ϕ(x) :=
α− L(x, 0)

L(0, 1)
,

and note that ϕ ∈ A(S) and L(x, ϕ(x)) = α for each x ∈ S. But, since α > supL(T ), the latter
condition means that (x, ϕ(x)) /∈ T for any x ∈ S, that is, ϕ > f. Thus, ϕ ∈ A(f), and hence,
ϕ(y) ≥ f•(y) by definition of f•. BUt we have L(y, f•(y)) > α = L(y, ϕ(y)), and this implies
(f•(y)− ϕ(y))L(0, 1) > 0, that is, f•(y) > ϕ(y), a contradiction.

To prove the first part of (e), note that A(f) + A(g) ⊆ A(f + g), so for any (fixed) x in S, we
have

inf{φ(x) + ψ(x) : (φ, ψ) ∈ A(f)×A(g)} ≥ inf{ϕ(x) : ϕ ∈ A(f + g)}.
But the left-hand side of this inequality is f•(x) + g•(x) and the right-hand side of it is (f + g)•(x).
To prove the second part of (e), we use its first part to write (f − g)• + g• ≥ f•, which yields
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(f−g)• ≥ f•−g•. But the function that takes value ‖f − g‖∞ everywhere on S belongs to A(f−g),
so we have ‖f − g‖∞ ≥ (f −g)•. Combining these inequalities yields ‖f − g‖∞ ≥ f•−g•. Replacing
the roles of f and g completes our proof. �

The Extreme Point Theorem

A nonempty closed, bounded and convex subset of a normed linear space need not possess any
extreme points. Here is an example.

Example 2.8. Consider c0, the normed linear subspace of `∞ which consists of all real sequences
that converge to 0, and define S := {(xm) ∈ c0 : ‖(xm)‖∞ = 1}. Clearly, S is a nonempty, closed,
bounded, and convex set. Yet it has no extreme points. Indeed, if (xm) ∈ S, then there is some
M ∈ N with |xM | < 1/2. So, if the sequences (ym) and (zm) are defined as

ym :=

{
xm, if m 6= M
xm − 1

2 , if m = M
and zm :=

{
xm, if m 6= M
xm + 1

2 , if m = M
,

we have (xm) = 1
2 (ym) + 1

2 (zm) while both (ym) and (zm) belong to S. �

In the case of compact and convex subsets of a normed linear space, this diffi culty does not
arise. Indeed, for any nonempty compact subset S of a normed linear space X, we have ext(S) 6= ∅.
This is an obvious implication of the following important theorem of convex analysis.

The Extreme Point Theorem. Let S be a nonempty compact subset of a normed linear space X.
Then, for any L ∈ X∗, we have L(x) = supL(S) for some x ∈ ext(S).

For a proof, and other related results see Ok (2007), Section J.5.3.

Closed Convex Hull

Especially in the context of infinite dimensional normed linear spaces the convex hull of a set is
of limited use. This is mainly because while the convex hull of a finite subset of a normed linear
space X is always compact, the convex hull of a compact set in X need not even be closed when
dim(X) =∞.

Exercise 2.9. Let u1 := (1, 0, 0, ...), u2 := (0, 1, 0, ...), etc., and put S := {0}∪{2−iui : i ∈ N}.
Show that S is a compact subset of `∞ but co(S) is not closed.

Let S be any set in a linear space X. The smallest closed and convex subset of X that contains S
is called the closed convex hull of S, and is denoted by co(S). This set always exists and equals⋂
S where S is the collection of all closed and convex subsets of X that contain S. The following

observation is sometimes useful:
co(S) = cl(co(S)).

Indeed, one can easily show that cl(co(S)) is a closed and convex set that contains S, and the ⊆
part of this equation follows from this observation. Its ⊇ part follows from the fact that co(S) is a
closed set in X that includes co(S).

One can show that the closed convex hull of a subset S of a normed linear space X is compact,
provided that the closure of S is compact and X is complete, but we will not need this result here.
(This is known as Mazur’s Theorem; see Section J.3.3 of Ok (2007).

Exercise 2.10. Prove: If S is a subset of Rn whose closure is compact, then co(S) = co(S).
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The Krein-Milman Theorem

The following theorem is one of the pillars of convex analysis:

The Krein-Milman Theorem. If S is a nonempty, compact and convex subset of a normed linear
space X, then S = co(ext(S)).

