
Chapter K
Theory of Martingales

Our work in Chapter I puts us in a good position to outline an introduction to the
theory of basic stochastic processes that have been applied in various branches of
economics. In particular, the present chapter provides a fairly detailed introduction
to the theory of martingales, undoubtedly one of the most important topics in proba-
bility theory. Our main objective is to develop a good grounding for a more extensive
study of stochastic processes, so in addition to topics related to the useful Optional
Stopping Theorem, we present two proofs for the famous Martingale Convergence
Theorem, and provide a fairly detailed treatment of uniformly integrable martingales.
The applicability of the theory is, in turn, illustrated by means of several classical
topics from probability and measure theory. In particular, we derive here a number of
interesting results concerning one-dimensional random walks and branching processes
and talk about gambling-type situations. We also provide here another proof for the
Strong Law of Large Numbers, establish the vector lattice structure of the space of
all Borel charges on a compact metric space, and prove the uniqueness part of the
Ergodic Decomposition Theorem, as well as the Radon-Nikodym Theorem by using
martingales. The chapter concludes with some economic applications, namely, the
theory of self-insurance and the effi cient capital market model, in which martingales
play a key role.1

1 Martingales

Our objective in this section is to develop the fundamentals of the theory of martin-
gales, and prepare for the substantial results and applications that will be presented
in the subsequent sections. In particular, we will work through a good number of ex-
amples here, and talk about the analysis of gambling type situations at some length
(because they arise often in economic applications).

1.1 Basic Definitions

Filtrations
1The theory of martingales is now a standard topic of probability theory, but some texts give

more prominence to it than others. In particular, I should recommend Hall and Heyde (1980) and
Williams (1991) for brilliant accounts of martingales and their applications, but again, it may be
easier to follow these texts after going through a more leisurely introduction (such as the present
one). In addition, you may want to read Doob (1971) to get a quick overall view of the theory of
martingales, and learn a bit about the history of the topic.
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Definition. Let (X,Σ) be a measurable space. A sequence (Σm) of σ-algebras on X
is said to be a filtration in Σ, if

Σ1 ⊆ Σ2 ⊆ · · · ⊆ Σ·

A filtration models information that is accumulated through time. If (Σm) is a
filtration in Σ, then the events (the elements of Σ) that we can “observe”to occur in
period 1 are contained in the (presumably very coarse) σ-algebra Σ1. In period 2, we
learn more, so we can then tell which members of Σ2 have occurred. (Since Σ1 ⊆ Σ2,
we know today (that is, before the experiment is run) that we will learn “more” in
period 2.) And on and on —we get more knowledgable as time unfolds.

Adapted Random Sequences

In applications, filtrations are often induced by random sequences. For instance,
consider a sequence (xm) of random variables on a measurable space (X,Σ), and
suppose we will be told the value of xm in period m. In this case, and working under
the hypothesis of perfect recall, our information in period 1 is modeled by σ(x1), and
that in period 2 by σ(x1, x2), and so on. Consequently,

(σ(x1), σ(x1, x2), ...)

is a filtration in Σ that corresponds to the information accumulation that takes place
under this scenario. Of course, the situation might be altered in such a way that we
will be given some information in periodm in addition to the values of x1, ..., xm. (For
instance, in addition to those of x1, ..., xm, we may learn the values of another set of
random variables on (X,Σ) at time m.) In this case, we would model the associated
information structure by using a filtration (Σm) in Σ that satisfies σ(x1, ..., xm) ⊆ Σm

for each m. This prompts the following definition.

Definition. Let (xm) be a sequence of random variables on a measurable space
(X,Σ), and (Σm) a filtration in Σ. We say that (xm) is adapted to (Σm) if xm is
Σm-measurable, m = 1, 2, ....

Any sequence (xm) of random variables on a measurable space is adapted to the
filtration (σ(x1), σ(x1, x2), ...), which is called the minimal filtration of (xm). This
filtration is indeed minimal in the sense that if (xm) is adapted to another filtration
(Σm) in Σ, then σ(x1, ..., xm) ⊆ Σm for each m. (Indeed, for any positive integers k
and m with k ≤ m, the random variable xk must be Σm-measurable, because it is
Σk-measurable and Σk ⊆ Σm.)
We are now prepared for our main course:

Definition. Let (xm) be a sequence of random variables on a probability space
(X,Σ,p), and (Σm) a filtration in Σ. The sequence (xm) is said to be a martingale
with respect to (Σm) if, for every positive integer m,
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(i) xm is integrable,

(ii) (xm) is adapted to (Σm),

(iii) E(xm+1 |Σm) =a.s. xm.

If (i) and (ii) hold, but instead of (iii) we have

(iv) E(xm+1 |Σm) ≤a.s. xm,

then we say that (xm) is a supermartingale with respect to (Σm). On the other
hand, if (i) and (ii) hold, but instead of (iii) we have

(v) E(xm+1 |Σm) ≥a.s. xm,

then we say that (xm) is a submartingale with respect to (Σm).2

Terminology. When we talk of a (super/sub)martingale (xm) on (X,Σ,p), what
we mean is that (xm) is a (super/sub)martingale with respect to some filtration in
Σ. Similarly, when we talk of a (super/sub)martingale (xm) without giving reference
to the underlying probability space and the filtration, then it should be understood
that each xm is a random variable on some probability space (X,Σ,p), and (xm) is a
(super/sub)martingale with respect to some filtration in Σ.

Intuitively, a sequence (xm) of random variables on a given probability space
(X,Σ,p) models the outcomes of a particular random phenomena that takes place
through time, whereas the mth term of a filtration (Σm) in Σ tells us precisely what
will be known in periodm (once that period is reached). If (xm) is a (super)martingale
with respect to (Σm), then at each period m we are to receive partial information
about the outcome of this random phenomena —at the very least, we will know the
values of x1, ..., xm —and conditional on this information, we are to expect the value
of xm+1 to be (less than or equal to) the “observed”value at date m. For instance,
if the daily value of a given stock is modeled as a martingale, then we expect the
value of the stock on Tuesday to equal its value on Monday, conditional on all the
information available to us on Monday.3

2Chung (2001) refers to all three of these notions jointly as smartingales, but, unfortunately, this
terminology is not commonly adopted.

3All this is understood in the sense of conditional expectation, that is, before the actual experi-
ment underlying the random phenomena that we are interested in takes place. For instance, at the
initial state (say, period 0), we know that if we observe in period 2 that x1 = 2 and x2 = 6, then
we will at least know that an outcome ω in {x1 = 2} ∩ {x2 = 6} has occurred —we could have even
more precise information about this if Σ2 was larger than σ(x1, x2) —and given this information,
we expect the value of x3 to be 6.
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Term-by-Term Expectations of Martingales

It is important to note that the expected values of the terms of a supermartingale
(submartingale) makes up a decreasing (increasing) real sequence. Indeed, if (xm) is
a supermartingale on a probability space (X,Σ,p), then, by definition, x1 exceeds
E(x2 |Σm) with probability one, x2 exceeds E(x3 |Σm) with probability one, and so
on, where (Σm) is the filtration in Σ under consideration. This means that∫

S

xmdp ≥
∫
S

xm+1dp for every S ∈ Σm

for each positive integer m, so choosing S = X here, we find

E(x1) ≥ E(x2) ≥ · · ·

whenever (xm) is a supermartingale. If (xm) is a submartingale, all of these inequal-
ities are reversed, and if it is a martingale, they hold as equalities. That is,

E(x1) = E(x2) = · · ·

whenever (xm) is a martingale.4

Insight. All terms of a martingale has the same expectation.

Remark 1.1. If (xm) is both a submartingale and a supermartingale with respect to
a filtration, then it must be a martingale with respect to that filtration. Also, (xm) is
a submartingale iff (−xm) is a supermartingale (with respect to the same filtration).
Thanks to this fact, one can apply a result that is proved for submartingales to a
supermartingale simply by changing signs, and conversely. �

Warning. A sequence (xm) of integrable random variables on a probability space
(X,Σ,p) need not be either a submartingale or a supermartingale. For instance, if
(xm) is an i.i.d. random sequence with pxm{1} = 1

2
= pxm{−1} for each m, then

(xm) is need not be either a submartingale nor a supermartingale with respect to
its minimal filtration. (Why?) Similarly, if x3m−2 = 1, x3m−1 = 2 and x3m = 3,
m = 1, 2, ..., then (xm) is neither a submartingale nor a supermartingale with respect
to any filtration in Σ.

Exercise 1.1. Prove: If (xm) is a (super)martingale with respect to some filtration, then it is
also a (super)martingale with respect to its minimal filtration.

4For instance, if each xm is a constant random variable, that is, there is a real sequence (am)
such that xm = am for each m, then (xm) is a martingale iff a1 = a2 = · · ·. Similarly, (xm) is a
supermartingale iff (am) is a decreasing sequence.
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Exercise 1.2. Let (xm) be a sequence of random variables on a probability space (X,Σ,p).
Show that (xm) is a martingale with respect to (Σ,Σ, ...) iff there exists an x ∈ L1(X,Σ,p)
such that xm =a.s. x for each m.

Exercise 1.3. Give an example of a sequence of random variables on a probability space
(X,Σ,p) such that (xm) is a martingale with respect to a filtration (Σm) in Σ, but not with
respect to a filtration (Σ′m) in Σ with Σm ⊆ Σ′m, m = 1, 2, ... (Interpretation. Having access
to more information may spoil the martingale property.)

Exercise 1.4.H Let (xm) be a sequence of random variables on a probability space (X,Σ,p).
Prove: If (xm) is a martingale with respect to (Σm), then E(xk |Σm) =a.s. xm for any integers
k and m with k > m.

1.2 Examples

Symmetric Random Walk vs. Martingales

Our first example shows that every symmetric random walk is a martingale.

Example 1.1. Let (xm) be a sequence of independent random variables on a proba-
bility space (X,Σ,p). Assume E(xm) = 0, and define ym := x1 + · · · + xm for each
positive integer m. Then, we claim, (ym) is a martingale with respect to its minimal
filtration (Σm).5 Indeed, E(|ym|) ≤ E(|x1|) + · · · + E(|x1|), so each ym is integrable.
Furthermore, we have

E(ym+1 |Σm) =a.s. E(ym + xm+1 |Σm)
=a.s. E(ym |Σm) + E(xm+1 |Σm)
=a.s. ym + E(xm+1)
=a.s. ym

since ym is Σm-measurable and xm+1 is independent of Σm. �

Let us elaborate on Example 1.1 a bit further. Our objective is to give an early
hint about why martingales are found so useful in the context of economics.

Example 1.2. (Gambling Theory) Martingales are very useful for modeling gambling
type situations.6 To see this, let (xm) be a sequence of integrable random variables on
a probability space (X,Σ,p).We can interpret xm as the (random) winnings per unit
stake of a gambler —let’s call him Jack —in the mth game that Jack plays. Evidently,
if (xm) is i.i.d., then the interpretation would be that Jack plays the same game over

5Quiz. Use induction to show that σ(y1, ..., ym) = σ(x1, ..., xm) for each m, so the minimal
filtrations of (ym) and (xm) coincide in this example.

6I talk about “gambling type”situations in a very broad sense here. For instance, the theories
of job search, assortative matching and (social or individual) learning use such situations as their
basic framework.
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and over again. Yet, as we shall see shortly, martingales allow us to analyze consid-
erably more general situations than this, where “identically distributed”hypothesis
is dropped, and “independently distributed”hypothesis is significantly weakened.
To model that each game that Jack plays is fair, it makes sense to assume that

E (xm+1 |Σm) =
a.s.

0

for each m, where (Σm) stands for the minimal filtration of (xm). (A special case of
this scenario obtains if

∐
[x1, x2, ...] and E(xm) = 0 for each m. This is the case we

looked at in the previous example.)
For any positive integer m, the total earnings of Jack after m periods is given

by the random variable ym := x1 + · · · + xm. It is plain that (ym) is a sequence of
integrable random variables adapted to the minimal filtration (Σm) of (xm). In fact,
(ym) is a martingale, because, for every m, we have

E(ym+1 |Σm) =a.s. E(ym + xm+1 |Σm)
=a.s. E(ym |Σm) + E(xm+1 |Σm)
=a.s. ym.

Analogously, if we had E (xm+1 |Σm) ≤ 0 for each m, then (ym) would be a super-
martingale, and the model at hand would have it that the games at hand are unfair.
Now, of course, this is not a completely satisfactory model, because Jack need not

put a unit stake at every stage, but may rather have a “strategy” like “start with
betting $1, and if you win, bet twice as much, otherwise don’t bet anything for two
rounds, and then bet $3, and if ...”. In general, by a gambling strategy, we mean a
predictable process relative to (Σm), that is, a sequence (αm) in L0(X,Σ) such that
α1 is constant, and for each m, the map αm+1 is Σm-measurable. (The interpretation
of the measurability requirement is: I should be able to know how much I will bet at
stage m+1, given that I know the path of my earnings up to stage m. The “value”of
αm+1 must be determined once we “know”Σm.) Our question is this: Can Jack find
a smart gambling strategy which will turn a fair sequence of games into a favorable
one?
You would probably answer this question negatively if asked on the street, but now

we can do much better; we can formulate the problem in the language of martingale
theory, and then show formally that the answer is no. Let (αm) be an arbitrary
gambling strategy. We shall assume that each αm is bounded, which means that Jack
has a limited betting capacity at each round. Then, if we think of αm as the amount
that Jack bets at the mth round —this is, of course, random —his total earnings at
stage m would be

y∗m := α1x1 + · · ·+ αmxm.

(In probability theory, (y∗m) is referred to as amartingale transform of (xm).) Thus,
our question can be formalized as follows:
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Is it possible for (y∗m) to be a submartingale with respect to (Σm) when
(ym) is known to be a martingale with respect to (Σm)?

We will now show that this is impossible, by demonstrating that (y∗m) remains a
martingale under these conditions.
For any positive integer m and i ∈ [m], we have αixi ∈ L0(X,Σm), and hence y∗m

is Σm-measurable. On the other hand, as each αi is bounded and xi is integrable,
αixi ∈ L1(X,Σ,p) for each i ∈ N. Thus, (y∗m) is a sequence in L1(X,Σ,p). Finally,
for any m,

E(y∗m+1 |Σm) =a.s. E (y∗m |Σm) + E (αm+1xm+1 |Σm)
=a.s. y∗m + αm+1E (xm+1 |Σm)

where the final equation follows from Proposition I.2.3. Since E (xm+1 |Σm) =a.s. 0,
therefore, we have E(y∗m+1 |Σm) =a.s. y

∗
m for each m, that is, (y∗m) is a martingale with

respect to (Σm), as we sought.7 �

Exercise 1.5. Let (xm) be a sequence of random variables on a probability space (X,Σ,p),
and (Σm) a filtration in Σ. We say that (xm) is a martingale difference sequence with
respect to (Σm) if, for every positive integer m, (i) xm is integrable; (ii) (xm) is adapted
to (Σm); and (iii) E (xm+1 |Σm) =a.s. 0. Prove: (xm) is a martingale difference sequence iff
(x1 + · · ·+ xm) is a martingale with respect to (Σm).

Exercise 1.6.H Let (X,Σ,p) be a probability space, and (xm) a martingale difference sequence
with respect to some filtration (Σm). Show that, for any distinct positive integers i and j,
the random variables xi and xj must be uncorrelated, that is, E(xixj) = E(xi)E(xi).

Insight. This shows that the increments of a martingale has to be uncorrelated (but not
necessarily independent).

Exercise 1.7 Let (xm) be a supermartingale and (αm) a predictable process with respect
to a filtration (Σm). Prove: If each αm is bounded and nonnegative, then (

∑m
αixi) is a

supermartingale. Also show that if 0 ≤ αm ≤ 1 for each m, then E (
∑m

xi) ≤ E (
∑m

αixi) .

Doob Martingales

Our next example introduces another type of a martingale. While the structure of this
martingale may seem rather special at first strike, we shall later see that numerous
martingales are, implicitly, of this form.

Example 1.3. (Doob Martingales) Let x be an integrable random variable on a
probability space (X,Σ,p), and (Σm) a filtration in Σ. Define

xm := E(x |Σm),

7For an enjoyable account of the applications of martingale theory to the theory of gambling, see
Snell (1982).

7



that is, each xm is any random variable on (X,Σ) which is a version of E(x |Σm).
We wish to show that (xm) is a martingale with respect to (Σm). By definition of
conditional expectation, xm is Σm-measurable for each m. Moreover, again by the
definition of conditional expectation, E(xm) = E(x), so integrability of x entails that
of xm, for each m. Finally, we have

E(xm+1 |Σm) =a.s. E(E(x |Σm+1) |Σm) =a.s. E(x |Σm) =a.s. xm

by Proposition I.2.2. �

Exercise 1.8. Let (xm) be a sequence of i.i.d. random variables such that E(x1) = 0 and
V(x1) <∞. Show that

((x1 + · · ·+ xm)2 −mV(x1))

is a martingale with respect to the minimal filtration of (xm).

