
Chapter G
Stochastic Independence

Much of probability theory is based on the analysis of independent events and random
variables. You know the idea behind two events being independent, to be sure. To
make broader use of the notion of independence, however, we need to extend it to
the case of �-algebras of events, which, in turn, allows us to formalize what it means
for a set of random variables to be independent. We start the present chapter with a
detailed discussion of these matters.
One of our main objectives is to formalize the scenario of performing two (or

more) experiments in a way that the consequences of one do not a¤ect those of the
other. Since we model an experiment by means of a probability space, our task is
thus to compose a new probability space from the probability spaces that correspond
to the individual experiments, and we should do this in a way that re�ects that
the experiments are performed independently. Consequently, after some preliminary
work, we develop here the theory of �nite products of probability spaces. In turn,
we establish the fundamental Fubini-Tonelli theorems, and go through some of their
applications. As an economic application, we consider the game-theoretic modeling
of strategic behavior via randomized actions, and prove the Glicksberg Existence
Theorem. This requires a pleasant interplay between the techniques of probability
theory and real analysis, and paves the way toward the discussion of equilibrium
existence theorems of more recent vintage.
We will later encounter plenty of instances that require dealing with in�nitely

many independent experiments. We thus also investigate here how one may extend
the construction of �nite products of probability spaces to the case of in�nite prod-
ucts. This issue is settled by a foundational theorem of probability. We prove this
result in the �nal section of the present chapter, and as an immediate application,
establish the existence of a sequence of independent random variables each term of
which is distributed according to an arbitrarily prespeci�ed distribution function.
In particular, this shows that sequences of identically and independently distributed
random variables exist, thereby providing �rm grounds for studying the asymptotic
behavior of such sequences, a theme that is explored in the next chapter.

1 Independence of Collections of Events

Given a probability space (X;�;p), suppose we are interested in dealing with a
question like this:

�Given that an eventB has occurred, what can we say about the likelihood
of the occurence of an event A?�
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To answer this, it seems like a good idea to think of B as the actual sample space,
that is, to consider a new probability space, one that takes B as the sample space.
But, we can�t quite do this, because such a space would not allow us to talk about
some of the events that take place in the original probability space. (For instance,
we could not then say something like �the probability of XnB is zero, given that B
has occurred.�) The resolution is to stay within the measurable space (X;�) but to
modify the probability measure p to re�ect that, since B has occurred, an event A can
occur (that is, the experiment results in an outcome in A) i¤ A \B occurs. Clearly,
the space we are after is (X;�;q); where q(A) := p(A \ B)=p(B) for any A 2 �;
which is well-de�ned so long as p(B) > 0: (The case where p(B) = 0 is delicate; let�s
ignore it for now.) This manner of looking at things provides a meaningful way of
modeling the statement �the probability of the occurrence of A is not in�uenced by
the occurrence of B:�We say that the events A and B are independent whenever
p(A \ B) = p(A)p(B); so the �probability of A given B�equals the �probability of
A;�which is also equal to the �probability that A occurs given that B is known not
to have occured.�
Now, of course, you know all this. Our task here is rather to extend the basic

idea behind the independence of two events in a way that applies to the case of two
or more collections of events, and then to carefully formalize the related matters.
How can we de�ne the independence of an arbitrary number of collections of events
or of collections of random variables? How does the expectation and/or variance of
one random variable relate to another when they are independent? Can we de�ne
a sequence of independent random variables each with a prespeci�ed distribution
function? To answer such questions, we �rst need to do some groundwork.

1.1 Independent Events

First Impressions

De�nition. Let (X;�;p) be a probability space. The events A;B 2 � are said to be
(stochastically) independent if p(A\B) = p(A)p(B): More generally, a nonempty
collection A � � is called independent �we denote this by writing

`
A �if

p (
T
S) =

Y
A2S

p(A)

for every nonempty �nite subset S of A:1

Please make note of the recursive nature of this de�nition. Given a probability
space (X;�;p); three events A1; A2 and A3 are independent �that is,

`
fA1; A2; A3g

1The notation
`
A does not make explicit the reliance of the notion of independence of A on

the probability space under consideration �it would have been more informative to write something
like

`
(X;�;p)A: Yet, in the development that follows, the probability spaces with respect to which

I talk of the independence of sets of events, random variables, etc., will be clear from the context,
so this choice of notation will not cause confusion.
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�if p(A1 \A2 \A3) =
Q3 p(Ai) and these events are pairwise independent. In turn,

four events A1; A2; A3 and A4 are independent, if p(A1 \ � � � \ A4) =
Q4 p(Ai) and

these events are triplewise and pairwise independent. You get the point: For any
nonempty A � � we have`

A if and only if
`
S for every S � A with 0 < jSj <1:

Example 1.1. [1] Given any probability space (X;�;p); the trivial events ; and X
are independent of any event. That is,

`
f;; X; Sg for all S 2 �: (Interpretation. The

information content of the statement �X has occurred in the experiment�is void, so
it does not a¤ect the original assessment of the likelihood of the event S.)

[2] Two disjoint events A and B cannot be independent unless at least one of these
events occurs with probability zero. Put di¤erently, if A and B are independent and
each occur with positive probability, then they cannot be disjoint.

[3] Let (X;�;p) be a probability space. Clearly, ; and X are independent of
themselves. More generally, an event S 2 � is independent of itself (that is,

`
fSg)

i¤ p(S) 2 f0; 1g: (Interpretation?) �

Example 1.2. Let a and b be two real numbers in [0; 1] with a < b: Consider the sets
[0; 1

2
] and [a; b] as events in the probability space ([0; 1];B[0; 1]; `): These events are

independent i¤ a < 1
2
and b = 1� a: (Proof?) �

Example 1.3. Assume that a fair coin is tossed twice �recall Example B.3.2 �and
consider the events A := fHeads come up in the �rst �ipg; B := fHeads come up in
the second �ipg; and C := fboth �ips come up sameg: It is easily checked that any pair
of these events are independent. For instance, we have p(A \ C) = 1

4
= p(A)p(C):

However, fA;B;Cg is not independent, for p(A\B\C) = 1
4
but p(A)p(B)p(C) = 1

8
:

Conclusion: It is not enough to check for pairwise independence in verifying the
independence of a collection of events. �

Example 1.4. Let (X;�;p) be a probability space, and let (Am) be a sequence of
independent events in � (that is,

`
fA1; A2; :::g). Then, we have:

p

 1\
i=1

Ai

!
=

1Y
i=1

p(Ai): (1)

This is an easy consequence of the continuity of probability measures (Proposition
B.2.2) and de�nition of independence. �

Warning. (1) does not ensure the independence of A1; A2; :::. For instance, within
the context of the probability space (N; 2N;p); where pfig := 2�i; (1) holds for
Ai := fi; i+ 1g; i = 1; 2; :::; but, of course A1 and A2 are not independent.
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Exercise 1.1. Let (X;�;p) be a probability space, and take any independent events A and
B in �. Show that

`
fXnA;Bg and

`
fXnA;XnBg. (Interpretation?)

Exercise 1.2. Let (X;�;p) be a probability space, and pick any A � � with
`
A. Prove:

(a) Substituting the complements of some sets for themselves inA yields again an independent
collection.
(b) Replacing any countable collection of elements of A with the union of these elements
yields again an independent collection.

Exercise 1.3. Let (X;�;p) be a probability space, m a positive integer, and A1; :::; Am 2 �.
We say that A := fA1; :::; Amg is permutable if there exist numbers a1; :::; am�1 in (0; 1)
such that

p (
T
fAi : i 2 Ig) = ajIj

for every nonempty I � [m]: Does A have to be permutable if it is independent? Conversely?

1.2 Independent Collections

Independence of Finitely Many Families of Events

The following extends our previous de�nition in a way that enables us talk about the
independence of �nitely many collections of events.

De�nition. Let (X;�;p) be a probability space, and m an integer with m > 1. The
nonempty collections A1; :::;Am � � are said to be (stochastically) independent �
we denote this by writing

`
fA1; :::;Amg �if`

fA1; :::; Amg for every Ai 2 Ai; i 2 [m]:

In particular, two collections of events are independent, if any choice of two events,
one from the �rst collection and the other from the second, are independent. Just to
make sure all is clear, quiz yourself with the following question: Is it possible that
A1 � A2 and

`
fA1;A2g?2

The following exercise shows that our de�nition of �independence of events� is
really a special case of that of �independence of collections of events.�

Exercise 1.4. Let (X;�;p) be a probability space, and m an integer with m > 1. For any
given Ai 2 �; de�ne Ai := f;; X;Ai; XnAig for each i 2 [m]: Prove that

`
fA1; :::; Amg i¤`

fA1; :::;Amg:

Before we turn to formal matters, let us go over what we are really after here.
Consider an experiment that is modeled by a probability space (X;�;p), and suppose
A1 and A2 are two collections of events in this experiment. Suppose that, while we
will not observe the outcome of the experiment, we will �observe�A1 in the sense
that someone will tell us, after the experiment is run, which of the event(s) in A1

2Answer. Yes, if (and only if) all events in A1 occur with probability either 0 or 1.
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have occurred. (To simplify matters, let�s assume that p(A1) > 0 for each A1 2 A1:)
Now pick any A2 2 A2: The likelihood of this event would be p(A2); if we were not
going to receive this extra information about A1: But if A1 and A2 are such that the
potential occurrence of events in A1 does not convey any new information about the
potential occurrence of those in A2; then the occurrence of A2 would not a¤ect our
initial assesment of the likelihood of A2; that is, p(A2): Independence of A1 and A2
capture precisely this situation. In this case, we have p(A1 \ A2) = p(A1)p(A2); so
the conditional probability of observing A2, that is, p(A1 \A2)=p(A1), equals p(A2):
This is, in a nutshell, the idea behind the de�nition above.
Let us now examine the de�nition of independence of �nitely many collections of

events a bit more closely. Provided that X 2 Ai for each i �for instance, when each
of these collections are algebras �we may restate this de�nition in the following more
convenient form: A1; :::;Am are independent i¤

p

0@ \
i2[m]

Ai

1A =
Y
i2[m]

p(Ai) for every Ai 2 Ai; i 2 [m]: (2)

We only need to porve the �if�part of this assertion. But if (2) holds and X 2 Ai
for each i, then for any nonempty I � [m]; we have

p

 \
i2I
Ai

!
= p

0@ \
i2I
Ai

!
\

0@ \
i2[m]nI

X

1A1A =
Y
i2I
p(Ai)

Y
i2[m]nI

p(X) =
Y
i2I
p(Ai):

Thus:

Proposition 1.1. Let (X;�;p) be a probability space, and m an integer with m > 1.
If Ai � � contains X for each i 2 [m]; then

`
fA1; :::;Amg if, and only if, (2) holds.3

Independence of Finitely Many �-Algebras

In the sequel it will be quite important for us to determine whether or not a collection
of �-algebras on a given nonempty set is independent or not. This is in general a
di¢ cult task because the contents of a �-algebra are often quite complicated. It would
thus be nice if we could deduce the independence of �-algebras from the independence
of collections that generate these �-algebras. The following result is very useful in
this regard. (By the way, please make note of the method of proof we use below. We
will utilize it in other instances as well.)

Proposition 1.2. Let (X;�;p) be a probability space, and m an integer with m > 1.
If Ai � � contains X; and is closed under taking �nite intersections, i 2 [m]; then`

fA1; :::;Amg implies
`
f�(A1); :::; �(Am)g:

3Please note that if X 2 Ai did not hold for each i; I could not have asserted the second equality
above. The claim would in fact be false without this requirement.
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Proof. Fix any Ai 2 Ai for each i 2 [m� 1]; and de�ne

S :=

8<:A 2 � : p
0@0@ \

i2[m�1]

Ai

1A \ A
1A =

0@ Y
i2[m�1]

p(Ai)

1Ap(A)
9=; :

You will be asked below to show that S is an S-class (Section B.4). Since Am � S;
once this is done, we may conclude that �(Am) � S by using the Sierpiński Class
Lemma.4 Since the choice of Ais is arbitrary here, this means that p

�T
i2[m]Ai

�
=Q

i2[m] p(Ai) for all Am 2 �(Am) and all Ai 2 Ai for i 2 [m� 1]: That is,
`
fA1; :::;

Am�1; �(Am)g: Repeating this argument m � 1 many times completes the proof of
our assertion. �

Warning. Proposition 1.2 is not valid for collections of events that are not closed un-
der taking �nite intersections. For instance, consider the probability space (X; 2X ;p);
where X := fa; b; c; dg and p(S) := jSj =4 for every S 2 2X ; and consider the collec-
tions A1 := ffa; cgg and A2 := ffa; bg; fa; dgg. Then,

`
fA1;A2g; but fag 2 �(A2)

and p(fa; cg \ fag) = 1
4
6= 1

8
= pfa; cgpfag:

Exercise 1.5.H Prove that the set S de�ned in the proof of Proposition 1.2 is an S-class by
following the steps given below.
(a) Show that if A;B 2 S and A � B; then BnA 2 S:
(b) Take any (Cm) 2 S1 such that C1 � C2 � � � �; and de�ne B1 := C1 and Bi := CinCi�1
for i = 2; :::. Use part (a) to show that

S1
Ci =

F1
Bi 2 S:

A �Baby�Grouping Lemma

Here is a typical way in which Proposition 1.2 is used in practice.

Example 1.5. Let (X;�;p) be a probability space and m an integer with m > 1. For
each i 2 [m]; let Ai be a subset of � such that (i) X 2 Ai and (ii) Ai is closed under
taking �nite intersections. Then, we claim, for any k 2 [m� 1],`

fA1; :::;Amg implies
`
f�(A1 [ � � � [ Ak); �(Ak+1 [ � � � [ Am)g:

To see this, assume
`
fA1; :::;Amg; and de�ne

U := fA1 \ � � � \ Ak : Ai 2 Ai; i 2 [k]g

and
V := fAk+1 \ � � � \ Am : Ai 2 Ai; i = k + 1; :::;mg:

4To appreciate the technique of proof, you might want to try showing directly that S is a �-
algebra. Or better, try to show only that it is an algebra.
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Obviously, U and V are closed under taking �nite intersections and they both contain
X:Moreover,

`
fA1; :::;Amg implies

`
fU ;Vg: (Why?) Therefore, by Proposition 1.2,

we have
`
f�(U); �(V)g: But, sinceX 2 Ai for each i 2 [k]; the collection A1[���[Ak

is contained in U ; and hence, �(A1[� � �[Ak) � �(U): Since �(A1[� � �[Ak) contains
U ; the converse containment is also true, so we have �(A1 [ � � � [ Ak) = �(U): As it
is similarly shown that �(Ak+1 [ � � � [ Am) = �(V); our assertion is proved. �

Independence of In�nitely Many Families of Events

This is all good, but the machinery we developed so far allows us to consider the
independence of only �nitely many collections of events. We remedy this now.

De�nition. Let (X;�;p) be a probability space. A set of collections (of events) G �
2� with jGj > 1 is said to be independent �we denote this by writing

`
G �if`

fA1; :::;Amg for every integer m > 1 and every distinct A1; :::;Am 2 G:

In particular, and thanks to Proposition 1.1, if each member ofG � 2� containsX,
then

`
G if, and only if, for every integer m > 1 and every distinct A1; :::;Am 2 G;

we have

p

0@ \
i2[m]

Ai

1A =
Y
i2[m]

p(Ai) for every Ai 2 Ai; i 2 [m]:

The following result extends Proposition 1.2 to the case of an arbitrary set of
independent collections.

Proposition 1.3. Let (X;�;p) be a probability space, and G a nonempty subset of
2�. If each A 2 G contains X; and is closed under taking �nite intersections, then`

G implies
`
f�(A) : A 2 Gg:

Exercise 1.6. Deduce Proposition 1.3 from Proposition 1.2.

Here is a useful corollary of Proposition 1.3 which we shall need later. (Compare
with Example 1.5.)

The Grouping Lemma. Let (X;�;p) be a probability space, and (�m) a sequence
of sub-�-algebras of � with

`
f�1;�2; :::g:5 Then, for any non-singleton collection J

of disjoint nonempty subsets of N; we have`
f� (

S
f�j : j 2 Jg) : J 2 J g :

5That is, each �i is a �-algebra on X with �i � �:
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Proof. For every J 2 J ; let AJ be the collection of all �nite intersections of sets inS
f�j : j 2 Jg such that each set in the intersection comes from one of the members

of f�j : j 2 Jg:6 It is easy to see that the independence of f�1;�2; :::g implies that
of fAJ : J 2 J g: (Yes?) By Proposition 1.3, therefore, we have

`
f�(AJ) : J 2 J g:

Since �(AJ) contains � (
S
f�j : j 2 Jg) for each J 2 J �these sets are, in fact, one

and the same �we are done. �

Insight. Any grouping of a given collection of independent �-algebras would yield,
again, a collection of independent sets of events.

Exercise 1.7.H (Generalization of the Grouping Lemma) Let (X;�;p) be a probability space,
and take any nonempty G � 2� such that every member of G includes X and is closed under
taking �nite intersections. Prove that, for any collection JG of disjoint subsets of G with
jJGj > 1; we have

`
f� (

S
fA : A 2 Hg) : H 2 JGg.

Exercise 1.8. Given a probability space (X;�;p), let �i be a sub-�-algebra of �; i = 1; 2; :::.
Show that

`
f�1;�2; :::g implies

`
f�(
S
i2[m] �i);�m+1g for every positive integer m:

2 Independence of Random Variables

2.1 The �-Algebra Generated by a Random Variable

Now that we know when to deem a given set of collections of events independent, there
is a natural way of talking about the independence of Y -valued random variables,
where Y is an arbitrary metric space. Intuitively, we would like to say that two Y -
valued random variables x and y on a probability space (X;�;p) are independent if
any one of the events that are determined by x alone is independent of any one of the
events that are determined by y alone. And what does an event that is �determined
by x alone� look like? A natural candidate in this regard is an event of the form
fx 2 Sg for some S 2 B(Y ): Indeed, occurence or non-occurence of any one member
of

�(x) := fx�1(S) : S 2 B(Y )g (3)

can be determined on the basis of observing x alone, while to know if any other
member of B(Y ) has occurred or not, we would need more information than x may
possibly provide for us. Besides, this collection has a number of important properties.
First, it is a sub-�-algebra of �; that is, �(x) is a �-algebra on X and �(x) � �:
Second, x is a Y -valued random variable on the probability space (X; �(x);pj�(x)):
In fact, evidently, �(x) is the smallest �-algebra that satis�es this property. For this
reason, we refer to �(x) as the �-algebra generated by x:

6Put more precisely, any one member of AJ has the form
T
fAi : i 2 Ig for some nonempty

subset I of J and Ai 2 �i for each i 2 I:
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Exercise 2.1. Let X be a nonempty set and Y a metric space. Let x be a map from X into
Y; and de�ne �(x) by (3).
(a) Show that the smallest �-algebra � on X such that x is �-measurable is �(x):
(b) Let A be a collection of subsets of Y with �(A) = B(Y ): Then

�(x) = �fx�1(A) : A 2 Ag:

(Note. Combining this with Observation B.5.1, we see that �(x) = �ffx � ag : a 2Rg for
any R-valued map x on X:)

Exercise 2.2. Let X be a nonempty set, Y a metric space, and X a nonempty collection
of maps from X into Y: We let �(X ) stand for the smallest �-algebra A on X such that
x 2 L0(X;A) for each x 2 X : Show that

�(X ) = � (
S
f�(x) : x 2 Xg) :

The results of Exercises 2.1 and 2.2 are often useful in �computing�the �-algebra
generated by a random variable that is de�ned by means of some other random
variables. The following example is meant to illustrate this point.