In view of Exercise 2.10, we see that the Krein-Milman Theorem generalizes Minkowski’s The-
orem. However, in general, we cannot replace co(S) with co(S) in this result. For instance, in
the context of Exercise 2.9, setting T := co(S) is compact and convex, but ext(T ) = S While A
is obviously convex, it is also compact by Mazur’s Compactness Theorem. But ext(A) = S, while
co(S) is not a closed set.

2.4 Banach Spaces
Banach Spaces

A normed linear space X is said to be a Banach space if it is complete (that is, when (X, d‖·‖) is a
complete metric space). In view of the examples we have considered in Appendix 1, therefore, Rn,
`p, B(X) and Cb(X) are all Banach spaces for any n ∈ N, p ≥ 1 and any nonempty set X.Moreover,
by Example 2.5 of that appendix, the product of countably many Banach spaces is a Banach space.

Subspaces of Banach Spaces

As a metric subspace of a complete metric space need not be complete, the “Banachness” of a
normed linear space is not in general inherited by its subspaces. However, by Proposition 2.2 of
Appendix 1, we have:

Proposition 2.13. Every closed subspace of a Banach space is Banach.

Exercise 2.11. (Quotient Spaces) Let X be a normed linear space and Y a closed subspace
of X. We define the binary relation ∼ on X by x ∼ y iff x = y + Y.
(a) Show that ∼ is an equivalence relation.
(b) Let [x]∼ be the equivalence class of x relative to ∼, and X/∼ := {[x]∼ : x ∈ X} (Section
A.1.3). We define the operations of vector addition and scalar multiplication on X/∼ as
follows: [x]∼ + [y]∼ := [x + y]∼ and t[x]∼ := [tx]∼. Show that X/∼ is a linear space under
these operations.
(c) Define ‖·‖ : X/∼ → R+ by ‖[x]∼‖ := d‖·‖(x, Y ), and show that (X/∼, ‖·‖) is a normed
linear space.
(d) Show that if X is a Banach space, so is (X/∼, ‖·‖).

Another useful fact is that the dual space of any normed linear space is Banach. We skecth the
proof of this result in the form of an exercise.

Proposition 2.14. X∗ is a Banach space for any normed linear space X.

Exercise 2.12. (Proof of Proposition 2.14) Let X be a normed linear space and (Lm) a
Cauchy sequence in X∗.
(a) Show that the real sequence (Lm(x)) is convergent for each x ∈ X.
(b) Define L ∈ RX by L(x) := limLm(x), and show that L ∈ X∗.
(c) Show that ‖Lm − L‖∗ → 0, and hence conclude that X∗ is a Banach space.
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Infinite Series in Normed Linear Spaces

As the notions of addition and convergence are meaningful in the context of normed linear spaces,
we may extend the ideas related to infinite series of real numbers to the case of infinite series in
a normed linear space. Formally, by an infinite series in a normed linear space X, we mean a
sequence in X of the form (

∑
i∈[m] xi) for some (xm) ∈ X∞. We say that this series is convergent

(in X) if lim
∑
i∈[m] xi ∈ X (that is, when there exists an x ∈ X with

∥∥∥∑i∈[m] xi − x
∥∥∥ → 0). In

this case the vector lim
∑
i∈[m] xi is denoted as

∑∞
xi. We say that the infinite series (

∑
i∈[m] xi)

in X is absolutely convergent if
∑∞ ‖xi‖ <∞.

It is customary to use the notation
∑∞

xi both for the sequence (
∑
i∈[m] xi) and for the vector

lim
∑
i∈[m] xi (when the latter exists). Thus we often talk about the convergence (or absolute

convergence) of the infinite series
∑∞

xi, but this should be understood as the convergence (or
absolute convergence) of the sequence (

∑
i∈[m] xi) of partial sums.

Exercise 2.13. For any sequences (xm) and (ym) in a normed linear space X, prove:
(a) If

∑∞
xi and

∑∞
yi converge, so does

∑∞
(txi + yi) for any t ∈ R.

(b) If
∑∞

xi converges, then ‖
∑∞

xi‖ ≤
∑∞ ‖xi‖ .

(c) If
∑∞

xi converges, so does (xm).

A Characterization of Banach Spaces

There is a tight connection between the notions of convergence and absolute convergence of infinite
series in Banach spaces. In fact, we may use these concepts to obtain a useful characterization of the
notion of completeness of a normed linear space. This allows us think about completeness without
dealing with Cauchy sequences.