Exercise 1.9. Let (xm) be a sequence of independent random variables on (X,Σ,p) with
E(xm) 6= 0 for each m, and let (Σm) be the minimal filtration of (xm).
(a) Show that (

∏m
(xi/E(xi))) is a martingale with respect to (Σm).

(b) Prove or disprove: If (αm) is a real sequence such that αm 6= 0 for each m, and (
∏m

αixi)
is a martingale with respect to (Σm), then αm = 1/E(xm) for each m.

Exercise 1.10. (Centering by Conditional Means) Let (xm) be a sequence of integrable random
variables on (X,Σ,p), and let (Σm) be the minimal filtration of (xm). Define y1 := x1−E(x1),
and

ym := y1 +

m∑
i=2

(xi − E(xi |Σi−1))

for any integer m ≥ 2. Show that (ym) is a martingale.

New Martingales from Old Ones

Our next set of examples shows how “new”(super/sub) martingales can be created
from “old”(super/sub) martingales.

Example 1.4. Let (xm) be a sequence of random variables on a probability space
(X,Σ,p), and (Σm) a filtration in Σ.

[1] Let (am) be a decreasing real sequence. If (xm) is a martingale with respect to
(Σm) and xm ≥ 0 for each m, then it is easily checked that (amxm) is a supermartin-
gale.

[2] Let (xm) be a martingale with respect to (Σm). If ϕ is a convex self-map on an
open interval that includes the range of each xm, and E(|ϕ ◦ xm|) < ∞ for every m,
then (ϕ◦xm) is a submartingale with respect to (Σm). Indeed, convexity of ϕ implies
that ϕ is continuous (Corollary A.4.4), and hence ϕ ◦ xm is Σm-measurable for each
m. Moreover, by the Conditional Jensen’s Inequality,

E(ϕ ◦ xm+1 |Σm) ≥
a.s.

ϕ(E(xm+1 |Σm)) =
a.s.

ϕ ◦ xm.
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Notice that, if ϕ was increasing and (xm) was known only to be a submartingale,
then the same conclusion would obtain.

[3] If (xm) is a martingale with respect to (Σm), then both (|xm|) and (x2m) are
submartingales with respect to (Σm). Similarly, if (xm) is a submartingale with respect
to (Σm), and xm ≤ 0 for each m, then (exm) is a submartingale with respect to (Σm).
These are special cases of the previous observation.

[4] Assume that xm ∈ L2(X,Σ,p) for each m, and that (xm) is a martingale with
respect to (Σm). If y ∈ L2(X,Σ1,p), then (yxm) is a martingale with respect to (Σm).
After all, as Σ1 ⊆ Σm for each m, it is clear that (yxm) is adapted to (Σm). Moreover,
by the Cauchy-Schwarz Inequality —recall Exercise C.6.1 —we have

E(|yxm|) ≤
√
E(|y|2)E(|xm|2) <∞

for eachm. Finally, by Proposition I.2.3, we have E(yxm+1 |Σm) =a.s. yE(xm+1 |Σm) =
yxm for each m. �

Exercise 1.11. Let (xm) and (ym) be martingales with respect to a filtration (Σm). Show that
(xm+ym) is a martingale, and (max{xm, ym}) is a submartingale with respect to (Σm). How
about (min{xm, ym})?
Exercise 1.12. Let (xm) be a sequence of integrable random variables on a probability space
(X,Σ,p), and let (Σm) be the minimal filtration of (xm). Define the sequence (fm) of self-
maps on R by

fm(t) :=
t− bm
am

,

where (am) and (bm) are two real sequences with am 6= 0 for each m. Let

gm := f1 ◦ · · · ◦ fm,

and define ym := αgm(xm), where α is some real number. Show that if E(xm+1 |Σm) =
amxm + bm for every positive integer m, then (ym) is a martingale with respect to (Σm).

The Doob Decomposition

We have seen in Exercise 1.10 that every sequence of integrable random variables
can be transformed into a martingale through centering by conditional means. We
conclude this introductory section by making note of the following important conse-
quence of this observation.

The Doob Decomposition Theorem. Let (xm) be a submartingale on a probability
space (X,Σ,p) with respect to a filtration (Σm) in Σ. Then, there exist two sequences
(ym) and (zm) in RX such that

(xm) = (ym) + (zm),

where
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(i) (ym) is a martingale with respect to (Σm) and E(y1) = 0,
(ii) z1 ≤a.s. z2 ≤a.s. · · ·,
(iii) zm+1 is Σm-measurable for each m.

Insight. Every submartingale can be split into a martingale and an increasing pre-
dictable process. (In particular, every nonnegative submartingale is bounded below
by some martingale.)

We outline the proof of this theorem in the following exercise.

Exercise 1.13. (Proof of the Doob Decomposition Theorem) Let X, Σ, (Σm) and (xm) be as
in the Doob Decomposition Theorem. Define (ym) as in Exercise 1.10 and set zm := xm−ym.
Show that (ym) is a martingale, and (zm) an increasing predictable process, with respect to
(Σm).

2 Stopped Martingales

2.1 Stopping Times

First Impressions

A gambler may have a strategy that posits that she stop betting conditional on the
nature of information she will receive at time m. Similarly, a rational individual who
needs to search for the best job possible would presumably adopt a policy that will
tell her exactly when to end her search depending on the outcome of the search up
to various points in time. The “stopping decision”in these sorts of situations is best
modeled as a random variable which is measurable with respect to the σ-algebra
that represents the information available at time m. This idea prompts the notion of
stopping time which will play a central role in what follows.

Definition. Let (X,Σ) be a measurable space and (Σm) a filtration in Σ. An R-valued
random variable τ on (X,Σ) is said to be a stopping time (or a Markov time) with
respect to (Σm) if

τ(X) ⊆ {1, 2, ...,∞}
and

{τ = m} ∈ Σm for every m = 1, 2, ...,∞, (1)

where Σ∞ := σ(Σ1 ∪ Σ2 ∪ · · ·).

Thus a Σ-measurable [0,∞]-valued map τ on X is a stopping time with respect to
a filtration (Σm) in Σ if (i) for every outcome ω in X, τ(ω) is either ∞ or a positive
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integer, and (ii) {τ = m} is an event the occurrence of which can be discerned at
time m.8 We note that the latter requirement can be equivalently expressed as

{τ ≤ m} ∈ Σm for every m = 1, 2, ...,∞, (2)

because Σ1 ⊆ Σ2 ⊆ · · · ⊆ Σ∞. Indeed, if (1) holds, then

{τ ≤ m} =
⊔
i∈[m]

{τ = i} ∈ Σm

for every m ∈ {1, 2, ...,∞}, and conversely, if (2) holds, then

{τ = m} = {τ ≤ m}\{τ ≤ m− 1} ∈ Σm

for every m ∈ {1, 2, ...,∞}. Furthermore, if τ is a stopping time with respect to (Σm),
then

{τ > m} ∈ Σm for every m = 1, 2, ...,

because {τ > m} = X\{τ ≤ m} ∈ Σm for each m. (This, again, makes perfect sense.
One needs to know by time m if she is “not to stop”at time m.) Of course, we also
have {τ ≥ m} ∈ Σm for each m as well.

Examples

Example 2.1. Every constant function from X into {1, ...,∞} is a stopping time
with respect to any filtration (Σm) in any σ-algebra on X. For instance, τ = 1 is a
stopping time that tells us to stop immediately. At the other extreme is τ =∞. This
stopping time maintains that one never stops.
More generally, if τ is a stopping time with respect to (Σm) and m is any positive

integer, then
ω 7→ min{τ(ω),m}

is a stopping time with respect to (Σm). Clearly, this stopping time maintains that
the stopping decision is to be taken no later than period m. �

Example 2.2. (First Hitting Time) Let (xm) be a sequence of random variables on a
measurable space (X,Σ), and let (Σm) be the minimal filtration of (xm). (Of course,
Σ∞ = σ(x1, x2, ...) in this case.) For any Borel subset S of R, we define the first
hitting time of S by (xm) as the R-valued random variable τ on (X,Σ) with

τ(ω) := inf{m ∈ N : xm(ω) ∈ S}.
8If {τ = m} /∈ Σm, then I would not know whether I should stop or not, after being told

which events in Σm have actually occurred. As in the case of gambling strategies, the measurability
assumption that defines a stopping time rules out this sort of an oddity.
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(Since inf ∅ =∞, we have τ(ω) =∞ iff xm(ω) /∈ S for every positive integer m.) It is
easy to see that τ is a stopping time with respect to (Σm). Indeed, for anym = 2, 3, ...,
we have

{τ = m} = {x1 /∈ S} ∩ · · · ∩ {xm−1 /∈ S} ∩ {xm ∈ S}
∈ σ(x1, ..., xm).

The extreme cases {τ = 1} ∈ σ(x1) and {τ =∞} ∈ Σ∞ are similarly established. �

Example 2.3. (Last Exit Time) Consider the setting of the previous example, and
consider the extended real function ς defined on X by

ς(ω) := sup{m ∈ N : xm(ω) ∈ S},

if {m : xm(ω) ∈ S} is bounded from above, and by ς(ω) := ∞ otherwise. This
function need not be a stopping time with respect to (Σm), because

{ς = m} = {xm ∈ S} ∩
∞⋂

i=m+1

{xi /∈ S},

and the latter event need not lie in Σm. Put differently, the event {ς = m} uses
information about the future — that is, information contained in Σm+1,Σm+2, ... —
while if ς was a stopping time, this event would be determined by the information
available at period m.
For a concrete example, let (X,Σ) be the measurable space constructed in Exam-

ple B.2.2 for the experiment of tossing a fair coin infinitely many times, and define
xi ∈ L0(X,Σ) by xi(ω1, ω2, ...) := ωi for each positive integer i. Clearly, σ(x1) equals
{∅, A,X\A,X}, where A := {(ωm) ∈ {0, 1}∞ : ω1 = 1}. Then, letting S := {1}, we
find that {ς = 1} = {(1, 0, 0, ...)} which does not belong to σ(x1). �

Exercise 2.1. Let (X,Σ) be a measurable space, and τ a stopping time with respect to a
filtration (Σm) in Σ such that τ > 1. Is τ + 1 a stopping time with respect to (Σm)? How
about τ − 1?

Exercise 2.2. Let (xm) be a sequence of random variables on a measurable space (X,Σ), and
(Σm) the minimal filtration of (xm). Let S be a Borel subset of R, and define ς ∈ L0(X,Σ)
by

ς(ω) := inf{m ∈ N : m > τ(ω) and xm(ω) ∈ S},
where τ is the first hitting time of S by (xm). Is ς —which may be called the second hitting
time of S by (xm) —a stopping time? How about the map ξ : X → R, defined by

ξ(ω) := inf{m ∈ N : xm(ω) = xm+1(ω)}?

Exercise 2.3. Let (X,Σ) be a measurable space, and τ and ς two stopping times with respect
to a filtration (Σm) in Σ. Show that min{τ , ς} and max{τ , ς} are stopping times with respect
to (Σm).
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Exercise 2.4. Let (X,Σ) be a measurable space, and (τm) a sequence of stopping times with
respect to a filtration (Σm) in Σ. Show that lim sup τm and lim inf τm are stopping times
with respect to (Σm).

Exercise 2.5. Let (X,Σ) be a measurable space, and τ a stopping time with respect to a
filtration (Σm) in Σ. The σ-algebra induced by τ is defined as

Στ := {S ∈ Σ : S ∩ {τ = m} ∈ Σm for every m ∈ {1, 2, ...,∞}}.

Prove the following facts.
(a) Στ is a sub-σ-algebra of Σ.
(b) τ ∈ L0(X,Στ ).
(c) If ς is a stopping time with respect to (Σm) with τ ≤ ς, then Στ ⊆ Σς .
(d) x ∈ L0(X,Στ ) iff x1{τ≤m} ∈ L0(X,Σm) for every positive integer m.
(e) If (xm) ∈ L0(X,Σ)∞ and (Σm) is the minimal filtration of (xm), then

Στ = σ(xmin{τ,1}, xmin{τ,2}, ...).

2.2 Stopped Processes

Let (xm) be a sequence of random variables on a measurable space (X,Σ) adapted
to a filtration (Σm) in Σ. Suppose that the sequence (xm) will be stopped according
to a stopping time τ with respect to (Σm). Then, the sequence that we will actually
“observe”is not (xm), but it is rather (xτm), where

τm := min{τ ,m}

and xτm : X → R is defined by

xτm(ω) := xτm(ω)(ω).

Put more explicitly, we have

xτm(ω) :=

{
xm(ω), if m ≤ τ(ω)
xτ(ω)(ω), if m > τ(ω)

for every outcome ω in X. The sequence (xτm) is often referred to as a stopped
process.
For instance, if the outcome ω were realized and τ(ω) = 3, then, while the original

random sequence (xm) would look like

x1(ω), x2(ω), x3(ω), x4(ω), x5(ω), ...,

the realization of the stopped process (xτm) would be

x1(ω), x2(ω), x3(ω), x3(ω), x3(ω), ...

Now, it is easily checked that (xτm) is a sequence in L0(X,Σ) which is adapted to
(Σm). Indeed, for any Borel subset S of R and positive integer m, we have

{xτm ∈ S} =
⊔
i∈[m]

{τ = i and xi ∈ S} t {τ > m and xm ∈ S}.
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As (Σm) is a filtration, and xi is Σi-measurable, i ∈ [m], it follows that {xτm ∈ S} ∈
Σm for each m. Furthermore, if each xm is integrable, so is each xτm . (Why?) In fact,
(xτm) inherits even the martingale property from (xm). We prove this result, which
is sometimes referred to as the Optional Sampling Theorem, next.

Theorem 2.1. Let (X,Σ,p) be a probability space, and let (xm) be a (super)martingale,
and τ a stopping time, with respect to a filtration (Σm) in Σ. Then, (xτm) is a (su-
per)martingale with respect to (Σm).

Proof. Assume that (xm) is a supermartingale with respect to (Σm). We have al-
ready noted above that (xτm) satisfies the appropriate integrability and measurability
requirements. Next, fix any positive integer m, and observe that

xτm+1 = xτm + 1{τ>m}(xm+1 − xm).

Clearly, as {τ > m} ∈ Σm, the map 1{τ>m} is Σm-measurable, and hence

E(xτm+1 |Σm) =a.s. E(xτm |Σm) + E(1{τ>m}(xm+1 − xm) |Σm)
=a.s. xτm + 1{τ>m} (E(xm+1) |Σm)− E(xm |Σm))
=a.s. xτm + 1{τ>m} (E(xm+1) |Σm)− xm) .

As E(xm+1) |Σm) ≤a.s. xm, we thus find

E(xτm+1 |Σm) ≤
a.s.

xτm ,

as we sought. (Of course, we would have an almost sure equality here if (xm) were a
martingale with respect to (Σm).) �

Remark 2.1. Adopting the gambling interpretation discussed in Example 1.2, we
may think of Theorem 2.1 as saying that a gambler cannot turn a fair sequence of
games into a favorable one by using a bounded stopping time. Intuitively speaking,
this is because using a bounded stopping time can be viewed as a particular gambling
strategy (that is, a predictable process), and we have seen earlier that no gambling
strategy can alter the “martingale property”of a sequence of games. To see this, let
(ym) be a martingale on a probability space (X,Σ,p) with respect to a filtration (Σm)
in Σ. Define x1 := y1 and xm := ym − ym−1 for each integer m > 1. (Then, (xm) is a
martingale difference sequence, and we have ym =

∑m xi for each m.) Next, define
αm := 1{τ>m} for each m, and notice that (αm) is a predictable process relative to
(Σm). But, clearly,

yτm = α1x1 + · · ·+ αmxm,

that is, (yτm) is a martingale transform of (xm). By what we have shown in Example
1.2, (yτm) must be a martingale, which is what is asserted by Theorem 2.1. �
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Exercise 2.6.H Let (X,Σ,p) be a probability space, and let (xm) be a supermartingale, and τ
a stopping time, with respect to a filtration (Σm) in Σ. Show that

E(x1) ≥ E(xτm) ≥ E(xm)

for every positive integer m.

2.3 Application: Doob’s Maximal Inequalities

In Chapter H, we have encountered a number of maximal inequalities that provide
upper bounds for the tail probabilities of the maxima for partial sums of series of
random variables. It is also possible to attack these sorts of estimations by using
stopped martingales. We now provide an example of what can be accomplished by
this method.

