
Chapter E
Weak Convergence

The primary objective of this chapter is to introduce the notion of weak convergence

of Borel probability measures, and explain in detail why this convergence concept is

so fundamental for probability theory. We �rst discuss this notion in fairly elementary

terms, and provide several examples for developing some intuition about it. Early on

in the chapter we also obtain a number of fundamental results such as the Skorokhod

Representation Theorem, various characterizations of weak convergence (the so-called

Portmanteau Theorem), and Helly�s Selection Theorem for distribution functions.

The material covered from there on is somewhat more advanced, and may be omitted

by readers who wish to move at once to topics like stochastic independence and

conditional probability.

The optional part of this chapter provides background material for a serious in-

troduction to modern individual decision theory (which is the subject matter of the

next chapter). Speci�cally, it is concerned with providing alternative ways of making

the set of all Borel probability measures de�ned on a compact set itself a compact

metric space. Our work on this front will also yield several important results of in-

dependent interest. For instance, in the context of Polish spaces, we will be able to

show that the set of all simple probability measures are dense, and provide a complete

characterization of the continuous a¢ ne functionals.1

1 Weak Convergence

1.1 Motivation

One of our major tasks in this chapter is to provide certain classes of probability

measures with a metric structure. Doing this will increase the applicability of the

probability theory that we have developed so far, since we will then be in a position to

apply all we know about metric spaces to the sets of probability measures themselves.

1Most graduate textbooks on probability theory cover the material of Sections 1 and 2 at pretty

much the same level. The material of Sections 3 to 5, while quite relevant for economic theory, is

more advanced and is often covered by relatively specialized texts. (After mastering what I have

to say here, you may want to have a look at the beautiful expositions of Billingsley (1999) and

Parthasarathy (1967), for instance.)

1



So, when would it be suitable to conclude that two probability measures are

�close�to each other? Clearly, answering this question is tantamount to choosing an

appropriate metric on the space of probability measures. But we don�t have to deal

with this issue at this level of generality. For bootstrapping purposes, let us instead

con�ne our attention to the set of all Borel probability measures de�ned on a metric

space X. This way we have at least a natural way of thinking about how close two

simple probability measures that put unit mass on two di¤erent elements in X are.

Indeed, all we have to do in this case is to interpret these measures as points in the

mother space X; and use the metric of X to measure the distance between them.

Next, to get a better handle on things, let us slightly rephrase our problem. Recall

that the concepts of open sets, closed sets and continuous functions in a metric space

can all be de�ned in terms of the convergence of sequences in this space. So why don�t

we rather ask: When is it suitable to conclude that a sequence of Borel probability

measures converge to another such measure?2

The situation feels now a bit better. Let us next recall that the signi�cance of

a sequential convergence concept surfaces in a major way when deciding if a given

function is continuous or not. (Recall Proposition 9 in Appendix 1). So, to pick a

useful criterion of convergence for probability measures, we may want to �rst ask

ourselves what sort of functions de�ned on a space of Borel probability measures we

wish to declare continuous.

To make things more precise, let us pick an arbitrary metric space X, and as

usual let B(X) and 4(X) stand for the Borel �-algebra and the set of all Borel
probability measures on X; respectively. What sort of functions de�ned on 4(X) are
of interest? Well, we certainly care about expectations of continuous and bounded

random variables on (X;B(X)), and given such a random variable x; the expectation
functional actually serves as a function on 4(X): Indeed, the map Lx : 4(X) ! R
de�ned by

Lx(p) := Ep(x);

looks like a function on 4(X) that we certainly wish to declare continuous. So, when
we say �(pm) converges to p�in 4(X); we would like to have Lx(pm) ! Lx(p) for

any continuous and bounded real map x on X: What else? Well, it is not readily

apparent what other functions on 4(X) we wish to declare continuous, so let�s play
conservatively at this point, and say that (pm) converges to p in 4(X) if and only if

2True, I�m cheating a bit here. After all, how do I know that answering this question will actually

lead one to a distance function? I�ll come to this issue later, please ignore it for now.

2



Lx(pm) ! Lx(p) for all continuous and bounded random variables x on (X;B(X)):
So there it is, we have arrived at one of the most important convergence notions of

probability theory, the so-called weak convergence.

Here on follows the formal development of the theory.