Proposition 2.15. (Banach) Let X be a normed linear space. Then, X is Banach if, and only if,
every absolutely convergent series in X is convergent.

Proof. Let X be a Banach space, and take any (xm) ∈ X∞ with
∑∞ ‖xi‖ < ∞. For any positive

integers k and l with k > l,∥∥∥∥∥∥
∑
i∈[k]

xi −
∑
i∈[l]

xi

∥∥∥∥∥∥ =

∥∥∥∥∥∥
∑

i∈[k−l]

xl+i

∥∥∥∥∥∥ ≤
∑

i∈[k−l]

‖xl+i‖

by subadditivity of ‖·‖ . This inequality and a quick appeal to Exercise 3.9 of Chapter A show that
(
∑
i∈[m] xi) is a Cauchy sequence in X. By completeness of X, therefore,

∑∞
xi must converge.

Conversely, assume that every absolutely convergent series in X is convergent. Let (xm) be a
Cauchy sequence in X. We wish to show that (xm) converges in X. The “trick”is to view the limit
of this sequence as an absolutely convergent series. As (xm) is Cauchy, we can find positive integers
m1 < m2 < · · · such that

∥∥xmi+1 − xmi

∥∥ < 2−i for each i (Proposition 2.1 of Appendix 1). So∑∞ ∥∥xmi+1
− xmi

∥∥ <∑∞ 2−i = 1 and hence, by hypothesis,
∑∞

(xmi+1
− xmi

) converges. Since

xmk+1
= xm1 +

∑
i∈[k]

(xmi+1 − xmi), k = 1, 2, ...,

this implies that (xmk
) converges in X. Now apply Proposition 2.1 of Appendix 1. �

Exercise 2.14. Let X be a normed linear space and (xm) a sequence in X such that
∑∞

xi
converges. Show that

∑∞
xρ(i) is also convergent for any permutation ρ on N.
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2.5 Fixed Point Theorems
The Glicksberg-Fan Fixed Point Theorem

The Banach Fixed Point Theorem works in a very general environment, but it demands a lot from
the self-map it applies. In the context of normed linear spaces, there are fixed point theorems
that are much less stringent in this regard. The following famous result, which reduces to the
Kakutani Fixed Point Theorem in the special case where X is a Euclidean space, applies even for
self-correspondences.

The Glicksberg-Fan Fixed Point Theorem. Let S be a nonempty compact and convex subset of
a normed linear space X, and Γ a convex-valued self-correspondence on S that has a closed graph.
Then, Γ has a fixed point, that is, x ∈ Γ(x) for some x ∈ X.

The following result, which reduces to the Brouwer Fixed Point Theorem in the special case
where X is a Euclidean space, is obtained upon specializing the Glicksberg-Fan Fixed Point Theorem
to the case of self-maps.

The Schauder Fixed Point Theorem. Every continuous self-map on a nonempty compact and
convex subset of a normed linear space has a fixed point.

An elementary proof for the Brouwer Fixed Point Theorem can be obtained by using combina-
torics; see Addendum to Chapter D of Ok (2007) at https://files.nyu.edu/eo1/public/books.html.
On the other hand, the Kakutani Fixed Point Theorem can be deduced from the Brouwer Fixed
Point Theorem (Ok (2007), Section E.5) and the Glicksberg-Fan Fixed Point Theorem from that of
Kakutani (Ok (2007), Section J.3.1) by approximation methods.

Exercise 2.15. Let S := {ϕ ∈ BC[0,1] : ϕ(0) = 0 = 1− ϕ(1)}, and show that the self-map Φ,
defined on S by Φ(ϕ)(t) := ϕ(t2), is 1-Lipschitz but has no fixed point. (Thus, compactness
cannot be reduced to closed and boundedness in the Schauder Fixed Point Theorem.)

Application: Nash’s Existence Theorem

A strategic game is a means of modeling the strategic interaction of a group of, say, m ≥ 2,
individuals. Each individual i ∈ [m] is assumed to have a nonempty set Si of available actions.
The outcome of the game is obtained when all individuals choose an action —hence an outcome
is any m-vector (x1, ..., xm), where xi ∈ Si for each i ∈ [m]. While we refer to Si as the action
space of player i, S := S1× · · ·×Sm is called the outcome space of the game. The distinguishing
feature of a strategic game is that the payoffs of a player depend not only on her own actions but
also on the actions taken by other players. We account for this by defining the payoff function of
player i, denoted πi, as any real function that is defined on the entire outcome space: πi : S → R.
If π1(x) > π1(y), for instance, we understand that individual 1 likes the outcome x better than y.
Formally speaking, then, we define a strategic game as any set {(S1, π1), ..., (Sm, πm)}, where Si
is an arbitrary nonempty set and πi ∈ RS .