Doob’s Maximal Inequality 1. Let (xm) be a sequence of random variables on a
probability space (X,Σ,p) and (Σm) a filtration in Σ. If (xm) is a submartingale
with respect to (Σm), then

p{max{x1, ..., xm} ≥ a} ≤ 1

a
E(x+m)

for any positive integer m and real number a > 0.

Proof. Fix a positive integer m and real number a > 0. Define τ := inf{i ∈ N : xi ≥
a}, which, by Example 2.2, is a stopping time with respect to (Σm). Also put S :=
{max{x1, ..., xm} ≥ a}, and note that, since τm(X) ⊆ [m], we have S = {xτm ≥ a}.
Thus: ∫

S

xτmdp ≥ ap(S). (3)

On the other hand, if (xm) is a submartingale with respect to (Σm),∫
S

xτmdp=
∑
i∈[m]

∫
{τ=i}

xτmdp =
∑
i∈[m]

∫
{τ=i}

xidp ≤
∑
i∈[m]

∫
{τ=i}

E(xm |Σi)dp =

∫
S

xmdp.

Combining this with (3) yields p(S) ≤ 1
a
E(xm1S), and hence p(S) ≤ 1

a
E(x+m), as we

sought. �

Doob’s Maximal Inequality 1 shows that the paths of a submartingale behave
surprisingly well from above. Of course, the situation is even better for martingales.

Corollary 2.2. Let (X,Σ,p) be a probability space, and (xm) a martingale with
respect to a filtration (Σm) in Σ. Then, for any positive integer m and real number
a > 0,

p{max{|x1| , ..., |xm|} ≥ a} ≤ 1

a
E(|xm|).
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Proof. We know from Example 1.4.[3] that (|xm|) is a submartingale with respect
to (Σm). Applying Doob’s Maximal Inequality 1 to this submartingale yields the
assertion. �

Example 2.4. (Kolmogorov’s Maximal Inequality, Again) Let a be a positive real
number. In Section H.4.1, we have proved Kolmogorov’s Maximal Inequality which
says that

p


∣∣∣∣∣∣
∑
i∈[k]

xi

∣∣∣∣∣∣ ≥ a for some k ∈ [n]

 ≤ 1

a2

∑
i∈[n]

V(xi)

where x1, ..., xn are independent random variables on a probability space (X,Σ,p) such
that E(x1) = · · · = E(xn) = 0. Let us now show that this famous result is a straight-
forward consequence of Doob’s Maximal Inequality 1.
If E(x2i ) =∞ for any i in [n], there is nothing to prove, so we assume that ‖xi‖2 <

∞ for each i. Define ym := x1+···+xm for eachm ∈ [n], and ym := yn for each integer
m ≥ n. Then, as we have seen in Example 1.1, (ym) is a martingale with respect to its
minimal filtration. Moreover, ‖ym‖2 <∞ for each m. By Example 1.4.[3], then, (y2m)
is a submartingale with respect to its minimal filtration. Consequently, by Doob’s
Maximal Inequality 1,

p{max{y21, ..., y2n} ≥ a2} ≤ 1

a2
E(y2n),

that is,

p{max{|y1| , ..., |yn|} ≥ a} ≤ 1

a2
E(y2n).

This is none other than Kolmogorov’s Maximal Inequality. �

Exercise 2.7.H Let (X,Σ,p) be a probability space, and let (xm) be a submartingale with
respect to a filtration (Σm) in Σ. Prove: For any positive integer m and real number a > 0,

p{min{x1, ..., xm} ≤ −a} ≤
1

a
(E(x+

m)− E(x1)).

Adding the two inequalities found in Doob’s Maximal Inequality 1 and Exercise
2.7, and using the fact that the absolute value of a function is everywhere larger than
its positive part, we arrive at another useful maximal inequality for submartingales:

Doob’s Maximal Inequality 2. Let (X,Σ,p) be a probability space, and (xm) a
submartingale with respect to a filtration (Σm) in Σ. Then, for any positive integer
m and real number a > 0,

p{max{|x1| , ..., |xm|} ≥ a} ≤ 1

a
(2E(|xm|)− E(x1)).
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2.4 The “Value”of Stopped Processes

Let (X,Σ,p) be a probability space and τ a stopping time with respect to a filtration
(Σm) in Σ. For any sequence (xm) of random variables on (X,Σ,p), we define the
random variable xτ ∈ L0(X,Σ) as follows:

xτ (ω) :=

{
xτ(ω)(ω), if τ(ω) <∞
0, otherwise.

Clearly, this random variable corresponds to the “value”of our random sequence (xm)
at the time this sequence is stopped according to τ .
Observe that we adopt here the convention of letting xτ take value 0 on the event

{τ = ∞}. This is a matter of convention, we could as well let xτ (ω) := 183 for any
ω with τ(ω) = ∞. This should not bother you, for in what follows, we will work
only with stopping times τ with p{τ = ∞} = 0 —such a stopping time is said to
be almost surely finite. Consequently, the arbitrary way we define xτ is only to
achieve concreteness, and will be of no consequence in what follows.9

What can be said about the “value”of a stopped process in expectation? This
depends on the structure of the process at hand, of course. In the next section, we
shall see that there is a very nice answer to this question in the context of a rich
class of supermartingales. Presently, we would like to look at a more specialized
formulation of the problem, namely, we would like to obtain a method of computing
the expected value of the sum of randomly many i.i.d. random variables. Intuitively,
one might expect this value be equal to the expected value of our random variables
times the expected number of the variables used in the summation. We now show
that this intuition is correct so long as the latter expectation is finite.

Wald’s Lemma. Let (xm) be a sequence of integrable i.i.d. random variables on
a probability space (X,Σ,p). If τ is a stopping time with respect to the minimal
filtration of (xm), and E(τ) <∞, then

E

(
τ∑
i=1

xi

)
= E(τ)E(x1).

Proof. Let µ := E(x1), and define

ym := x1 + · · ·+ xm and zm := ym −mµ

for each positive integerm. It is readily checked that (zm) is a martingale with respect
to the minimal filtration (Σm) of (xm), and we have E(zm) = 0 for each m.10

9Alternatively, I could have defined xτ only for almost surely finite stopping times, and viewed
it as an almost surely defined random variable. (Recall Section G.4.4.)
10As we are not given that E(x1) = 0, the sequence (ym) need not be a martingale. Consequently,

I center each xi first, that is consider the sequence (xm − µ) instead of (xm). Then, (
∑m

(xi − µ)),
that is (zm), is a martingale with respect to the minimal filtration of (xm), as we have seen in
Example 1.1.
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Let τ be a stopping time that satisfies the requirements of the theorem. By The-
orem 2.1, the stopped process (zτm) is a martingale with respect to (Σm). Therefore,

E(zτm) = E(zτ1) = E(x1 − µ) = 0

while, of course,
E(zτm) = E(yτm)− E(τm)µ,

and hence E(yτm) = E(τm)µ, for each positive integer m. As τm ↑ τ , the Monotone
Convergence Theorem 1 tells us that E(τm) ↑ E(τ). Consequently, our proof will be
complete if we can show that E(yτm)→ E(yτ ).
We shall use Young’s Theorem for this purpose. For any positive integerm, define

wm := |x1|+ · · ·+ |xm| .

Clearly, wm, hence wτm , is an integrable nonnegative random variable on (X,Σ,p),
and we have |yτm| ≤ wτm , for each m. On the other hand, wτm ↑a.s. wτ (because
τm ↑ τ , and E(τ) < ∞ ensures that τ is almost surely finite). Therefore, by the
Monotone Convergence Theorem 3, we have E(wτm) ↑ E(wτ ). Finally, we wish to
show that wτ is integrable. To see this, observe that

wτ =
a.s.
|x1|1{τ=1} + (|x1|+ |x2|)1{τ=2} + · · ·,

and hence, by the Monotone Convergence Theorem 3,

E(wτ ) =
∞∑
i=1

E(|xi|1{τ≥i}).

Now recall that, for each positive integer i, the event {τ ≥ i} belongs to σ(x1, ..., xi−1),
and hence, because

∐
[x1, ..., xi], the random variables |xi| and 1{τ≥i} are independent.

Thus, by Proposition G.2.1,

E(wτ ) =
∞∑
i=1

E(|xi|)E(1{τ≥i}) = E(|x1|)
∞∑
i=1

p{τ ≥ i} = E(|x1|)
∞∑
i=1

ip{τ = i},

that is, E(wτ ) = E(|x1|)E(τ). In particular, the integrability of τ entails that of wτ .
As yτm →a.s. yτ (because τm ↑ τ , and E(τ) < ∞ ensures that τ is almost surely
finite), therefore, we may apply Young’s Theorem to conclude that E(yτm)→ E(yτ ),
thereby concluding our proof. �

Exercise 2.8. Let (xm) be a sequence of i.i.d. random variables on a probability space (X,Σ,p)
such that p{x1 = 1} = 1

2 = p{x1 = −1}. Define

τ := inf{m ∈ N : x1 + · · ·+ xm = 1}.

Use Wald’s Lemma to prove that E(τ) = ∞. (Note. The expected time it takes for the
symmetric random walk (

∑m
xi) to take value either −1 or 1 is, obviously, 1. But, thanks

to Wald’s Formula, we now know that expected time it takes for this random walk to reach
1 alone (or −1 alone) is an eternity!)
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Exercise 2.9.H (Wald’s Second Lemma) Let (xm) be a sequence of i.i.d. random variables on
a probability space (X,Σ, p) with E(x1) = 0 and V(x1) < ∞. Prove: If τ is a stopping time
with respect to the minimal filtration of (xm), and E(τ) <∞, then

E

(
τ∑
i=1

xi

)2

= E(τ)V(x1).

2.5 The Optional Stopping Theorem

Recall that if (xm) is a martingale, then E(xm) = E(x1) for every m. An important
problem in martingale theory is to determine for which sorts of martingales m can
be replaced with τ here, that is, E(xτ ) = E(x1) holds for all stopping times τ . That
is, we wish to identify those martingales (xm) whose values at the (random) dates at
which they are stopped equal, in expectation, to the per period expectations.
Let us first see that not all martingales are fortunate enough to have this property.

Example 2.5. Let (xm) be a sequence of i.i.d. random variables on a probability
space (X,Σ,p), where p{x1 = 1} = 1

2
= p{x1 = −1}. Define the random variable

ym :=
∑
i∈[m]

2i−1xi

for each positive integer m, and note that (ym) is a martingale with respect to the
minimal filtration (Σm) of (xm). It follows that we have E(ym) = E(y1) for every m.
But for the stopping time τ ∈ L0(X,Σ), defined by

τ(ω) := inf{m ∈ N : xm(ω) = 1},

we have p{τ =∞} = 0 —because {τ =∞} is the event that {x1 = x2 = · · · = −1}
—and hence yτ =a.s. 1, which entails that E(yτ ) = 1 > 0 = E(y1).
Here is how we may interpret this observation. A coin toss takes place repeatedly

and a gambler, our friend Jack, who wagers $1 on heads in the initial round, doubles
his stakes and plays again as long as he loses, but quits immediately after he wins one
round.11 Then, the total winnings of Jack after round m is yτm . If Jack can afford to
play the game as long as the first head comes up —this actually requires an arbitrarily
large level of wealth —then he is guaranteed to win $1, because yτ =a.s. 1. �

The following theorem, which has many nice applications, provides suffi cient con-
ditions for the expectations of a randomly stopped martingale to remain constant.

11In fact, in English, the word “martingale”corresponds precisely to this sort of a betting system.

19



The Optional Stopping Theorem. (Doob) Let (X,Σ,p) be a probability space,
and let (xm) be a supermartingale, and τ an almost surely finite stopping time, with
respect to a filtration (Σm) in Σ. If xτ is integrable and

E(xm1{τ>m})→ 0, (4)

then E(xτ ) ≤ E(x1). If, in addition, (xm) is a martingale with respect to (Σm), then
E(xτ ) = E(x1).

What is the idea here? It seems promising to exploit the fact that τm :=
min{τ ,m} ↑ τ as m → ∞. After all, given that p{τ < ∞} = 1, this implies
xτm →a.s. xτ . This is good news, because Theorem 2.1 entails that E(xτm) ≤ E(x1)
for every positive integer m. Thus, if we could somehow deduce from xτm →a.s. xτ
that E(xτm)→ E(xτ ), we would obtain E(xτ ) ≤ E(x1) as desired. Put differently, the
problem is to show that

E(xτm)→ E(xτ )

under the hypotheses of the theorem. Unfortunately, our standard convergence the-
orems are not of immediate help here, because we don’t know if (xτm) is monotonic
and/or bounded by some integrable random variable.12 We should rather look at the
way (xτm) converges to xτ more closely. Well, for any m, we have

xτm = xτ1{τ≤m} + xm1{τ>m}. (5)

Then, perhaps, if we examined the components of this decomposition one by one (for
large m) we could figure out how to solve the convergence problem noted above (and
discover where the hypotheses of the theorem actually come from).

Proof of the Optional Stopping Theorem. For any positive integer m, we again let
τm := min{τ ,m}, and use (5) to find∫

X

xτmdp =

∫
{τ≤m}

xτdp+

∫
{τ>m}

xmdp.

We know from (4) that the right-most term vanishes as m → ∞. Furthermore,
xτ1{τ≤m} ≤ |xτ | for each m, while xτ1{τ≤m} →a.s. xτ by almost sure finiteness of
τ . Since xτ is integrable, therefore, by the Dominated Convergence Theorem 2,∫

X

xτ1{τ≤m}dp→
∫
X

xτdp.

Going back to the previous equation, then, we find E(xτm) → E(xτ ). As we have
noted above, this is enough to conclude that E(xτ ) ≤ E(x1). In turn, our second

12If I somehow knew that the random variable sup{|xτ1 | , |xτ2 | , ...} is integrable, then all would
go well, for I could then readily invoke the Dominated Convergence Theorem 2.

20



assertion is obtained by applying what we have just established to both (xm) and
(−xm). �

The following corollaries of the Optional Stopping Theorem are used frequently
in applications.

Corollary 2.3. Let (X,Σ,p) be a probability space, and let (xm) be a supermartin-
gale, and τ a stopping time, with respect to a filtration (Σm) in Σ. If τ ≤ M for
some positive integer M, then E(xτ ) ≤ E(x1).

13

Proof. In this case

E(|xτ |) ≤ E(max{|x1| , ..., |xM |}) ≤
∑
i∈[M ]

E(|xi|) <∞,

that is, xτ is integrable, and E(|xm|1{τ>m}) = 0 for every m ≥ M, so our claim
follows readily from the Optional Stopping Theorem. �

We say that a supermartingale (xm) is bounded if there exists a real number K
such that |xm| ≤ K for every positive integer m.

Corollary 2.4. Let (X,Σ,p) be a probability space, and let (xm) be a bounded super-
martingale, and τ an almost surely finite stopping time, with respect to a filtration
(Σm) in Σ. Then, E(xτ ) ≤ E(x1).

Proof. The key observation is

limp{τ > m} = p ({τ > 1} ∩ {τ > 2} ∩ · · ·) = p{τ =∞} = 0,

which is true by the continuity of probability measures and almost sure finiteness of
τ . Then, where K is a real number with |xm| ≤ K for each m, we have

lim supE(|xm|1{τ>m}) ≤ K limp{τ > m} = 0.

As xτ is obviously integrable —we have E(|xτ |) ≤ K —our assertion follows from the
Optional Stopping Theorem. �

Remark 2.2. Both Corollary 2.3 and 2.4 can be obtained by a direct argument,
without invoking the Optional Stopping Theorem. After all, in the context of these
results, all we need to prove is that E(xτm) → E(xτ ). In particular, again in the
context of these results, if there exists an integrable random variable y on (X,Σ,p)
such that |xτm| ≤a.s. y for each m, then, as xτm →a.s. xτ (because τ is almost surely

13Compare with Theorem 2.1.
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finite), the Dominated Convergence Theorem 2 entails E(xτm)→ E(xτ ). For Corollary
2.3, y takes the form of max{|x1| , ..., |xM |} and for Corollary 2.4, it takes the form
of the constant random variable K. �

Some other variations on this theme are outlined in the following set of exercises.

Exercise 2.10.H Let (X,Σ,p) be a probability space, and (Σm) a filtration in Σ. Let (xm) be a
sequence of integrable random variables on (X,Σ,p) which is adapted to (Σm). Prove: (xm)
is a martingale with respect to (Σm) iffE(xτ ) = E(x1) for every stopping time τ with respect
to (Σm) such that sup{|τ(ω)| : ω ∈ X} <∞.

Exercise 2.11. Recall Exercise 2.5, and prove that, under the conditions of Corollary 2.3,
E(xM |Στ ) ≤a.s. xτ .