Example 2.1. Let n be a positive integer, and Yi a separable metric space for each
i 2 [n]: In what follows, Y stands for Y1 � � � � � Yn which we consider as a metric
space under the auspices of the product metric. (Recall part [1] of Example 4 in
Appendix 1.) For each i; let xi be a Yi-valued random variable on a probability space
(X;�;p); and consider the map x : X ! Y de�ned by x(!) := (x1(!); :::; xn(!)):
The �-algebra generated by x can be expressed in terms of the �-algebras generated
by its component functions xi. Indeed, we have

�(x) = �

0@[
i2[n]

�(xi)

1A (4)

In view of Exercise 2.2, therefore, we may conclude that �(x) is the smallest �-algebra
with respect to which every one of the maps x1; :::; xn are �-measurable.7

To prove (4), note �rst that the separability of each Yi entails that there exists a
countable base Oi for OYi for each i 2 [n] so that

U =
[
fO1 � � � � �On 2 2U : (O1; :::; On) 2 Og

for every open subset U of Y ; see Proposition 3.3 of Appendix 1. (Here we can assume
that Oi contains Yi, for otherwise we can just add Yi into the collection Oi:) It follows
that B(Y ) equals to the �-algebra generated by fO1 � � � � � On : (O1; :::; On) 2 Og:
By Exercise 2.1, therefore, �(x) = �fx�1(O1 � � � � �On) : (O1; :::; On) 2 Og; that is,

�(x) = �fx�11 (O1) \ � � � \ x�1n (On) : (O1; :::; On) 2 Og: (5)

7This also shows that x is a Y -valued random variable on (X;�;p): After all, �fxig � � for
each i: Since � is a �-algebra, then, (4) implies �fxg � �; that is, x is Borel measurable. In view
of Example B.5.4, there is nothing surprising about this.

9



Then, for each i; we have x�1i (Oi) 2 �(x) for every Oi 2 Oi �recall that Yj is a
member of Oj and xj(Yj) = X for each j �so, applying Exercise 2.1 again, we �nd
that �(xi) � �(x): Since �(x) is a �-algebra, therefore, �(x) contains the right-hand
side of (4). Conversely, if (O1; :::; On) 2 O; then x�1i (Oi) 2 �(xi) for each i; and hence
x�11 (O1)\ � � � \ x�1n (On) belongs to the right-hand side of (4), which means that this
side contains �(x): �

The following exercise provides another variation on this theme.

Exercise 2.3.H Let (X;�) be a measurable space, Y a separable metric space, and (xm) a se-
quence in L0(X;�): Show that the map x : X ! Y1, de�ned by x(!) := (x1(!); x2(!); :::); is
a Y1-valued random variable on (X;�); and we have �(x1; x2; :::) = �(x); where �(x1; x2; :::)
is the smallest �-algebra with respect to which each xi is measurable. (Y1 is endowed with
the product metric.)

2.2 Digression: The Doob-Dynkin Lemma

When would a real function y be guaranteed to be measurable with respect to the
�-algebra generated by a given random variable x on a measurable space (X;�)?
This is a somewhat technical question, but it often arises in probabilistic analysis,
so we digress for a moment and settle it here. First, note that we have an obvious
su¢ cient condition for this. If f : R ! R is Borel measurable, then, clearly, the
map f � x would be �(x)-measurable (Exercise B.5.2). A remarkable fact is that the
converse is also true, that is any �(x)-measurable real map on X arises this way. We
next prove something more general than this.

The Doob-Dynkin Lemma. Let X be a nonempty set and Y a metric space. For
any x : X ! Y; a map y : X ! R is �(x)-measurable if, and only if, there is a Borel
measurable map f : Y ! R such that y = f � x:

Proof. We only need to prove the �only if�part of our assertion. Once again, we
shall �rst establish this for simple random variables and then extend it by means of
a monotone convergence argument. Take any �(x)-measurable y : X ! R, and for
the moment, assume that y(X) is a �nite set. Then, y is a simple random variable
on (X; �(x)); so there exists a positive integer m such that y =

Pm ai1Ai for some
(a1; A1); :::; (am; Am) in R��(x): Besides, by de�nition of �(x); for each i 2 [m] there
is a Bi 2 B(R) such that Ai = x�1(Bi): Therefore,

y =
X
i2[m]

ai1x�1(Bi) =
X
i2[m]

ai(1Bi � x) = f � x;

where f := a11B1 + � � �+ am1Bm :
Let us now drop the assumption that y(X) is �nite, but assume y � 0: Then, by

Lemma B.1.2, there exists a sequence (ym) of �(x)-measurable real maps on X such
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that jym(X)j <1 for each m; and ym % y: By what we have just shown, there exists
a sequence (gm) of Borel measurable real maps on Y such that ym = gm � x for each
m: We need to make note of the following observation:

Claim. S := ft 2 Y : (gm(t)) convergesg is a Borel subset of Y:
Proof. As R is a complete metric space, S equals the set of all t in Y such that

(gm(t)) is a (real) Cauchy sequence. This means that

S =
1\
k=1

1[
M=1

\
i;j�M

fjgi � gjj < 1
k
g;

and our claim follows from the Borel measurability of the maps g1; g2; :::

Now, for each positive integer m; we de�ne fm := gm1S: As gm and 1S, the indi-
cator function of S on Y; are Borel measurable �this is what Claim above establishes
�it is clear that each fm is also Borel measurable. Furthermore, since y1 � y2 � � � �,
(fm) is an increasing sequence of Borel measurable self-maps on R:8 Consequently,
f := lim fm is a well-de�ned Borel measurable self-map on R. Finally, we have
x(X) � S: (Indeed, for any ! in X; (gm(x(!)) is an increasing real sequence bounded
above by y(!):) Therefore,

y(!) = lim ym(!) = lim gm(x(!)) = lim fm(x(!)) = f(x(!))

for all ! 2 X; that is, y = f � x:
Finally, let us suppose that all we know about y : X ! R is that y is �(x)-

measurable. By what we have just proved, y+ = g � x and y� = h � x for some Borel
measurable maps g and h on Y: Setting f := g � h; completes our proof. �

2.3 Independent Random Variables

First Impressions

We now get back to the main issue at hand. Given that we interpret the �-algebra
generated by a random variable as the set of all �events that are related to x;�it is
natural to de�ne the independence of any collection of random variables in terms of
the independence of the �-algebras generated by these random variables.

De�nition. Let Y and Z be two metric spaces, and let x and y be Y - and Z-valued
random variables on a probability space (X;�;p), respectively. We say that x and y
are (stochastically) independent when �(x) and �(y) are independent, that is,

p(x 2 A and y 2 B) = px(A)py(B) for every A 2 B(Y ) and B 2 B(Z):
8Note that g1 � g2 � � � � need not hold �I have control over the behavior of (gm(t)) only for

those t that belong to the range of x: This is why I work with fms here, not with gms. (Note also
that de�ning fm as gm1x(X) wouldn�t work, because we don�t know if x(X) is a Borel subset of X:)

11



Similarly, a nonempty collection X of Y -valued random variables on (X;�;p) is said
to be independent if

`
f�(x) : x 2 Xg: Naturally, we denote this situation as

`
X :

Terminology. The phrases �x1; :::; xm are independent random variables�and �(xm)
is a sequence of independent random variables� should be understood in the light
of this de�nition. Formally, the former means

`
f�(x1); :::; �(xm)g; and the latter`

f�(x1); �(x2); :::g:

Let us �rst elaborate on this de�nition by means of some examples.

Example 2.2. The following scenario corresponds to a classic experiment:

�There are m urns, each holding k chips that are numbered from 1 to k: A chip
is to be drawn at random from each urn.�

The phrase �at random�here signi�es that the choices from each urn should be
deemed independent of each other. How do we model this situation? It turns out
that our canonical model for �nite experiments would do just �ne. (In fact, the
following discussion will show that the intuitive notion of independence underlies the
very construction of this model.)
We designate as our probability space here the triplet (X; 2X ;p) with X := [k]m

and p(S) := jSj = jXj for every S 2 2X : De�ne xi to be the number on the chip
drawn from urn i: (Formally, we de�ne xi 2 L0(X; 2X) by xi(!) := !i:) By using the
de�nition of independence, one may now verify that

`
fx1; :::; xmg. Indeed, for any

A1; :::; Am � [k];

pfx1 2 A1:::; xm 2 Amg = p(A1 � � � � � Am) =
1

km
jA1 � � � � � Amj =

jA1j
k
:::
jAmj
k
;

while pxi(Ai) = pf! 2 X : !i 2 Aig = km�1 jAij =km = jAij =k for each i 2 [m]; and
hence, pfx1 2 A1:::; xm 2 Amg = px1(A) � � � pxm(Am): In view of Proposition 1.1,
therefore,

`
f�(x1); :::; �(xm)g.

Once the independence of fx1; :::; xmg is established, one can deal with a variety
of probabilistic questions with ease. For example, suppose we wish to �nd out �the
probability that all chips drawn form the urns will bear the same number.� The
answer is found readily as

pfx1 = � � � = xmg =
X
j2[k]

Y
i2[m]

pfxi = jg =
1

km�1

where we used independence to get the �rst equality. �
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Example 2.3. [1] A random variable which is almost surely constant on a probability
space is independent of any other random variable on this space. (Why?) (Interpre-
tation. The occurrence of an event cannot give us any information about a random
variable which is known with probability one.)

[2] A random variable x is independent of itself i¤ it is almost surely constant. For,
if x is independent of itself, then pfx = ag = pfx = ag2; so that pfx = ag 2 f0; 1g;
for any real number a: Obviously, pfx = ag = 0 cannot hold for every a; while
pfx = ag = 1 = pfx = bg cannot hold for any two distinct a and b: Thus, there is a
unique a such that pfx = ag = 1; that is, x is almost surely constant.9 �

New Independent Random Variables from Old Ones

Example 2.4. [1] Let Y and Z be two metric spaces, and let x and y be independent Y -
and Z-valued random variables on a probability space (X;�;p), respectively. If f and
g are Borel measurable real maps on Y and Z, respectively, that is, f 2 L0(Y ;B(Y ))
and g 2 L0(Z;B(Z)); then f � x and g � y are independent random variables on
(X;�;p). Indeed, if S is a Borel subset of R; then f�1(S) is a Borel subset of Y;
and hence, (f � x)�1(S) = x�1(f�1(S)) 2 �(x): It follows that �(f � x) � �(x); and
similarly, �(g�y) � �(y): So, given that

`
f�(x); �(y)g; we have

`
f�(f �x); �(g�y)g:

[2] If (xm) is a sequence of independent Y -valued random variables on (X;�;p)
and (fm) is a sequence of Borel measurable maps from Y into R, then (fm � xm) is a
sequence of independent random variables on (X;�;p). Again, this follows from the
fact that �(fm � xm) � �(xm) for each m: �

Insight. Measurable transformations of independent random variables remain inde-
pendent.

Example 2.5. Let Y be a separable metric space, and m a positive integer with
m � 2. Let x1; :::; xm be independent Y -valued random variables on a probability
space (X;�;p); and pick any positive integer k with k < m: Consider the maps
x : X ! Y k and y : X ! Y m�k de�ned by

x(!) := (x1(!); :::; xk(!)) and y(!) := (xk+1(!); :::; xm(!)):

(By Example B.5.4, both x and y are Borel measurable.) We wish to show that x
and y are independent.10 We now have a powerful method at our disposal to deal
with such problems. What we seek is to prove that the independence of the random

9Quiz. When is a random variable independent of its square, or of any continuous transformation
of itself?
10This is intuitive. As all of the involved random variables are independent, observing the �rst k

of them should not give us any information about the rest.
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variables x1; :::; xm are somehow inherited by x and y; right? Easy. We are given that`
f�(x1); :::; �(xm)g: Then, by Example 1.5 (or the Grouping Lemma),`

f�(�(x1) [ � � � [ �(xk)); �(�(xk+1) [ � � � [ �(xm))g:

But, by Example 2.1, this means that
`
f�(x); �(y)g; and we are done. �

Example 2.6. Let (x1m); (x2m); ::: be sequences of random variables on a probability
space (X;�;p); where all of the involved random variables are independent, that is,`
fxkm : k;m = 1; 2; :::g: Then, by the Grouping Lemma and Exercise 2.2,`

f�(x11; x12; :::); �(x21; x22; :::); :::g:

(Yes?) Consequently, by Exercise 2.3, we have
`
f�(x1); �(x2); :::g where, for each

positive integer k, the R1-valued random variable xk : X ! R1 is de�ned by
xk(!) := (xk1(!); x

k
2(!); :::):

Suppose now that every one of the random variables xkm are [0; 1]-valued, and let
f : [0; 1]1 ! R be a Borel measurable map. Then, combining what we have just
found with part [2] of Example 2.4, we may conclude that

`
ff � x1; f � x2; :::g: For

instance, for any real number � 2 (0; 1);
1X
i=1

�ix1i ;
1X
i=1

�ix2i ; :::

are independent random variables on (X;�;p):11 �

Exercise 2.4. Let x be an R3-valued random variable on a probability space (X;�;p) which
takes values (1; 0; 0); (0; 1; 0); (0; 0; 1) and (1; 1; 1); each with probability 1

4 : De�ne the random
variable xi on (X;�;p) by

xi(!) := the ith component of x(!):

Show that the random variables x1; x2; x3 are pairwise independent, but not independent.

Exercise 2.5. Let x; y and z be independent random variables on a probability space (X;�;p)
such that pzf�1g = 1

2 = pzf1g: De�ne u := zx and v := zy: Show that u and v are not
independent but u2 and v2 are. (How does this relate to Example 2.4?)

Exercise 2.6. Let x be a random variable on a probability space (X;�;p) and f a Borel
measurable self-map on R: Prove or disprove: x and f �x are independent i¤ f �x =a.s. � for
some real number �:

Exercise 2.7. Let x and y be two independent random variables on a probability space (X;�;p)
such that x + y is almost surely constant. Show that both x and y must be almost surely
constant.

11Of course, I need to make sure that the map (am) 7!
P1

�iai on [0; 1]1 is Borel measurable.
But this map is actually continuous on [0; 1]1 �check! �so there is no reason to worry.
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Exercise 2.8. Letm be a positive integer withm � 2; and let x1; :::; xm be independent random
variables on a probability space (X;�;p): Prove: If k is a positive integer with k < m; then
f(x1; :::; xk) and g(xk+1; :::; xm) are independent random variables for any f 2 L0(Rk;B(Rk))
and g 2 L0(Rm�k;B(Rm�k)).

Exercise 2.9.H Let m be a positive integer, and let xi and yi be random variables on a
probability space (X;�;p) with xi <FSD yi; i = 1; :::;m: Prove that if

`
fx1; :::; xmg and`

fy1; :::; ymg; then

f(x1; :::; xm) <FSD f(y1; :::; ym) for every increasing f : Rm ! R.

Exercise 2.10.H Let M; N; xi and yi be nonnegative random variables on a probability space
(X;�;p) such that M(X) � N; N(X) � N; M <FSD N; and xi <FSD yi; i = 1; 2; :::. Prove
that if

`
fM;x1; x2; :::g and

`
fN; y1; y2; :::g; then

x1 + � � �+ xM <FSD y1 + � � �+ yN .

2.4 Expectation of Products of Independent Random Vari-
ables

Let x and y be two integrable random variables on a probability space (X;�;p).
Clearly, xy is also a random variable on (X;�;p): (Recall Example B.5.4.) If x and y
are independent, we can compute the expectation of xy by using only the knowledge
of E(x) and E(y). Indeed, we have E(xy) = E(x)E(y):

This observation extends to any �nite number of random variables by induction.

Proposition 2.1. Let m be a positive integer, and x1; :::; xm integrable random vari-
ables on a probability space (X;�;p). Then,

a
fx1; :::; xmg implies E

0@Y
i2[m]

xi

1A =
Y
i2[m]

E (xi) :

Insight. The expectation of the product of a �nite number of independent random
variables (each with �nite expectation) equals the product of the expectations of these
random variables.

For instance, suppose that x and y are exponentially distributed independent
random variables with parameters � and �, respectively. What is the expectation of
xy? Proposition 2.1 yields the answer in a �ash: E(xy) = ��:

Exercise 2.11.H Prove Proposition 2.1.
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Exercise 2.12. Let x and y be f�1; 0; 1g-valued random variables on a probability space
(X;�;p) such that pfx = yg = 0; pfx = �1 and y = 0g = � = pfx = 1 and y = 0g and
pfx = 0 and y = �1g = � = pfx = 0 and y = 1g; where � and � are two positive real
numbers with �+ � = 1=2: Show that E(xy) = E(x)E(y) but x and y are not independent.

Insight. Two random variables x and y in L1(X;�;p) are said to be uncorrelated if
E(xy) = E(x)E(y). Proposition 2.1 says that the independence of x and y implies that these
random variables are uncorrelated. In turn, the previous exercise shows that the converse of
this is false: Independence is (strictly) stronger than being uncorrelated.

Exercise 2.13. (Bienaymé) Let m be a positive integer, and take any xi 2 L2(X;�;p) for
each i 2 [m]: Show that if xi and xj are independent for every distinct i and j; then, for any
real numbers a1; :::; am;

V

0@X
i2[m]

aixi

1A =
X
i2[m]

a2iV (xi) :

Exercise 2.14. Let m be a positive integer. Let xi be a random variable on a probability space
(X;�;p), and fi a Borel measurable self-map on R, i = 1; :::;m: Show that if

`
fx1; :::; xmg

and E(jfi � xij) <1 for each i; then

E

0@ Y
i2[m]

fi � xi

1A =
Y
i2[m]

E(fi � xi): (6)

Exercise 2.15. Prove: If m is a positive integer; and xi is a random variable on (X;�;p) such
that (6) holds for every Borel measurable self-map fi on R with E(jfi � xij) < 1; i 2 [m];
then

`
fx1; :::; xmg. (Compare with Exercise 2.12.)

2.5 Joint Distribution Functions and Independence

Characterization of Independence through Distribution Functions

For any positive integer m; let x1; :::; xm and y be two random variables on a proba-
bility space (X;�;p): It is often di¢ cult to check the independence of these random
variables by applying the basic de�nitions directly. Fortunately, there is an easier
method. After all, by Proposition 1.2, if Axi is a subset of � that contains X and is
closed under taking �nite intersections, and if �(Axi) = �(xi); for each i 2 [m]; then
to show that

`
fx1; :::; xmg holds, it is enough to verify that

p(A1 \ � � � \ Am) =
Y
i2[m]

p(Ai) for every Ai 2 Axi and i 2 [m]:

But then, keeping Exercise 2.1 in mind, if we use the collection ffxi � ag : a 2 Rg
for Axi here, Proposition 1.2 ensures that x1; :::; xm are independent i¤

pfxi � ai for each i 2 [m]g =
Y
i2[m]

pfxi � aig

for every a1; :::; am in R: Moreover, thanks to the continuity of probability measures
(Proposition B.2.2), we may take a1; :::; am to be real numbers in this characterization.
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To state this result in a more familiar form, let us de�ne the joint distribution
function of the random variables x1; :::; xm on a probability space (X;�;p) as the
function Fx1;:::;xm : Rm ! [0; 1] with

Fx1;:::;xm(a1; :::; am) := p

0@ \
i2[m]

fxi � aig

1A :
The discussion above yields the following:

Proposition 2.2. Let m be a positive integer, and x1; :::; xm random variables on a
probability space (X;�;p). Then,

`
fx1; :::; xmg if, and only if,

Fx1;:::;xm(a1; :::; am) =
Y
i2[m]

Fxi(ai) for every (a1; :::; am) 2 Rm:

More generally, and as a consequence of this fact, a set X of random variables on
a given probability space with jX j > 1 is independent i¤

FY(a) =
Y
x2Y

Fx(a(x)) for every a 2 RY

holds for every nonempty �nite subset Y of X : (Here FY is the joint distribution
function of its contents, that is, if fxi1 ; :::; ximg is an enumeration of Y, then FY is
understood as Fxi1 ;:::;xim .)

Exercise 2.16. Let x and y be two random variables (on a given probability space) with the
following joint distribution function:

Fx;y(a; b) :=

8<: 0; if a; b 2 R�
�a2e�b + a2; if (a; b) 2 (0; 1)� R++
1; otherwise.

Determine whether or not x and y are independent.

Exercise 2.17.H De�ne the random variables x and y on ([0; 1];B[0; 1]; `) by

x(!) := 2!2 and y(!) :=

(
2; if 0 � ! � 1

2
!; if 12 < ! � 1:

Are x and y independent?