Notation. For any nonempty sets S1, ..., Sm and i ∈ [m], we denote by S−i the (ordered) product
of the elements of {Sj : j ∈ [m]\{i}}. A generic element of S−i is denoted by x−i, and by (xi, x−i),
we mean the element of S obtained by inserting xi in the ith spot of the (m− 1)-vector x−i.

Definition. A strategic game {(S1, π1), ..., (Sm, πm)} is said to be regular if, for each i ∈ [m], Si is a
convex and compact subset of a normed linear space, πi is continuous, and πi(·, x−i) is quasiconcave
for every x−i ∈ S−i.
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The following is the most commonly used notion of “solution”for strategic games.

Definition. Let {(S1, π1), ..., (Sm, πm)} be a strategic game. We say that an outcome x∗ ∈ S is a
Nash equilibrium if x∗i ∈ arg max{πi(xi, x∗−i) : xi ∈ Si} for each i ∈ [m].

The following result, which is based on the Glicksberg-Fan Fixed Point Theorem, is of funda-
mental importance in game theory. It is one of the main reasons why the notion of Nash equilibrium
is such a widely used solution concept.

Nash’s Existence Theorem. Every regular game has a Nash equilibrium.

Proof. Take any regular game {(S1, π1), ..., (Sm, πm)}. For each i ∈ [m], define the correspondences
bi : S−i ⇒ Si and b : S ⇒ S by

bi(x−i) := arg max {πi(xi, x−i) : xi ∈ Si} and b(x) := b1(x−1)× · · · × bm(x−m),

respectively. (bi is called the best response correspondence of i.) By Weierstrass’Theorem,
b is well-defined. Notice that if x ∈ b(x), then xi ∈ bi(x−i) for all i, and hence x ∈ is a Nash
equilibrium. Consequently, if we can show that the Glicksberg-Fan Fixed Point Theorem applies to
b, the proof will be complete.

Now, S is easily checked to be compact and convex since each Si has these two properties.
To see that b is convex-valued, fix an arbitrary x ∈ S and 0 ≤ a ≤ 1, and notice that, for any
y, ς ∈ b(x), we have πi(yi, x−i) = πi(ςi, x−i). Thus by using the quasiconcavity of πi on Si, we find
πi(ayi + (1− a)ζi, x−i) ≥ πi(yi, x−i), that is, ayi + (1− a)ςi ∈ bi(x−i). Since this holds for each i,
we may conclude that ay + (1 − a)ς ∈ b(x). Conclusion: b is convex-valued. It remains to check
that b has a closed graph. But this follows readily from Proposition 5.5 of Appendix 1. �

3 Inner Product Spaces

3.1 Basics
Inner Products

Let X be a linear space. An R-valued function 〈·, ·〉 on X ×X is said to be a semi-inner product
on X, if for every x, y, ς ∈ X and a ∈ R, we have (i) 〈x, x〉 ≥ 0; (ii) (symmetry) 〈x, y〉 = 〈y, x〉 ; and
(iii) (linearity) 〈ax+ y, ς〉 = a 〈x, ς〉 + 〈y, ς〉. If, in addition, 〈x, x〉 = 0 implies x = 0, then we say
that 〈·, ·〉 is an inner product on X. If X is endowed with a (semi-)inner product, we say that it
is a (semi-)inner product space.

As an immediate consequence of (ii) and (iii), we see that 〈x, ·〉 is a linear functional on X as
long as 〈·, ·〉 is a semi-inner product on X. Another consequence of this definition is that 〈0, x〉 = 0
for any x ∈ X and any semi-inner 〈·, ·〉 product on X.