Exercise 2.12. Let (X,Σ,p) be a probability space, and let (xm) be a martingale, and τ and
ς two stoppinf times, with respect to a filtration (Σm) in Σ. Assume that ς ≤ τ ≤ M for
some positive integer M. Show that E(xτ |Σς) =a.s. xς . Also, use the Doob Decomposition
Theorem to extend this result to the context of supermartingales.

Exercise 2.13. Show that (4) can be replaced with

lim inf E( |xm|1{τ>m}) = 0

in the statement of the Optional Stopping Theorem.

Exercise 2.14.H The main assumptions of the Optional Stopping Theorem are the almost sure
finiteness of τ , integrability of xτ , and (4). Give three examples to establish that none of
these hypotheses can be omitted in the statement of this theorem.

Exercise 2.15.H Let (X,Σ,p) be a probability space, (xm) a supermartingale, and τ an almost
surely finite stopping time, with respect to a filtration (Σm) in Σ. Prove: If xm ≥ 0 for each
m, then E(xτ ) ≤ E(x1).

Exercise 2.16. Let (X,Σ,p) be a probability space, and (xm) a nonnegative supermartingale
with respect to a filtration (Σm) in Σ. Show that E(xτ ) ≤ E(xς) holds for any almost surely
finite stopping times τ and ς (with respect to (Σm)) such that ς ≤a.s. τ .

Exercise 2.17. Let (X,Σ,p) be a probability space, and let (xm) be a martingale, and τ an
almost surely finite stopping time, with respect to a filtration (Σm) in Σ. Show that if there
is an integrable random variable y on (X,Σ,p) such that xm ≤a.s. E(y |Σm) for every m,
then x1 =a.s. E(xτ |Σ1).

Exercise 2.18.H Let (X,Σ,p) be a probability space, and let (xm) be a martingale, and τ a
stopping time, with respect to a filtration (Σm) in Σ. Prove: If τ is almost surely finite, and
E(x2

τm) ≤ K for some real number K, then E(xτ ) = E(x1).

2.6 Application: Gambler’s Ruin

Consider a gambler —let’s call him Jack again —who participates in a sequence of
games by using a particular gambling strategy and/or stopping time. To model this,
let (y0, y1, ...) be a sequence of integrable random variables on a probability space
(X,Σ,p). We assume that y0 is a constant random variable that equals to the initial
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wealth of Jack, say a > 0, and interpret ym as Jack’s total holdings after he played
the mth game. The precise structure of the sequence (ym) depends, of course, on
the gambling strategy and/or stopping time adopted by Jack. But as we have seen
in Example 1.2 and Exercise 2.5, if the original sequence of games is unfair, then so
is (ym), regardless of Jack’s gambling strategy. It thus makes good sense to assume
that (ym) is a supermartingale with respect to its minimal filtration.
Suppose that Jack aims to achieve, in finite time, a final wealth of b dollars, where

b > a, without going broke. We assume that he never risks owing a debt, so he never
bets more money than he has. This implies that the sequence (ym) of (random)
wealths for Jack is bounded:

0 ≤ ym ≤ b for every m = 1, 2, ...

The famous gambler’s ruin problem asks for the probability pa,b of the event that
Jack achieves his goal. Surprisingly, it turns out that we can say quite a bit about pa,b
even at this level of generality (where we do not know anything about the specifics
of the game under consideration).
Define

τ := inf{m ∈ N : ym ∈ {0, b}}
which is a stopping time with respect to the minimal filtration of (ym). In the
formalism of the model, we have pa,b := p{τ <∞ and yτ = b}.14 Now, given that yτ
is {0, b}-valued, we have E(yτ ) = 0(1− pa,b) + bpa,b, that is,

pa,b =
E(yτ )

b
. (6)

So, it seems like we can use the Optional Stopping Theorem to estimate the value
of pa,b. Yet there are problems. For one thing, we cannot invoke this theorem right
away, because it is not clear if τ is almost surely finite, that is, we do not know
if p{τ < ∞} = 1 or not. Moreover, the computation E(yτ ) = bpa,b is actually
misleading, for it is based on our convention of letting yτ take value 0 on the event
{τ =∞}, which we are not allowed to use when τ is not almost surely finite. (What
if we had yτ = b on {τ =∞} by convention?)
A trick that often proves useful when working with stopping times is to approxi-

mate τ with τm := min{τ ,m} for positive integers m, and then to let m→∞ in the
hope that the fact τm ↑ τ will enable us extend our findings for τm to the case of τ .
(After all, this is how we proved the Optional Stopping Theorem.) It doesn’t always
work, but it is certainly a method to try when your stopping time is not known to
be almost surely finite.
Fortunately, this method will do just fine here. For, by Corollary 2.3, we have

E(yτm) ≤ E(y0) = a for every m. Moreover, p{yτm = b}b ≤ E(yτm) ≤ a, so we get

14Since b > 0 and yτ = 0 when τ = ∞ (by definition of yτ ), we have p{τ < ∞ and yτ = b} =
p{yτ = b}.
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p{yτm = b} ≤ a/b for every positive integer m. But

pa,b =

∞∑
i=1

p{τ = i and yτ = b} = limp{τ ≤ m and yτ = b} = limp{yτm = b}.

Conclusion: pa,b ≤ a/b. In other words, the probability that Jack will reach his goal
is bounded above by a/b irrespective of the details of the (unfair) sequence of games
under consideration and his gambling strategy.

Exercise 2.19. Let (xm) be a sequence of {−1, 1}-valued i.i.d. random variables on a proba-
bility space (X,Σ,p) such that p{x1 = 1} = 1

2 . Take any two positive real numbers a and b
with a < b, and define

ym := a+ x1 + · · ·+ xm

for each positive integer m. Defining τ and pa,b as we did above, show that pa,b = a/b. (That
is, in this case, the strategy of “bet $1 in each period”is an optimal strategy for the gambler.)

2.7 Application: Random Walk

Let (ym) be a random walk on Z. More precisely, let (xm) be a sequence of {−1, 1}-
valued i.i.d. random variables on a probability space (X,Σ,p) and set ym := x1 +
· · · + xm for each m. In what follows, we put α := p{x1 = 1}. Now, take any two
integers a and b with a < 0 < b, and define

τ := inf{m ∈ N : ym ∈ {a, b}}.

Clearly, τ is a stopping time with respect to the minimal filtration of (ym).

Claim 1. τ is almost surely finite.

There are various ways of seeing this, here is one. Define

Sk := {x(k−1)(b−a)+1 = · · · = xk(b−a) = 1}

for every positive integer k. That is, S1 is the event that the particle keeps moving
to its right in the first b − a periods, and S2 is the event that the particle moves to
its right starting from period (b− a) + 1 for at least b− a many periods, and so on.
Notice that S1 ⊆ {τ < b − a}, because if event S1 occurs, xb−a must be to the right
of b. Therefore, {τ ≥ b− a} ⊆ X\S1, and hence

p{τ ≥ b− a} ≤ 1− αb−a.

More generally, and this is the key observation, we have
⋃k Si ⊆ {τ < k(b − a)} for

every k. (To see this, reason first with k = 2. If S1 ∪ S2 occurs, then ym must equal
either a or b for some m ∈ [2(b− a)].) Consequently,

{τ ≥ k(b− a)} ⊆ X\
k⋃
i=1

Si =
k⋂
i=1

X\Si,
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which yields
p{τ ≥ k(b− a)} ≤

(
1− αb−a

)k
for each k. It follows that

p{τ =∞} ≤
(
1− αb−a

)k
for every positive integer k. Letting k → ∞ in this in this inequality, therefore, we
find that p{τ =∞} = 0, establishing Claim 1.
We are interested in the expected position of the random walk (ym) which will

be stopped at the moment it reaches either a or b. In addition, we would also like
to find out the expected amount of time that will pass before this happens. That is,
we wish to compute E(yτ ) and E(τ). (Do you see a relation with the gambler’s ruin
problem?) Because (ym) need not be a martingale (unless α = 1

2
), it is not clear if

the Optional Stopping Theorem will be of any help here. We can, however, obtain a
martingale by transforming (ym) suitably, and then inverting the findings we derive
for this martingale.15

Let γ := 1−α
α
and define um := γym for every positive integer m. Clearly, (um)

is adapted to the minimal filtration (Σm) of (ym) —why? —and since xm+1 (hence
γxm+1) is independent of σ(x1, ..., xm), we have

E(um+1 |Σm) =a.s. E(umγ
xm+1 |Σm)

=a.s. umE(γxm+1)
= um

(
α
(
1−α
α

)
+ (1− α)

(
α
1−α
))

= um

by Propositions I.2.3 and I.2.4. It follows that (um) is a bounded martingale with
respect to the minimal filtration of (ym). By Corollary 2.4 (applied to (um) and
(−um)), therefore, we get E(uτ ) = E(u1) = E(γx1) = 1. But since uτ is almost surely
{γa, γb}-valued (because τ is almost surely finite), we have

E(uτ ) = p{yτ = a}γa + (1− p{yτ = a})γb.

Thus
1 = p{yτ = a}γa + (1− p{yτ = a})γb,

that is,

p{yτ = a} =
1− γb
γa − γb ,

provided that γ 6= 1 (i.e. α 6= 1
2
). In turn, we find that

E(yτ ) =
1− γb
γa − γba+

(
1− 1− γb

γa − γb

)
b

15This sort of a trick is used commonly in such problems. Unfortunately, the only way one can
develop a sense of the method is by working through a lot of examples.

25



provided that α 6= 1
2
. The case γ = 1 is, on the other hand, easily settled by the

Optional Stopping Theorem since (ym) is then a martingale: E(yτ ) = E(y1) = 0.
(Verify!) In this case, we have

p{yτ = a}a+ (1− p{yτ = a})b = 0,

so we find that p{yτ = a} = b
b−a . We proved:

Claim 2. Where θ := 1−γb
γa−γb , we have

p{yτ = a} =

{
θ, if α 6= 1

2
b

b−a , if α = 1
2

and E(yτ ) =

{
θa+ (1− θ)b, if α 6= 1

2

0, if α = 1
2
.

Let us now turn to the problem of computing E(τ). We shall first deal with the
case in which α 6= 1

2
. First, notice that if we knew that E(τ) is finite, we would then

simply invoke Wald’s Lemma to conclude that E(τ) = E(yτ )/E(x1) = E(yτ )/(2α−1),
which would solve our problem (in view of Claim 2). As we do not yet know this,
however, we shall instead rely on the Optional Stopping Theorem again. And for this,
we need to consider, again, a suitable transformation of (ym), just as in the proof of
Wald’s Lemma. Let µ := E(y1) = 2α−1, and define zm := ym−µm for every positive
integer m. It is clear that (zm) is adapted to the minimal filtration of (ym). Moreover,

E(|zm|) ≤
m∑
i=1

E(|xi|) + µm <∞,

so each zm is integrable. Finally, by using the relevant properties of conditional
expectations, we find

E(zm+1 |Σm) =a.s. E(xm+1 |Σm) + E(ym |Σm)− µ(m+ 1)
=a.s. µ+ ym − µ(m+ 1)
= zm

Thus (zm) is a martingale with respect to the minimal filtration of (ym), so we have
E(z1) = E(z2) = · · · = 0. Moreover, it is easy to check that (zm) satisfies the
requirements of the Optional Stopping Theorem (check this!), so we can apply this
result to get 0 = E(z1) = E(yτ )− µE(τ), that is, E(τ) = E(yτ )/µ.

16 Therefore, where
θ is as specified in Claim 2, we have

E(τ) =
1

µ
(θa+ (1− θ)b) .

16Alternatively, observe that |yτm | ≤ max{−a, b}, so τm → τ implies that E(zτm)→ E(yτ )−µE(τ)
by the Dominated Convergence Theorem 1 and the Monotone Convergence Theorem 1. But by
Corollary 2.3, E(zτm) = E(y1)− µ = 0, so we get E(yτ ) = µE(τ).
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Finally, let us consider the case α = 1
2
. In this case, we will use the following

transformation: wm := y2m −m for every positive integer m. It is easy to check that
(wm) is a martingale with respect to the minimal filtration of (ym). (Verify!) In
fact, one can show that (wm) satisfies the requirements of the Optional Stopping
Theorem, but this is somewhat tedious. Instead we will try our approximation trick
again. Again, we have E(τm) → E(τ) by the Monotone Convergence Theorem 1.
Moreover, we have y2τm → y2τ and y

2
τm ≤ max{a2, b2} for each m, so the Dominated

Convergence Theorem 1 yields E(y2τm)→ E(y2τ ). Recall that p{yτ = a} = b
b−a (Claim

2), so we have

E(y2τ ) =
ba2

b− a −
ab2

b− a = −ab.

Now the coast is clear. Applying Corollary 2.3, we find that

0 = E(w1) = E(wτm) = E(y2τm)− E(τm)

for each m, and it follows that

E(τ) = limE(τm) = limE(y2τm) = −ab.

We proved:

Claim 3. Where θ := 1−γb
γa−γb , we have

E(τ) =

{
θa+(1−θ)b
2α−1 , if α 6= 1

2

−ab, if α = 1
2
.

Exercise 2.20. Let (ym) be a simple symmetric random walk on Z, and define

ς := inf{m ∈ N : ym = 2−m}.

Show that ς is a stopping time with respect to the minimal filtration of (ym), and compute
E(ς).

3 Almost Sure Convergence of Martingales

3.1 The Martingale Convergence Theorem

Our objective now is to establish that every sub- or supermartingale (xm) converges
to an integrable random variable almost surely, provided that the expectations of xms
are uniformly bounded. Put differently: Every L1-bounded sub- or supermartingale
is almost surely convergent.17 This is the classical Martingale Convergence Theorem

17Reminder. We say that a sequence (xm) of random variables on a given probability space is
Lp-bounded if sup{E(|x1|p),E(|x2|p), ...} <∞.
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which, among other things, allows us talk about the almost sure “finite wealth”of
any gambler as a well-defined integrable random variable.18

The Martingale Convergence Theorem. (Doob) Let (X,Σ,p) be a probability
space, and (xm) an L1-bounded submartingale with respect to a filtration (Σm) in Σ.
Then,

xm →a.s. x for some x ∈ L1(X,Σ,p).

We shall discuss the proof of this theorem in Sections 3.4 and 3.6. For now, let
us note only that many other types of almost sure convergence theorems can easily
be deduced from this result. Here are two examples.

Corollary 3.1. If (xm) is a nonnegative supermartingale (or a nonpositive submartin-
gale) on a probability space (X,Σ,p), then xm →a.s. x for some x ∈ L1(X,Σ,p).

Corollary 3.2. Every uniformly integrable supermartingale is almost surely conver-
gent.

Proof. By Proposition C.6.4, every uniformly integrable supermartingale is L1 -
bounded, so the Martingale Convergence Theorem applies. �

Exercise 3.1. Let (xm) be a sequence of independent random variables on a probability space
(X,Σ,p) such that E(xm) = 0 for each m. Prove: (

∑m
xi) converges almost surely, provided

that E(|
∑m

xi|) converges to a real number.

Exercise 3.2. (Series with Random Signs) Let (xm) be a sequence of i.i.d. random variables
on a probability space (X,Σ,p) such that p{x1 = −1} = 1

2 = p{x1 = 1}. Prove: For any
real sequence (αm), (

∑m
αixi) converges almost surely, provided that |α1|+ |α2|+ · · · <∞.

Exercise 3.3. Let (xm) be a martingale on a probability space (X,Σ,p) such that

E(sup |xm+1 − xm|) <∞.

Let a > 0 and τ := inf{m ∈ N : xm ≥ a}. Show that (xτm) converges almost surely.

3.2 Uniformly Integrable Martingales

L1-Convergence of Uniformly Integrable Martingales
While every martingale with a bounded sequence of expectations converges almost
surely to an integrable random variable, the said sequence need not converge to the

18In the words of the founder of the theory of martingales, Joseph Doob, the basic principle
behind this theorem is the following: “If supE(|xm|) is not large, then sup |xm| is not large, and the
sequences (x1(ω), x2(ω), ...) of possible values of the supermartingale are not strongly oscillatory.”
(Doob (1971), p. 456.)
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expectation of the limit random variable. That is, an L1-bounded martingale need
not converge in the mean. Here is an immediate example.