1.2 Weak Convergence of Borel Probability Measures

De�nition. LetX be a metric space and (pm) a sequence in4(X): For any p 2 4(X);
we say that (pm) converges weakly to p; denoted pm

w! p; ifZ
X

'dpm !
Z
X

'dp for every ' 2 CB(X):

In this case p is said to be the weak limit of (pm):

Put di¤erently, we have

pm
w! p if and only if Epm(x)! Ep(x)

for every x 2 L0(X;B(X)) that is continuous and bounded. Moreover, if X is a

compact metric space, then this de�nition simpli�es further:

pm
w! p if and only if

Z
X

'dpm !
Z
X

'dp for all ' 2 C(X);

as we have CB(X) = C(X) by Weierstrass�Theorem.3

One immediate question here is if the weak limit of a sequence of Borel probability

measures is unique. It is not readily evident from the de�nition that this is the case,

but in fact there is no need to worry.

We can now easily establish the uniqueness result we promised above.

Proposition 1.1. Let X be a metric space and (pm) a sequence in 4(X): If pm
w! p

and pm
w! q for some p;q 2 4(X); then p = q:

Proof. Let S be a closed subset ofX: For any positive integer k; letAk := XnN 1
k
;X(S):

4

By Urysohn�s Lemma, there exists a continuous 'k : X ! [0; 1] such that 'kjS = 1
3Note that the meaning of the statement pm

w! p depends on the metric we use on X: (But the

validity of this statement does not change if we remetrize X with an equivalent metric.)
4Reminder. N";X(S) := f! 2 X : d(!; S) < "g for any " > 0:
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and 'kjAk = 0: It is easily checked that 'k ! 1S:
5 It then follows from the Dominated

Convergence Theorem 1 that

lim
k!1

lim
m!1

Z
X

'kdpm = lim
k!1

Z
X

'kdp =

Z
X

1Sdp = p(S);
6

and similarly,

lim
k!1

lim
m!1

Z
X

'kdpm = q(S):

Conclusion: p(S) = q(S) for every closed subset S of X: But then we must have

p = q by Proposition B.4.1. �

This observation teaches us something important about Borel probability mea-

sures in general.

Corollary 1.2. Given any metric space X and p;q 2 4(X); we haveZ
X

'dp =

Z
X

'dp for all ' 2 CB(X) i¤ p = q:

Proof. The weak limit of the constant sequence (p;p; :::) equals both p and q: �

Insight : If two Borel probability measures are distinct, then the expectations of

at least one continuous and bounded random variable with respect to these measures

are not equal.7

Before moving deeper into the theory of weak convergence, we should look at a

few examples.

Example 1.1. Consider the probability space (f0; 1g; 2f0;1g;pm); where

pmf0g := 1�
1

m
m = 1; 2; :::

Then, for any real map ' on f0; 1g;Z
X

'dpm = '(0)

�
1� 1

m

�
+ '(1)

1

m
! '(0):

5Take any ! 2 XnS: Since S is closed, " := d(!; S) > 0: (Why?) Then, for any k > 1="; we have
! 2 Ak; so 'k(!) = 0:

6How do I know that this theorem applies here? Well, quite simply, 'k � 1X for each k; and of

course, Ep(1X) = p(X) <1:
7In fact, we will later �nd that this is true at least for one Lipschitz continuous and bounded

random variable.

4



Thus pm
w! p where p is the probability measure that assigns 1 to f0g: Notice that,

in this example, (pm) converges to p pointwise in the sense that pm(S) ! p(S) for

every Borel subset S of f0; 1g: This actually happens quite rarely. �

Example 1.2. Given a metric space X and ! 2 X; de�ne the Borel probability

measure �! as

�!(S) :=

(
1; if ! 2 S
0; otherwise

:

(Note. �! is called the Dirac measure with unit mass at !: In decision theory, one
often refers to �! as a degenerate lottery.) Now take any (!m) 2 X1 with !m ! !.

(That is, we have d(!m; !)! 0, where d stands for the metric of X:) It would only be

natural to require that a �reasonable� convergence notion for probability measures

maintain that �!m �converge� to �! in this case. The notion of weak convergence

passes this test successfully. Indeed,Z
X

'd�!m = '(!m)! '(!) =

Z
X

'd�!

for any ' 2 CB(X): What is more, the converse of this observation is also true.