Example 3.1. Define 〈·, ·〉 on Rn×Rn by 〈x, y〉 := x1y1+ · · ·+xnyn. Then, 〈·, ·〉 is an inner product
on Rn. �

Example 3.2. Define 〈·, ·〉 on `2 × `2 by 〈x, y〉 :=
∑∞

xiyi. Then, 〈·, ·〉 is an inner product on `2. �

Norms induced by Inner Products

Every (semi-)inner product 〈·, ·〉 on a linear space induces a (semi)norm ‖·‖on X by the formula

‖x‖ :=
√
〈x, x〉. (7)
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(Subadditivity of this ‖·‖ is not obvious, but we will verify it shortly.) For instance, the norm induced
by the inner product of Rn (Example 3.1) is the Euclidean norm. Similarly, the norm induced by
the inner product of `2 (Example 3.2) is the 2-norm on `2.

An immediate consequence of (7) is that

‖x+ y‖2 = ‖x‖2 + 2 〈x, y〉+ ‖y‖2 for every x, y ∈ X. (8)

(This is verified easily by using the symmetry and linearity properties of 〈·, ·〉.) This identity helps
us derive some major results. Here is one:

The Cauchy-Schwarz Inequality. Let 〈·, ·〉 be a semi-inner product on a linear space X. Then,

|〈x, y〉| ≤ ‖x‖ ‖y‖ for every x, y ∈ X.

If 〈·, ·〉 is an inner product, then the equality holds here if, and only if, x and y are linearly dependent.

Proof. If x and y in X are linearly dependent, then x = ay for some real number a, so we have
|〈x, y〉| = |〈ay, y〉| = |a| |〈y, y〉| = |a| ‖y‖2 = ‖ay‖ ‖y‖ = ‖x‖ ‖y‖. Take, then, two vectors x and y in
X that are linearly independent so that x− ay 6= 0 for any a ∈ R. Then, by (8),

0 ≤ 〈x− ay, x− ay〉 = ‖x‖2 − 2a 〈x, y〉+ a2 ‖y‖2 ,

with the inequality being strict when 〈·, ·〉 is an inner product. So, setting a := 〈x, y〉 / ‖y‖2 here,
we find

0 ≤ ‖x‖2 − 2
〈x, y〉2

‖y‖2
+
〈x, y〉2

‖y‖2
,

which implies 0 ≤ ‖x‖2 ‖y‖2 − 〈x, y〉2 , with the inequalities being strict when 〈·, ·〉 is an inner
product. �

We may now easily verify that the (semi)norm induced by a (semi-)inner product is indeed a
(semi)norm.

Proposition 3.1. Let 〈·, ·〉 be a semi-inner product on a linear space X, and define the map ‖·‖ on
X by (7). Then,

‖x+ y‖ ≤ ‖x‖+ ‖y‖ for every x, y ∈ X.

If 〈·, ·〉 is an inner product, then the equality holds here if, and only if, either x or y is a nonnegative
multiple of the other.

Proof. Take any x and y in X. By (8) and the Cauchy-Schwarz Inequality, we have

‖x+ y‖2 = ‖x‖2 + 2 〈x, y〉+ ‖y‖2 ≤ ‖x‖2 + 2 ‖x‖ ‖y‖+ ‖y‖2 = (‖x‖+ ‖y‖)2 ,

proving our first assertion. On the other hand, the “if”part of our second assertion is straightforward.
To prove its “only if”part, notice that ‖x+ y‖ = ‖x‖+ ‖y‖ implies 〈x, y〉 = ‖x‖ ‖y‖ in view of the
inequality above. In this case, and when 〈·, ·〉 is an inner product, therefore, x and y must be linearly
dependent, that is, either x = ay or y = ax for some real number a. As 〈x, y〉 is a nonnegative
number here, this a must be nonnegative. �

In view of this result, we may treat a (semi-)inner product space as (semi)normed linear space,
and hence as a semimetric space, with the (often implicit) understanding that we use the (semi)norm
induced by this product and the (semi)metric induced by the resulting (semi)norm. The following
result is to be understood with this in mind.
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Proposition 3.2. Let X be a semi-inner product space. Then, the semi-inner product 〈·, ·〉 is
continuous on X ×X.

Proof. Take any two sequences (xm) and (ym) in X such that xm → x and ym → y for some x and
y in X. (Recall Example 1.11 of Appendix 1.) Then, (‖xm‖) is a bounded real sequence, so

|〈xm, ym〉 − 〈x, y〉| ≤ |〈xm, ym〉 − 〈xm, y〉|+ |〈xm, y〉 − 〈x, y〉|
= |〈xm, ym − y〉|+ |〈xm − x, y〉|
≤ ‖xm‖ ‖ym − y‖+ ‖xm − x‖ ‖y‖
→ 0

where we used the Cauchy-Schwarz Inequality (twice). �

The Parallelogram Law

A natural question is if every (semi)norm on a linear space is induced by some (semi-)inner product
on that space. The following result is key to answer this question.