Example 3.1. Let (ym) and τ be the martingale and the stopping time considered in
Example 2.5, respectively. As we have seen in that example, p{τ < ∞} = 1, while
yτ1{τ<∞} = 1. It follows that yτm →a.s. yτ =a.s. 1, and hence, yτm →a.s. 1. However,
yτm equals 1 with probability 1 − 2−m and it equals 2m − 1 with probability 2−m.
(Verify!) Thus, we have E(|yτm − 1|) = 1 for each m. �

The diffi culty in this example arises precisely because the sequence (yτm), while
integrable, is not uniformly integrable. (For all K > 0 and m ≥ K, we have
E(|yτm|1{|yτm |>K}) = 1.) For, while L1-boundedness of a supermartingale implies its
almost sure convergence, we have seen in Section 6.3 of Chapter C that the uniform
integrability of an almost surely convergent random sequence implies the convergence
of that sequence in the mean. More precisely:

Theorem 3.3. Let (xm) be a supermartingale on a probability space (X,Σ,p). Then,
there is an integrable random variable x on (X,Σ,p) such that E(|xm − x|) → 0 if,
and only if, (xm) is uniformly integrable.

Proof. The “only if”part is immediate from Proposition C.6.6. The converse follows
from combining Corollary 3.2 with Proposition C.6.7. �

Characterization of Uniformly Integrable Martingales

While telling, Theorem 3.3 stands a bit abstract at present, because we have not yet
given a concrete example of an uniformly integrable martingale. We now remedy this
situation by showing that every Doob martingale is uniformly integrable.

Example 3.2. Let x be an integrable random variable on a probability space (X,Σ,p),
and (Σm) a filtration in Σ. Let xm ∈ L0(X,Σ) be a version of E(x |Σm) for each m.
We have seen in Example 1.3 that (xm) is a martingale with respect to (Σm).We now
show that (xm) is uniformly integrable.
Let ε > 0. By Lemma 1.9 of Chapter C, we can find a real number δ > 0 such

that ∫
S

|x| dp < ε for every S ∈ Σ with p(S) < δ. (7)

Of course, for each m, we have E(|x| |Σm) ≥a.s. |E(x |Σm)| =a.s. |xm| , and hence, by
Proposition 2.2 of Chapter J,

E(|x|) ≥ E(|xm|) ≥
∫
{|xm|>a}

|xm| dp ≥ ap{|xm| > a}
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for any real number a > 0. Therefore, if we choose a large enough to guarantee that
E(|x|)/a is strictly less than δ, we find p{|xm| > a} < δ, so (7) entails∫

{|xm|>a}
|x| dp < ε, m = 1, 2, ...

As E(|x| |Σm) ≥a.s. xm and {|xm| > a} ∈ Σm, we then have∫
{|xm|>a}

|xm| dp =

∫
{|xm|>a}

|x| dp < ε, m = 1, 2, ...,

by definition of conditional expectation. As ε > 0 is arbitrary here, our claim is
proved. �

We now use the fact that the almost sure limit of a uniformly integrable super-
martingale coincides with its limit relative to the metric of L1(X,Σ,p) to prove a
fasciniating result. It turns out that Doob martingales are not only uniformly inte-
grable, but that they are the only uniformly integrable martingales!

Theorem 3.4. A martingale (xm) on a probability space (X,Σ,p) is uniformly
integrable if, and only if, there is an integrable random variable x on (X,Σ,p) and a
filtration (Σm) in Σ such that xm =a.s. E(x |Σm) for each m.

Proof. In view of Example 3.2, we only need to prove the “only if” part of the
assertion. To this end, assume that (xm) is uniformly integrable. By Theorem 3.3,
there is an x ∈ L1(X,Σ,p) such that E(|xm − x|)→ 0. For each m, we define Σm :=
σ(x1, ..., xm), and claim that xm is a version of E(x |Σm), which is the same thing
as saying that E(xm1S) = E(x1S) for every S ∈ Σm. To this end, fix any positive
integer m and any S ∈ Σm. If k > m, then E(xk |Σm) =a.s. xm, so we have E(xk1S) =
E(xm1S), and hence,∣∣∣∣∫

S

(xm − x)dp

∣∣∣∣ =

∣∣∣∣∫
S

(xk − x)dp

∣∣∣∣ ≤ ∫
S

|xk − x| dp ≤ E(|xk − x|).

Letting k →∞ here completes our proof. �

A uniformly integrable martingale (xm) may, therefore, be thought of as arising
from the sequential observations made about a random phenomenon that is modeled
by a single random variable x. As m increases, we learn more and more about x, so
we would expect (xm) converge to the expectation of x conditional on the limiting
information structure. As you are asked to prove below, this is the case whether we
use almost sure convergence or convergence in the mean.
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Exercise 3.4. (Series with Random Signs, Again) Let (xm) be a sequence of i.i.d. random
variables on a probability space (X,Σ,p) such that p{x1 = −1} = 1

2 = p{x1 = 1}. Prove:
(
∑m

αixi) converges both almost surely and in the mean, provided that α2
1 + α2

2 + · · · <∞.

Exercise 3.5. Let (xm) be an Lp-bounded supermartingale on a probability space (X,Σ,p),
where p > 1. Prove that (xm) converges in Lp(X,Σ,p).

Exercise 3.6. (An Optional Stopping Theorem) Let (X,Σ,p) be a probability space, and let
(xm) be a uniformly integrable martingale, and τ an almost surely finite stopping time, with
respect to a filtration (Σm) in Σ. Prove: E(xτ ) = E(x1).

Exercise 3.7.H Let x be an integrable random variable on a probability space (X,Σ,p), and
(Σm) a filtration in Σ. Let xm be a version of E(x |Σm) for each m, and let Σ∞ := σ(Σ1 ∪
Σ2 ∪ · · ·). Prove:
(a) (Lévy) xm →a.s. E(x |Σ∞); (b) E(|xm − E(x |Σ∞)|)→ 0.

Exercise 3.8. (Another Dominated Convergence Theorem) Let x, x1, x2, ... be integrable ran-
dom variables on (X,Σ,p), (Σm) a filtration in Σ, and Σ∞ := σ(Σ1 ∪ Σ2 ∪ · · ·). Prove:
If xm →a.s. x, and there exists a y ∈ L1(X,Σ,p) such that |xm| ≤ y for each m, then
E(xm |Σm)→a.s. E(x |Σ∞).

3.3 First Proof of the Martingale Convergence Theorem
There are various ways of proving the Martingale Convergence Theorem. In what follows, we shall
outline two different methods of doing this. As we shall see, each of these methods offer different
insights on martingales. The method we outline in this subsection is called the “upcrossing method,”
and is due to Joseph Doob. (Who else?)

Let (xm) be a supermartingale on a probability space (X,Σ,p) with respect to a filtration (Σm)
in Σ, and assume that

β := sup{E(x1),E(|x2|), ...} <∞.

We wish to show that
p{(xm) converges} = 1

so that limxm is an almost surely defined random variable on (X,Σ,p). (Recall Section G.4.4.) Let
us first examine the bigger event {limxm ∈ R}. Call the complement of this event S. That is,

S = {ω ∈ X : limxm(ω) does not exist in R}
= {lim inf xm < lim supxm}.

By denseness of rationals in R, therefore,

S =
⋃

(a,b)∈Q2
{lim inf xm < a < b < lim supxm}

To write this more compactly, let Q := {(a, b) ∈ Q2 : a < b} and

Sa,b := {lim inf xm(ω) < a < b < lim supxm(ω)},

so we have
S =

⋃
{Sa,b : (a, b) ∈ Q}.

Since Q is a countable set, if we can show that p(Sa,b) = 0 for each pair (a, b) in Q, it will follow
from Boole’s Inequality that p(S) = 0, and this means that x := limxm is an a.s.-defined R-valued
random variable on (X,Σ). This is weaker than what we are shooting for, but in fact R-valuedness
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is no cause for concern here, for the hypothesis supE(|xm|) <∞ entails that x is finite a.s.. Indeed,
by Fatou’s Lemma —we can apply Fatou’s Lemma to a.s.-defined R-valued random variables, right?
—we have

E(|x|) = E(lim inf |xm|) ≤ lim inf E(|xm|) ≤ β
and hence p{|x| < ∞} = 1. So, all we need to conclude that limxm is an a.s.-defined random
variable is to show that p(Sa,b) = 0 for each (a, b) ∈ Q.

Now comes the ingenious step in the argument. Fix any (a, b) ∈ Q, and consider the following
sequence (αm) in L0(X,Σ): α1 := 0, and

αm+1(ω) :=

 1, if αm(ω) = 0 and xm(ω) < a
1, if αm(ω) = 1 and xm(ω) ≤ b
0, otherwise

,

m = 1, 2, ... . Actually, (αm) is a rather simple predictable process. Imagine that (xm) models a
gambling situation where we interpret xm as the total winnings of the gambler at time m (had the
gambler bet unit stake at each round).19 (αm) is then the gambling strategy that says “initially bet
nothing, and wait until xm takes value strictly below a; whenever this happens, bet $1 and keep
betting until xm rises above b; and whenever this happens bet nothing; and keep repeating this
strategy.”(Figure 4 provides a picture of a sample path of this strategy and the associated winnings
of the gambler.)

It is not diffi cult to verify that (αm) is a predictable process with respect to (Σm), that is, αm+1

is Σm-measurable for each m.20 But what is the connection between this process and the event Sa,b?
To see this, for any ω ∈ X and any positive integer M, let UM (ω) stand for the largest k in Z+ such
that there exist (s1, t1), ..., (sk, tk) in N2 such that

1 ≤ s1 < t1 < s2 < t2 < · · · < sk < tk ≤M

with xsi(ω) < a and xti(ω) > b, i = 1, ..., k. We set UM (ω) := 0 if no such k exists. Notice that
the path (xm(ω)) is below a at time s1 and above b at time t1, so it upcrosses the interval [a, b]
once from time 1 to time t1. Similarly, from time t1 to t2, one more upcrossing of [a, b] takes place.
Thus, UM (ω) is the maximum number of upcrossings of [a, b] up to time M by the path (xm(ω)).
For instance, in Figure 4, we have UM (ω) = 2.

It is easy to see that UM is a random variable on (X,Σ), and we have UM ≤ UM+1 for each M.
(Verify!) The importance of the sequence (UM ) stems from the fact that

Sa,b = {UM →∞} . (8)

The moment you see this, the entire argument will slowly begin transpiring before your eyes. The
key observation is

α1x1 +

M−1∑
i=1

αi+1(xi+1 − xi) ≥ (b− a)UM + min{xM − a, 0}. (9)

Indeed, if ω ∈ X is such that UM (ω) = k, then we clearly have

α1(ω)x1(ω) +

k−1∑
i=1

αi+1(ω)(xi+1(ω)− xi(ω)) ≥ (b− a)k

19By contrast to Example 1.2, xm here is not the winnings per unit stake of a gambler in the mth
game, but it is the total winnings up to and including the mth game. (So in the terminology of
Example 1.2, xm here plays the role of ym.)
20We have α2 = 1{x1<a} and αm+1 = 1{αm=0}1{xm<a} + 1{αm=1}1{xm≤b}, m = 2, 3, ..., so the

previsibility of (αm) follows by induction.
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since each upcrossing increases the value of the left hand side in (9) by at least b − a. (Figure 4
should help you see this.) On the other hand, recalling the definition of k and αk+1, ..., αM , we see
that

M−1∑
i=k

αi+1(ω)(xi+1(ω)− xi(ω)) ≥ min{xM (ω)− a, 0}.

(Try this again with Figure 4.)21

We are pretty much done. Since (xm) is a supermartingale, we know from the analysis given in
Example 1.2 that (α1x1 +

∑M−1
i=1 αi+1(xi+1 − xi)) is a supermartingale. Thus,

E(α1x1 +

M−1∑
i=1

αi+1(xi+1 − xi)) ≤ E(α1x1) = 0,

so taking the expectations in (9) we get

(b− a)E(UM ) ≤ E (max{a− xM , 0}) , M = 1, 2, ...

which is Doob’s famous Upcrossing Inequality. This inequality entails

(b− a)E(UM ) ≤ E(|xM |) + |a| ≤ β + |a|

for each M, so letting M →∞ and applying the Monotone Convergence Theorem 1, we find

(b− a)E
(

lim
M→∞

UM

)
<∞.

This implies that p{UM →∞} = 0, and combining this with (8), we get p(Sa,b) = 0 exactly as we
sought. The Martingale Convergence Theorem is now proved.

3.4 The Krickeberg Decomposition Theorem
The following theorem tells us that every L1-bounded submartingale can be viewed as the difference
between a martingale and a nonnegative supermartingale. It was proved by Klaus Krickeberg in
1963.

The Krickeberg Decomposition Theorem. Let (X,Σ,p) be a probability space, and (xm) an
L1-bounded (nonnegative) submartingale with respect to a filtration (Σm) in Σ. Then,

(xm) = (ym) + (zm)

for some L1-bounded (nonnegative) martingale (ym), and L1-bounded nonpositive submartingale
(zm), with respect to (Σm).

Proof. Fix a positive integer m, and note that there is an Sm ∈ Σm such that p(Sm) = 1 and

xm(ω) ≤ E(xm+1 |Σm)(ω) ≤ E(xm+2 |Σm)(ω) ≤ · · ·
21Why? Because either αk+1(ω) = · · · = αM (ω) = 0 or there is an l in {k + 1, ...,M} such that

αi(ω) = 0, i = k+ 1, ..., l− 1, and αi(ω) = 1 for each i = l, ...,M. The claim is obvious in the former
case, and we have

M−1∑
i=k

αi+1(ω)(xi+1(ω)− xi(ω)) = xM (ω)− xl(ω) ≥ min{xM (ω)− a, 0}

in the latter case.
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for every ω ∈ Sm.22 Consequently, the map ym : X → R, defined by

ym :=

{
limE(xk |Σm)(ω), if ω ∈ Sm
xm(ω), otherwise,

is an R-valued random variable on (X,Σm,p) such that ym ≥ xm. Moreover, as E(E(x1 |Σm)1Sm) =
E(E(x1 |Σm)) = E(x1) > −∞, we can use the Monotone Convergence Theorem 2 to find

E(ym) = E ((limE(xk |Σm))1Sm)

= E (limE(xk |Σm)1Sm)

= limE (E(xk |Σm)1Sm)

= limE(xk)

≤ β

where β := sup{E(|x1|),E(|x2|), ...}. Then, E(|ym|) < ∞, which implies that p{ym ∈ R} = 1. So,
by replacing the value of ym at any ω in {ym =∞} with xm(ω), we may regard ym as a member of
L1(X,Σm,p) with ym ≥ xm.

Let us now vary m. First, note that β ≥ E(ym) ≥ E(xm) for any positive integer m, and it
follows from these inequalities that (ym) is L1-bounded. Furthermore, for each m,

E(ym+1 |Σm) =a.s. E(limE(xk |Σm+1)1Sm+1 |Σm)
=a.s. limE(E(xk |Σm+1) |Σm)
=a.s. limE(xk |Σm)
=a.s. ym

where we used the Conditional Monotone Convergence Theorem and Proposition I.2.2. Conclusion:
(ym) is an L1-bounded martingale with respect to (Σm) (and ym ≥ 0 for each m, if xm ≥ 0 for each
m). To complete the proof, we define zm := xm − ym for each m. Clearly,

E(zm+1 |Σm) =a.s. E(xm+1 |Σm)− E(ym+1 |Σm)
≥a.s. xm − ym
= zm

for each m, that is, (zm) is a nonpositive submartingale with respect to (Σm). As both (xm) and
(ym) are L1-bounded, so is (zm), and we are done. �

3.5 Second Proof of the Martingale Convergence Theorem
The method we outline in this subsection is sometimes called the “truncation method,”and is due
to Richard Isaac.

The Martingale Convergence Theorem tells us that an L1-bounded submartingale on a probabil-
ity space converges to an integrable random variable almost surely. We begin our present argument
by showing that if the submartingale under consideration is nonnegative and L2-bounded, then it
converges to a square-integrable random variable almost surely. (So, we assume more than the
Martingale Convergence Theorem, but we get more as well.)

Theorem 3.5. (Isaac) Let (X,Σ,p) be a probability space, and (xm) an L2-bounded nonnegative
submartingale with respect to a filtration (Σm) in Σ. Then,

xm →a.s. x for some x ∈ L2(X,Σ,p).

22Put exactly, define Sm to be the set
⋂∞
i=0{E(xm+i |Σm) ≤ E(xm+i+1 |Σm)}, which is an element

of Σm.
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Proof. For every positive integers k and l with k > l, we have

‖xk − xl‖22 = ‖xk‖22 − 2E(xkxl) + ‖xl‖22 .

But, as xl ≥ 0 and E(xk |Σl) ≥a.s. xl, we have

E(xkxl) = E(E(xkxl |Σl)) = E(E(xk |Σl)xl) ≥ E(x2
l ),

and hence,
‖xk − xl‖22 ≤ ‖xk‖

2
2 − ‖xl‖

2
2

for any integers k > l > 0. On the other hand, as (xm) is an L2-bounded nonnegative submartingale,
(x2
m) is a submartingale. (Recall Example 1.4.[2].) As (xm) is L2-bounded, therefore, (‖xm‖22), that

is, (E(x2
m)), is an increasing real sequence bounded from above, and hence it converges. In view

of the inequality above, then, we may conclude that (xm) is a Cauchy sequence in L2(X,Σ,p). As
L2(X,Σ,p) is a Banach space —recall the Riesz-Fischer Theorem —we find:

‖xm − x‖2 → 0 for some x ∈ L2(X,Σ,p).