Indeed, the map ' : X ! R de�ned by '(u) := minf1; d(u; !)g; is continuous and
bounded, so �!m

w! �! implies

minf1; d(!m; !)g =
Z
X

'd�!m !
Z
X

'd�! = 0;

that is, d(!m; !)! 0. Conclusion: �!m
w! �! i¤ !m ! !: �

Example 1.3. For any positive integer m; de�ne pm 2 4[0; 1] by

pm

��
i� 1
m

��
:=

1

m
; i = 1; :::;m:

(Note. pm corresponds to a discrete uniform distribution on [0; 1] with m many

support points.) Question: Where, if at all, does the sequence (pm) converge weakly?

To answer this, take any ' 2 C[0; 1]; and observe thatZ
[0;1]

'dpm =
mX
i=1

1

m
'

�
i� 1
m

�
; m = 1; 2; :::
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The right-hand side looks like an approximation of
R 1
0
'(t)dt; no? Indeed, de�ning

'm 2 R[0;1] as 'm(1) := '(1) and

'm(t) := '

�
i� 1
m

�
;

i� 1
m

� t < i

m
; i = 1; :::;m

for each positive integer m; we see that 'm ! ': Now let K := maxfj'(t)j : 0 � t �
1g; and observe that j'mj � K for each m. Therefore, we may apply the Dominated

Convergence Theorem 1 to getZ
[0;1]

'd` = lim

Z
[0;1]

'md`

= lim

mX
i=1

1

m
'

�
i� 1
m

�
= lim

Z
[0;1]

'dpm:

Since ' was arbitrarily chosen in C[0; 1], we conclude that pm
w! `: �

Example 1.4. (Strong Convergence) One could de�ne other sorts of interesting con-
vergence concepts for probability measures. For instance, it may seem reasonable

at �rst glance to say that a sequence (pm) in 4(X) converges to p 2 4(X) i¤
pm(S)! p(S) for every Borel subset S of X: This is a stronger convergence notion

than weak convergence, as you will be asked to prove below. (See also Theorem 1.4

below.) In fact, it is not only strictly stronger than w!, it is often too demanding to be
satisfactory. After all, this convergence notion doesn�t even pass the test we proposed

in Example 1.2. For instance, consider the sequence (� 1
m
) that lies in 4[0; 1]: As we

have just seen, � 1
m

w! �0. Yet (� 1
m
) is not even convergent according to this new

convergence notion. If it was, the limit would be �0 since this convergent concept is

stronger than w!. However, � 1
m
f0g = 0 for each m; while �0f0g = 1: Thus it is not

the case that � 1
m
(S)! �0(S) for every S 2 B[0; 1]:8 �

Exercise 1.1. For any positive integer m; de�ne pm 2 4(R+) by

pm f0g := 1� 1
m and pmfmg := 1

m :

Does (pm) have a weak limit?

8Quiz. Show that � 1
m
(S) ! �0(S) for all S 2 B[0; 1] with 0 =2 @XS: (As you will �nd out soon

enough, this observation generalizes to a great extent, and points to a very important property of

weakly convergent sequences.)
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Exercise 1.2. Take any g : R+ ! [0; 1] and m 2 N; and de�ne pm 2 4(R+) by

pm f0g := g(m) and pmfmg := 1� g(m):

Determine the class of all g such that pm
w! �0.

Exercise 1.3.H (a) Fix any positive integer m; and show that there is a unique pm 2 4(R+)
such that

pm
�
i�1
m

	
:= 1

m+1

�
1 + 1

m

��i
; i = 1; 2; :::

(b) Prove that (pm) converges weakly to the exponential distribution with parameter � = 1:

Exercise 1.4.H Let X be a metric space and S a Borel subset of X: Take any real number �

in (0; 1); and let p;p1;p2; ::: Borel probability measures on X. Is it necessarily true that if

pm(S) � � for all m; and pm
w! p; then p(S) � �?

Exercise 1.5. Let X be a metric space and take any p;p1;p2; ::: 2 4(X). Show that if

pm(S) ! p(S) for all S 2 B(X); then pm
w! p: (That is, strong convergence implies weak

convergence.)