Exercise 2.18.H Let x be a random variable that is uniformly distributed on the interval (0; 2�):
Are the random variables sinx and cosx uncorrelated? Independent?

Exercise 2.19. For each positive integer m; let x and ym be the random variables on the
probability space ([0; 1];B[0; 1]; `) de�ned by x(!) := sin 2�! and ym(!) := sin 4�m!: Show
that x and ym are uncorrelated but not independent, m = 1; 2; :::
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Characterization of Independence through Density Functions

Example 2.7. Let x and y be two discrete random variables on a probability space
(X;�;p):12 Suppose

pfx = a and y = bg = pfx = agpfy = bg (7)

for all real numbers a and b. Let us show that x and y must be independent. To
prove this, �x any a; b 2 R; and de�ne the countable sets A := (�1; a] \ x(X) and
B := (�1; b] \ y(X): Using Proposition A.3.5 and (7),

Fx;y(a; b) = pfx � a and y � bg
=

X
(�;�)2A�B

pfx = � and y = �g

=
X
�2A

X
�2B

pfx = � and y = �g

=
X
�2A

pfx = �g
X
�2B

pfy = �g

= Fx(a)Fy(b):

Thus, by Proposition 2.2, x and y must be independent.
Of course, by applying the de�nition of independence directly, we can show easily

that the converse claim is also true. Conclusion: Two discrete random variables x
and y on (X;�;p) are independent i¤ (7) holds for all real numbers a and b: �

Remark 2.1. We used Proposition A.3.5 in the argument above in a crucial manner.
First, this result ensures that each of the in�nite series in the above set of equalities is
well-de�ned. Second, the third equality here obtains through a particular rearrange-
ment of the series

P
(�;�)2A�B pfx = � and y = �g; and this is justi�ed again by

Proposition A.3.5.
At this junction we should also state the following result, the generalizations of

which will be of primary importance for the development of the subsequent sections.

The Discrete Version of Tonelli�s Theorem. Let I and J be two countable sets, and let
aij � 0 for all (i; j) 2 I � J: Then,

X
i2I

 X
j2J

aij

!
=
X
j2J

 X
i2I
aij

!
:

This result follows from Proposition A.3.5 and the fact that the product of two
countable sets is countable. But note that the nonnegativity requirement in the

12Reminder. A discrete random variable is a random variable whose range is countable.
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discrete version of Tonelli�s Theorem cannot be dispensed with. (Example. Let
I := J := N; and de�ne aij := 1 if j > i; aij := 0 if i = j; and aij := �1 if j < i:) �

Exercise 2.20. Let (pm) be a sequence of probability measures on a measurable space (X;�):
Prove: If (am) 2 R1+ satis�es

P1
ai = 1; then

P1
aipi is a probability measure on (X;�):

Characterization of Independence through Density Functions

Proposition 2.2 is still not the handiest tool for determining the independence of
random variables. In particular, this result does not yield a similar product rule in
terms of the densities of random variables. Such a rule certainly holds for discrete
random variables; this is what we have found in Example 2.7. However, the general
case is more delicate, and this, due to the rearrangement issue mentioned in Remark
2.1. To see this more clearly, take two random variables x and y the joint distribution
function Fx;y of which has a density, that is,

Fx;y(a; b) =

ZZ
(�1;a]�(�1;b]

f(s; t)d(s; t) for every a; b 2 R;

for some suitable, say, continuous, f : R2 ! R+. (The integral notion we have in
mind here is the double Riemann integral.) If we try to follow the steps sketched in
Example 2.7, we will have to pass through the step in which the claim would beZZ

(�1;a]�(�1;b]
f(s; t)d(s; t) =

Z a

�1

Z b

�1
f(s; t)dsdt for every a; b 2 R:

Insofar as the present development is concerned, however, we are ill-prepared to
discuss the validity of this type of an equality, precisely because we ignored so far
matters related to multiple integrals. In Section 3 we will remedy this situation.

2.6 i.i.d. Random Variables

De�nition. Let Y be a metric space. We say that a nonempty collection X of Y -
valued random variables on (X;�;p) with jX j > 1 is said to be independently and
identically distributed, or simply i.i.d., if

`
X and px = py for every x; y 2 X :

Terminology. By a phrase like �a sequence (xm) of i.i.d. random variables on
(X;�;p),�we mean simply that (xm) is a sequence of random variables on (X;�)
such that fx1; x2; :::g is i.i.d.. The phrase �a set X of i.i.d. random variables� is
interpreted similarly.

Sequences of i.i.d. random variables appear frequently in probability theory and
its applications. For instance, if we perform an experiment in�nitely many times and

19



record a certain statistic at every trial, then the values of this statistic through time
is naturally modeled as a sequence of i.i.d. random variables.13

�I.i.d� implies Distributional Symmetry

An important property of sequences of i.i.d. random variables is the symmetry of
their joint distribution. In particular, if x and y are two i.i.d. random variables, then
the distributions of the R2 -valued random variables (x; y) and (y; x) are one and the
same. More generally:

Lemma 2.3. Given a positive integer k, let fx1; :::; xkg be a set of i.i.d. random
variables on a probability space (X;�;p): Then, p(x1;:::;xm) = p(x�(1);:::;x�(m)) for any
permutation � on [k]: In particular, for any such �;

pfx1 < � � � < xkg = pfx�(1) < � � � < x�(k)g: (8)

Proof. Fix any permutation � on [k]: Using independence of fx1; :::; xkg and the
hypothesis that pxi = pxj for every i; j 2 [k]; we �nd

p(x1;:::;xk)(A1�� � ��Ak) =
Y
i2[k]

pxi(Ai) =
Y
i2[k]

px�(i)(Ai) = p(x�(1);:::;x�(m))(A1�� � ��Ak)

for all Borel subsets A1; :::; Ak of R: As B(Rk) = �fA1 � � � � � Ak : Ai 2 B(R);
i 2 [k]g �recall Exercise B.1.9, for instance �we obtain p(x1;:::;xm) = p(x�(1);:::;x�(m)) by
Proposition B.4.1.
To prove the second assertion, put Am(i) := ((i � 1)2�m; i2�m] for each i 2

f�m2m + 1; :::;m2mg; and de�ne

Bm :=
G

i1;:::;ik2f�m2m+1;:::;m2mg
i1<���<ik

Am(i1)� � � � � Am(ik);

for each positive integer m: By the �rst part of the present proposition, p(x1;:::;xm) and
p(x�(1);:::;x�(m)) agree on each Bm: As (Bm) is an increasing sequence,

14 it follows from
Proposition B.2.2 that

p(x1;:::;xm)(B1 [B2 [ � � �) = p(x�(1);:::;x�(m))(B1 [B2 [ � � �):

But a k-vector (a1; :::; ak) satis�es a1 < � � � < ak i¤ it belongs to B1 [ B2 [ � � �:
Therefore, the left-hand side of the previous equation is equal to that of (8), and
similarly for its right-hand side. �
13This is a bit sloppy though. For this model to be meaningful, every one of these random

variables must be de�ned on a common probability space. What is this probability space? After
all, it certainly cannot be the space that corresponds to our experiment. (I don�t expect you to see
the answer right away. The important thing at this point is that you see the point of this question.)
14I de�ned Aims the way I did to ensure this to be the case.
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In the case of continuous random variables we can sharpen the second part of this
observation. All we need is the following elementary fact.

Lemma 2.4. Let x any y be two independent random variables on a probability space
(X;�;p): If x is continuous, then pfx = yg = 0:
Proof. Notice that, for a �xed, but arbitrary, positive integer m;

fx = yg �
G
i2Z

�
i�1
m
< x; y � i

m

	
so, by independence,

pfx = yg �
X
i2Z

px
��

i�1
m
; i
m

��
py
��

i�1
m
; i
m

��
=

X
i2Z

�
Fx
�
i
m

�
� Fx

�
i�1
m

��
py
��

i�1
m
; i
m

��
.

Now since Fx is continuous, it must be uniformly continuous.15 So, given any " > 0;
there exists a positive integer m such that Fx

�
i
m

�
� Fx

�
i�1
m

�
� " for every integer i:

Evaluating the previous inequality with respect to this choice of m; then

pfx = yg � "
X
i2Z

py
��

i�1
m
; i
m

��
= ":

Since " > 0 is arbitrary here, we conclude that pfx = yg = 0: �

These lemmas combine nicely to give us the following simple combinatorial result
about i.i.d. random variables.

Observation 2.1. If fx1; :::; xkg is a �nite set of i.i.d. continuous random variables
on a probability space (X;�;p); then, for any permutation � on [k]; we have

pfx�(1) < � � � < x�(k)g =
1

k!
:

In the next section we shall put this observation to good use.

Exercise 2.21.H True or false: If x and y are two random variables on a probability space
(X;�;p) such that px = py; then pfx > yg = pfy > xg:
Exercise 2.22. Let (xm) be a sequence of i.i.d. random variables on a probability space (X;�;p)
and � a bijective self-map on N: Prove that

pfx1 < x2 < � � �g = pfx�(1) < x�(2) < � � �g:

15If you have tackled Exercise B.3.7, you know where this comes from. If not, please do so now.
One way to do this is to extend Fx to R by setting Fx(�1) := 0 and Fx(1) := 1: The resulting
function is continuous on R: Since R is compact, therefore, the extended function is uniformly
continuous. A little more work shows that this implies F to be uniformly continuous as well.
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2.7 Application: Counting Record Values

Consider a sequence (xm) of i.i.d. continuous random variables on a probability space
(X;�;p): By Lemma 2.4, pfxi = xj for some i 6= jg = 0. That is, the probability of
all realizations of the random variables x1; x2; ::: in which there is a tie is nil.
For any integer k � 1; we say that xk(!) is a record value (at the outcome !)

if either k = 1; or k � 2 and

xk(!) > maxfx1(!); :::; xk�1(!)g:

Let us de�ne the events

Rk := f! 2 X : xk(!) is a record valueg; k = 1; 2; :::

Here is a very nice result:`
fR1; R2; :::g and p(Rk) =

1
k
for every k = 1; 2; :::.

This was proved in 1962 by Alfréd Rényi.16

Let�s see why. By Observation 2.1, for any positive integer k and any permutation
� on [k], we have

pfx�(1) < � � � < x�(k)g = 1
k!
: (9)

Now let �k stand for the set of all permutations � on [k] such that �(k) = k: Since
p(T ) = 0; we have

p(Rk) = p

0@G
�2�k

fx�(1) < � � � < x�(k)g

1A =
X
�2�k

1
k!
= (k�1)!

k!
;

that is, p(Rk) = 1=k; for any positive integer k:17 Moreover, we have
`
fR1; :::; Rkg

because this �nding and (9) warrant that

p(R1 \ � � � \Rk) = 1
k!
= 1

2
� � � 1

k
=
Y
i2[k]

p(Ri);

and we are done.18

16Alfréd Rényi (1921-1970) is a major �gure in combinatorial probability theory. He also con-
tributed immensely to number theory by proving that every even integer (greater than 2) is the sum
of a prime and an almost prime number (one with only two prime factors). (The famous Goldbach
Conjecture states that every even integer (greater than 2) is the sum of two primes � the status
of this conjecture is presently open.) Also, may be you�ve heard the following phrase before: �A
mathematician is a machine for converting co¤ee into theorems.�These were Rényi�s words.
17Similarly, the probability that xk will have any particular rank among the x1; :::; xk is 1=k:
18Are we? No, I�ve cheated you here. True, if we can show that

`
fR1; :::; Rkg for every k; then

we may conclude that
`
fR1; R2; :::g; but my argument above does not quite prove

`
fR1; :::; Rkg:

(Why is
`
fR4; R7g; for instance?) The �x is easy, however; I leave it to you.
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Do not be fooled by the simplicity of the computations, these are remarkable
results. We are able to compute the probability of xk being the record value among
x1; :::; xk without knowing anything about the underlying distribution of these random
variables. The result is obtained only on the basis of the knowledge that (xm) is a
sequence of i.i.d. continuous random variables.
We can also perform all sort of computations using Rényi�s �ndings. For one

thing, by using elementary integral calculus, one can show that

lnm+ 1
m
�
X
i2[m]

1
i
� lnm+ 1

for any k = 1; 2; :::.19 Moreover, if we de�ne zk : X ! N by

zm(!) := jfk 2 [m] : xk(!) is a record valuegj ;

that is, zm is the number of total record values among the numbers x1; :::; xm; then
the observation above readily entails that E(zm) = 1 + 1

2
+ � � � + 1

m
:20 But then the

inequalities above show that

1 +
1

m lnm
� E(zm)

lnm
� 1 + 1

lnm
; m = 2; 3; :::;

so letting m ! 1; we �nd E(zm)= lnm ! 1: Conclusion: The expected number
of records in any sequence (xm) of i.i.d. continuous random variables grows at the
logarithmic rate. (Again, nothing is assumed about the actual distribution of these
random variables. This is applied probability theory at its best.) In fact, more is
true. One can show that zm= lnm!a.s. 1; but we will not prove this result here.

In the following three exercises, we adopt the notation used in this subsection.

Exercise 2.23. Show that V(zm)!1:
Exercise 2.24. Compute the probability of observing at least two record values among x1; :::; xm
for every positive integer m � 2:
Exercise 2.25.H De�ne y : X ! N by y(!) := inffk 2 f2; 3; :::g : xk(!) is a record valueg:
Compute E(y):

3 Finite Products of Probability Spaces

Let (X1;�1;p1) and (X2;�2;p2) be two probability spaces, each modeling a possibly
distinct (probabilistic) experiment. Suppose now that we wish to talk about the
experiment of �performing these two experiments independently.�What would be the
�right�probability space that corresponds to this grand experiment? This section is
devoted to answering this question.
19Draw the graph of the map t ! 1=t on the interval [1;m]; and compare its integral on this

interval with those of the maps 1
21[1;2] + � � �+

1
m1[m�1;m] and 1[1;2] + � � �+

1
m�11[m�1;m]:

20Proof. Since zm =
Pm

1Ri , we have E(zm) =
Pm E(1Ri) =

Pm
1=i:
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3.1 The Product �-algebra

The sample space corresponding to our grand experiment is, obviously, X1�X2: But
what should we choose as a �-algebra on X1 � X2? Clearly, whatever is our choice,
it should include those sets of the form A � B for any (A;B) 2 �1 � �2: Any such
set is called a measurable rectangle in X1 �X2; and should certainly be quali�ed
as an �event�relative to our grand experiment. (After all, the event that A occurs
in the �rst experiment, and B in the second, is A� B in terms of our grand sample
space.) The set of all measurable rectangles in X1 �X2, that is,

M(�1;�2) := fA�B : (A;B) 2 �1 � �2g;

is therefore a natural candidate for our �event space.� Unfortunately, M(�1;�2)
need not even be an algebra. After all, it does not have to contain the �nite unions of
pairwise disjoint measurable rectangles �the so called elementary sets in X1 �X2

�which should certainly qualify as �events�with respect to the grand experiment.
Consequently, we do the next best thing, and choose as our �-algebra on X1�X2 the
smallest �-algebra that contains all measurable rectangles in X1�X2. This �-algebra
is called the product of �1 and �2; and is denoted by �1 
 �2: As, by de�nition,

�1 
 �2 := � (M(�1;�2)) , (10)

�1 
 �2 includes all elementary sets in X1 �X2:
Before continuing further, let us extend these de�nitions to the general case of

�nitely many probability spaces. For any integer m � 2; and any measurable spaces
(Xi;�i); we say that a set of the form S1 � � � � � Sm is a measurable rectangle in
X1�� � ��Xm: In turn, the product of �1; :::;�m is de�ned as the smallest �-algebra
that contains all such measurable rectangles, that isO

i2[m]

�i := � (fS1 � � � � � Sm : Ai 2 �i; i 2 [m]g) :

Here are a few exercises that will help you get comfortable with products of �-
algebras. Please work through them before continuing further, as we shall use the
results of these exercises repeatedly in what follows.

Exercise 3.1.H For any two measurable spaces (X1;�1) and (X2;�2); denote the collection
of all elementary sets in X1 �X2 by E(�1;�2); that is,

E(�1;�2) := fS1 [ � � � [ Sk : k 2 N and S1; :::; Sk 2M(�1;�2)g :

Show that E(�1;�2) is an algebra, and �(M(�1;�2)) = �(E(�1;�2)):

Exercise 3.2. Prove:
N

i2[m] 2
N= 2N

m

for any m 2 f2; 3; :::g:
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Exercise 3.3. Prove that 
 is an associative operation in the sense that

(�1 
 �2)
 �3 = �1 
 (�2 
 �3)

for any three measurable spaces (Xi;�i); i 2 [3]:

Exercise 3.4.H Let m � 2 be an integer and (X1;�1); :::; (Xm;�m) measurable spaces. Let
Ai � �i be a collection that containsX and is closed under taking �nite intersections, i 2 [m]:
Prove: If �(Ai) = �i for each i 2 [m]; thenO

i2[m]

�i = � (fA1 � � � � �Am : Ai 2 Ai; i 2 [m]g) :

As an immediate consequence of Exercise 3.4, we see thatO
i2[m]

B(Xi) � B(X1 � � � � �Xm)

for any metric spaces X1; :::; Xm: (Just choose Ai as the set of all open subsets of Xi

for each i in that exercise.) In general, however, the converse containment does not
hold. That is, if (X1;�1) and (X2;�2) are two Borel measurable spaces, then it is
possible that the Borel �-algebra on X1 � X2 (with respect to the product metric)
is strictly larger than �1 
 �2:21 Fortunately, this does not pose a problem in most
applications, for if the involved metric spaces are separable, then all works out well.

Observation 3.1. Let m � 2 be an integer and X1; :::; Xm separable metric spaces.
Then, O

i2[m]

B(Xi) = B(X1 � � � � �Xm):

Proof. We only need to prove the � part of our assertion. To this end, letX stand for
the metric space X1� � � � �Xm (under the product metric). As each Xi is separable,
for every i 2 [m] there is a countable collection Oi of open subsets of Xi such that

U =
[
fO1 � � � � �Om 2 2U : Oi 2 Oi for each i 2 [m]g

for every open subset U of X: (Recall Example 2.1.) It follows that �(O) = B(X);
where O is the collection of all sets of the form O1 � � � � �Om such that Oi 2 Oi for
each i 2 [m]: But, as any member of O is a measurable rectangle in X; the collectionN

i2[m] B(Xi) containsO; and hence �(O): Thus,
N

i2[m] B(Xi) � B(X); as we sought.

Exercise 3.5. True or false: B(`1)
 B(`1) = B(`1 � `1)?

21Demonstration of this requires a lot of machinery, so we will not get into the details here. If
you are interested, see, for instance, Example 6.15 of Wise and Hall (1993).
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3.2 The Product Probability Measure

Now that we have designated �1
�2 to act as our event space relative to X1�X2; we
need to �nd a way of de�ning a probability measure on it: Since we wish to think of
our two experiments being performed independently of each other, there is a natural
way of de�ning this measure, call it p1 � p2; on the setM(�1;�2):

p1 � p2(A�B) := p1(A)p2(B) for all (A;B) 2 �1 � �2: (11)

(Interpretation?) The problem at hand is then to extend the function p1�p2 to the
entire �1 
 �2: Recalling Examples B.3.2 and B.3.3, you might guess at this point
that perhaps the structure of probability measures would take care of this extension
automatically. That is, perhaps (11) determines a unique probability measure on
�1
�2: This is just right! In fact, we can settle this extension problem without even
using Carathéodory�s Extension Theorem.
For any S 2 �1 
 �2 and (!1; !2) 2 X1 �X2; we de�ne the sets

S!1 := f!2 2 X2 : (!1; !2) 2 Sg and S!2 := f!1 2 X1 : (!1; !2) 2 Sg:

Here S!1 (which lies in X2) may be called the section of S at !1 2 X1; and S!2 may
be called the section of S at !2 2 X2: (See Figure F.1.) Geometrically speaking,
the number p2(S!1) can be thought of as the �size� of the set S!1 in the second
probability space: But S is composed of numerous other such disjoint sections: S =F
ff!1g�S!1 : !1 2 X1g: Then, to �nd the total �size�of S; it makes sense to �add�

all these sections up (according to the measure p1); and hence let

p1 � p2(S) =
Z
X1

p2(S!1)p1(d!1): (12)

Of course, we can reach to the same conclusion by a probabilistic argument as well.
After all, p2(S!1) is the probability of observing the event S!1 in the second ex-
periment. Thus the probability of observing S in the grand experiment should be
obtained by taking the expectation of the random variable !1 7! p2(S!1) with respect
to the probability measure p1; and this is precisely what (12) says.