It remains to prove that convergence is almost sure here. First, let us observe that we have
convergence in probability. Indeed, by Markov’s Inequality, for any ε > 0,

p{|xm − x| > ε} ≤ 1

ε2
‖xm − x‖22 → 0,

and hence p-limxm = x. Then, by Proposition H.3.1, there exists a strictly increasing sequence (mk)
of positive integers such that xmk →a.s. x.

Now, passing onto a further subsequence if necessary, we may assume that ‖xmk − x‖2 < 2−k

for each positive integer k. Consequently, by the subadditivity of the norm ‖·‖2 , we have∥∥xmk+1 − xmk∥∥1
≤
∥∥xmk+1 − xmk∥∥2

< 2−k + 2−(k+1) = 3(2−(k+1))

for each k. Next, notice that, for each i,

(xmi − xmi , xmi+1 − xmi , xmi+2 − xmi , ...)

is a submartingale with respect to (Σmi ,Σmi+1, ...). Thus, by Doob’s Maximal Inequality 2, we have

∞∑
i=1

p{max{|xj − xmi | : j = mi, ...,mi+1} ≥ ε} ≤ 2
ε

∞∑
i=1

E(
∣∣xmi+1 − xmi ∣∣) ≤ 6

ε

∞∑
i=1

2−(i+1) <∞

for every ε > 0. By the Borel-Cantelli Lemma 1, then,

p{max{|xj − xmi | : j = mi, ...,mi+1} ≥ ε i.o.} = 0

for every ε > 0. Combining this finding with the fact that xmk →a.s. x entails that xm →a.s. x, and
we are done. �

In particular, Theorem 3.5 yields Corollary 3.1.

Proof of Corollary 3.1. Let (xm) be a nonpositive submartingale on (X,Σ,p). Define ym := exm

for each m. Then, as we have seen in Example 1.4.[3], (ym) is a nonnegative submartingale, which
is L2-bounded (since 0 < ym ≤ 1 for each m). By Theorem 3.5, therefore, ym →a.s. y for some
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y ∈ L2(X,Σ,p), which entails xm →a.s. log y, where by log 0 we mean −∞. Furthermore, by
Fatou’s Lemma, and because (|xm|) is a supermartingle,

E(|log y|) ≤ lim inf E(|xm|) ≤ supE(|xm|) ≤ E(|x1|) <∞,

that is, log y is an integrable R-valued random variable on (X,Σ,p). Its integrability ensures that
p{log y ∈ R} = 1, so choosing x := (log y)1{log y∈R}, we are done. �

The Martingale Convergence Theorem is now at our fingertips. All we need to do is to use
Corollary 3.1 and the Krickeberg Decomposition Theorem in tandem. To see this, take any prob-
ability space (X,Σ,p) and any L1-bounded submartingale (xm) with respect to a filtration (Σm)
in Σ. If xm ≥ 0 for each m —that is, when (xm) is a nonnegative submartingale — then, by the
Krickeberg Decomposition Theorem,

(xm) = (ym) + (zm)

for some L1-bounded nonnegative martingale (ym), and L1-bounded nonpositive submartingale (zm),
with respect to (Σm). Then, applying Corollary 3.1 to (ym) and (zm) yields the desired result.

In the general case, using Krickeberg Decomposition Theorem again, we may write

(xm) = (y+
m)− (y−m) + (zm)

for some L1-bounded martingale (ym), and L1-bounded nonpositive submartingale (zm), with re-
spect to (Σm). Clearly, (zm) converges to an integrable random variable on (X,Σ,p) by Corollary
3.1. Furthermore, both (y+

m) and (y−m) are L1-bounded nonnegative submartingales —why? — so
they converge to integrable random variables on (X,Σ,p) by what we have shown in the previous
paragraph. It follows that (xm) converges almost surely an element of L1(X,Σ,p), completing the
proof of the Martingale Convergence Theorem.

4 Probabilistic Applications

4.1 Branching Processes

Bienaymé-Galton-Watson Branching Processses

Consider an organism who is able to produce a random number of offspring in its life-
time. All the offspring are identical to this organism, and they themselves reproduce
independently of the other organisms in the population. And so do their offspring,
and the offspring of their offspring, and on and on. In what follows we introduce a
formal model that corresponds to this scenario. The upshot will be that a good deal
can be learned about this model by using the theory of martingales.
Let (xm,k) be a double sequence of i.i.d. Z+-valued random variables on some

probability space (X,Σ,p), and denote the expected value of any one (and hence all)
of these random variables by µ. By way of interpretation, we think of xm,k as the
(random) number of offspring produced by organism k who lives at period m, while
µ is the expected value of this number. Throughout our discussion below, we assume
that 0 < µ <∞.
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Clearly, the population size z0 at time 0 is 1, while the (random) population
size z1 at period 1 is x1,1. Consequently, the population size z2 at period 2, equals
x2,1+···+x2,z1 , provided that z1 > 0. Continuing this way, we model the intertemporal
population sizes as the sequence (zm) in L0(X,Σ), where z0 := 1 and

zm+1(ω) :=

{
xm+1,1(ω) + · · ·+ xm+1,zm(ω)(ω), if zm(ω) > 0
0, if zm(ω) = 0,

for every nonnegative integerm. The random sequence (zm) is said to be aBienaymé-
Galton-Watson branching process.23

The Martingale Nature of Branching Processes

Now define Σm := σ (
⋃m{xi,1, xi,2, ...}) for each positive integer m. (Obviously, (Σm)

is a filtration in Σ.) The following fact allows us to use the theory of martingales for
the analysis of the branching processes.

Claim 1. (zm/µ
m) is a martingale with respect to (Σm).

We will prove the measurability and integrability requirements by using mathe-
matical induction. It is obvious that z1 is Σ1-measurable and E(z1) = µ. Suppose that,
for any (fixed) positive integer m, the map zm is Σm-measurable and E(zm) = µm.
We wish to show that zm+1 is Σm+1-measurable and E(zm+1) = µm+1.
Now observe that, for any l = 1, 2, ...,

{zm+1 = l} =
∞⋃
k=1

{zm = k} ∩

∑
i∈[k]

xm+1,i = l




and hence {zm+1 = l} ∈ Σm+1. Since that {zm+1 = 0} ∈ Σm+1 is similarly verified,
we conclude that zm+1 is Σm+1-measurable. Moreover, zm+1 =

∑∞ zm+11{zm=l}, so
by the Monotone Convergence Theorem 1, we have

E(zm+1) =
∞∑
l=1

E
(
zm+11{zm=l}

)
.

23Francis Galton has suggested, informally, the structure of this process in 1873, and asked for
the probability of extinction after k generations. Reverend H. W. Watson outlined a correct method
of analysis for this problem in 1874, but due to a simple mistake, has claimed incorrectly that
extinction is inevitable with probability one. For this reason, the stochastic process we introduced
above was named as the “Galton-Watson process” in the earlier literature on probability theory.
In 1977, however, Heyde and Seneta (1977) have shown that Irénée-Jules Bienaymé has looked at
this problem (and has solved it properly) as early as 1845, although he stated his findings only in
the form of an informal communication. (See Kendall (1873) for more on the history of branching
processes.)
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As zm+11{zm=l} = (xm+1,1 + · · ·+xm+1,l)1{zm=l}, and each xm+1,i and zm are indepen-
dent, therefore,

E(zm+1) =

∞∑
l=1

∑
i∈[l]

E(xm+1,i1{zm=l})

=
∞∑
l=1

∑
i∈[l]

E(xm+1,i)p{zm = l}

= µ
∞∑
l=1

lp{zm = l}

= µE(zm),

and it follows from our induction hypothesis that E(zm+1) = µm+1. Conclusion: (zm)
(and hence (zm/µ

m)) is adapted to (Σm), and each zm is integrable. (We now even
know that E(zm/µ

m) = 1 for each m.)
To complete the proof of Claim 1, fix any positive integer m, and use the Condi-

tional Monotone Convergence Theorem and additivity of conditional expectation to
find

E(zm+1 |Σm) =a.s.

∞∑
l=1

E
(
zm+11{zm=l} |Σm

)
=a.s.

∞∑
l=1

∑
i∈[l]

E
(
xm+1,i1{zm=l} |Σm

)
.

But as zm, and hence 1{zm=l}, is Σm-measurable, and
∐

[σ(xm+1,i),Σm] for each i,

E
(
xm+1,i1{zm=l} |Σm

)
=a.s. 1{zm=l}E (xm+1,i |Σm) =a.s. 1{zm=l}E (xm+1,i)

for each l and i, and hence

E(zm+1 |Σm) =
a.s.

µ
∞∑
l=1

∑
i∈[l]

1{zm=l} = µ
∞∑
l=1

l1{zm=l},

that is, E(zm+1 |Σm) =a.s. µzm. It follows that E(zm+1/µ
m+1 |Σm) equals zm/µm al-

most surely, so we may conclude that (zm/µ
m) is a martingale with respect to (Σm).

Claim 1 is now proved.

Exercise 4.1. (A Branching Process with Immigration) Adopting the notation we used above,
let (ym) be a sequence of i.i.d. Z+-valued random variables in L1(X,Σ,p) such that ym and
xm,i are independent for all positive integers i and m. (Think of ym as the immigration to
the society at period m.) Let Σ′m := σ(σ(y1, ..., ym) ∪ Σm) for each m, and show that(

1

µm

(
ym + zm − E(y1)

(
1− µm
1− µ

)))
is a martingale with respect to (Σ′m), provided that µ 6= 1.
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Exercise 4.2. Adopting the notation we used above, define τ := inf{m ∈ N : zm = 0}. Show
that if µ = 1, then p(

⋃∞{zi = 0}) = 1, and conclude that in this case τ is an almost surely
finite stopping time with respect to (zm). Then E(zτ ) = 0 even though E(zm) = 1 for each
m. Why doesn’t the Optional Stopping Theorem apply to the martingale (zm)?

Extinction Probability: The Subcritical Case

An important question about the Bienaymé-Galton-Watson branching process is if the
subject organism will eventually go extinct or not. We now show how the martingale
convergence theorems can be used to answer this question. Interestingly, the answer
turns out to depend only on the average productivity µ of the organism.
Let us begin with the case: µ < 1. (This case is called the subcritical case in

the literature on branching processes.) Since we know that (zm/µ
m) is a nonnegative

martingale with respect to (Σm), we may apply Corollary 3.1 to conclude that there
is a w in L1(X,Σ,p) such that zm/µm →a.s. w. It is plain that w ≥a.s. 0. In fact,
since µm → 0 and the lowest nonzero value that any zm can take is 1, it must be
the case that w =a.s. 0, and hence zm →a.s. 0.24 That is, if each individual in the
population produces less than one offspring on average, then the species will die out
with probability one.

Extinction Probability: The Critical Case

The case µ = 1 —this is called the critical case —is more interesting. Of course, if
p{x1,1 = 1} = 1, then there is no mystery; the population size remains constant at
1 forever with probability one. (Recall that p{x1,1 = 1} = p{xm,k = 1} for each m
and k.) To focus on the nontrivial case, let p{x1,1 = 1} < 1, and observe that, given
µ = 1, this is possible only if α := p{x1,1 = 0} > 0. Now

p{ lim zm ∈ N} = p

(∞⋃
l=1

{zm → l}
)

=
∞∑
l=1

p{zm → l}.

But, for any positive integer m, zm(ω) → l holds for some ω ∈ X iff there exists an
integer Mω such that zm(ω) = l for every m ≥Mω. Thus

p{zm → l} = p {zM = zM+1 = · · · = l for some M ∈ N} ,

and hence by Boole’s Inequality,

p{lim zm ∈ N} ≤
∞∑
l=1

∞∑
M=1

p{zM = zM+1 = · · · = l}. (10)

24This shows that (zm/µ
m) is not uniformly integrable. Indeed, if it were, then we would have

E(zm/µ
m)→ 0 by Lemma 4.5, which is false (because E(zm/µ

m) = 1 for each m).
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On the other hand, for any positive integers l and M,

p{zM = zM+1 = · · · = l} = p

( ∞⋂
k=1

{zM = · · · = zM+k = l}
)

= lim
k→∞

p{zM = · · · = zM+k = l},

whereas, for any k,

p{zM = · · · = zM+k = l}
= p{zM = l}

∏
i∈[k]

p{zM+i = · · · = zM+k = l | zM = · · · = zM+i−1 = l}

≤
∏
i∈[k]

p{zM+i = l | zM+i−1 = l}

= p{z2 = l | z1 = l}k.

Since

p{z2 = l | z1 = l} ≤ p{z2 > 0 | z1 = l}
= 1− p{z2 = 0 | z1 = l}
= 1− αl,

and α > 0, we thus obtain

p{zM = zM+1 = · · · = l} ≤ lim
k→∞

(
1− αl

)k
= 0.

Combining this with (10), we find p{ lim zm ∈ N} = 0. But we know from Corollary
3.1 that zm →a.s. z for some integrable random variable z on (X,Σ,p). Since the
only way this fact conforms with p{ lim zm ∈ N} = 0 is if z =a.s. 0, we conclude
that zm →a.s. 0. Somewhat surprisingly, we find here that even if each individual in
the population produced exactly one offspring on average, the species would still go
extinct with probability one. We proved:

Claim 2. zm →a.s. 0 whenever µ ≤ 1 and p{x1,1 = 1} < 1.

Extinction Probability: The Supercritical Case

The situation is more complex in the case µ > 1. (This case is called the supercritical
case.) We shall develop this case below in the form of a number of exercises.

Exercise 4.3. Adopting the notation we used above, show that

V(zm) :=

{
V(x1,1)µm−1 µ

m−1
µ−1 , if µ 6= 1

mV(x1,1), if µ = 1.

Exercise 4.4. Adopting the notation we used above, assume µ > 1, and use the previous
exercise to prove that (zm/µ

m) is L2-bounded, and hence uniformly integrable. Conclude
that there is a w in L1(X,Σ,p) such that zm/µm →a.s. w and E( |w − zm/µm| )→ 0.
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Exercise 4.5. Adopting the notation we used above, for every nonnegative integer m, define
the real map fm on [0, 1] by

fm(t) := E(tzm).

Prove: For each m,
(a) fm is strictly increasing, continuous and strictly convex, and fm(1) = 1;
(b) p{zm+1 = 0} = fm(p{x1,1 = 0});
(c) p{zm → 0} = limp{zm = 0} = lim fm(p{x1,1 = 0});
(d) E(tzm+1) = E(E(tx1,1)zm);
(e) fm+1 = f0 ◦ fm;
(f) f0(p{zm → 0}) = p{zm → 0};
(g) p{zm → 0} < 1.

Exercise 4.6. Adopting the notation we used above, assume µ > 1, and let S be the event that
zm does not converge to 0, zm/µm → w, and w is finite. Show that p(S) > 0 and zm(ω)→∞
for every ω ∈ S. (Thus, when the species do not go extinct, their population size grows to
infinity.)

Exercise 4.7. Prove Claim 2 by using Exercise 4.5.

Remark 5.1. As we have seen in Exercise 5.4, (zm/µ
m) converges to some w ∈

L1(X,Σ,p) with probability one when µ > 1. This is analogous to the subcritical
and critical cases. However, when µ > 1, we have p{zm → ∞} > 0, as we have
seen in Exercise 5.6. Surprisingly, this does not mean that w =a.s. 0 cannot be
the case. Indeed, it is known that (in the supercritical case) we have w =a.s. 0 iff
E(x1,1 log x1,1) =∞, where we adopt the convention 0 log 0 = 0. This is the Kesten-
Stigum Theorem whose proof is beyond the scope of the present exposition.25 �

4.2 The Kolmogorov Convergence Criterion, Again
Martingale theory provides a unified approach to many classical problems of the asymptotic theory
of probability. While this is a bit of a side issue for the present account, we will illustrate this here
by providing an alternate proof for the Kolmogorov Convergence Criterion by using the theory of
martingales.26 The reader who wishes to see instead some economic applications may jump straight
to Section 5.

Take a probability space (X,Σ,p) and a sequence (ym) in L2(X,Σ,p). Suppose that (ym) is a
martingale with respect to a filtration (Σm) in Σ. Then, of course,

E(yk |Σl) =
a.s.

yl for every l ∈ [k] and k ≥ 1.