Exercise 1.6. Show that strong convergence and weak convergence coincide if the underlying

metric space is discrete and countable.

Exercise 1.7.H Let X be a metric space and � a dense subset of CB(X): Show that we haveZ
X

'dp =

Z
X

'dp for all ' 2 � i¤ p = q:

Exercise 1.8.H Let (pm) and (qm) be two sequences in 4(R) such that pm <FSD qm for each

m: Show that if pm
w! p and qm

w! q; then p <FSD q: Is the same true for <SSD?

Exercise 1.9. Let X be a metric space and take any p;p1;p2; ::: 2 4(X). Show that pm
w! p

i¤ every subsequence of (pm) has a subsequence that weakly converges to p:

In Remark B.2.4 we have observed that, for any Borel probability measure p on

R; one can always �nd a random variable x on the probability space ((0; 1);B(0; 1); `)
such that the distribution of x is equal to p:9 The following observation is a powerful

generalization of this elementary fact.

Skorokhod�s Theorem. Take any p;p1;p2; ::: 2 4(X); and assume that pm
w! p:

Then, there exist a Borel probability space (X;B(X);q) and random variables xm
and x in L0(X;B(X)) such that pxm = pm and px = p; m = 1; 2; :::; and xm ! x.

We outline the proof of this important result in the following exercise.

9Reminder. The pseudo-inverse of Fx is one such random variable. That is, we can de�ne x as

x(!) := infft 2 R : p(�1; t] � !g here.

7



Exercise 1.10.H Let X := (0; 1); q := `; and for each positive integer m; de�ne the real maps

ym and y on X by

ym(!) := infft 2 R : pm(�1; t] � !g

and

y(!) := infft 2 R : p(�1; t] � !g;

respectively.
(a) Show that y; y1; y2; ::: 2 L0(X;B(X)).
(b) Show that ` � y�1m = pm for each m; and ` � y�1 = p:
(c) Prove: If 0 < ! < 1 and y is continuous at !; then ym(!)! y(!):

(d) Let S be the set of all discontinuity points of y; and de�ne xm := ym1S and x = y1S,
m = 1; 2; :::. Show that `�x�1m = pm for each m; and `�x�1 = p:Moreover, we have xm ! x:

Exercise 1.11.H Assume that q;q1;q2; ::: 2 4(R) satisfy qm(S) ! q(S) for every S 2
B(R) with q(@RS) = 0: Prove that there exist Borel measurable real maps xm and x
on (0; 1) such that ` � x�1m = qm and ` � x�1 = q, m = 1; 2; :::; and xm ! x.

1.3 Application: On the Duality of 4(X) and C(X)
Recall that the Riesz-Radon Representation Theorem builds a strong bridge between

certain kinds of positive linear functionals on C(X) and the Borel probability mea-

sures on a compact metric space X: Endowed with the basic theory of weak conver-

gence �Corollary 1.2, in particular �we may analyze the structure of this bridge

better.

Let us �rst recall a few basic notions from convex analysis.

De�nition. Let S and T be two nonempty convex sets (that lie in certain linear

spaces). A map � : S ! T is said to be a¢ ne if

�(�s+ (1� �)s0) = ��(s) + (1� �)�(s0)

for any s; s0 2 S and 0 � � � 1: If � is bijective and a¢ ne, then it is called an

a¢ ne isomorphism, and if there is indeed one such map, then we say that S and
T are a¢ nely isomorphic. Finally, if S and T are metric spaces, and there is

an a¢ ne homeomorphism from S onto T; then we say that S and T are a¢ nely
homeomorphic.

The upshot here is that the convex structures of two a¢ nely isomorphic convex

sets coincide. Put di¤erently, from the perspective of convex analysis, one can regard

two a¢ nely isomorphic convex sets as di¤ering from each other only in the labelling
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of their constituents. To illustrate, suppose � is an a¢ ne isomorphism from S onto

T (with S and T being two convex sets that lie in arbitrary linear spaces), and let A

be a nonempty subset of S: Then A is convex i¤�(A) is convex, s 2 S is an extreme
point of A i¤ �(s) is an extreme point of �(A); and ' 2 RS is convex i¤ ' � ��1 is
a convex real map on T; and so on. If, furthermore, S and T are metric spaces, and