The Parallelogram Law. Let 〈·, ·〉 be a semi-inner product on a linear space X, and define the map
‖·‖ on X by (7). Then,

‖x+ y‖2 + ‖x− y‖2 = 2(‖x‖2 + ‖y‖2) for every x, y ∈ X. (9)

Proof. Take any x and y in X. By (8), we have ‖x+ y‖2 = ‖x‖2 + 2 〈x, y〉 + ‖y‖2 and ‖x− y‖2 =

‖x‖2 − 2 〈x, y〉+ ‖y‖2 . Adding these identities up yields the claim. �

Exercise 3.1. For any p ≥ 1, show that the norm ‖·‖p on Rn is induced by an inner product
on Rn iff p = 2.

In fact, the Parallelogram Law yields a characterization of those norms that are induced by
inner products.

Theorem 3.3. (von Neumann) A (semi)norm ‖·‖ on a linear space X is induced by a (semi-)inner
product on X if, and only if, (9) holds.

Proof. We only need to prove the “if”part of the assertion. Let ‖·‖ be a seminorm on X such that
(9) holds, and consider the real map 〈·, ·〉 on X ×X defined by

〈x, y〉 := 1
4

(
‖x+ y‖2 − ‖x− y‖2

)
.

Then, 〈·, ·〉 is symmetric and takes nonnegative values on the diagonal of X. (Besides, 〈x, x〉 = 0
implies x = 0, provided that ‖·‖ is a norm.) Using (9), one can also show that 〈·, ς〉 is linear for
each ς ∈ X. �

Let 〈·, ·〉 be a (semi-)inner product on X and ‖·‖ the (semi)norm induced by 〈·, ·〉. Then, for any
x and y in X, (8) implies ‖x+ y‖2 = ‖x‖2 + 2 〈x, y〉+ ‖y‖2 and ‖x− y‖2 = ‖x‖2 − 2 〈x, y〉+ ‖y‖2 .
Subtracting the latter identity from the former, one gets 4 〈x, y〉 = ‖x+ y‖2−‖x− y‖2 . (This is the
so-called Polarization Identity.) The “mysterious”definition in the previous proof comes from this
observation.

Orthogonality

29



Let X be an inner product space (whose inner product is denoted as 〈·, ·〉.) We say that two vectors
x and y in X are orthogonal —we denote this by writing x ⊥ y —if 〈x, y〉 = 0. In turn, x is said
to be orthogonal to a nonempty subset S of X —we denote this by writing x ⊥ S —if 〈x, y〉 = 0
for every y ∈ S. The orthogonal complement of S, denoted by S⊥, is the set of all vectors in X
orthogonal to S, that is, S⊥ := {x ∈ X : x ⊥ S}. It is easy to see that we have S⊥ b X for every
subset S of X.

Best Approximation in Inner Product Spaces

Let X be an inner product space and S a nonempty subset of S. For any x ∈ X, we say that an
element y of S is a best approximation to x from S if ‖x− y‖ = d‖·‖(x, S). If for each x ∈ X
there is at least one best approximation to x from S, we say that S is proximinal. If for each x ∈ X
there is a unique best approximation to x from S, we say that S is a Chebyshev set.

It is worth noting that every proximinal set S in an inner product space X is necessarily closed.
(If it were not, there would be a sequence (xm) in S such that xm → x for some x ∈ X\S, which
implies d‖·‖(x, S) = 0 while ‖x− y‖ > 0 for each y ∈ S (since x is outside of S), contradicting
proximinality of S.) The converse of this is false, even if S is convex.

Exercise 3.2. Let X := {(xm) ∈ `2 : xm = 0 for all but finitely many m} and set Y :=
{(xm) ∈ X :

∑∞
2−ixi = 0}. Show that Y is a closed proper subspace of X, but there is no

best approximation to any element of X\Y from Y.

As for uniqueness of best approximations, we note that a proximinal set need not be Chebyshev
in general. (Think of the origin of R2 and the unit circle.) But convexity fixes this right up: Every
convex proximinal set in an inner product space is Chebyshev. The proof of this is easy; it is based
on the fact that every norm is a convex function.

Lemma 3.4. Every convex proximinal set in an inner product space is Chebyshev.