FIGURE G.1 ABOUT HERE

All in all, de�ning p1�p2 on �1
�2 via (12) seems promising. But there are some
di¢ culties to deal with. First, how do we know that p2(S!1) is well-de�ned (what
if S!1 =2 �2)? Even if this is the case, is !1 7! p2(S!1) really a random variable on
(X1;�1)? If this is not so, then (12) does not really make sense, because the Lebesgue
integral with respect to p1 is de�ned only over �1-measurable functions. And even if
(12) makes sense, does it really de�ne a probability measure on �1
�2 that satis�es
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(11)? And �nally, even after all these issues are resolved, couldn�t we argue that there
are other equally appealing choices for p1 � p2? For instance, what�s wrong with

(p1 � p2) (S) =
Z
X2

p1(S
!2)p2(d!2)?

This can be justi�ed just as plausibly as (12)! All of these are valid concerns, so
formal analysis is called for to address them satisfactorily.
We begin by settling the �rst question posed above by showing that �sections of

a measurable event in a product space are measurable.�

Lemma 3.1. Let (X1;�1) and (X2;�2) be two measurable spaces. Then,

S!1 2 �2 and S!2 2 �1

for any S 2 �1 
 �2 and (!1; !2) 2 X1 �X2:

Proof. De�ne

S := fS 2 �1 
 �2 : S!1 2 �2 for every !1 2 X1g ;

and observe that we will be done with our �rst claim if we can show that �1
�2 � S:22
(The second claim is established analogously.) Thus, all we need to prove is: (i)
M(�1;�2) � S; and (ii) S is a �-algebra on X1 �X2: Veri�cation of (ii) is routine.
Besides, (i) follows from the fact that, for any (A;B) 2 �1 � �2; we have

(A�B)!1 =
�
B; if !1 2 A
?; otherwise ; (13)

which implies that (A�B)!1 2 �2 for every !1 2 X1: �

Thanks to Lemma 3.1, a map like !1 7! p2(S!1) is well-de�ned for any S 2 �1
�2:
We next show that such a map is, in fact, �1-measurable.

Lemma 3.2. Let (X1;�1;p1) and (X2;�2;p2) be two probability spaces. If S 2
�1 
 �2; then the maps

!1 7! p2(S!1) and !2 7! p1(S
!2)

are random variables on (X1;�1) and (X2;�2); respectively.

22The �good set�technique!
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Proof. We only study !1 7! p2(S!1) as the latter map is analyzed analogously. The
proof is, again, based on a clever application of the Sierpiński Class Lemma.23 For
any S 2 �1 
 �2; de�ne fS 2 RX1 by fS(!1) := p2(S!1); and let

S := fS 2 �1 
 �2 : fS 2 L0(X1;�1)g:

We wish to show that (i) M(�1;�2) � S; and (ii) S is an S-class. Once these two
claims are proved, we can use the Sierpiński Class Lemma to get � (M(�1;�2)) � S;
which will complete the proof.
Note �rst that, for any (A;B) 2 �1��2; (13) implies fA�B = p2(B)1A: It follows

that fA�B 2 L0(X1;�1) for every A 2 �1 and B 2 �2; which means that (i) holds.
To verify (ii), note that for every S; T 2 S with S � T; we have

p2((TnS)!1) = p2(T!1nS!1) = p2(T!1)� p2(S!1);

that is, fTnS(!1) = fT (!1) � fS(!1); for any !1 2 X1: Thus: fTnS = fT � fS 2
L0(X1;�1): Finally, take any increasing sequence (Sm) in S; and de�ne S := S1 [
S2 [ � � �. Clearly, S!1 =

S1 Si!1 for every !1 2 X1: (Yes?) Then, by Proposition
B.3.2,

fS(!1) = p2

 1[
i=1

Si!1

!
= limp2(S

m
!1
) = lim fSm(!1)

for any !1 2 X1: Thus, by Example B.5.5, fS = lim fSm 2 L0(X1;�1). Thus S is an
S-class, and our proof is complete. �

We now know that !1 7! p2(S!1) is a bounded random variable on (X1;�1) for
any S 2 �1 
 �2: This allows us to de�ne

p1 � p2(S) :=
Z
X1

p2(S!1)p1(d!1); S 2 �1 
 �2: (14)

Clearly, p1 � p2 (S) � 0 for every S 2 �1 
 �2; while p1 � p2 (X1 �X2) = 1 and
p1 � p2(;) = 0: To show that p1 � p2 is �-additive, take any pairwise disjoint sets
S1; S2; ::: in �1 
 �2; and notice that, for any !1 2 X1; the sets S1!1 ; S

2
!1
; ::: are

pairwise disjoint and belong to �2 (Lemma 3.1). Moreover, (
F1 Si)!1 is equal to

23Please go back to Section B.4 and review the discussion preceding Proposition B.4.1.
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F1 Si!1 : Therefore, by the Monotone Convergence Theorem 1,

p1 � p2

 1G
i=1

Si

!
=

Z
X1

p2

 1G
i=1

Si!1

!
p1(d!1)

=

Z
X1

1X
i=1

p2(S
i
!1
)p1(d!1)

=

1X
i=1

Z
X1

p2(S
i
!1
)p1(d!1)

=

1X
i=1

p1 � p2(Si);

Conclusion: p1�p2 is probability measure on �1
�2: Furthermore, p1�p2 satis�es
(11) because, for every (A;B) 2 �1 � �2; (13) implies

p1 � p2(A�B) =

Z
X1

p2((A�B)!1)p1(d!1)

=

Z
X1

p2(B)1Ap1(d!1)

= p2(B)p1(A):

In fact, p1�p2 is the only measure on �1
�2 that satis�es (11). After all, any such
measure must agree with p1 � p2 onM(�1;�2): SinceM(�1;�2) includes X1 �X2

and is closed under taking �nite intersections, our uniqueness claim obtains readily
from Proposition B.4.1.
We have just proved the �rst main result of this chapter:

The Product Measure Theorem. For any two probability spaces (X1;�1;p1) and
(X2;�2;p2), there exists a unique probability measure p1�p2 on �1
�2 that satis�es
(11). This measure is de�ned as in (14).

Let us look at a few examples.

Example 3.1. Take any nonempty �nite set Xi; and de�ne pi : 2Xi ! [0; 1] by
pi(A) := jAj = jXij ; i = 1; 2: It is readily checked that the product of (X1; 2

X1 ;p1)
and (X2; 2

X2 ;p2) is (X1 �X2; 2
X1�X2 ;p1 � p2); where

p1 � p2(S) =
jSj

jX1 �X2j
for all S � X1 �X2:

(Compare with Example 2.2.) �
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Example 3.2. Consider the probability space (N; 2N;p) where p : 2N ! [0; 1] is the
probability measure such that pfig = 2�i for each i: What is p� p? Well, �rst of all
it is a probability measure de�ned on 2N 
 2N = 2N�N (Exercise 3.2). Moreover, by
(11), we have p� pf(i; j)g = 2�i�j for every positive integers i and j: Since p1 � p2
is �-additive, Proposition A.3.5 entails

p� p(S) =
X
(i;j)2S

2�i�j for every S � N� N;

a fairly intuitive outcome. (Quiz. Does (14) yield the same result?) �

Example 3.3. Consider the probability space ([0; 1];B[0; 1]; `); and let

S := f(a; b) 2 [0; 1]2 : b � 2ag:

(Draw the picture of S:) What is `� `(S)? First of all, note that (`� `) (S) must be
a well-de�ned number, because the domain of ` � ` is B([0; 1]2) by Observation 3.1,
and S is clearly a Borel subset of [0; 1]2: In fact, we have:

`� `(S) =
Z
[0;1]

`(Sa)`(da) =

Z
[0;1=2]

2a`(da) +

Z
(1=2;1]

`(da) = 1
4
+ 1

2
;

so `� `(S) = 3
4
: �

Exercise 3.6.H Let (N; 2N;p) be the probability space considered in Example 3.2. Characterize
the product of this space with ([0; 1];B[0; 1]; `): Also

p� `
�
(f1g �

�
1
2 ; 1
�
) t (f2g �

�
1
4 ; 1
�
) t � � �

�
= ?

Exercise 3.7.H For any two probability spaces (X1;�1;p1) and (X2;�2;p2), show thatZ
X1

p2(S!1)p1(d!1) =

Z
X2

p1(S
!2)p2(d!2) for all S 2 �1 
 �2:

Exercise 3.8. Let xi be a random variable on (Xi;�i;pi); i = 1; 2; and de�ne f 2 RX1�X2 by
f(!1; !2) := x1(!1)� x2(!2): Prove:
(a) f 2 L0(X1 �X2;�1 
 �2);
(b) If f =a.s. 0, then both x1 and x2 must be almost surely constant functions.

Exercise 3.9. Let (X1;�1;p1) and (X2;�2;p2) be two complete probability spaces.24 Show
that if (p1 � p2)(S) = 0; then

p1f!1 2 X1 : p2(S!1) = 0g = 1 = p2f!2 2 X2 : p1(S
!2) = 0g:

How would you interpret this result?

24Reminder. Completeness of (Xi;�i; pi) means that, if pi(A) = 0 for some A 2 �i; then B 2 �i
for every B � A:
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Warning. The product of two well-behaved probability spaces may be somewhat ill-behaved. For
example, the product of two complete probability spaces need not be complete (Section B.3.5). Here
is a standard example. Let L := L[0; 1]; and consider the Lebesgue probability space ([0; 1];L; `�)
which is complete by construction. Now take any Lebesgue non-measurable set A 2 2[0;1]nL; �x
any real number a in [0; 1]; and de�ne S := fag �A: Since fag � [0; 1] is a measurable rectangle, it
trivially belongs to L 
 L: Moreover, the product measure of this set is clearly zero, since

(`� � `�) (fag � [0; 1]) =
Z
[0;1]

`fag`(d!2) = 0:

Yet (`� � `�) (S) = 0 does not hold since S =2 L
L: Indeed, if S 2 L
L was the case, then Lemma
3.1 would have yielded Sa = A 2 L; a contradiction.

The following exercise asks you to generalize the Product Measure Theorem to
construct the probability space that corresponds to the product of an arbitrary, but
�nite, number of probability spaces. The solution is obtained easily by using that
theorem and the Principle of Mathematical Induction.

Exercise 3.10. (Generalization of the Product Measure Theorem) Let m � 3 be a positive
integer and (Xi;�i;pi) a probability space, i 2 [m]:
(a) Recall Exercise 3.3 and show that (p1 � p2) � p3 is a probability measure on

N
i2[3]�i

and that (p1 � p2)� p3 = p1 � (p2 � p3):
(b) Use induction to prove that (� � �(p1 � p2)� � � � � pm�1)� pm is a probability measure
on
N

i2[m]�i for any m � 4:
(c) Prove that there exists a unique probability measure p1 � � � � � pm on

N
i2[m]�i with

p1 � � � � � pm (A1 � � � � �Am) =
Y
i2[m]

pi(Ai) for every Ai 2 �i; i 2 [m]:

3.3 Product Probability Measures and Independent Random
Variables

What does the theory of �nite products of probability spaces have to do with that of
independent random variables? A lot, actually. To illustrate, we consider next two
applications in which we address some problems about independent random variables
by using what we were able to accomplish in the previous section. Other applications
will be given later in this chapter.

Example 3.4. (Existence of Independent RandomVariables) Take any positive integer
m; and let p1; :::;pm be arbitrary Borel probability measures on R: Consider the
following question:

Does there exist independent random variables x1; :::; xm such that the
distribution of xi is precisely pi?25

25Please note that the answer is not obvious. For one thing, independent random variables need
to be de�ned on the same probability space. So you can�t just �pick�such random variables, some
construction work is necessary.
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The theory of product probability spaces provides an easy method of answering this
question a¢ rmatively. Let q := p1 � � � � � pm; consider the probability space
(Rm;B(Rm);q) and de�ne xi : Rm ! R by xi(!1; :::; !m) := !i for each i: Then,
xi 2 L0(Rm;B(Rm)) and pxi = q � x�1i = pi for each i: (Verify!) Moreover,

qfxi � ai for each i 2 [m]g =
Y
i2[m]

pifxi � aig

=
Y
i2[m]

q(x�1i (�1; ai])

=
Y
i2[m]

qfxi � aig

for any real numbers a1; :::; am; so
`
fx1; :::; xmg obtains by Proposition 2.2. �

Insight. One can always construct a �nite set of independent random variables such
that each variable is distributed according to a prespeci�ed distribution function.

Example 3.5. [1] Let x and y be two random variables on some probability space
(X;�;p): We often need to determine the structure of the distribution of the R2-
valued random variable (x; y) on this space.26 When x and y are independent, this
is easy: p(x;y) = px � py: (Proof. Let S denote the collection of all S 2 B(R2) such
that pf(x; y) 2 Sg = (px � py)(S): This is an S-class. But for any Borel subsets A
and B of R; we have (px � py)(A � B) = px(A)py(B); so independence of x and y
implies px(A)py(B) = pf(x; y) 2 A � Bg. Thus: S containsM(B(R);B(R)). Now
apply the Sierpiński Class Lemma.)
In fact, the converse of this fact is also true: If p(x;y) = px�py; then x and y must

be independent. (Proof. In this case, for any A and B in B(R); we have pfx 2 A
and y 2 Bg = p(x;y)(A�B) = (px � py)(A�B) = px(A)py(B):)

Insight. Two random variables x and y are independent i¤ p(x;y) = px � py:

[2] Let ' : R2 ! R be a Borel measurable function. Then, '(x; y) is a random
variable on (X;�;p) (Example B.5.4). When x and y are independent, we can com-
pute the expectation of this random variable by using the product of the distributions
of x and y as follows:

E('(x; y)) =
Z
R2
'dpx � py; (15)

provided that E('(x; y)) exists. This is an immediate consequence of the fact that
p(x;y) = px � py and the Change of Variables Formula. �

Exercise 3.11. Find two random variables x and y on a probability space (X;�;p) and a Borel
measurable ' : R2 ! R such that E('(x; y)) exists but (15) is false.

26Reminder. The distribution of (x; y) is the Borel probability measure p(x;y) on R2 such that
p(x;y)(S) := pf(x; y) 2 Sg for each Borel subset S of R2:
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3.4 Weak Convergence of Product Probability Measures

As another application of our construction of the product probability measures, we
present the characterization of weak convergence of a product probability measure in
terms of the weak convergence of the terms of that product.

Theorem 3.1. Let X and Y be two separable metric spaces, and let p;pm 2 4(X)
and q;qm 2 4(Y ); m = 1; 2; ::: Then,

pm � qm
w! p� q if and only if pm

w! p and qm
w! q:

Proof. We wish to use Proposition E.1.5 to establish the �if�part of the assertion.
Suppose pm

w! p and qm
w! q; and de�ne

A := fA�B 2M(B(X);B(Y )) : p(@XA) = 0 = q(@YB)g:

For any A�B inM(B(X);B(Y )); it follows from Theorem E.1 that pm(A)! p(A)
and qm(B)! q(B); so

pm � qm(A�B) = pm(A)qm(B)! p(A)q(B) = p� q(A�B):

Besides, A is closed under taking �nite intersections.27 By Proposition E.1.5, then,
all we need to do is to show that every open subset of X � Y is equal to the union of
countably many elements of A. To this end, pick any dense subset X 0 of X; and for
each positive integer m and ! 2 X 0; choose any real number "m(!) from the interval
(0; 1

m
) with the property p(@XN"m(!);X(!)) = 0:

28 De�ne

X := fN"m(!);X(!) : ! 2 X 0 and m 2 Ng;

and construct the countable collection Y of open neighborhoods in Y similarly. Then
O := fS � T : S 2 X and T 2 Yg is a countable subset of A; and every open subset
of X � Y can be written as the union of sets that belong to A.
The �only if�part of our assertion follows readily from the fact that @X(A�B) �

(@XA� Y ) [ (X � @YB) for any A 2 B(X) and B 2 B(Y ): �

Since the product of any two separable metric spaces is separable, Theorem 3.1
extends, by induction, to the case of the product of an arbitrary number of Borel
probability spaces. Put more precisely, given any positive integer k; ifXi is a separable

27This is a simple consequence of the fact that (A�B)\ (A0 �B0) = (A \A0)� (B \B0) for any
A;A0 2 B(X) and B;B0 2 B(Y ): But please make sure I�m not missing anything here.
28How do I know that there is such an "m(!)? Because there cannot be uncountably many disjoint

sets of positive probability in a probability space. If this point is not obvious to you, please have a
look at the explanation I gave (in yet another footnote) during the proof of Theorem E.1.4.
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metric space, pi is a Borel probability measure onXi and (pmi ) is a sequence in4(Xi);
i 2 [k]; we then have

p1m � � � � � pkm
w! pm � � � � � pm if and only if pim

w! p for each i 2 [k]:

As we shall see later, this observation often makes working with weak convergence of
a sequence of product probability measures a pleasant matter.

4 Iteration of Integrals

4.1 Tonelli�s Theorem

We now take up the problem of evaluating the expectation of a nonnegative random
variable which is de�ned on a product probability space by integrating that function
�rst on one of the component spaces and then on the second one. (You might recall
that this sort of a procedure is called the iteration of integrals in advanced calculus.)
Actually we already have a simple result of this form. Exercise 3.7 shows thatZ

X1

�Z
X2

1S(!1; !2)p2(d!2)

�
p1(d!1) =

Z
X1�X2

1Sdp1 � p2

=

Z
X2

�Z
X1

1S(!1; !2)p1(d!1)

�
p2(d!2)

for any S 2 �1 
 �2: Our objective is to extend this fact to a larger class of random
variables. And this we will do by means of our usual method. We already have the
desired result for indicator functions. It won�t be too hard to extend this to the case
of all simple random variables by using the linearity of the Lebesgue integral. We
will then bring out our big guns, and hit with the Monotone Convergence Theorem
1 to get the claim to work for all nonnegative random variables. So, here it goes.
Let�s �rst get the measurability issues out of the way. Lemma 3.1 shows that the

indicator function of a section of a �1
�2-measurable set is a random variable on the
space that it is de�ned. We next extend this observation to arbitrary random variables
on (X1�X2;�1
�2): To this end, for any given x 2 RX1�X2 and (!1; !2) 2 X1�X2;
we de�ne the maps x!1 : X2 ! R and x!2 : X1 ! R by

x!1(�) := x(!1; �) and x!2(�) := x(�; !2):

Lemma 4.1. Let (X1;�1;p1) and (X2;�2;p2) be two probability spaces. If x 2
L0(X1 �X2;�1 
 �2); then

x!1 2 L0(X2;�2) and x!2 2 L0(X1;�1)
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for any (!1; !2) 2 X1 �X2: Moreover, if x � 0; then

!1 7!
Z
X2

x!1dp2 and !2 7!
Z
X1

x!2dp1 (16)

are R+-valued random variables on (X1;�1;p1) and (X2;�2;p2); respectively.

Proof. It is enough to show that x!1 2 L0(X2;�2) to establish the �rst part of our
assertion. For any Borel subset S of R; we clearly have

x�1!1 (S) = f!2 2 X2 : x(!1; !2) 2 Sg
= f!2 2 X2 : (!1; !2) 2 x�1(S)g
=

�
x�1(S)

�
!1
:

But, as x is a random variable on (X1 � X2;�1 
 �2); we have x�1(S) 2 �1 
 �2:
Therefore, it follows from Lemma 3.1 that x�1!1 (S) 2 �2.
By what we have just established, the maps in (16) are well-de�ned. Now, let x

be a nonnegative simple random variable, that is, x = a11S1 + � � �+ am1Sm for some
positive integer m; real numbers a1; :::; am � 0 and sets S1; :::; Sm 2 �1 
 �2: Then,

x!1 = a11S1!1 + � � �+ am1Sm!1 ;

and hence Z
X2

x!1dp2 =

Z
X2

X
i2[m]

ai1Si!1dp2 =
X
i2[m]

aip2(S
i
!1
)

for every !1 2 X1: Consequently, the map under consideration is

!1 7!
X
i2[m]

aip2(S
i
!1
):

By Lemma 3.2, this map is a linear combination of random variables on (X1;�1);
and thus belongs to L0(X1;�1). The proof is completed by using this observation,
Lemma C.1.2, Monotone Convergence Theorem 1, and Example B.5.5. �

We now come to an important result on the iteration of integrals of nonnegative
random variables.29 Let us �rst introduce a simplifying bit of notational convention.