� is a homeomorphism, then the sense in which S and T are indistinguishable from

each other is stronger �in that case all convex and topological properties of S and

T are identical. (For instance, then, A is a closed and convex subset of S i¤�(A) is

such a subset of T:)

Let us now go back to our story. Take any compact metric space X; and denote

by C(X)+ the convex set of all positive linear functionals L on C(X) such that

L(1X) = 1.10 Now, the Riesz-Radon Representation Theorem tells us that for every

L 2 C(X)+, there is a pL 2 4(X) such that

L(') =

Z
X

'dpL for all ' 2 C(X):

In fact, there is only one such Borel probability measure on X: For, if q 2 4(X)
satis�es L(') =

R
X
'dq for every ' 2 C(X); then, by Corollary 1.2, we have q = pL:

Therefore, the map � : C(X)+ ! 4(X) is well-de�ned by �(L) := pL: It is also

plain that � is injective. (Yes?) Moreover, for any p 2 4(X); the map ' 7!
R
X
'dp

on C(X) belongs to C(X)+; so � is surjective.11 Finally, � is easily checked to be

a¢ ne. (Verify!) We proved:

Proposition 1.3. If X is a compact metric space, then C(X)+ and 4(X) are a¢ nely
isomorphic:

Conclusion: Insofar as convex analysis is concerned, we can really think of the

seemingly distinct worlds of C(X)+ and 4(X) as identical, provided that X is a

compact metric space. We will later see that the connection between these two worlds

is even tighter than this. But �rst, we should study the notion weak convergence a

bit more.
10Here I consider C(X)+ as living in the linear space of all linear functionals on C(X) �this space

is often called the algebraic dual of C(X).
11Implicit in this is the assertion that the map ' 7!

R
X
'dp is continuous on C(X): This is true,

because, if ('m) is a sequence of continuous functions on X that converges to some ' 2 C(X)

uniformly, then
R
X
'mdp!

R
X
'dp: (Recall Exercise C.1.15.)
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1.4 The Portmanteau Theorem

Using the de�nition of weak convergence directly is not always the best method for

checking if a sequence of Borel probability measures is weakly convergent or not. In

fact, this de�nition is somewhat elusive, for it characterizes w! in terms of a bunch of

expectation computations instead of using the de�nitions of the involved probability

measures directly. To remedy this situation, we now turn to developing more direct

ways of �de�ning�the notion of weak convergence.

In the probability folklore, the following result is referred to as the Portmanteau
Theorem because it provides several seemingly di¤erent, yet equivalent, ways of

thinking about weak convergence.12

Theorem 1.4. (Aleksandrov) For any metric space X, and any p;p1;p2; ::: 2 4(X),
the following statements are equivalent:

(a) pm
w! p;

(b) lim suppm(C) � p(C) for every C 2 CX ;
(c) lim inf pm(O) � p(O) for every O 2 OX ;
(d) limpm(S) = p(S) for every S 2 B(X) with p(@XS) = 0:

Proof. (a)) (b). We proceed exactly as in the proof of Proposition 1.1. Let C be a

closed subset of X: For any positive integer k; let Ak := XnN1=k;X(C): By Urysohn�s
Lemma, there exists a continuous 'k : X ! [0; 1] such that 'kjC = 1 and 'kjAk = 0:
Since 'k ! 1C ; it then follows from the Dominated Convergence Theorem 1 that

p(C) =
R
X
1Cdp = lim

R
X
'kdp: Consequently, since pm

w! p and 'k � 1C for each
k; we �nd

p(C) = lim

Z
X

'kdp

= lim
k!1

lim
m!1

Z
X

'kdpm

� lim sup
k!1

lim sup
m!1

Z
X

1Cdpm

= lim suppm(C)

12It appears that this name was coined �rst by Patrick Billingsley in his classic text on �Con-

vergence of Probability Measures� in 1968. Billingsley attributes the result to one Jean-Pierre

Portmanteau in the second edition of his book, but that�s just a joke. The result was proved �rst

by Aleksandr Aleksandrov in 1940.
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as we sought.13

(b) , (c). This follows readily from the fact that

p(C)� lim suppm(C) = (1� p(XnC))� lim sup (1� pm(XnC))
= lim inf pm(XnC)� p(XnC)

for every C 2 CX :
(c) ) (d). For any S 2 B(X) with p(@XS) = 0; we have

lim suppm(S) � lim suppm(clX(S))

� p(clX(S))

= p(intX(S)) + p(@XS);

where the second inequality here follows from (b). As p(@XS) = 0; we have

lim suppm(S) � p(intX(S)):

But, invoking (c), we �nd

p(intX(S)) � lim inf pm(intX(S)) � lim inf pm(S);

which means that limpm(S) = p(intX(S)): As p(@XS) = 0; however, we have p(S) =

p(intX(S)); so our assertion is proved.