Proof. Let S be a convex proximinal set in an inner product space X. Take any x in X and suppose
y1 and y2 are best approximations to x from S. Then, 12 (y1 + y2) ∈ S (because S is convex), so

d‖·‖(x, S) ≤
∥∥x− 1

2 (y1 + y2)
∥∥ =

∥∥ 1
2 (x− y1) + 1

2 (x− y2)
∥∥ ≤ 1

2 ‖x− y1‖+ 1
2 ‖x− y2‖ = d‖·‖(x, S),

and it follows that
∥∥x− 1

2 (y1 + y2)
∥∥ = ‖x− y2‖. Now apply the second part of Proposition 3.1. �

Orthogonality and Best Approximation

In the context of inner product spaces, the notion of orthogonality provides a very useful way of
characterizing best approximations of vectors from linear subspaces.

Theorem 3.5. Let Y be a linear subspace of an inner product space X and x ∈ X. Then, for any
y ∈ Y,

‖x− y‖ = d‖·‖(x, Y ) iff x− y ⊥ Y.
Proof. If x− y ⊥ Y, then 〈x− y, y − ς〉 = 0 for each ς ∈ Y. So, using (8) in this case,

‖x− ς‖2 = ‖x− y + y − ς‖2 = ‖x− y‖2 + ‖y − ς‖2 ≥ ‖x− y‖2

for every ς ∈ Y, that is, y is a best approximation to x from Y. Conversely, suppose ‖x− y‖ =
d‖·‖(x, Y ), and take any ς ∈ Y . As x− y ⊥ 0, we may assume that ς 6= 0. Then, we use (8) to get

‖x− y‖2 ≤ ‖x− (y + aς)‖2 = ‖x− y‖2 − 2 〈x− y, aς〉+ a2 ‖ς‖2 ,

and hence, a2 ‖ς‖2 ≥ 2a 〈x− y, ς〉 for every nonzero real number a. This is possible only if 〈x− y, ς〉 =
0. �
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Exercise 3.3. Let S be a nonempty convex subset of an inner product space X and x ∈ X.
Prove: For any y ∈ S, we have ‖x− y‖ = d‖·‖(x, S) iff 〈x− y, ς − y〉 ≤ 0 for every ς ∈ S.

3.2 Hilbert Spaces
Hilbert Spaces

An inner product space X is said to be a Hilbert space if it is a Banach space relative to the norm
induced by its inner product. For instance, Rn and `2 are Hilbert spaces (with respect to their usual
inner products).

Best Approximation in Hilbert Spaces

Any closed and convex subset of a Hilbert space admits a nearest point to any given vector in the
space. In other words:

Theorem 3.6. Every closed and convex subset S of a Hilbert space X is Chebyshev.

Proof. In view of Lemma 3.4, we only need to show that S is proximinal. To this end, take any
x ∈ X, and set α := d‖·‖(x, S). Then, there is a sequence (ym) in S such that ‖x− ym‖ → α. By
the Parallelogram Law, for every positive integers k and l,

‖yk − yl‖2 = ‖(x− yl)− (x− yk)‖2

= 2(‖x− yl‖2 + ‖x− yk‖2)− ‖2x− (yk + yl)‖2

= 2(‖x− yl‖2 + ‖x− yk‖2)− 4
∥∥x− 1

2 (yk + yl)
∥∥2 .

But, as S is convex, 12 (yk + yl) ∈ S so α ≤
∥∥x− 1

2 (yk + yl)
∥∥ for each k and l. It follows that

‖yk − yl‖2 ≤ 2(‖x− yl‖2 + ‖x− yk‖2)− 4α2,

so ‖yk − yl‖ → 0 as k, l →∞. Thus, (ym) is a Cauchy sequence. Given that S is closed, therefore,
ym → y for some y ∈ S. Since ς 7→ ‖ς − x‖ is a continuous function (Proposition 3.2), then,
α = lim ‖ym − x‖ = ‖y − x‖. �

The Orthogonal Projection Theorem

For any two linear subspaces Y and Z of X, we write X = Y ⊕ Z if for every x in X there is a
unique (y, ς) ∈ Y ×Z such that x = y+ ς.We next show that every Hilbert space decomposes in this
manner into any one of its closed linear subspaces and the orthogonal complement of that subspace.

The Orthogonal Projection Theorem. For any closed linear subspace Y of a Hilbert space X, we
have X = Y ⊕ Y ⊥.