We know from our work in Section J.1.5 that E(yk |Σl) equals the orthogonal projection of yk onto
L2(X,Σl,p) (almost everywhere) so, by Theorem 3.5 of Appendix 3, we may then conclude that
yk − yl ⊥ L2(X,Σl,p) for every l ∈ [k] and k ≥ 1. It follows that∫

X

(yi − yj)(yk − yl)dp = 0 whenever 1 ≤ j ≤ i ≤ l ≤ k.

25For comprehensive analyses of the theory of branching processes, see the texts by Asmussen and
Hering (1983), Harris (1989), and Athreya and Ney (2004).
26Section 3.3 is a prerequisite for the present section.
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As y1 ∈ L2(X,Σi,p) for each i, the analogous reasoning also shows that∫
X

y1(yi+1 − yi)dp = 0 for every i ≥ 1.

Consequently, for any m ≥ 1, the identity ym =
∑
i∈[m−1](yi+1 − yi) + y1 yields

∫
X

y2
mdp =

∫
X

 ∑
i∈[m−1]

(yi+1 − yi) + y1

2

dp

=
∑

i∈[m−1]

∫
X

(yi+1 − yi)2dp+

∫
X

y2
1dp,

=
∑

i∈[m−1]

E((yi+1 − yi)2) + E(y2
1).

Thus, if
∑∞ E((yi+1 − yi)2) +E(y2

1) is finite, (ym) is L2-bounded, and the Martingale Convergence
Theorem yields:

Theorem 4.1. Let (X,Σ,p) be a probability space, and (ym) a martingale with respect to a filtration
(Σm) in Σ such that

∑∞ E((yi+1−yi)2)+E(y2
1) <∞. Then, (ym) converges to some y ∈ L2(X,Σ,p)

almost surely.

This result generalizes the Kolmogorov Convergence Criterion. After all, if (xm) is a sequence of
independent random variables on a probability space (X,Σ,p) such that E(xi) = 0 for each i ∈ N,
then, where ym := x1 + · · · + xm for each m, (ym) is a martingale with respect to its minimal
filtration (Example 1.1). Besides, ym ∈ L2(X,Σ,p) for each m by hypothesis, so

∞∑
E((yi+1 − yi)2) + E(y2

1) =
∑

i∈[m−1]

V(xi+1) + V(x1) ≤
∞∑
i=1

V(xi) <∞,

and Theorem 4.1 says that (ym) converges almost surely.

MAKE THE FOLLOWING EXERCISES

Lemma 4.1. Let (xm) be a sequence of integrable i.i.d. random variables on a probability space
(X,Σ,p). If ym :=

∑m
xi and Σ(m) := σ(ym, ym+1, ...), then

E(x1 | ym) =
a.s.
E(x1 |Σ(m)) =

a.s.

ym
m

for each positive integer m.

Proof. Fix any m, and let y be a version of E(x1 | ym). Since y is obviously Σ(m)-measurable, we
only need to show that E(x11S) = E(y1S) for every S ∈ Σ(m). Define

S := {S ∈ Σ(m) : E(x11S) = E(y1S)} .

We leave it to you to show that S is an S-class. Define

A := {A ∩B : (A,B) ∈ σ(ym)× σ(xm+1, xm+2, ...)},

and observe that σ(A) = σ(σ(ym)∩σ(xm+1, xm+2, ...)) = Σ(m). (Why?) It is also clear that X ∈ A.
Moreover, if (A,B) ∈ σ(ym)× σ(xm+1, xm+2, ...), then we have

E(x11A∩B) = E(x11A1B) = E(x11A)E(1B) = E(y1A)E(1B)
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since x1 is independent of σ(xm+1, xm+2, ...), and y =a.s. E(x1 | ym). But y is σ(ym)-measurable, so
it is independent of σ(xm+1, xm+2, ...), hence of 1B . Thus

E(y1A)E(1B) = E(y1A1B) = E(y1A∩B),

so we conclude that A ⊆ S. By the Sierpinski Class Lemma, therefore, Σ(m) = σ(A) ⊆ S, estab-
lishing the first of our assertions.

To see the second one, notice that we can replace x1 in our first assertion with any one of
x2, ..., xm, that is, E(xi | ym) =a.s. E(xi |Σm) for each i ∈ [m]. Since x1, ..., xm are identically distrib-
uted, this implies E(xi | ym) =a.s. E(x1 |Σm) for each i ∈ [m]. Thus,

ym =
a.s.
E(ym | ym) =

a.s.

m∑
i=1

E(xi | ym) =
a.s.

mE(x1 |Σm),

and we are done. �

Lemma 4.2. Let (X,Σ,p) be a probability space and (Am) a sequence of sub-σ-algebras of Σ such
that A1 ⊇ A2 ⊇ · · ·. If x ∈ L1(X,Σ,p) and xm := E(x | Am) for each m, then there exists an
x∞ ∈ L1(X,Σ,p) such that xm →a.s. x∞. Moreover, x∞ =a.s. E(x |

⋂∞Ai).
Proof. (Sketch) For any ω ∈ X and any positive integer M, let UM (ω) be the maximum num-
ber of upcrossings of [a, b] up to time M by the path (xM (ω), ..., x1(ω)). (Notice that here we
start at xM (ω) and go backwards to x1(ω).) The Upcrossing Inequality in this case becomes (b −
a)E(UM ) ≤ E (max{x1 − a, 0}) , and using this exactly as we did to prove the Martingale Conver-
gence Theorem, we obtain the first claim. To see the second claim, let A :=

⋂∞Ai, and note
that x∞ is obviously A-measurable. Moreover, since (xm) is uniformly integrable (Example 3.2)
and xm →a.s. x∞, Proposition C.6.7 yields E (|xm − x∞|) → 0. But for any S ∈ A, we have
E (|xm1S − x∞1S |) ≤ E (|xm − x∞|) , so E (|xm1S − x∞1S |) → 0. But E(xm1S) = E(x1S), so we
must then have E(x∞1S) = E(x1S) for every S in A. This proves that x∞ is a version of E(x |A). �

Exercise 4.8. Give a complete proof for Lemma 4.2.

Recall that the Strong Law of Large Numbers says that, for any sequence (xm) of integrable
i.i.d. random variables on a probability space, we have 1

m (x1 + · · ·+xm)→a.s. µ, where µ := E(x1).
To prove this, for each positive integer m, let ym := x1 + · · ·+ xm, and define

Σ(m) := σ(ym, ym+1, ...) and Σ(∞) :=

∞⋂
i=1

Σ(i).

By Lemma 4.1, we have E(x1 |Σm) =a.s. ym/m for each m. It follows from Lemma 4.2 that there
exists an integrable random variable y such that ym/m →a.s. y. (Indeed, y =a.s. E(x |Σ(∞)).)
Define y∗ := lim sup ym/m (which differs from y only on a set of probability zero). Clearly, y∗ =
lim sup(xk+1 + · · · + xk+m)/m so y∗ is σ(xk+1, xk+2, ...)-measurable for every nonnegative integer
k. Thus, by Kolmogorov’s 0-1 Law, p{y∗ ∈ S} ∈ {0, 1} for any Borel subset S of R. It follows from
this that y∗ is almost surely constant, that is, y∗ =a.s. α for some real number α. But α = E(y∗) =
E(y) = limE(ym/m) = µ. The proof of the Strong Law of Large Numbers is thus complete.

Exercise 4.9. Let (xm) be a sequence of integrable i.i.d. random variables on a probability
space, and let µ := E(x1). Prove: E

(∣∣ 1
m

∑m
xi − µ

∣∣)→ 0.
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4.3 Lattice Structure of the Space of Borel Measures
Let X be a separable metric space, and let M(X) stand for the set of all finite Borel measures
on X. We make this collection a poset by ordering its elements pointwise. That is, we consider
(M(X),≥) as a poset where µ ≥ ν means µ(S) ≥ ν(S) for every Borel subset S of X. Our main
objective in this section is to show that this poset is in fact a lattice. That is, for any two finite Borel
measures µ and ν on X there exist a smallest upper bound and a greatest lower bound for {µ, ν}
with respect to the partial order ≥. This is not trivial. For instance, max{µ, ν} would rarely serve
as the ≥-supremum of {µ, ν} in this context, as this set function need not even be finitely additive.
To prove our assertion, we need to get into measure theory a bit more deeply than we have so far,
and we shall do this by using our martingale methods.

Absolute Continuity of Measures

The following concept is of great importance for measure theory.

Definition. Let (X,Σ) be a measurable space, and µ and ν two measures on Σ. We say that ν is
absolutely continuous with respect to µ if

µ(S) = 0 implies ν(S) = 0

for every S ∈ Σ.

Here are a few examples.

Example 4.1. Let (X,Σ) be a measurable space, and µ and ν two measures on Σ such that µ ≥ ν.
Then, ν is absolutely continuous with respect to µ, and µ is absolutely continuous with respect to
µ+ ν.

Example 4.2. Let (X,Σ,p) be a measure space, and take any random variable x on this space with
E(x) = 1 and x ≥a.s. 0. Consider the probability measure q on Σ defined by

q(S) :=

∫
S

xdp.

Then, q is absolutely continuous with respect to p.

Example 4.3. Let (X,Σ,p) be a probability space, take any T ∈ Σ with p(T ) > 0, and define the
probability measure q on Σ by q(S) := p(S |T ). Then, q is absolutely continuous with respect to
p. (In fact, this is precisely the previous example with x := 1

p(T )1T .)

The following exercise provides a justification for the term “absolute continuity.”

Exercise 4.10.H Let (X,Σ) be a measurable space, and µ and ν two finite measures on Σ.
Prove: ν is absolutely continuous iff for every ε > 0 there is a δ > 0 such that q(S) < ε for
every S ∈ Σ with p(S) < δ.
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A “Baby”Radon-Nikodym Theorem

Here is a basic, but very important, observation. We will generalize it substantially in the next
section (by dropping its two “finiteness”hypotheses).

Lemma 4.3. Let X be a nonempty set, A a finite algebra on X, and µ and ν two finite measures on
A such that ν is absolutely continuous with respect to µ. Then, there is a bounded and nonnegative
x ∈ L0(X,A) such that

ν(A) =

∫
A

xdµ for every A ∈ A. (11)

Proof. To prove this, let us first recall that every finite algebra is the algebra generated by a finite
partition of the sample space. Indeed, if we enumerate A as {A1, ..., Ak} and put S := {B1∩···∩Bk :
Bi ∈ {Ai, X\Ai} for each i ∈ [k]}, then S\{∅} is a partition of X such that σ(S\{∅}) = A. We
define

x :=
∑
S∈S
µ(S)>0

ν(S)

µ(S)
1S

which is a nonnegative and bounded random variable on (X,A).Moreover, obviously,
∫
S
xdµ = ν(S)

for every S ∈ S with µ(S) > 0. As µ� ν, we also have this property for every S ∈ S with µ(S) = 0,
that is,

∫
S
xdµ = ν(S) for every S ∈ S. As A is simply the set of all (necessarily disjoint) unions of

elements of S, (11) follows from this observation. �

A Radon-Nikodym Theorem for Sums of Borel Measures

We will use the previous lemma to establish the following theorem which is precisely what we need
to establish the lattice structure ofM(X). It is at this point that we will make use of martingales,
and we will show in the next section that the same technique would actually yield a significantly
more general result.

Lemma 4.4. Let X be a separable metric space, and µ and ν two finite Borel measures on X such
that µ ≥ ν. Then, there is a bounded Borel measurable x : X → R+ with

ν(S) =

∫
S

xdµ for every S ∈ B(X). (12)

The idea is to think of B(X) as the limit of a filtration each term of which finite. This allows
us to invoke Lemma 4.3 for each term of the filtration, and then use the Martingale Convergence
Theorem to find the Borel measurable x that we are after. Here are the details.

In what follows, we presume that µ(X) > 0, for otherwise, both µ and ν vanish everywhere, and
(12) becomes trivially true. Now, as X is separable, there is a countable collection O := {O1, O2, ...}
of open subsets of X such that σ(O) = B(X). For every positive integer m, we define

Σm := σ({O1, ..., Om}).

Then, (Σm) is a filtration in B(X) such that σ(Σ1 ∪ Σ2 ∪ · · ·) = B(X). For every m ∈ N, we apply
Lemma 4.3 to the restrictions of the measures µ and ν to Σm to find a bounded and nonnegative
xm ∈ L0(X,Σm) such that

ν(A) =

∫
A

xmdµ for every A ∈ Σm. (13)
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But for each m, we have Σm ⊆ Σm+1, so this implies∫
A

xmdµ = ν(B) =

∫
A

xm+1dµ for every A ∈ Σm,

which ensures that E(xm+1 |Σm) =a.s. xm relative to the probability space (X,B(X), µ/µ(X)).
Conclusion: (xm) is a nonnegative martingale on (X,B(X), µ/µ(X)) with respect to (Σm). But
there is more: (xm) is uniformly integrable as well. To see this, fix any ε > 0 and pick any number
K > 1/εν(X). Then,∫

{xm>K}
xmdµ =

K

K
ν{xm > K} ≤ K

K
µ{xm > K} ≤ 1

K

∫
X

xmdµ =
1

K
ν(X) < ε.

Conclusion: (xm) is a nonnegative uniformly integrable martingale on (X,B(X), µ/µ(X)) with
respect to (Σm).

Wemay now apply the Martingale Convergence Theorem and the Uniform Integrability Criterion
in tandem, or more precisely, Theorem 3.3, to find an x ∈ L1(X,Σ,p) such that E(|xm − x|) → 0.
To complete our proof, we define ζ : B(X)→ R+ by

ζ(S) =

∫
S

xdµ for every S ∈ B(X),

which is a finite Borel measure on X. By (13), for every m ∈ N and S ∈ Σm, we have ν(S) = ζ(S),
so ν and ζ agree on Σ1 ∪ Σ2 ∪ · · ·. It follows from Proposition B.4.1 that ν = ζ, and we are done.

The Lattice Structure of M(X)

We are now ready for the main course of this section:

Proposition 4.5. Let X be a separable metric space. Then, (M(X),≥) is a lattice.

Proof. Take any µ, ν ∈M(X). By Lemma 4.4, there exist bounded, Borel measurable and nonneg-
ative real maps x and y on X such that

µ(S) =

∫
S

xd(µ+ ν) and ν(S) =

∫
S

yd(µ+ ν) for every S ∈ B(X).

We define ξ : B(X)→ R+ by

ξ(S) :=

∫
S

zd(µ+ ν) where z := max{x, y}, (14)

which is an ≥-upper bound for {µ, ν}. Suppose ς is another ≥-upper bound for {µ, ν}. We apply
Lemma 4.4 one more time to find a bounded and Borel measurable w : X → R+ such that

ς(S) :=

∫
S

wd(µ+ ν) for every S ∈ B(X).

Clearly, ∫
S

wd(µ+ ν) ≥
∫
S

xd(µ+ ν) and
∫
S

wd(µ+ ν) ≥
∫
S

yd(µ+ ν)

for every S ∈ B(X), which is possible iff (µ+ ν){x > w or y > w} = 0. Then, (µ+ ν){z > w} = 0,
and hence, ς ≥ ξ. We conclude that ξ is the ≥-supremum of {µ, ν}. It is similarly verified that
S 7→

∫
S

min{x, y}d(µ+ ν) is the ≥-infimum of {µ, ν}. ‖
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Exercise 4.11. Let X be a separable metric space, and let S(X) stand for the space of all
Borel charges on X. Prove that (S(X),≥) is a vector lattice (Section 1.4 of Appendix 2).

Simplicial Structure of Nτ (X)

As a final order of business in this section, we will consider an application of Proposition 4.5 to
ergodic theory. Let X be a compact metric space and τ a continuous self-map on X. Recall that we
denote by Nτ (X) the set of all Borel probability measures on X with p ◦ τ−1 = p. We have seen
in Section 5 of Chapter I that this set is a nonempty, compact and convex subset of 4(X) such
that p is an extreme point of Nτ (X) iff τ is p-ergodic. (As usual, things are viewed here within the
normed linear space of all Borel charges on X.) In turn, we have used Choquet’s Theorem to show
that for every τ -invariant Borel probability measure p on X, there is a µ ∈ 4(Nτ (X)) such that τ
is q-ergodic for every q ∈ supp(µ) and∫

X

ϕdp =

∫
Nτ (X)

∫
X

ϕdqµ(dq) for every ϕ ∈ C(X).

Choquet’s Theorem in fact delivers more than this. The uniqueness part of this theorem (Section
7.2 of Chapter C) entails that µ found here is unique, provided that Nτ (X) is a (Choquet) simplex,
that is, Nτ (X) is a base for C and C is a lattice relative to the vector partial order <C , where C :=
cone(Nτ (X)). (Recall Section 1.3 of Appendix 2.) We now show that Nτ (X) is indeed a simplex.