29A version of this result was claimed by Henri Lebesgue in his 1902 dissertation, but Lebesgue�s
statement was seriously �awed. A correct formulation was given �rst by Guido Fubini in 1907 �I
will present Fubini�s formulation a little later �but his proof contained an error. Leonida Tonelli
appears to be the �rst mathematician who �rst proved an iteration-of-integrals type result for the
Lebesgue integral. His theorem, the statement of which is very close to the one we present here, was
published in 1909.
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Notation. For any random variable x on a product probability space (X1�X2;�1

�2;p1 � p2); we write Z

X1

�Z
X2

xdp2

�
dp1

to denote the expectation of the random variable !1 7!
R
X2
x!1dp2 with respect to

p1: The expression Z
X2

�Z
X1

xdp1

�
dp2

is understood analogously.

Tonelli�s Theorem. Let (X1;�1;p1) and (X2;�2;p2) be two probability spaces. If
x 2 L0(X1 �X2;�1 
 �2) and x � 0; thenZ

X1

�Z
X2

xdp2

�
dp1 = Ep1�p2(x) =

Z
X2

�Z
X1

xdp1

�
dp2: (17)

Proof. By Lemma 4.1, all of the integrals that appear in (17) are meaningful. Suppose
x is a simple random variable, that is, x = a11S1 + � � � + am1Sm for some positive
integer m; real numbers a1; :::; am � 0 and sets S1; :::; Sm 2 �1 
 �2: Then,Z

X1

�Z
X2

xdp2

�
dp1 =

Z
X1

0@X
i2[m]

aip2(S
i
!1
)

1Ap1(d!1)
=

X
i2[m]

ai

Z
X1

p2(S
i
!1
)p1(d!1)

=
X
i2[m]

ai(p1 � p2(Si))

= Ep1�p2(x)

where the third equality follows from the de�nition of p1�p2: Thus, the �rst equation
in (17) holds for nonnegative simple random variables. Our proof is then completed
by using this observation, Lemma C.1.2, and the Monotone Convergence Theorem 1.
The second equation in (17) follows from symmetry. �

The following examples illustrate typical ways in which Tonelli�s Theorem is used
in practice.

Example 4.1. Let x and y be two independent random variables on a probability
space (X;�;p): Let us try to obtain a suitable integral formula for the number pfx �
yg: To this end, let S := f(s; t) 2 R2 : s � tg, and note that

pfx � yg = pf(x; y) 2 Sg = p(x;y)(S) =
Z
R2
1Sdpx � py;

36



since p(x;y) = px � py (Example 3.5). But, by Tonelli�s Theorem,Z
R2
1Sdpx � py =

Z
R

�Z
R
1S(�; t)dpx

�
py(dt) =

Z
R
px(�1; t]py(dt):

Conclusion:

pfx � yg =
Z
R
Fxdpy:

A few special cases of this result are worth mentioning. For instance, if the
distribution function Fx of x is Fy-integrable, then, by Theorem D.2.1, pfx � yg
equals

R1
�1 FxdFy: In particular, if x and y are continuous and i.i.d., then

pfx � yg =
Z 1

�1
FdF;

where F := Fx: Invoking Lemma 2.4, then, we �nd pfx � yg = 1
2
= pfy � xg; in

full concert with intuition. Finally, recall that, for any given distribution function
there exist two independent random variables whose distribution functions are equal
to that distribution function (Example 3.4). We can now turn this �nding on its head
and state the following intriguing fact about Stieltjes integration:Z 1

�1
FdF = 1

2
for any continuous distribution function F: (18)

All this, thanks mainly to Tonelli�s Theorem.30 �

Exercise 4.1.H Prove: For any two independent random variables x and y;Z
R
Fxdpy =

Z
R
(1� Fy)dpx:

Exercise 4.2. Let F be a distribution function, and d(F ) the set of all discontinuity points
of F . Show that Z

R
FdpF =

1
2 +

1
2

X
t2d(F )

(F (t)� F (t�))2:

Example 4.2. (The Convolution Formula) Let x and y be two independent random
variables on a probability space (X;�;p): There is a useful formula that expresses
the distribution px+y of the random variable x+ y in terms of the distributions of x
and y, namely,

px+y(B) =

Z
R
px(B � t)py(dt) for every B 2 B(R): (19)

30Quiz. Prove (18) by using only the de�nition of
R1
�1 FdF: (Hint. Don�t forget that F is a

distribution function.)
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(Reminder. B � t := fs� t : s 2 Bg:) Choosing B = (�1; �] here, we get

pfx+ y � �g =
Z
R
Fx(�� t)py(dt) for every � 2 R:

Tonelli�s Theorem makes the derivation of (19) a walk in the park. Fix any Borel
subset B of R, and de�ne S := f(s; t) 2 R2 : s+ t 2 Bg: Then, by Example 3.5,

px+y(B) = pfx+ y 2 Bg = pf(x; y) 2 Sg = p(x;y)(S) = px � py(S);

Therefore, by Tonelli�s Theorem,

px+y(B) =

Z
R2
1Sdpx � py =

Z
R

�Z
R
1S(�; t)dpx

�
py(dt):

But, for any real number t; 1S(s; t) equals 1 if s 2 B � t; and 0 otherwise, that is,Z
R
1S(�; t)dpx =

Z
B�t

dpx = px(B � t):

Substituting this �nding in the previous equation yields (19).31 �

Exercise 4.3. Let x and y be two independent random variables on a probability space such
that both Fx and Fy possess densities, denoted as fx and fy; respectively. Show that the
distribution of x+ y has a density, denoted fx+y; such that, for every real number s;

fx+y(s) =

Z 1

�1
fx(s� t)fy(t)dt:

Exercise 4.4.H Let x and y be two independent exponentially distributed random variables on
a given probability space. Can x+ y be exponentially distributed?

Exercise 4.5. Let x and y be two independent Z+-valued random variables on a given proba-
bility space. Show that

pfx+ y = kg =
1X
i=0

pfx = igpfy = k � ig for every k = 0; 1; :::

Exercise 4.6. Let x and y be two independent random variables on a given probability space.
Prove: If x and y have Binomial distributions with parameters n and p, and m and p;
respectively, then x+ y has a Binomial distribution with parameters n+m and p:

Exercise 4.7. Let x and y be two independent random variables on a given probability space.
Prove: If x and y have Poisson distributions with parameters � and �, respectively, then
x+ y has a Poisson distribution with parameter �+ �:

31Due to (19), the Borel probability measure px+y is commonly referred to as the convolution
of px and py in the probability literature. Accordingly, px+y is often denoted as px � py:
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In passing, we put on record the following observation that provides a useful
formula for computing the expectations of nonnegative (measurable) transformations
of independent random variables. It is obtained as an immediate consequence of
Tonelli�s Theorem and Example 3.5.

Corollary 4.2. Let x and y be two independent random variables on a probability
space. If ' : R2 ! R+ is a Borel measurable function, thenZ

R

�Z
R
'dpy

�
dpx = E('(x; y)) =

Z
R

�Z
R
'dpx

�
dpy:

4.2 Tonelli�s Theorem and (R;B(R); `)
Tonelli�s Theorem extends to the case of products of in�nite measure spaces as well.
While we do not need to carry out this task in general here, it will certainly be useful
to deal with this matter with respect to the product of (R;B(R); `) with itself. This
is what we intend to do in this subsection.
First, what is the product of (R;B(R); `) with itself? Given Observation 3.1, the

question is how to de�ne a measure on B(R2) that assigns to any Borel measurable
rectangle A�B the number `(A)`(B): There is indeed a unique such measure, denoted
henceforth as `2: In fact, following the approach laid out in Section B.3.4, we may
give a de�nition of this measure through partitioning (R;B(R); `) into probability
spaces. So, for any integer i; let Xi := (i; i + 1] and recall that (Xi;B(Xi); `i) is
a probability space, where `i is the unique Borel probability measure on Xi that
assigns to each interval within Xi the length of that interval. We thus de�ne (Xi �
Xj;B(Xi) 
 B(Xj); `i � `j) through the Product Measure Theorem, for any pair of
positive integers i and j: In turn, we de�ne `2 : B(R2)! R+ by

`2(S) :=
X

(i;j)2Z2
(`i � `j)(S \ (Xi �Xj)):

`2 is indeed a measure on B(R2) �it is aptly called the Lebesgue measure on R2:

Exercise 4.8.H Let � be a measure on B(R2) such that �(A�B) = `(A)`(B) for every Borel
subsets A and B of R: Prove that � = `2:

For any Borel measurable f : R2 ! R+; we de�ne fij := f jXi�Xj ; which is an
R+-valued random variable on (Xi � Xj;B(Xi � Xj)); for every i; j 2 Z: (Why?)
Consequently, the Lebesgue integral of fij with respect to `i � `j is a well-de�ned
nonnegative extended real number, so we may de�ne the Lebesgue integral of f;
denoted

R
R2 fd`

2; as: Z
R2
fd`2 :=

X
(i;j)2Z2

Z
Xi�Xj

fijd`i � `j:
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(By Proposition A.3.5, this is an unambiguous de�nition.) We say that f is Lebesgue
integrable if

R
R2 fd`

2 < 1: In turn, for any Borel subset S of R2, we de�ne the
Lebesgue integral of f on S asZ

S

fd`2 :=

Z
R2
f1Sd`

2;

where 1S is the indicator function of S on R2: This de�nition is consistent with that
of the Lebesgue measure on R2: We have

R
S
fd`2 = `2(S) for any Borel subset S of

R2: Moreover, for any nonnegative Borel measurable real functions f and g on R2
and � � 0; it is easily checked thatZ

R2
(�f + g)d`2 = �

Z
R2
fd`2 +

Z
R2
gd`2:

Here is the re�ection of Tonelli�s Theorem in this framework.

Proposition 4.3. (Tonelli) For any Borel measurable f : R2 ! R+;Z
R

�Z
R
f(s; t)`(ds)

�
`(dt) =

Z
R2
fd`2 =

Z
R

�Z
R
f(s; t)`(dt)

�
`(ds):

Proof. Thanks to symmetry, we only need to establish the �rst equality here. Let us
�rst show that the left-most integral makes sense, that is, t 7!

R
R f(�; t)d` is a Borel

measurable (R+-valued) function on R: To see this, de�ne Uij : Xj ! R+ by

Uij(t) :=

Z
Xi

fij(�; t)d`i for every i; j 2 Z:

As Lemma 4.1 applies to R+-valued maps as well (the proof of this extension of the
result is identical to the one we gave above), Uij is an R+-valued random variable on
(Xj;B(Xj)) for each i and j: Then, Uj : Xj ! R+; de�ned by

Uj(t) :=
X
i2Z

Uij(t);

is an R+-valued random variable on (Xj;B(Xj)); and

Uj(t) =

Z
R
f(�; t)d` for every j 2 Z and t 2 Xj:

(Why?)32 Now, for any j; extend Uj to R by letting it equal 0 on RnXj: With this
extension, each Uj is de�ned on R and is clearly Borel measurable. Consequently,

32Reminder.
R
R f(�; t)d` =

P
i2Z
R
Xi
f jXi

(�; t)d`i:
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U :=
P

j2Z Uj is a Borel measurable R+-valued function on R: But U is none other
than our target function. Indeed, for any real number t, there exists a unique integer
jt such that t 2 Xjt ; and we have U(t) = Ujt(t); that is, U(t) =

R
R f(�; t)d`:

To complete the proof, note that, for each j;Z
R
f(�; t)d` = Uj(t) =

X
i2Z

Uij(t) for all t 2 Xj: (20)

So, if we apply the de�nition of the Lebesgue integral on R, then use the Monotone
Convergence Theorem 3 and Proposition A.3.5, we getZ

R

�Z
R
f(�; t)d`

�
`(dt) =

X
j2Z

Z
Xj

 X
i2Z

Uij(t)

!
`j(dt)

=
X
j2Z

X
i2Z

Z
Xj

Uij(t)`j(dt)

=
X

(i;j)2Z2

Z
Xj

Uij(t)`j(dt)

But by de�nition of Uij and Tonelli�s Theorem,Z
Xj

Uij(t)`j(dt) =

Z
Xi�Xj

fijd`i � `j;

for each i and j: Summing this over (i; j) completes our proof. �

Exercise 4.9.H Take any real numbers a1; a2; b1; b2 with a1 < b1 and a2 < b2: De�ne
Y := [a1; b1]� [a2; b2]; and let h be a continuous nonnegative real map on Y . Show that, for
any  ;' 2 C[a1; b1] with  � '; we haveZ

S

hd`2 =

Z b1

a1

 Z '(s)

 (s)

h(s; t)dt

!
ds

where S = f(s; t) 2 Y :  (s) � t � '(s)g:

Exercise 4.10. Prove: For every continuous nonnegative function f on [0; 1]2;Z 1

0

�Z s

0

f(s; t)dt

�
ds =

Z 1

0

�Z 1

t

f(s; t)ds

�
dt:

As illustrated by these exercises, Proposition 4.3 allows us to derive convenient
formulas for the computation of the Lebesgue integral of certain nonnegative functions
in terms of iterated Riemann integrals. We now elaborate on this matter a bit more.
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De�nition. Let f : R2 ! R+ be a Lebesgue integrable function. We say that f is
nice if it is bounded, and for any real numbers s and t; the maps

f(s; �); s 7!
Z
R
f(s; �)d`; f(�; t) and t 7!

Z
R
f(�; t)d`

are real-valued maps that are continuous almost everywhere.

Most functions that are used as joint densities in practice are nice.

Example 4.3. [1] Every Lebesgue integrable f : R2 ! R+ that is continuous and
bounded is nice.

[2] Let S be a nonempty compact and convex subset of R2 and take any continuous
g : S ! R+: Then, f := g1S is nice. To prove this, take any real number s; and
let J denote the section of S at s; that is, J := ft 2 R : (s; t) 2 Sg: Since S is
compact and convex, J is a compact interval. Thus, continuity of g implies that
f(s; �) is continuous on R except possibly at the endpoints of J . Next, take any real
sequence (sm) that converges to s; and �x a real number t arbitrarily. Let I denote
the section of S at t; that is, I := fr 2 R : (r; t) 2 Sg: If s is in the interior of
I; there is a positive integer M large enough so that sm 2 I; that is, (sm; t) 2 S;
for each m � M; so continuity of g ensures that f(sm; t) ! f(s; t): On the other
hand, if s is in the interior of RnI; then f(s; t); and eventually all terms of (f(sm; t));
are zero. As t is arbitrary here, then, f(sm; �) ! f(s; �). As f is bounded (because
S is compact) we may apply Exercise C.4.2 (a dominated convergence theorem) to
�nd that

R
R f(sm; �)d`!

R
R f(s; �)d`: In view of the arbitrariness of s; it follows that

the map s 7!
R
R f(s; �)d` is continuous on R. (The analysis of the maps f(�; t) and

t 7!
R
R f(�; t)d` are symmetric.)

Nice Lebesgue integrable functions from R2 into R+ can be integrated in an iter-
ated manner, as we show next.

Proposition 4.4. Let f : R2 ! R+ be a nice Lebesgue integrable function. Then,Z 1

�1

Z 1

�1
f(s; t)dsdt =

Z
R2
fd`2 =

Z 1

�1

Z 1

�1
f(s; t)dtds: (21)

Proof. We are given that f(�; t) is bounded and continuous almost everywhere for
each t 2 R: Furthermore, t 7!

R
R f(�; t)d` is continuous almost everywhere and locally

bounded, and hence, Riemann integrable. By Proposition D.2.4, therefore,Z 1

�1

�Z 1

�1
f(s; t)ds

�
dt =

Z
R

�Z
R
f(�; t)d`

�
`(dt);
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and the �rst equality in (21) follows from Proposition 4.3. The second one obtains
by symmetry. �

Various variants of this iterated integration formula are also easily derived. For
instance, if f : R2 ! R+ is a nice Lebesgue integrable function, then so is f1I1�I2 for
any two intervals I1 and I2 in R: Thus, applying Proposition 4.4 to this map, we �ndZ

I2

Z
I1

f(s; t)dsdt =

Z
I1�I2

fd`2 =

Z
I1

Z
I2

f(s; t)dtds:33 (22)

(All integrals but the middle one are Riemann.)

4.3 Joint Density Functions and Independence

Let x and y be two random variables on a probability space (X;�;p):We say that a
function f : R2 ! R+ is a joint density for x and y if f is a nice Lebesgue integrable
map and

pf(x; y) 2 Sg =
Z
S

fd`2 for all S 2 B(R2): (23)

If there indeed exists such a function, we can use Proposition 4.4 to derive some useful
results about x and y: First of all, in this case, the function fx : R! R+ de�ned by

fx(s) :=

Z
R
f(s; �)d`

is locally bounded and continuous almost everywhere. (fx is thus Riemann integrable;
recall Proposition D.1.12.) It follows that

fx(s) =

Z 1

�1
f(s; t)dt for all s 2 R

33Indeed, Z
I2

Z
I1

f(s; t)dsdt =

Z 1

�1

�Z 1

�1
f(s; t)1I2(t)ds

�
1I1(s)dt

=

Z 1

�1

Z 1

�1
f(s; t)1I1�I2(s; t)dsdt

=

Z
R2
f1I1�I2d`

2

=

Z
I1�I2

fd`2;

where I used Proposition 4.4 to get the third equality.
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by Proposition D.2.4. Moreover, by (22) and (23), we have

Fx(a) = pfx � a and y 2 Rg =
Z
(�1;a]�R

fd`2 =

Z a

�1
fx(s)ds

for any real number a: Thus, fx is a density for the distribution function Fx of x: As
you surely recall, fx is called the marginal density of x.
The following result summarizes this discussion.

Proposition 4.5. Let x and y be two random variables on a probability space. If f
is a joint density for x and y; then f(s; �) and f(�; t) are Riemann integrable for all
s; t 2 R; and the functions fx : R! R+ and fy : R! R+ de�ned by

fx(s) :=

Z 1

�1
f(s; t)dt and fy(t) :=

Z 1

�1
f(s; t)ds; (24)

are densities for the distribution functions Fx and Fy, respectively.

As a consequence of this result and Corollary D.2.3, we have

E(x) =
Z 1

�1
sfx(s)ds =

Z 1

�1

Z 1

�1
sf(s; t)dtds (25)

within the context of Proposition 4.5, provided that E(x) exists. The following two
exercises play on this theme some more.

Exercise 4.11. Let x and y be nonnegative random variables on a probability space (X;�;p)
with a joint density f: Prove that

E(x1y�1((a;b))) =
Z b

a

Z 1

�1
sf(s; t)dsdt; �1 � a � b � 1:

Exercise 4.12. Let ' : R ! R+ be a continuous function, and x and y two random variables
on a probability space (X;�;p). Show that if f is a joint density for x and y; thenZ 1

�1

Z 1

�1
'(s)f(s; t)dsdt = E(' � x) =

Z 1

�1
'(s)fx(s)ds:

Recall now the problem we faced in the closing remarks of Section 2.5, where
we were unable to come up with an independence criterion for continuous random
variables in terms of their density functions. We can now settle this matter.