Proof. Take any x in X. By Theorem 3.6, there is a unique element y of Y such that ‖x− y‖ =
d‖·‖(x, Y ). By Theorem 3.5, x − y ⊥ Y, so defining ς := x − y yields the existence part of the
assertion. To see uniqueness, suppose we have y+ ς = y′ + ς ′ for some (y, ς) and (y′, ς ′) in Y × Y ⊥.
Then, y − y′ = ς ′ − ς ∈ Y ∩ Y ⊥ because Y ⊥ is a linear subspace of X. As it is easily checked that
Y ∩ Y ⊥ = {0}, we are done. �

Exercise 3.4. Prove: For any closed linear subspace Y of a Hilbert space X, we have Y =
Y ⊥⊥.
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The Dual of a Hilbert Space

There is a very nice characterization of the dual of any Hilbert space X. Let us begin by observing
that, for any y in X, the linear functional 〈y, ·〉 on X is bounded. Indeed, by the Cauchy-Schwarz
Inequality, we have sup{|〈y, x〉| : x ∈ BX} ≤ ‖y‖ . (As |〈y, y/ ‖y‖〉| = ‖y‖ , the converse inequality
is valid here as well, that is, ‖〈y, ·〉‖∗ = ‖y‖.) Thus, 〈y, ·〉 ∈ X∗ for every y ∈ X. It turns out that
every bounded linear functional on X arises in this way.

The Riesz Representation Theorem. Let X be a Hilbert space. Then, L ∈ X∗ if, and only if, there
is a unique y in X such that L = 〈y∗, ·〉 .

Proof. We only need to prove the “only if”part of the assertion. To this end, take any bounded
linear functional L on X. If L is the zero functional, we are done by choosing y∗ = 0, so we may
assume that L is nonzero. Then, null(L) is a closed proper linear subspace of X. It then follows
from the Orthogonal Projection Theorem that null(L)⊥ 6= {0}. Now, pick any y in L−1(0)⊥. As
null(L)⊥ is a linear subspace of X, we have ς := L(y)x+ L(x)y ∈ null(L)⊥ for every y ∈ null(L)⊥.
But we also have ς ∈ null(L), so, as null(L)∩ null(L)⊥ = {0}, we must have ς = 0. Thus, every
element of null(L)⊥ is a scalar multiple of y, that is, dim(null(L)⊥) = 1.

We now fix any y ∈ null(L)⊥ with ‖y‖ = 1. By what we have just seen in the previous paragraph,
for every x ∈ null(L)⊥ there is a real number a(x) such that x = a(x)y. Then, 〈y, x〉 = a(x) 〈y, y〉 =
a(x), so x = 〈y, x〉 y. By the Orthogonal Projection Theorem, for every ς ∈ X there exist ξ ∈ null(L)
and x ∈ null(L)⊥ such that ς = ξ + x. Then,

L(ς) = L(x) = 〈y, x〉L(y) = 〈y, ς − x〉L(y) = 〈y, ς〉L(y)− 〈y, x〉L(y),

so, since 〈y, x〉 , we find L(ς) = 〈y, ς〉L(y). Setting y∗ := L(y)y completes the existence part of our
assertion. Proving the uniqueness part is left as an exercise. �

Example 3.3. By the Riesz Representation Theorem, for every bounded linear functional L on `2.
there is a unique (yLm) ∈ `2 such that L(x1, x2, ...) =

∑∞
yLi xi. In turn, by the Cauchy-Schwarz

Inequality, ∣∣∣∣∣
∞∑
i=1

yLi xi

∣∣∣∣∣ ≤ ∥∥(yLm)
∥∥
2
‖(xm)‖2 for every (xm) ∈ `2.

Then, by Exercise 2.6, ‖L‖∗ ≤
∥∥(yLm)

∥∥
2
. Moreover, it easily checked that

∣∣L(yL1 , y
L
2 , ...)

∣∣ =
∥∥(yLm)

∥∥2
2
.

Conclusion: ‖L‖∗ =
∥∥(yLm)

∥∥
2
.

We now “compute”the dual of `2. By the Riesz Representation Theorem, the map 〈(ym), ·〉 7→
(ym) is a bijection from (`2)∗ onto `2. It is readily checked that this map is linear. It is also an
isometry, by what we have found in the previous paragraph. Conclusion: The dual of `2 is itself (in
the sense that `2 and (`2)∗ are linearly isometric normed linear spaces). �

32