(d) ) (a). Take an arbitrary (nonzero) ' 2 CB(X); and assume that k'k1 = 1
(otherwise we would work with '= k'k1 ):14 We wish to show that����Z

X

'dpm �
Z
X

'dp

����! 0:

Fix an arbitrary real number " > 0: It is easy to see that there exist a positive integer

M � 2 and real numbers a0; :::; aM such that

(i) �2 = a0 < � � � < aM = 2; and

(ii) pf' = aig = 0 and ai � ai�1 < "=2 for each i = 1; :::;M:15

13How did I get the inequality here? Well, for any two real sequences (am) and (bm) with am � bm
for each m; I surely have lim inf am � lim sup bm: Right?
14Reminder. k'k1 := supfj'(!)j : ! 2 Xg:
15What I have in mind is the following: Let (X;�;p) be an arbitrary probability space, and pick

any uncountable A � � such that A \B = ; for every distinct A;B 2 A:

Claim. p(A) = 0 for some A 2 A:
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Consider the events

Si := fai�1 � ' < aig; i = 1; :::;M:

Since ' is Borel measurable (because it is continuous), each Si belongs to �:Moreover,

by the choice of ais, we have p(@XSi) = 0 for each i;
16 and, therefore, by (d),

pm(Si)! 0; for each i = 1; :::;M:

Now de�ne

� := a11S1 + � � �+ aM1SM :

(This is a simple random variable that we shall use to approximate ':) Notice that, for

any ! 2 X; we have ! 2 Sk for some k 2 f1; :::;Mg; and hence j'(!)� �(!)j < "=2:
Therefore,����Z

X

'dpm �
Z
X

'dp

���� �
����Z
X

'dpm �
Z
X

�dpm

����+ ����Z
X

�dpm �
Z
X

�dp

����+����Z
X

�dp�
Z
X

'dp

���� ;
� "

2
+

����Z
X

�dpm �
Z
X

�dp

����+ "2 ;
and hence

lim sup

����Z
X

'dpm �
Z
X

'dp

���� � "+ lim sup

�����
MX
i=1

aipm(Si)�
MX
i=1

aip(Si)

�����
� "+

MX
i=1

jaij lim sup jpm(Si)� p(Si)j :

Since pm(Si)! 0 for each i; therefore,

lim sup

����Z
X

'dpm �
Z
X

'dp

���� � ":
Proof of Claim. For any positive integer m; de�ne Am := fA 2 A : p(A) � 1

mg: If my claim
is false, then A =

S1Am: But then jAM j = 1 for some M 2 N; for otherwise we contradict
the uncountability of A: Now choose any countably in�nite subset B of AM ; and observe that
1 � p(

S
B) =

P
A2B p(A) �

P
A2B

1
M =1; which is absurd. k

Now go back to the proof where you left it. I�m sure my assertion there will now seem as a

triviality to you.
16Indeed, our choice of ais entail that p(T ) = 0; where T := f' = ai for some i = 1; :::;Mg: But,

by continuity of '; for each i; the set fai�1 < ' < aig is open (and hence contained in the interior
of S). Thus, @XSi � T for each i:
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As " > 0 is arbitrary here, we are done. �

Warning. Either inequality in the statements (b) and (c) of Theorem 1.4 can hold

strictly. A simple example is obtained by choosing X := [0; 1] and considering the

sequence (�1=m). By Example 1.2, we know that �1=m
w! �0: Thus, by Theorem 1.4,

lim inf �1=m(I) � �0(I), where I stands for the open interval (0; 1): In this case this

inequality holds strictly, since �1=m(I) = 1 for each m; whereas �0(I) = 0:

Example 1.5. In the following examples X and Y stand for arbitrary metric spaces.