The fact that Nτ (X) is a base for C is straightforward. After all, if ap = bq for some real
numbers a and b, and some p and q in Nτ (X), we have p(X) = 1 = q(X), and hence follows a = b
and p = q. To prove that C is a lattice relative to <C , let us first recall that, by definition, µ <C ν
iff µ− ν ∈ C for any µ, ν ∈ M(X). In fact, this partial order coincides with the pointwise ordering
on C:

Claim 1. For any µ, ν ∈ C, we have µ <C ν iff µ ≥ ν.

Proof. Take any µ, ν ∈ C. If µ− ν ∈ C, then µ− ν = ap for some (a,p) ∈ R+ × Nτ (X), so we
obviously have µ ≥ ν. Conversely, if µ ≥ ν, put a := µ(X) − ν(X). If a = 0, we must have µ = ν,
so, trivially, µ− ν ∈ C. If a > 0, we set p := (µ− ν)/a. Then, p is Borel probability measure on X
with µ − ν = ap. Moreover, as µ = bq for some b ≥ 0 and q ∈ 4(X) with q ◦ τ−1 = q, we have
µ ◦ τ−1 = µ, and similarly for ν. Consequently, (µ − ν) ◦ τ−1 = µ ◦ τ−1 − ν ◦ τ−1 = µ − ν, and it
follows that p ◦ τ−1 = p, that is, p ∈ Nτ (X). ‖

Let us now show that C is a sublattice of (M(X),≥), that is, for any (fixed) µ and ν in C, the
≥-infimum and ≥-supremum of {µ, ν} belong to C. In view of Claim 1, this will complete our proof
that Nτ (X) is a simplex. We will do this only in the case of the ≥-supremum of {µ, ν}, but the
argument for the ≥-infimum is analogous. Let x and y be as in the proof of Proposition 4.5. We
note that, with respect to the measure µ + ν, the maps x and x ◦ τ are equal almost everywhere,
and similarly for y and y ◦ τ . That is:

Claim 2. (µ+ ν){x ◦ τ 6= x} = 0 = (µ+ ν){y ◦ τ 6= x}.

Proof. Put S := {x ◦ τ > x} which is a Borel set in X. As in the proof of Claim 1, we have
µ ◦ τ−1 = µ, and similarly for ν, and hence, (µ+ ν) ◦ τ−1 = µ+ ν. Consequently, using the Change
of Variables Formula (for finite measures), we find∫

S

xd(µ+ ν) = µ(S) = µ(τ−1(S)) =

∫
τ−1(S)

xd(µ+ ν) =

∫
S

x ◦ τd(µ+ ν).
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By definition of S, this is possible iff (µ+ν)(S) = 0. A similar reasoning yields (µ+ν){x◦τ < x} = 0
as well, so the first assertion is proved. The second assertion is obtained by replacing the roles of µ
and ν in the first assertion. ‖

We now define ξ : B(X) → R+ as in (14). As we have seen in the proof of Proposition 4.5,
this measure is the ≥-supremum of {µ, ν} inM(X). It thus remains to prove that ξ ∈ C. But if ξ
equals 0 everywhere, there is nothing to prove, so we may assume otherwise, and set a := ξ(X) > 0
and p := ξ/a. Obviously, ξ = ap and p ∈ 4(X), so we will be done if we can show that τ is
p-preserving. But, by Claim 2, (µ + ν){x ◦ τ 6= x or y ◦ τ 6= y} = 0, and it follows from this that
(µ+ ν){z ◦ τ 6= z} = 0. Consequently, for every Borel subset S of X,

p(τ−1(S)) =
1

a

∫
τ−1(S)

zd(µ+ ν) =
1

a

∫
S

zd(µ+ ν) = p(S),

and we are done.

4.4 The Radon-Nikodym Theorem
There is a substantial generalization of Lemma 4.4 which is purely measure-theoretic in nature. This
result shows that the situation we have considered in Example 4.2 is entirely typical. It goes by the
name:

The Radon-Nikodym Theorem. Let (X,Σ) be a measurable space, and p and q two measures on Σ
such that q(X) > 0 and q is absolutely continuous with respect to p. Then, there is a nonnegative
x ∈ L1(X,Σ,p/p(X)) such that

q(S) =

∫
S

xdp for every S ∈ Σ. (15)

We can prove this by adapting the proof we have given for Lemma 4.4.27 Let us first assume
that Σ is separable, that is, Σ = σ(S) for a countable subset S of Σ. In that case, the argument
we gave for Lemma 4.4 applies without modification to settle the present assertion.28 To get the
general case we reason as follows. Let T(Σ) stand for the collection of all separable sub-σ-algebras
of Σ. At present, we know this: For every Σ′ ∈ T(Σ), there is a nonnegative x(Σ′) ∈ L1(X,Σ′,p|Σ′)
such that q(S) = E(x(Σ′)1S) for every S ∈ Σ′. To prove the main result, we will use the following
two claims. (In what follows, we presume that p and q are probability measures, but this is clearly
without loss of generality.)

Claim 1. For every ε > 0, there is a Σε ∈ T(Σ) such that

‖x(Σ′)− x(Σ′′)‖1 < ε for every Σ′,Σ′′ ∈ T(Σ) with Σε ⊆ Σ′ ∩ Σ′′.

Claim 2. There exists an x ∈ L1(X,Σ,p) such that for every ε > 0, there is a Σε ∈ T(Σ) such
that

‖x(Σ′)− x‖1 < ε for every Σ′ ∈ T(Σ) with Σε ⊆ Σ′. (16)

27This method of proof is due to Meyer (1966).
28There is one minor caveat. The argument I gave for the uniform integrability claim in the proof

of Lemma 4.4 does not work here, as we do not have p ≥ q. But, in fact, all we need is that q be
absolutely continuous with respect to p in this regard. More precisely, we can use Exercise 4.10
(instead of p ≥ q) to get the uniform integrability in the present context.
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Suppose Claim 2 is true, and pick any such x. Now fix an arbitrary S ∈ Σ. For any ε > 0, we
pick any Σε ∈ T(Σ) such that (16) holds. Then, for Σ′ := σ(Σε ∪ {S}), we have∣∣∣∣∫

S

xdp− q(S)

∣∣∣∣ =

∣∣∣∣∫
S

xdp−
∫
S

x(Σ′)dp

∣∣∣∣ ≤ ‖x(Σ′)− x‖1 < ε.

As S ∈ Σ and ε > 0 are arbitrary here, (15) follows.
Our task is therefore to prove Claim 2, and it is for this purpose that we need Claim 1.

Proof of Claim 1. Suppose the claim is false. Then, we can find an ε > 0 and a sequence
(Σm) in T(Σ) such that ‖x(Σm)− x(Σm+1)‖1 ≥ ε and Σ1 ⊆ Σ2 ⊆ · · ·. In particular, (x(Σm)) is a
non-convergent sequence in L1(X,Σ,p). Yet, it is readily checked that (xm) is uniformly integrable
martingale with respect to (Σm), so it must converge by Theorem 3.3. ‖

Proof of Claim 2. We use Claim 1 to pick a sequence (Σm) in T(Σ) such that ‖x(Σ′)− x(Σ′′)‖1 <
2−(m+1) for each Σ′,Σ′′ ∈ T(Σ) with Σm ⊆ Σ′∩Σ′′. Put Σ(m) := σ(Σ1∪· · ·∪Σm). Then, (xΣ(m)) is
Cauchy in L1(X,Σ,p), and hence, by the Riesz-Fischer Theorem, it converges to an x in L1(X,Σ,p).
It is an easy exercise to show that this x does the job required for Claim 2.

Remark 4.2. In this text, we have given a geometric proof for the existence of the conditional
expectation operator, and use this (implicitly) when introducing the theory of martingales. The
Radon-Nikodym Theorem is then obtained by using this theory. Alternatively, one can give a
purely measure-theoretic proof for the Radon-Nikodym Theorem, and then deduce the existence
of the conditional expectation operator from this theorem. (Most expositions in the literature, in
fact, proceeds in this manner.) Indeed, let (X,Σ,p) be a probability space and Σ0 a sub-σ-algebra
of Σ. Let x be a nonnegative and integrable random variable on (X,Σ,p). Then, q : Σ0 → [0, 1],
defined by q(S) :=

∫
S
xdp, is a probability measure on Σ0 which is absolutely continuous with

respect to p|Σ0
, so, by the Radon-Nikodym Theorem, there is a y ∈ L1(X,Σ0,p) such that y ≥ 0

and
∫
S
ydp =

∫
S
xdp for every S ∈ Σ0. Clearly, y is a version of E(x |Σ0). �

Exercise 4.12. Show that the x found in the statement of the Radon-Nikodym Theorem is
almost surely unique (with respect to p).

Exercise 4.13. Let (X,Σ), p and q be as in the Radon-Nikodym Theorem, but assume,
in addition, that p is absolutely continuous with respect to q. Prove that there is an x ∈
L1(X,Σ,p) such that x > 0, 1

x ∈ L
1(X,Σ,p), q(S) =

∫
S
xdp and p(S) =

∫
S

1
xdq for every

S ∈ Σ.

Exercise 4.14. Extend the Radon-Nikodym Theorem to the context of σ-finite measures.

5 Economic Applications

5.1 Theory of Self-Insurance
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5.2 The Effi cient-Capital-Market Model

How should one model the price of an asset? The classical answer is that the price of
an asset equals its fundamental value, that is, the expected discounted value of the
asset’s cash flow (dividends). A classical result of finance, due to Samuelson (1965),
shows that, under certain assumptions, the workings of effi cient capital markets would
actually force the price of an asset to equal its fundamental value. Curiously, the
theory of martingales figure prominently in the demonstration of this result, and
sheds light into its applications thereof. Following LeRoy (1989), we go through this
demonstration below as an application of some of the ideas developed in this chapter.
Let us begin with fixing a probability space (X,Σ,p) on which all the random

variables that appear below are defined. We model time as discrete, and assume that
the price of a given stock remains constant within the time interval [m,m+1) for any
m ∈ Z+. The information available at time m ∈ N is captured by a sub-σ-algebra Σm

of Σ, and we assume that agents never forget the past, that is, (Σm) is a filtration
in Σ. The (non-random) price of the subject stock at the initial period is denoted
P0 > 0. The price of the stock at time m is, on the other hand, a random variable
Pm ∈ L0(X,Σ) which is Σm-measurable. Similarly, the dividends paid by a unit of
this stock at time m is a random variable Dm ∈ L0(X,Σ) which is measurable with
respect to Σm. (Interpretation?) Throughout the analysis, therefore, we assume that
(Pm) and (Dm) are adapted to (Σm). It will simplify things to postulate that these
sequences are bounded as well. (That is, there exists a real number K such that
max{Pm, Dm} ≤ K for all m.) All this is summarized in the following:

Assumption A. (Pm) and (Dm) are bounded random sequences that are adapted
to (Σm), and Pm > 0 and Dm ≥ 0 for every m ∈ N.

The market interest rate on bonds (riskless assets) at time m is not random -
it equals some fixed number rm ∈ (0, 1). By way of simplification, we assume that
r := r1 = r2 = · · ·, but note that all that will be proved below would go through
without this assumption (although in the case of Fact 2 we would have then needed
a further technical condition, such as the boundedness of (rm) away from 1.) We let
the common discount factor induced by r as δ, that is, δ := 1/(1 + r). (Thus, if the
value of your bond tomorrow is b, then its present value today is δb).
Now the rate of return on our stock at time m + 1, denoted ρm+1, is defined

as the sum of the percentage dividend yield and the percentage capital gain at time
m+ 1, that is,

ρm+1 :=
Dm+1

Pm
+
Pm+1 − Pm

Pm
, m = 0, 1, ... (17)

(Clearly, (ρm) is a random sequence adapted to (Σm).) The main idea behind the
so-called effi cient-capital-market hypothesis is that, in expectation (conditional on
available information), there should not be any arbitrage opportunities left for any
agent, so in expectation, there should be no difference between ρm and r at any time
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m.29 It is quite amazing how much follows from this condition. Let us first state the
idea formally.

The No-Arbitrage Condition. E(ρm+1 |Σm) = r for every m ∈ N.

Let us stipulate (as a thought experiment) that every investor continually reinvests
her earned dividends in further share purchases of the same stock. Thus if we denote
by Nm the number of shares of the subject stock held by an agent at time m, then the
sequence (Nm) is fully defined (parametric over the initial holdings N0 of the agent)
through the following difference equation:

Nm+1 −Nm =
Dm+1Nm

Pm+1
, m = 0, 1, ... (18)

Assuming N0 to be a constant random variable, it follows from this that (Nm) is a
random sequence adapted of (Σm) as well.
We are now ready to prove a major fact: While (Pm) need not at all act as a

super or submartingale, the sequence of present values of the stock holdings (i.e. the
entire mutual fund), that is (Vm) := (δmPmNm), is a martingale.

Fact 1. (Samuelson) Given Assumption A, the no-arbitrage condition implies that
(Vm) is a martingale with respect to (Σm).

Proof. Assumption A ensures readily that (Vm) is a sequence of bounded random
variables, which is adapted to (Σm). By Proposition J.2.4, (17), and Example J.1.6,
we have

PmE(ρm+1 |Σm) =
a.s.
E(Pmρm+1 |Σm) =

a.s.
E(Dm+1 + Pm+1 |Σm)− Pm

for each m ∈ N. Therefore, by the no-arbitrage condition, rPm =a.s. E(Dm+1 +
Pm+1 |Σm)− Pm, that is,

Pm =
a.s.

δE(Dm+1 + Pm+1 |Σm) m = 1, 2, ... (19)

Hence, by (18), Proposition J.2.4, and (19),

E(Vm+1 |Σm) = a.s.δ
m+1E(Pm+1Nm+1 |Σm)

= a.s.δ
m+1E((Dm+1 + Pm+1)Nm |Σm)

= a.s.δ
m+1E(Dm+1 + Pm+1 |Σm)Nm

= a.s.δ
m+1(Pm/δ)Nm

= a.s.Vm

29The exact formulation of the effi cient-capital-market hypothesis is not, however, without con-
troversy. See Fama (1970, 1976) and LeRoy (1989).
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for each m ∈ N. ‖

We thus now a lot about the long-run behavior of the present value of the mutual
fund, when the associated capital market is effi cient. For instance, given Assumption
A, an immediate application of Fact 1 and the Martingale Convergence Theorem
implies that there is an almost surely bounded random variable V on (X,Σ) such
that Vm →a.s. V .30 This is a rather nontrivial finding. It says that if the subject
capital market is effi cient in the sense that the no-arbitrage condition holds, then
the present value of the mutual fund cannot oscillate too much - its behavior must
eventually settle down with probability one.
In a similar vein, we observe that (Vm) is uniformly integrable (for since (Pm)

and (Dm) are bounded, there exists a real number K such that {Vm > K} = ∅
for all m), so by Theorem 3.4 (and its proof), we see that Vm =a.s. E(V |Σ′m), where
Σ′m := σ(V1, ..., Vm) for allm ∈ N. This tells us that, under the no-arbitrage condition,
one can think of the present value of the mutual fund at time m as an approximation
of a given random variable in such a way that the approximation gets better and
better (in the sense of convergence in the mean) as time unfolds.
Another interesting finding that follows from the no-arbitrage condition is the

following.

Fact 2. (Samuelson) Given Assumption A, the no-arbitrage condition holds if,
and only if,

Pm =
a.s.

∞∑
i=1

δiE(Dm+i |Σm) m = 1, 2, ... .

Proof. To prove the “only if”part, fix any positive integer m, and use (19) to get

Pm+1 =
a.s.

δE(Dm+2 + Pm+2 |Σm+1).

Using (19) again

Pm = a.s.δE(Dm+1 + δE(Dm+2 + Pm+2 |Σm+1) |Σm)

= a.s.δE(Dm+1 |Σm) + δ2E(Dm+2 + Pm+2 |Σm),

where we applied the filtering property of conditional expectations (Proposition 1).
Proceeding inductively, therefore, we find

Pm =
a.s.

∑
i∈[M ]

δiE(Dm+i |Σm) + δME(Pm+M |Σm).

Since (Pm) is a bounded sequence, we must have limM→∞ δ
ME(Pm+M |Σm) = 0, so

letting M → ∞ in the previous expression establishes the claim. The proof of the
“if”part is left as an exercise. ‖
30Why is V almost surely bounded?
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Fact 2 gives basis for modeling the price of an asset as its fundamental value.
Curiously, this fact does not render the values of mutual funds largely deterministic,
as one might at first think. After all, Fact 1 tells us that, under the effi cient-capital-
market hypothesis, (Vm) is a martingale, so the best predictor of the value of a mutual
fund tomorrow is none other than its value today (with a possibly high variance).

5.3 The Harrison-Kreps Model
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