Proposition 4.6. Let x and y be two random variables on a probability space. If f
is a joint density for x and y; and g and h are two maps from R into R+ such that

f(s; t) = g(s)h(t) �1 < s; t <1; (26)
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then x and y are independent. If, in addition,
R1
�1 g(s)ds = 1; then g is the marginal

density of x; and h is the marginal density of y:

Proof. Since f is nice, both g and h are bounded and continuous almost everywhere.
These functions are thus Riemann integrable (Proposition D.1.12), so � :=

R1
�1 h(t)dt

and � :=
R1
�1 g(s)ds are well-de�ned members of R+: On the other hand, it follows

from Proposition 4.5 and (26) that

fx = �g; fy = �h and 1 =

Z
R2
fd`2 = ��:

Therefore, we have � > 0 and � = 1=� > 0: (The proof of the second claim is
complete at this point!) Then, by (26) and (22),

pfx � a and y � bg =

Z
(�1;a]�(�1;b]

fd`2

=

�Z a

�1
�g(s)ds

��Z b

�1
�h(t)dt

�
=

Z a

�1
fx(s)ds

Z b

�1
fy(t)dt

that is, Fx;y(a; b) = Fx(a)Fy(b) for every real numbers a and b: By Proposition 2.2,
therefore, x and y are independent. �

It is remarkable that behind Propositions 4.5 and 4.6 �which are surely familiar to
you from mathematical statistics �is Proposition 4.3, and hence, Tonelli�s Theorem.

Exercise 4.13. Let x and y be two random variables on a probability space with a joint
density f : R2 ! R+ such that f jR2� = 0: Would x and y be independent if we had f(s; t) =
ste�

1
2 (s

2+t2) for all s; t > 0? What if f(s; t) = 1
2 (s+ t)e

�s�t for all s; t > 0?

Exercise 4.14.H (Converse of Proposition 4.7) Show that if x and y are independent random
variables with a joint density f; then

pf(x; y) 2 Sg =
Z
S

gd`2

where g : R2 ! R+ is de�ned by g(s; t) := fx(s)fy(t): (Note. In fact, we must have f = g:)

The observation made in Exercise 4.14 is often used to model independent con-
tinuous random variables in applications. The following example provides a cute
illustration of this.

Example 4.4. (Bu¤on�s Needle Problem) Consider a tabletop with parallel lines
drawn on it. The distance between any two adjacent lines is 1 inch. An old question
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in probability theory �it goes back to 1777 �is this: What is the probability that a
line will be crossed by an inch long needle that is dropped at random on the table?
Observe that the position of our needle is completely determined by the acute

angle � that it makes with the lines and the distance a from its center to the nearest
line. (See Figure G.2.) Moreover, the needle crosses the nearest line i¤ a � 1

2
sin�:

(Why?) Combining these elementary geometric observations with probability theory
yields a beautiful answer to the problem. Given that we wish to capture complete
randomness in the experiment, we can think of the acute angle that the needle makes
with the lines as a random variable x that is uniformly distributed on [0; �

2
]: Similarly,

the distance from the center of the needle to the nearest line can be thought of as
a random variable y which is uniformly distributed on [0; 1

2
]: We need to compute

pfy � 1
2
sin xg: Since, again due to complete randomness, it makes sense to posit

the independence of x and y, this is an easy task. For then, by Exercise 4.14, we
could model the joint density of x and y as the function that equals 2( 2

�
) = 4

�
on

[0; �
2
]� [0; 1

2
]; and 0 everywhere else in R2:

Let S := f(s; t) 2 [0; �
2
] � [0; 1

2
] : t � 1

2
sin sg: As 1S is nice, we may apply

Proposition 4.4 (and a little calculus) to �ndZ
R2
1Sd`

2 =

Z 1

�1

Z 1

�1
1S(s; t)dtds =

Z �
2

0

Z 1
2
sin s

0

dtds = 1
2

Z �
2

0

sin sds:

As
R �

2

0
sin sds = 1; therefore, Exercise 4.14 yields

p
�
y � 1

2
sin x

	
=

Z
S

4
�
d`2 = 2

�
;

that is, the probability that a line will be crossed by a needle which is dropped at
random on the table is 2=�, an irrational number! �

� � � � FIGURE G.2 ABOUT HERE � � � �

Exercise 4.12. Consider Bu¤on�s needle problem again, but this time on a (checkered) tabletop
with a set of horizontal and vertical lines drawn on it, each one inch apart. Show that the
probability that an inch long needle that is dropped at random on this tabletop crosses at
least one line is 3

� :

4.4 Fubini�s Theorem

While Tonelli�s Theorem applies only to nonnegative random variables, its conclusion
is, in fact, valid for integrable random variables as well. This form of the result is
called Fubini�s Theorem, and will be established next.

Convention. Take any random variable y on a probability space (X;�;p): Some-
times we need to deal with a map x that equals y on a set of probability one, but
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is not de�ned on the entire outcome space X: More precisely, suppose that x is a
real function on Y 2 �; where p(Y ) = 1 and yjY = x: According to our working
de�nition, x is not a random variable; we say instead that it is an almost surely
de�ned random variable on (X;�;p): Naturally, we de�ne the expectation E(x) of
x simply as that of y; provided that E(y) exists. Since, provided that they exist, the
expectations of two almost surely equal random variables are the same (Proposition
C.1.5), this de�nes E(x) unambiguously.

We are now ready to prove:

Fubini�s Theorem. Given any two probability spaces (X1;�1;p1) and (X2;�2;p2);
(17) holds for any x 2 L1(X1 �X2;�1 
 �2;p1 � p2).34

Proof. We will again prove only the �rst equality in (17), the second one will then
follow from symmetry. By Lemma 4.1 we know that x!1 2 L0(X2;�2) for each !1:
In addition, let us assume for the moment that x!1 is integrable for each !1; that is,

Ep2(jx!1j) <1 for all !1 2 X1: (27)

This assumption guarantees that Ep2(x+!1) and Ep2(x
�
!1
) are both �nite numbers, and

hence Ep2(x!1) exists and equals Ep2(x+!1) � Ep2(x�!1); for all !1 2 X1: But then,
given that Ep1�p2(jxj) <1; we may apply Tonelli�s Theorem to get

Ep1�p2(x) = Ep1�p2(x+)� Ep1�p2(x�)

=

Z
X1

Ep2(x+!1)p1(d!1)�
Z
X1

Ep2(x�!1)p1(d!1)

=

Z
X1

�
Ep2(x+!1)� Ep2(x

�
!1
)
�
p1(d!1)

=

Z
X1

Ep2(x!1)p1(d!1)

=

Z
X1

�Z
X2

xdp2

�
dp1:

Let us now drop assumption (27). The key idea here is to observe that the
hypothesis Ep1�p2(jxj) < 1 need not give us (27), but it is certainly strong enough
to guarantee Ep2(jx!1 j) <1 for almost all !1 2 X1: To see this, note that, by Lemma
4.1, !1 7! Ep2(jx!1j) is an R+-valued random variable on (X1;�1): Therefore,

Y1 := f!1 2 X1 : Ep2(jx!1j) <1g 2 �1:
34!1 7!

R
X2
x(!1; �)dp2 and !2 7!

R
X1
x(�; !2)dp1 are viewed as almost surely de�ned random

variables when evaluating (17).
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Moreover, p(Y1) = 1: For, if this was not the case, it would follow that there exists a
set A 2 �1 such that p1(A) > 0 and

R
X2
jx!1j dp2 = 1 for all !1 2 A, and Tonelli�s

Theorem would then yield

Ep1�p2(jxj) �
Z
A

�Z
X2

jx!1j dp2
�
p1(d!1) =1;

a contradiction.
The rest is easy. Let y := x1Y1 : Then, y 2 L0(X1 � X2;�1 
 �2) and x =a.s. y:

(Indeed, xjY1�X2 = yjY1�X2 and (p1 � p2)(Y1 �X2) = p1(Y1)p2(X2) = 1:) It follows
that Ep1�p2(x) = Ep1�p2(y): Moreover, the map !1 7!

R
X2
x(!1; �)dp2 (de�ned on Y1)

is an almost surely de�ned random variable on (X1;�1;p1) as it equals the random
variable !1 7!

R
X2
y(!1; �)dp2 (de�ned on X1) everywhere on Y1: Therefore, since the

expectation of the latter map exists �why? �so does the former one, and we haveZ
X1

�Z
X2

xdp2

�
dp1 =

Z
X1

�Z
X2

ydp2

�
dp1 = Ep1�p2(y) = Ep1�p2(x);

where, because Ep2(jy!1 j) <1 for all !1 2 X1; the second equality follows from what
we established in the �rst part of the proof. �

Insight. Computation of the expectation of a random variable on the product of
two probability spaces can be carried out in terms of the iteration of integrals (as in
(17)), provided that this random variable is either nonnegative (Tonelli�s Theorem)
or integrable (Fubini�s Theorem).

Combining Fubini�s Theorem with Example 3.5 yields the following counterpart
of Corollary 4.2:

Corollary 4.7. Let x and y be two independent random variables on a probability
space. If ' : R2 ! R+ is a Borel measurable function, thenZ

R

�Z
R
'dpy

�
dpx = E('(x; y)) =

Z
R

�Z
R
'dpx

�
dpy

provided that E(j'(x; y)j) <1:

Example 4.4. Let x and y be two independent random variables on a probability
space (X;�;p):We know that if x and y are integrable, then E(xy) = E(x)E(y); and
hence E(jxyj) < 1: What if all we know is that E(jxyj) < 1? Would we still have
E(xy) = E(x)E(y)? Yes, and Fubini�s Theorem provides an easy way of seeing this.
De�ne ' : R2 ! R by '(s; t) := st: By Corollary 4.7, therefore,

E('(x; y)) =
Z
R

�Z
R
'(�; t)dpx

�
py(dt) = E(x)

Z
R
tpy(dt) = E(x)E(y);
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as we sought. �

Warning. In applications, you may �nd yourself tempted to use either the �rst
or the second equality of (17) in order to verify that Ep1�p2(x) < 1: Resist that
temptation! The equations in (17) do not de�ne Ep1�p2(x): They are rather formulas
that obtain when Ep1�p2(jxj) is a real number. In fact, even when the double integrals
on the left and the right-hand side of (17) are equal to the same number, Ep1�p2(x)
is not guaranteed to exist. The next two examples illustrate this possibility.

Example 4.5. Let z be a nonnegative random variable on a probability space
(X;�;p) such that E(z) =1: Consider the real map x de�ned on X � f0; 1g as

x(!; 0) := z(!) and x(!; 1) := �z(!)

for every ! 2 X: Then x is a random variable on the product probability space
(X � f0; 1g;�
 2f0;1g;p� q); where qf0g = 1

2
= qf1g: Here we haveZ

X

Z
f0;1g

x(!; i)q(di)p(d!) =

Z
X

�
1
2
z(!)� 1

2
z(!)

�
p(d!) = 0:

But Z
f0;1g

Z
X

x(!; i)p(d!)q(di) =

Z
f0;1g

y(i)q(di);

where y(0) :=1 and y(1) := �1: It follows that the expressionZ
X

Z
f0;1g

x(!; i)q(di)p(d!) =

Z
f0;1g

Z
X

x(!; i)p(d!)q(di)

is false, because its right-hand side equals 0 and left-hand side is not even de�ned. �

Example 4.6. Consider the probability space (N; 2N;p) where p : 2N ! [0; 1] is the
probability measure that satis�es pfig = 2�i for each positive integer i: As is shown in
Example 3.2, we have (p� p)(S) =

P
(i;j)2S 2

�i�j for any S � N� N. Now consider
the real map x on N� N de�ned as:

x(i; j) :=

8<:
2i+j; if i = j
�2i+j�1; if i is odd and j = i+ 1; or i is even and j = i� 1
0; otherwise.

Clearly, x is a random variable on (N2; 2N 
 2N): Moreover,Z
N

�Z
N
x(i; j)p(di)

�
p(dj) =

1X
j=1

 1X
i=1

2�ix(i; j)

!
2�j

= 1
2

�
1� 1

2

�
+ 1

22

�
�1 + 1

2

�
+ 1

23

�
1� 1

2

�
+ � � �

= 1
2
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and, similarly, Z
N

�Z
N
x(i; j)p(dj)

�
p(di) = 1

2
:

Nevertheless, Ep�p(x) does not exist. Indeed,X
(i;j)2N2

x+(i; j)pf(i; j)g =
X
i2N

x(i; i)pf(i; i)g) = 1 + 1 + � � � =1;

while
R
N2 x

�dp� p = 1
2
+ 1

2
+ � � � =1: �

Loosely speaking, then, the recipe for using Fubini�s Theorem should be stated as
follows: First verify that Ep1�p2(jxj) <1 by some (presumably non-computational)
method (for instance, by using the Dominated Convergence Theorem 2), and then
use either of the formulas in (17) to compute Ep1�p2(x):

Exercise 4.13. (a) (Weierstrass Rearrangement Theorem) Prove: If f : N�N! R is a bounded
function, then

1X
i=1

1X
j=1

f(i; j)

2i+j
=

1X
j=1

1X
i=1

f(i; j)

2i+j
: (28)

(b) To see that we cannot drop the boundedness assumption here, consider the function
f : N� N! R de�ned as

f(i; j) :=

8<: 4i; if i = j
�2(4i); if i = j � 1
0; otherwise

:

Show that the left hand side of (28) is zero in this case, whereas the right hand side is one.

Conclude that the expectation of f does not exist.

5 Applications to Game Theory

It is now time to see how this may all come together in dealing with problems of
economic theory. Among the many examples one may consider to illustrate this, we
choose one from game theory. Speci�cally, we introduce in this section the notion
of mixed strategy equilibrium of a strategic game, and study the existence of this
equilibrium in a fairly general setting. As you will see shortly, even the de�nition of
mixed strategy equilibrium utilizes the theory of product probability spaces.35

35If you wish not to digress from probability theory, then proceed kindly to the next chapter. The
present section is not a prerequisite for any of the topics I will talk about in the rest of the text.
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5.1 The Glicksberg Existence Theorem

Take a positive integer m � 2; and recall that a list like

G := f(X1; �1); :::; (Xm; �m)g

is said to be an (m-person) strategic game, where each Xi is a nonempty set (the
action space of player i), and each �i is a real function de�ned on the outcome space
X := X1�����Xm: (See Section 2.4 of Appendix 2.) For each i; the elements ofXi are
interpreted as actions available to player i in the strategic situation that G models.
Consequently, we think of an element (!1; :::; !m) of X as a potential outcome in the
game, and represent the preferences of player i by means of a payo¤ function �i on
X: While the �play�of player i in this formulation is simply a choice of action from
the set Xi; player i may in fact choose to do something slightly more complicated
than this. Indeed, an important idea in game theory is to allow players in a strategic
game to have access to extraneous randomization devices. This amounts to positing
that the action spaces in a given strategic game are actually larger than they may at
�rst appear. A player, so the argument goes, does not have to choose an action with
certainty, she might rather consider using a lottery in playing the game, that is, she
might simply randomize among some of her actions. Here is how to formalize this
idea.

De�nition. Let G := f(X1; �1); :::; (Xm; �m)g be a strategic game. If Xi is a compact
metric space and �i is a bounded random variable on (X;

Nm B(X)); i = 1; :::;m;
then we say that G is a basic game. If each Xi is �nite, we then refer to G as a
�nite game.

Let G := f(X1; �1); :::; (Xm; �m)g be a basic game. To model the situation de-
scribed above, we posit that an action for player i is a member of the set 4(Xi) of
all Borel probability measures on Xi (not as a member of Xi alone). So, e¤ectively,
the action space of player i is 4(Xi); and the outcome space of the game is

PX := 4(X1)� � � � � 4(Xm):

Let us assume that the preferences of the players satisfy the expected utility axioms
(Section E.1.1), so that �i stands for the von Neumann-Morgenstern utility function
of player i: If, in addition, we posit that the players randomize independently, we may
use the Expected Utility Theorem to extend the payo¤ function of player i to this
space to �nd the function �i : PX ! R de�ned by

�i(p1; :::;pm) :=

Z
X

�idp1 � � � � � pm:

(Since �i is a bounded random variable, �i is well-de�ned as a real map.) Conse-
quently, our original game G induces the strategic game

Gmix := f(4(X1);�1); :::; (4(Xm);�m)g;
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which is called the mixed strategy extension of G: In turn, a mixed strategy
equilibrium of G is de�ned as a Nash equilibrium of Gmix: Thus, denoting the set of
all mixed strategy equilibria of G by NEmix(G), we have NEmix(G) := NE(Gmix): Put
more explicitly, p 2 NEmix(G) i¤

pi 2 argmax f�i(qi;p�i) : qi 2 4(Xi)g for each i = 1; :::;m:

Any mixed strategy equilibrium in which every player chooses a degenerate probabil-
ity measure is called a pure strategy equilibrium. So, a pure strategy equilibrium
of G is none other than a Nash equilibrium of this game.

Example 5.1. [1] Consider the �nite game G := f(f�; �g; �1); (f�; �g; �2)g; where
�1(�; �) := 1 =: �1(�; �); �1(�; �) := 0 =: �1(�; �); and �2 := 1 � �1:36 This game
does not have any pure strategy equilibrium, but it has a unique mixed strategy
equilibrium. In this equilibrium both players randomize uniformly between their
actions, that is, (p�1;p

�
2) 2 NEmix(G) i¤ p�1f�g = p�2f�g = 1

2
:

[2] Consider the basic game G := f([0; 1]; �1); ([0; 1]; �2)g; where

�i(!1; !2) := (�1)i j!1 � !2j ; i = 1; 2:

It is easily checked that this game does not possess a pure strategy equilibrium, but
it certainly has a mixed strategy equilibrium. Indeed, (`; `) 2 NEmix(G): (Are there
other mixed strategy equilibria of this game?) �

Exercise 5.1. Consider the basic game G := f([0; 1]; �1); ([0; 1]; �2)g; where �i(!1; !2) :=
(�1)i(!1 � !2)

2; i = 1; 2: Show that this game does not have a pure strategy equilibrium,
but it has a unique mixed strategy equilibrium.

While it is commonly used, there is a bit of controversy about the interpretation
of the notion of mixed strategy equilibrium. Some game theorists argue that it is not
reasonable to expect people deliberately contemplate about playing a randomized
strategy. Be that as it may, it should be noted that there are several other inter-
pretations of mixed strategies, most notably as beliefs of the opponents.37 Moreover,
mixed strategies �gure rather naturally when working with games with incomplete

36This game is called the game of matching pennies. The story is that players, each holding
a penny, choose which side of their coin to show independently. If the choices match, Player 1 wins
$1 and player 2 wins nothing, and otherwise, player 2 wins $1 and player 1 wins nothing. (The von
Neumann-Morgenstern utility of each player is taken to be the identity function on f0; 1g.)
37Let G := f(X1; �1); (X2; �2)g be a �nite game. Think of (p1; p2) 2 PX as modeling beliefs of the

players; p1 is the belief of player 1 about player 2�s actions, and similarly for p2: Then, (p1; p2) 2
NEmix(G) i¤ p1 and p2 are consistent with each other in the sense that every action of player 1 that
player 2 thinks likely to occur with positive probability is indeed a best response (of player 1) given
her beliefs p2, and similarly for player 2. (Proof. (p1; p2) 2 NEmix(G) i¤ !i 2 argmaxfEp�i(�i(z; �) :
z 2 Xig for all !i 2 Xi with pi(!i) > 0; i = 1; 2:)
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information or when modeling evolutionary scenarios. At any rate, as this is not a
foundational course in game theory, we prefer not to dwell on the conceptual un-
derpinnings of the subject at this point, and accept the appeal of mixed strategy
equilibria at face value.38

Our main concern here is the problem of existence of mixed strategy equilibria.
More speci�cally, we wish to show that any basic game with continuous payo¤ func-
tions is sure to possess at least one mixed strategy equilibria. This powerful result
�proved by Irwing Glicksberg in 1952 �is of major importance for game theory at
large.

The Glicksberg Existence Theorem. Let G := f(X1; �1); :::; (Xm; �m)g be a basic
game. If �i is continuous for each i 2 [m]; then NEmix(G) 6= ;:

As opposed to Nash�s Existence Theorem �see Section 2.4 of Appendix 2 �this
theorem does not presume any convexity conditions. This is remarkable, but it should
not come to you as a surprise. After all, the actual game for which we seek a Nash
equilibrium here is not G but Gmix, and the latter allows for any sort of a randomization
on the part of its players. Put di¤erently, the strategy spaces of Gmix have all the
convexity one needs. It is in this sense that one says that using mixed strategies
�convexify�things.39

You may be familiar with the following special case of the Glicksberg Existence
Theorem. This case was established by John Nash �it was received enthusiastically
(by economists and mathematicians alike) when Nash proved it in 1949.

Corollary 5.1. (Nash) Every �nite game has a mixed strategy equilibrium.

While Corollary 5.1 is obviously a special case of the Glicksberg Existence Theo-
rem, it also follows directly from Nash�s Existence Theorem since, when Xi is �nite,
we can identify 4(Xi) with a nonempty, convex and compact subset of RXi ; and
check easily that each �i is quasiconcave in the (mixed) actions of player i:

Exercise 5.2. Let G := f(X1; �1); :::; (Xm; �m)g be a basic game. Prove that (p1; :::;pm) 2
NEmix(G) i¤, for each i,

�i(pi;p�i) � �i(�!i ;p�i) for every !i 2 Xi

and pif!i 2 Xi : �i(pi;p�i) > �i(�!i ;p�i)g = 0:

38For illuminating discussions of the issue, you might want to have a look at Osborne and Rubin-
stein (1991, pp. 37-44) and Rubinstein (1991).
39Indeed, for each i; 4(Xi) is a convex subset of the linear space RXi �yes? �and, of course,

�i(�; p�i) is quasiconcave for any given pj 2 4(Xj) with j being any index in f1; :::;mg distinct
from i:
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Exercise 5.3. Let G := f(X1; �1); :::; (Xm; �m)g be a �nite game. Prove:
(a) Each action in the support of the equilibrium strategy of player i yields her the same
payo¤.
(b) If �i(!) 6= �i(!

0) for all distinct !; !0 2 X and i = 1; :::;m; then NEmix(G) is a nonempty
�nite set.40

We now turn to the proof of the Glicksberg Existence Theorem. For brevity, we
will presume m = 2 in what follows, but the generalization to the m-player case is
straightforward. Our strategy of attack is identical to that behind the proof of Nash�s
Existence Theorem, but we need to be a bit careful here as the present terrain is more
savage than that underlies Nash�s theorem.
Let us de�ne the best response correspondences B1 : 4(X2) � 4(X1) and

B2 : 4(X1)� 4(X2) by

B1(p2) := argmax f�1(p1;p2) : p1 2 4(X1)g

and
B2(p1) := argmax f�2(p1;p2) : p2 2 4(X2)g :

But we have an immediate di¢ culty to deal with here: How do we know that these
correspondences are well-de�ned? For instance, how do we know that B1(p2) 6= ;
for all p2 2 4(X2)? Of course, we would like to ask help from Weierstrass�Theorem
here, but for that we need to check some conditions. First, we need to establish the
compactness of 4(Xi): For this we need some sort of a metric on 4(X2): Well, we
have a natural candidate for this purpose: the Prokhorov metric. By Proposition E.6,
endowing4(X1) and4(X2) with this metric makes these sets compact metric spaces
(on which, as we know from Theorem E.2, convergence is identical to weak conver-
gence). Since the product of two compact metric spaces is compact, this metrization
renders PX compact as well.
How about the continuity of the map �i on PX? No problem! Take any sequences

(pim) in 4(Xi), i = 1; 2; such that (pm1 ;p
m
2 ) ! (p1;p2) for some (p1;p2) 2 PX : We

then have pm1 ! p1 and pm2 ! p2; which, by Theorem E.2, means pm1
w! p1 and

pm2
w! p2; respectively. Then, by Theorem 3.1, we have pm1 � pm2

w! p1 � p2: So,
given that each �i is continuous and X is compact,

�i(p
m
1 ;p

m
2 ) =

Z
X

�idp
m
1 � pm2 !

Z
X

�idp1 � p2 = �i(p1;p2)

by de�nition of weak convergence. Conclusion: �i 2 C(PX); i = 1; 2:41
It follows from this �nding that both �1(�;p2) and �2(�;p1) are continuous func-

tions on 4(Xi): We may then apply Weierstrass�Theorem to conclude that the best

40Much more can be said about this. Believe it or not, there is a sense in which �almost all��nite
games have a �nite and odd number of equilibria. (See Wilson (1971).)
41See Glycopantis and Muir (2000) for an alternative proof of this fact.
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response correspondences B1 and B2 are well-de�ned. The rest consists of replicating
the classical proof of Nash�s Existence Theorem (which is outlined in Section 2.4 of
Appendix 2). First, we de�ne B : PX � PX by B(p) := (B1(p2); B2(p1)): Second,
we note that p 2 B(p) i¤ p 2 NEmix(G): Therefore, our task is now reduced to �nd-
ing a �xed point of B: Kakutani�s Fixed Point Theorem will not do, for the domain
of B is not necessarily a Euclidean space. What we need is a suitable generalization
of this theorem such as the Glicksberg-Fan Fixed Point Theorem. (See Section 2.3
of Appendix 2.) Indeed, since �i(p1;p2) is linear in pi; B is a convex-valued cor-
respondence. (Verify!) Moreover, by the Maximum Theorem, it also has a closed
graph. (See Section 2.11 of Appendix 1.) Therefore, invoking the Glicksberg-Fan
Fixed Point Theorem completes the proof of the Glicksberg Existence Theorem.

Example 5.2. (Stopping Games) Consider a strategic situation in which two players
contemplate about when to take a particular action within a given time interval, say
[0; 1]: Who acts �rst is crucial. For instance, it may be the case that whoever acts
�rst gets a particular prize while the other gets nothing (as it sometimes happens
in certain auction scenarios and models of preemptive investment). To make things
interesting, consider the case in which the value of the prize is increasing in time, so
if she was acting alone, any one of the players would act only at time 1. But when
the players are competing against each other, there is a trade-o¤: acting early may
yield only a small prize, and waiting too long may mean losing a prize altogether.
The general structure of this sort of a scenario would be captured by a basic game

like G := f([0; 1]; �1); ([0; 1]; �2)g; where

�1(!1; !2) :=

8<:
U(!1; !2); if !1 < !2
�(!1); if !1 = !2
V (!1; !2); if !1 > !2

and �2(!1; !2) := �1(!2; !1);

with U; V 2 C([0; 1]2) and � 2 C[0; 1]: (Depending on the economic situation one
wishes to model, further assumptions could be imposed on U; V and � ; but we do not
need to do so here.) The main complication for the analysis of such a game is due
to the potential discontinuity that arises when players take their actions at the same
time. In certain speci�cations of the model, however, this does not cause a problem.
For instance, if U(a; a) = �(a) = V (a; a) for all a 2 [0; 1]; then the Glicksberg
Existence Theorem guarantees the existence of a mixed strategy equilibrium of G
(even though the computation of the equilibrium can be notoriously di¢ cult). �

Example 5.3. (Arms Races) Suppose that we wish to model a situation in which
two countries (players 1 and 2) are engaged in an arms race.42 The associated basic
game is de�ned as G := f([0; 1]; �1); ([0; 1]; �2)g where

�i(!1; !2) := f(!i � !�i)� g(!i) for all !i 2 [0; 1] and i = 1; 2;
42The present (static) formulation of this example is taken from Milgrom and Roberts (1990).
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with f 2 C[�1; 1] and g 2 C[0; 1]: Here an action for a country can be interpreted as
the percentage of the societal resources allocated to military expenditure. We assume
that f and g are strictly increasing, and g � 0: Typically f is also assumed to be
concave. Even with this assumption, however, Nash�s Existence Theorem does not
apply to establish the existence of a pure strategy equilibrium of this game. (Why?)
Yet, by the Glicksberg Existence Theorem and by (the inductive generalization of)
Theorem E.1, we may conclude that there exists a mixed strategy equilibrium of G. If
g is known to be quasiconvex, then Nash�s Existence Theorem becomes operational,
and we are assured of the existence of a pure strategy equilibrium of G. �

Exercise 5.4. Let G := f(X1; �1); (X2; �2)g be a basic game such that each �i is continuous
and �1(!1; !2) = �2(!2; !1) for every !i 2 Xi; i = 1; 2: Prove that there is a mixed strategy
equilibrium (p1;p2) of G such that p1 = p2:

5.2 Equilibrium of Discontinuous Games
In applications, the continuity requirement of the Glicksberg Existence Theorem is found to be
somewhat demanding. Indeed, many interesting games that arise in practice involve payo¤ functions
that are discontinuous due to potential ties that may take place in the game. In particular, the
majority of auction and voting games exhibit a fundamental discontinuity of this sort. We have
already seen this sort of a situation in Example 5.2. Here are two further examples.

Example 5.4. (All-pay Auctions) Consider an auction in which there are m bidders. Let�s say the
value of the prize is 1 (common to all bidders). The rules of the auction maintain that the highest
bidder wins the prize but every bidder must pay for her own bid. Ties are broken randomly with
equal probabilities. To formalize this scenario, let us suppose that each bidder may bid an amount
between 0 and 1: If person i bids xi 2 [0; 1]; i 2 [m]; and

H(x) := fi 2 [m] : xi � xj for each j 2 [m]g;

then the payo¤ to person i is

�i(x) :=

� 1
H(x) � xi; if i 2 H(x);
�xi otherwise

: (29)

The game at hand is thus G := f([0; 1]; �1); :::; ([0; 1]; �m)g; where each �i is de�ned on [0; 1]m by
(29). This game is basic and NE(G) = ;: But as �is are not continuous functions, the Glicksberg
Existence Theorem does not tell us whether or not G has a mixed strategy equilibrium. �

Example 5.5. (Voting over Income Taxation) Let F be a continuous and strictly increasing distri-
bution function with F (0) = 0 and F (1) = 1, and let � stand for the mean of F: We view F as
modeling the income distribution of a large population, and � the total income in the society (Ex-
ample C.2.2). Suppose that a tax policy needs to be designed to collect a given amount of revenue
r; where, of course, 0 < r < �: We say that t 2 C[0; 1] is a tax function if the maps ! 7! t(!) and
! 7! ! � t(!) are increasing functions on [0; 1]; and 0 � t(!) � ! for each ! in [0; 1]:43 Further, we
say that a tax function t is feasible if it meets the revenue requirement, that is,

43Monotonicity of ! 7! ! � t(!) means that tax functions in this model are not con�scatory �if
I make more money than you before tax, I make more money than you after tax as well.
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Z 1

0

tdF = r:

We denote the set of all feasible tax functions by T :
Assume that there are two political parties who are to propose a tax function in T . If party 1

proposes tax function t1 and party 2 proposes t2, the share of individuals that strictly prefer t1 over
t2 is determined as

�(t1; t2) := pF fs 2 [0; 1] : t1(s) < t2(s)g;

where pF is the Lebesgue-Stieltjes probability measure induced by F on [0; 1]: The goal of each
party is to maximize the net plurality de�ned as the di¤erence between the vote shares obtained by
the candidates. (We assume that indi¤erent voters abstain from voting.) Thus, the game played
between the parties is G := f(T ; �1); (T ; �2)g; where

�1(t1; t2) := �(t1; t2)� �(t2; t1) for every (t1; t2) 2 T 2;

and �2 := ��1:44 With some e¤ort, one can show that G is a basic game and NE(G) = ;: But as
�is are not continuous functions on T 2; the Glicksberg Existence Theorem does not apply to G: �

And how essential is the continuity of payo¤ functions for the Glicksberg Existence Theorem?
Quite a bit! The following well-known example demonstrates that this property cannot be omitted
in the statement of the result.

Exercise 5.5.H (Sion-Wolfe) Consider the basic game G := f([0; 1]; �1); ([0; 1]; �2)g; where

�1(!1; !2) :=

8<: �1; if !1 < !2 < !1 +
1
2

0; if !1 = !2 or !2 = !1 +
1
2

1; otherwise
;

and �2 := ��1: Show that NEmix(G) = ;:

This example shows that dealing with discontinuous games can cause quite a bit of headache.
The good news is that discontinuities of a basic game may sometimes be tamed enough to allow for
the existence of equilibrium. Indeed, the literature on game theory does provides various general-
izations of the Glicksberg Existence Theorem that would apply to certain types of basic games with
possibly discontinuous payo¤ functions. In particular, the following property is found to be useful.

De�nition. Let G := f(X1; �1); :::; (Xm; �m)g be an (m-person) basic game. We say that G is payo¤
secure if, for every player i; every outcome x 2 X and each " > 0; there exists an action yi 2 Xi

and an open neighborhood Oi of x�i (in X�i) such that

�i(yi; Oi) � �i(xi; x�i)� ":

In the words of Reny (1999), �payo¤ security requires that, for any outcome x; each player has
a strategy that virtually guarantees the payo¤ she receives at x; even if the others deviate slightly
from x.�For instance, a 2-person basic game G is payo¤ secure if, given any outcome x and " > 0;
player 1 has an action y1 that would give her at least �1(x)� " no matter what her opponent does
so long as she chooses an action within an open neigborhood O1 of x2; and similarly for player 2.

44This game is studied in Carbonell-Nicolau and Ok (2007).
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The importance of the notion of payo¤ security is attested by the following generalization of the
Glicksberg Existence Theorem, which was proved by Phil Reny in 1999.

Reny�s Existence Theorem. Let G := f(X1; �1); :::; (Xm; �m)g be a basic game. If
Pm

�i is upper
semicontinuous and Gmix is payo¤ secure, then NEmix(G) 6= ;:

The proof of this theorem is a bit involved, so we shall not provide it here. Instead, we would like
to focus on the hypothesis of payo¤ security. Notice that Reny�s Existence Theorem makes use of
this hypothesis indirectly, that is, it does not impose it on G �it rather requires the mixed strategy
extension of this game to be payo¤ secure. Unfortunately, in general, checking for the payo¤ security
of Gmix is fairly di¢ cult even for relatively simple basic games G:

It would thus be quite nice if one could get away with asking only for the payo¤ security of G in
Reny�s Existence Theorem. Unfortunately, this cannot be done. In particular, the payo¤ security
of a basic game G need not imply that of Gmix ; as the following example shows.

Exercise 5.6. (Carmona) Consider the basic game G we introduced in Exercise 5.5. Show that
this game is payo¤ secure while Gmix is not payo¤ secure.

There are, however, conditions that may be imposed on a basic game that would guarantee the
payo¤ security of the mixed strategy extension of this game. The following is particularly useful.

De�nition. Let G := f(X1; �1); :::; (Xm; �m)g be an (m-person) basic game. We say that G is
uniformly payo¤ secure if, for every player i; every action xi 2 Xi and each " > 0; there exists
an action yi 2 Xi such that, for every x�i 2 X�i, there exists an open neighborhood Oi of x�i (in
X�i) such that

�i(yi; Oi) � �i(xi; x�i)� ":

One needs to re�ect a moment to see the di¤erence between the notions of payo¤ security and
uniform payo¤ security. But the di¤erence is a stark one. In particular, a 2-person basic game G is
uniformly payo¤ secure if, given any action x1 of player 1 and " > 0; this player has an action y1
that would guarantee her at least �1(x)� " against deviations of player 2 in some neighborhood of
x2; for any x2 2 X2 (and, of course, similarly for player 2). This notion is, obviously, much more
demanding than its local version, namely, payo¤ security.

Introducing the notion of uniform payo¤ security is motivated by the following result.

Proposition 5.2. Let G := f(X1; �1); :::; (Xm; �m)g be a basic game. If G is uniformly payo¤ secure,
then Gmix is payo¤ secure.45

Before outlining a proof for Proposition 5.2, let us record what we get when we combine this
result with Reny�s Existence Theorem.

Corollary 5.3. Let G := f(X1; �1); :::; (Xm; �m)g be a basic game such that
Pm

�i is upper
semicontinuous. If G is uniformly payo¤ secure, then NEmix(G) 6= ;:

45This fact was �rst established by Carbonell-Nicolau and Ok (2007), albeit in the context of the
voting game I introduced in Example 5.5. Monteiro and Page (2007) have subsequently observed
that the main argument given in that paper does not depend the structure of that voting game,
introduced the notion of uniform payo¤ security, and proved the result as I have stated it here.
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Exercise 5.7. (Monteiro-Page) Use Corollary 5.3 to prove that NEmix(G) 6= ; for the game G
considered in Example 5.4.

�Exercise 5.8. (Carbonel-Nicolau-Ok) Use Corollary 5.3 to prove that NEmix(G) 6= ; for the
game G considered in Example 5.5.

We now turn to the proof of Proposition 5.2. We need a basic approximation result for this.

Lemma 5.4. Let X be a compact metric space and ' : X ! R a lower semcontinuous map bounded
from above. Then, the map

p 7!
Z
X

'dp

is lower semicontinuous on 4(X):

Proof. Take a sequence ('m) in C(X) such that 'm % ' (Proposition 13, Appendix 1). Since '1
is continuous and X is compact, '1 is p-integrable. We may thus apply the Monotone Convergence
Theorem 2 to get Z

X

'dp = lim

Z
X

'mdp for every p 2 4(X):

That is, the map p 7!
R
X
'dp on 4(X) is the (pointwise) limit of the increasing sequence (p 7!R

X
'mdp) of maps on 4(X). Since each of the maps in this sequence is continuous, the limit map

must be lower semicontinuous (Proposition 14, Appendix 1). �

We are now ready for:

Proof of Proposition 5.2. We shall prove our assertion for the case m = 2; but it will be clear
from the argument that this is without loss of generality. Assume that G is a 2-person game which
is uniformly payo¤ secure. Pick any " > 0 and (p�1;p

�
2) 2 PX : We wish to �nd a mixed strategy

p1 2 4(X1) and open neighborhood U of p�2 (in 4(X2)) such that �1(p1; U) � �1(p�1;p�2)� ": (As
the positions of players 1 and 2 are symmetric, this is enough to complete the proof.)

Clearly, there exists an x�1 2 X1 such that

�1(�x�1 ;p
�
2) =

Z
X2

�1(x
�
1; �)dp�2 �

Z
X1

Z
X2

�1dp
�
1dp

�
2:
46

Thus, by Fubini�s Theorem,
�1(�x�1 ;p

�
2) � �1(p�1;p�2): (30)

Since G is uniformly payo¤ secure, there exists an action y1 2 X1 with the following property: For
every x2 2 X2, there exists an open neighborhood O(x2) of x2 (in X2) such that

�1(y1; O(x2)) � �1(x
�
1; x2)�

"

2
: (31)

Now, de�ne the function ' : X2 ! R by

'(x2) := supfg(x2) : g 2 RX2 is lower semicontinuous and �1(y1; �) � gg:

46If x is an integrable random variable on a probability space (X;�;p); then x(!) � E(x) for some
outcome ! in X; no? I�m using this fact here with respect to the random variable !1 7! �1(�!1 ;p

�
2):
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Since the (pointwise) supremum of lower semicontinuous functions is lower semicontinuous �why? �
' is lower semicontinuous. Moreover, since �1 is bounded from above, so is ': Therefore, by Lemma
5.4, p2 7!

R
X2
'dp2 is a lower semicontinuous function. It follows that there is an open subset U of

4(X2) such that p�2 2 U andZ
X2

'dp2 >

Z
X2

'dp�2 �
"

2
for every p2 2 U:

Since �1(y1; �) � '; then,Z
X2

�1(y1; �)dp2 >
Z
X2

'dp�2 �
"

2
for every p2 2 U: (32)

Now, for each x2 2 X2; de�ne the real function 	x2 on X2 as

	x2(y2) :=

�
�1(x

�
1; x2)� "

2 ; if y2 2 O(x2)
inf �1(X); otherwise

:

For any given x2 in X2; the map 	x2 is lower semicontinuous. (Yes?) Furthermore, (31) implies
that �1(y1; y2) � 	x2(y2) for each y2 2 O(x2): Therefore, �1(y1; �) � 	x2 for every x2 2 X2: It then
follows from the de�ninition of ' that

'(y2) � supf	x2(y2) : x2 2 X2g � 	y2(y2) = �1(x
�
1; y2)�

"

2

for every y2 2 X2: We now combine this inequality with (32) and (30) to get, for any p2 2 U;Z
X2

�1(y1; �)dp2 >

Z
X2

'dp�2 �
"

2

�
Z
X2

�1(x
�
1; �)dp�2 �

"

2
� "

2

= �1(�x�1 ;p
�
2)� "

� �1(p
�
1;p

�
2)� "

that is, �1(�y1 ; U) � �1(p�1;p�2)� "; as we sought. �

6 In�nite Products of Probability Spaces

Consider a given economic indicator (such as one�s income or the market value of a
certain stock) which is subject to random shocks. It is common place to model the
time-stream of such an indicator as a sequence of random variables that satisfy certain
properties. In particular, if the scenario under study dictates that the structure of
the random shocks be uncorrelated through time, one often posits that the associated
random variables are independent. If, in addition, one wishes to consider the structure
of these shocks remain unchanged through time, then it becomes natural to model the
evolution of our economic indicator by means of a sequence of i.i.d. random variables.
This modeling strategy, however, begs the question: Do such things actually �ex-

ist?�47 For instance, how do we know that it is actually possible to specify countably
47It is a good sign if you sense that this is not a trivial matter. For one thing, to be able to talk

about the independence of these random variables, we must be able to view them as de�ned on the
same probability space!
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in�nitely many exponentially distributed and stochastically independent random vari-
ables? Or more generally, does the �i.i.d.� requirement impose a restriction on the
distribution of the involved random variables? This section is devoted to the dis-
cussion of this existence problem. Put succinctly, we intend to extend the argument
we have formulated in Example 3.4 to the case of countably in�nitely many random
variables. Consequently, the bulk of our work lies in constructing a suitable prob-
ability space on which a collection of in�nitely many random variables are jointly
distributed.

6.1 The ×omnicki-Ulam Existence Theorem

We have actually faced this sort of a �probability construction� problem earlier.
Indeed, we have constructed in Example B.3.2 a probability space that corresponds to
performing a given experiment (�ipping a fair coin) countably in�nitely many times.
Recall that we used some special types of product sets to this end, namely, the cylinder
sets, that is, those subsets of the product sample space that are completely determined
by �nitely many experiments. Because we certainly wished to include such sets as
�events�in our (to-be-constructed) product probability space, we de�ned our event
space in Example B.3.2 as the smallest �-algebra that contains all of the cylinder sets.
We then discovered that our knowledge of how to assign probabilities to cylinder sets
was enough to determine a unique probability measure on this �-algebra. This alone
allowed us to ��nd�the probability space appropriate for modeling the experiment
of tossing a coin in�nitely many times.
We now proceed to deal with our general problem by means of an analogous line

of reasoning. Take any sequence ((Xm;�m;pm)) of probability spaces, and let us
agree on the following notation: For every positive integer m;

Xm := X1 � � � � �Xm; X1 := X1 �X2 � � � �;

and
mX := Xm+1 �Xm+2 � � � �:

We wish to construct a probability space the sample space of which is X1: Since an
event relative to the probability space (Xm;

Nm�i;p1 � � � � � pm) is a member of
the product �-algebra

Nm�i, it makes sense to de�ne a cylinder set in this general
context as any set of the form S� mX; where m is a positive integer and S 2

Nm�i.
(Recall Exercise 3.10.) The analogue of a measurable rectangle in this setup is what
is called an elementary cylinder set, that is, a set of the form A1�� � ��Am� mX;
wherem is a positive integer, and Ai 2 �i for each i 2 [m]: Naturally, we would like to
assign probability

Qm pi(Ai) to such an elementary cylinder set, and more generally,
probability p1 � � � � � pm(S) to the cylinder set S � mX. By analogy with Example
B.3.2, therefore, we may designate as our event space here the smallest �-algebra
that contains all cylinder sets; or what is the same thing, the smallest �-algebra that
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contains all elementary cylinder sets. We denote this �-algebra by
N1�i: That is,

1O
i=1

�i := �

 1[
m=1

fA1 � � � � � Am � mX : Ai 2 �i; i 2 [m]g
!
:

Question: Is our knowledge of which probabilities to assign to cylinder sets enough
to determine a probability measure on the entire �-algebra

N1�i? The answer is,
amazingly, an unquali�ed �yes,�and is given by the following generalization of the
Product Measure Theorem. Some refer to this result �which was proved �rst by
Antoni ×omnicki and Stanislaw Ulam in 1934 � as the In�nite Product Measure
Theorem.48

The ×omnicki-Ulam Existence Theorem. Let ((Xm;�m; pm)) be a sequence of prob-
ability spaces. Then, there exists a unique probability measure p1 on

N1�i such
that

p1(A1 � � � � � Am � mX) =
Y
i2[m]

pi(Ai) for all Ai 2 �i; i 2 [m] (33)

for every positive integer m.

Of course, for any given m 2 N; the product probability measure found in this
theorem induces a probability measure p1;m on

Nm�i by the formula

p1;m(S) := p1(S � mX):

As one might expect, p1;m is none other than the product probability measure p1 �
� � � � pm; that is, p1 is fully consistent with the �nite product probability measure
p1� � � � � pm: Indeed, p1;m and p1� � � � � pm agree on all measurable rectangles in
X1 � � � � �Xm, and hence an appeal to Proposition B.4.1 (or the uniqueness part of
Exercise 3.10) shows that p1;m = p1 � � � � � pm:
The following is a reformulation of the ×omnicki-Ulam Existence Theorem which

is sometimes easier to apply.

Corollary 6.1. Let ((Xm;�m; pm)) be a sequence of probability spaces. Then, there
exists a unique probability measure p1 on

N1�i such that

p1 (A1 � A2 � � � �) =
1Y
i=1

pi(Ai) for all Ai 2 �i; i = 1; 2; ::: (34)

48This result is also called to as the Daniell Extension Theorem in the literature, because Percy
Daniell has established in 1919 a special, yet major, case of it (in which each factor of the in�nite
product was ([0; 1];B[0; 1]; `)). If you are interested in the history of this result and its numerous
variations, have a look at Kallenberg (2002), pp. 114-117.
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Warning. This �nding is valid only for the products of probability spaces. It does
not even extend to arbitrary �nite measure spaces because of the obvious convergence
problems that may render some of the equations in (34) ill-de�ned. This is in sharp
contrast with the case of �nite products of probability spaces.

Exercise 6.1. Show that the set f(!m) 2 R1 : !m < 1 for all mg is an element of
N1 B(R).

How about f(!m) 2 R1 : lim sup!m < 1g?
Exercise 6.2. Prove: If ((Xm;�m)) is a sequence of countably generated measurable spaces,
then (X1;

N1
�i) is countably generated. (Reminder. A measurable space (X;�) is de�ned

to be countably generated if � is generated by a countable collection of subsets of X (Exercise
B.1.8).)

Exercise 6.3. (Generalization of Observation 3.1) For any sequence (Xm) of separable metric
spaces, prove that

1O
i=1

B(Xi) = B (X1) ;

where X1 is endowed with the product metric.

Corollary.
N1 B(R) = B (R1) :

Exercise 6.4. Deduce the Product Measure Theorem from the ×omnicki-Ulam Existence
Theorem.

Exercise 6.5. Deduce Corollary 6.1 from the ×omnicki-Ulam Existence Theorem.

Exercise 6.6. For any positive integer i; let Xi be a compact metric space, and (pmi ) a sequence
in4(Xi) with pmi

w! pi for some pi 2 4(Xi). Prove or disprove: pm1 �pm2 ����
w! p1�p2����:

6.2 Sequences of Independent Random Variables

Existence of Sequences of Independent Random Variables

Corollary 6.1 is more than we need for extending the analysis of Example 3.4 to the
case of countably in�nitely many random variables. It turns out that our existence
problem is not a problem, after all. For any sequence (pm) of Borel probability
measures on a metric space Y , we can use Corollary 6.1 to obtain the product space
(Y 1;

N1 B(Y );p1); and de�ne the Y -valued random variable xm on this space by

xm(!1; !2; :::) := !m

for each m: It follows from (34) that the distribution pxm of xm is equal to pm; and`
fx1; x2; :::g. (Verify!) That is:

Proposition 6.2. For any sequence (pm) of Borel probability measures on a metric
space Y ; there exists a sequence (xm) of independent Y -valued random variables such
that pxm = pm for each m = 1; 2; :::.

Insight. One can always construct a sequence of independent random variables, each
variable being distributed according to a prespeci�ed distribution function.
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As we have just seen, Proposition 6.2 is an immediate consequence of the×omnicki-
Ulam Existence Theorem. When Y = R; one can also establish this result by using
a more direct approach. The idea is to start to the construction with some sequence
of independent random variables, and then transform the random variables in such
a way that their independence is preserved and their distributions coincide with our
target distributions. As we already have a sequence of independent random variables
at our disposal (Example B.3.2), this method is readily operational for us. We outline
the details in the following two exercises.

Exercise 6.7. Let (f0; 1g1;�;p) be the probability space constructed in Example B.3.2. De�ne
the maps zi : f0; 1g1 ! f0; 1g by zi(!1; !2; :::) := !i for each positive integer i: Then, (zm)
is a sequence of independent random variables on (f0; 1g1;�;p) such that pfzi = 0g = 1

2 =
pfzi = 1g for each i: (Note. (zm) is said to be a symmetric Bernoulli sequence.) We
arrange these random variables in the following order:

z1 �! z2 z6 �! z7
. % .

z3 z5 z8
# % .
z4 z9

.

Let yij denote the random variable at the ith row and jth column of this two-dimensional
arrangement. Obviously, (ym1 ; y

m
2 ; :::) is a symmetric Bernoulli sequence for each positive

integer m: Finally, we de�ne

xm :=

1X
i=1

2�iymi for each m = 1; 2; :::

By Example 2.6, x1; x2; ::: are i.i.d. random variables on (f0; 1g1;�;p):
(a) Verify that

p
�
k2�i � x1 < (k + 1)2

�i	 = 2�i
for every positive integers i and k with k � 2i � 1:
(b) A dyadic rational in [0; 1] is a rational number of the form k2�i for some positive integer
i and k 2 [2i]:49 Show that pfa � x1 � bg = b � a for any dyadic rationals a and b in [0; 1]
with a < b:
(c) Use the denseness of dyadic rationals in R to show that pfa � x1 � bg = b� a for any a
and b in [0; 1] with a < b: Conclude that the distribution of x1 is the uniform distribution.

Exercise 6.8. Let (pm) be a sequence of Borel probability measures on R; and let (xm) be a
sequence of i.i.d. random variables on a probabilility space (X;�;p) such that px1 = `: (In
the previous exercise, we have established the existence of such sequences.) For each m; let
Fm be the distribution function induced by pm; and let F�1m be the pseudo-inverse of Fm:
(Recall Remark B.5.4.) De�ne um : X ! R by um(!) := F�1m (xm(!)) if xm(!) 2 (0; 1); and
um(!) := 0 if xm(!) 2 f0; 1g. Show that

`
fu1; u2; :::g and pui = pi for each i = 1; 2; :::

49Clearly, for any a 2 (0; 1) and " > 0 such that a� "; a+ " 2 (0; 1); we can choose i large enough
to guarantee that k2�i 2 (a� "; a+ ") for some k 2 f0; :::; 2ig: Thus: The set of dyadic rationals in
[0; 1] is dense in [0; 1]:
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Distribution of a Sequence of Random Variables

Let (xm) be a sequence of random variables on a probability space (X;�;p): We
may then consider (xm) as an R1-valued random variable on (X;�;p): (As usual,
we consider R1 as metrized by the product metric.) Consequently, we de�ne the
distribution of (xm), denoted as p(xm); as the distribution of this R1-valued random
variable, that is, p(xm) is the Borel probability measure on R1 de�ned by

p(xm)(S) := pf(x1; x2; :::) 2 Sg:

Of course, this is not most concise way of describing this probability measure. As
B(R1) is generated by the open subsets of R1; we can specify p(xm) by: p(xm)(O) =
pf(x1; x2; :::) 2 Og for each O 2 OR1 : Besides, a set O in R1 is open i¤ it can be
written as U �R� R� � � � for some k 2 N and open set U in Rk: Therefore, p(xm) is
determined completely by the equations:

p(xm)(U � R� R� � � �) = pf(x1; :::; xk) 2 Ug for each k 2 N and U 2 ORk :

As every open set in Rk is the union of countably many sets of the form I1� � � � � Ik
where each Ii is an interval �recall Exercise B.1.9 �then, p(xm) is identi�ed by the
equations:

p(xm)(I1 � � � � � Ik � R� R� � � �) = pfx1 2 I1; :::; xk 2 Ikg

for every positive integer k and interval Ii; i 2 [k]:

Insight. The distribution of a sequence (xm) of random variables on a probability
space is described by the distributions of the random vectors x1; (x1; x2); (x1; x2; x3);
and so on.

Symmetry of Sequences of i.i.d. Random Variables

We have seen in Section 2.6 that the distribution of a random vector is invariant
under any permutation, provided that the terms of this vector are i.i.d.. We next
show that a sequence of i.i.d. random variables is symmetric in exactly the same
sense.

Proposition 6.3. Let (xm) be a sequence of i.i.d. random variables on a probability
space (X;�;p); and � any permutation on N: Then, p(xm) = p(x�(m)).

Proof. For any positive integer k and Borel subsets A1; :::; Ak of R;

pfxi 2 Ai for each i 2 [k]g =
Q
i2[k] pfxi 2 Aig

=
Q
i2[k] pfx�(i) 2 Aig

= pfx�(i) 2 Ai for each i 2 [k]g;

that is, p(xm) and p(x�(m)) agree on A1�� � ��Ak�R� R� � � �. As noted above, this
is enough to conclude that p(xm) = p(x�(m)). �
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6.3 Proof of the ×omnicki-Ulam Existence Theorem
There are various ways of proving the ×omnicki-Ulam Existence Theorem. We o¤er one that is
based on the Product Measure Theorem.50

De�ne
Em := fS � mX : S 2 �1 
 � � � 
 �mg

for each m � 1; and let E := E1 [ E2 [ � � �: (This is the collection of all cylinder sets in X1). It
is easy to check that E is an algebra on X1 and we have �(E) =

N1
�i: We consider the map

q1 : E ! [0; 1] de�ned by
q1(S � mX) := p1 � � � � � pm(S)

for any positive integer m and S 2
Nm

�i:

Claim 1. q1 is well-de�ned.

Proof. Observe that E1 � E2 � � � �; so it is enough to show that q1(S � mX) = q1(S �Xm+1 �
m+1X) for any positive integer m and S 2

Nm
�i: It is easy to see that this is true, because

p1 � � � � � pm � pm+1 = (p1 � � � � � pm)� pm+1

for any positive integer m. (Recall Exercise 3.10.) k

Claim 2. q1 is �nitely additive.

Proof. Take any two disjoint members A� mX and B � kX of E , where k and m are positive
integers with, say, m � k: If m = k; there is nothing to prove, because p1�� � ��pm is a probability
measure on Em: Suppose, then, m � k + 1: Then, A and B �Xk+1 � � � � �Xm are disjoint events
in
Nm

�i: Since

(A� mX) t (B � kX) = (A t (B �Xk+1 � � � � �Xm))� mX;

therefore,

q1((A� mX) t (B � kX)) = p1 � � � � � pm(A) + p1 � � � � � pm(B �Xk+1 � � � � �Xm)

= q1(A� mX) + q1(B �Xk+1 � � � � �Xm � mX)

= q1(A� mX) + q1(B � kX);

as we sought. k

The rest of the proof consists of establishing that q1 is actually �-additive on E : Indeed, if we can
show this, then the ×omnicki-Ulam Existence Theorem follows immediately from Carathéodory�s
Extension Theorem (because �(E) =

N1
�i): In view of Proposition B.2.3, therefore, all we need to

do here is to establish that q1 is continuous from above at ;: To this end, take a decreasing sequence
(Sm) in E with limq1(Sm) > 0: We wish to show that S1 \ S2 \ � � � 6= ;:

Let us �rst introduce a working de�nition. For any positive integerm; S 2 E ; and any (!1; !2; :::)
in X1; we de�ne the section of S at (!1; :::; !m) as

S(!1; :::; !m) := f(!0m+1; :::) 2 mX : (!1; :::; !m; !
0
m+1; :::) 2 Sg:

This notion is important for us because of the following observation.

50Fristedt and Gray (1997) proves this result by using Fubini�s Theorem, while Saeki (1996)
provides an argument that by-passes even the construction of �nite products of probability spaces.
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Claim 3. Suppose there exists a sequence (!m) 2 X1 such that, for each positive integer m; we
have

Si(!1; :::; !m) 6= ;; i = 1; 2; :::

Then, (!m) 2 S1 \ S2 \ � � �:

Proof. Pick any i 2 N: Since Si 2 E ; there exists a positive integer k(i) such that Si = T � k(i)X
for some T 2 �1 
 � � � 
 �k(i): Obviously, Si(!1; :::; !k(i)) 6= ; implies that (!1; :::; !k(i)) 2 T; and
hence (!m) 2 Si: As i is an arbitrary positive integer here, we are done. k

In view of Claim 3, the task at hand is to �nd a sequence (!m) 2 X1 such that

Si(!1; :::; !k) 6= ; for any positive integers i and k: (35)

We shall construct such an (!m) by means of an inductive argument.
For any positive integer k; de�ne

E(k) :=
1[
m=k

fS � mX : S 2 �k 
 � � � 
 �mg

which is an algebra on kX: (Obviously E(1) = E :) We de�ne the �nitely additive set function qk on
E(k) exactly as we de�ned q1 on E :

Claim 4. For any S 2 E ; the map !1 7! q2(S(!1)) is �1-measurable, and

q1(S) =

Z
X1

q2(S(!1))p1(d!1):

Proof. Take any S 2 E : Since S(!1) 2 E(2); the map !1 7! q2(S(!1)) is well-de�ned. Now,
as S 2 E ; there exists an integer m � 2 and T 2 �1 
 � � � 
 �m such that S = T � mX: Then,
S(!1) = T!1 � mX; where T!1 is the section of T at !1; for any !1 2 X1: It follows that

q2(S(!1)) = p2 � � � � � pm(T!1):

Our claim thus follows from applying Lemma 3.2 and the Product Measure Theorem to the proba-
bility measures p1 and p2 � � � � � pm: (Right?) k

We now go for the kill. Since S1(!1) � S2(!1) � � � �; the limit of the real sequence (q2(Sk(!1)))
exists for any !1 2 X1: Thus, by the Dominated Convergence Theorem 1 and Claim 4,Z

X1

limq2(S
m(!1))p1(d!1) = lim

Z
X1

q2(S
m(!1))p1(d!1) = limq1(S

m):

Since, by hypothesis, limq1(Sm) > 0; therefore, there must exist an !1 2 X1 such that

limq2(S
m(!1)) > 0:

As (Sm(!1)) is a decreasing sequence (and q2 is �nitely additive, hence monotonic), this implies
Si(!1) 6= ; for every i = 1; 2; :::, that is, (35) holds for k = 1:We now repeat the previous argument
with the role of q1 replaced by q2 and that of each Si by Si(!1): This yields an !2 2 X2 such that
Si(!1; !2) 6= ; for every i = 1; 2; :::. Proceeding by induction this way completes our proof.
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�Exercise 6.9. (The Kolmogorov Extension Theorem) Let (Pm) be a sequence in 4(R) �
4(R2)� � � � such that, for each m;

Pm+1(A1 � � � � �Am � R) = Pm(A1 � � � � �Am)

for every Borel subset Ai of R; i 2 [m]: The objective of this exercise is to show that there
exists a unique probability measure p1 on

N1 B(R) such that

p1(S � R1) = Pm(S) for every S 2 B(Rm); m = 1; 2; :::

(a) Let E denote the collection of all cylinder sets in R1; which is an algebra on R1: De�ne
q : E ! [0; 1] by q(S � R1) := Pm(S) for each m 2 N and S 2 B(Rm): Verify that q is
well-de�ned and it is �nitely additive.
(b) Take a sequence (Sm) in E with Sm & ;; and prove that q(Sm)! 0. Invoking Proposition
B.2.3 and Carathéodory�s Extension Theorem completes the proof.
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