[1] Let us prove the observation noted in Example 1.2 about the weak convergence

of Dirac measures by using Theorem 1.4. Given any " > 0; we have ! =2 @XN";X(!),
that is, �!(@N"(!)) = 0: Therefore, by Theorem 1.4, �!m

w! �! readily yields

�!m(N";X(!))! �!(N";X(!)) = 1;

which is possible only if all but �nitely many terms of the sequence (�!m(N";X(!)))

equal 1. That is, for every " > 0; there is a positive integerM such that !m 2 N";X(!)
for allm �M; which means that !m ! !: The converse claim is, of course, immediate

from the original de�nition of weak convergence.

[2] (Uniqueness of Weak Limits, Again) Here is another illustration of how one

may use Theorem 1.4 in practice. Suppose we are given thatZ
X

'dp =

Z
X

'dq for all ' 2 CB(X);

where p and q are Borel probability measures on X: We know from Corollary 1.2

that p = q: Here is another way of seeing this. De�ning pm = q for each m 2 N; we
have pm

w! p so that, by Theorem 1.4, q(O) � p(O) for every O 2 OX : Reversing
the roles of p and q; we thus obtain p(O) = q(O) for every O 2 OX : By Proposition
B.4.1, then, p = q:

[3] Take any pm;p 2 4(X); m = 1; 2; :::; with pm
w! p: Then, for any continuous

� : X ! Y , we have pm � ��1
w! p � ��1: After all, for any given open subset

O of Y; ��1(O) is open by continuity of �: So, by Theorem 1.4, pm
w! p implies

lim inf pm(�
�1(O)) � p(��1(O)): Since O is an arbitrary open set in Y; applying

Theorem 1.4 again completes the proof of our claim.17 �
17Quiz. Show that pm � ��1

w! p � ��1 would still be true if all we knew was that the set of
all discontinuity points of � is assigned probability zero by p: (Probability theorists refer to this

version of the result as the Mapping Theorem.)
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Exercise 1.12.H Given any metric space X; let �;�1;�2; ::: 2 4(X) be two �nite measures
on B(X); m = 1; 2; :::; and assume that �m(X)! �(X): Show that

R
X
'd�m !

R
X
'd� for

every ' 2 CB(X) i¤ lim suppm(C) � p(C) for every C 2 CX :

Exercise 1.13. Let X be a metric space and ! 2 X: Let (pm) be a sequence in 4(X) such
that pm(XnO)! 0 for every open neighborhood O of !: Show that pm

w! �!:

Exercise 1.14.H (Another Proof for the Portmanteau Theorem) Let X be a metric space, and

assume that p;p1;p2; ::: 2 4(X) satisfy statement (d) of Theorem 1.4. Take an arbitrary

' 2 CB(X); and let qm := pm�'�1 for eachm; and q := p�'�1: Clearly, q;q1;q2; ::: 2 4(R)
for each m:

(a) Show that, for every A 2 B(R) with q(@RA) = 0; we have qm(A)! q(A):

(b) Use Exercise 1.11 to conclude that there exist Borel measurable real maps x; x1; x2; ::: on
(0; 1) such that Z

X

g � 'dpm !
Z
X

g � 'dp for every g 2 CB(R):

(c) Let � := k'k1 and let g 2 CB(R) be equal to �� on (�1;��); � on (�;1); and the
identity function on [��; �]: Use your �nding in part (b) to conclude that

R
X
'dpm !

R
X
'dp:

(Since ' is arbitrarily chosen from CB(X) in this argument, it follows that pm
w! p:)

Exercise 1.15. Let X be a metric space, and take any p;p1;p2; ::: 2 4(X). For any positive
integer k and closed subset S of X; de�ne the real map 'k on X by

'k(!) := maxf0; 1� kd(!; S)g:

(a) Show that each 'k is Lipschitz continuous.
(b) Prove that pm

w! p implies the statement (b) of Theorem 1.4 by using these 'ks instead

of the ones used in the proof above.

(c) Conclude that pm
w! p i¤

R
X
'dpm !

R
X
'dp for every bounded and Lipschitz continu-

ous real map ' on X:

An Improvement of Corollary 1.2. If
R
X
'dp =

R
X
'dq for every bounded and Lipschitz

continuous real map ' on a metric space X, then p = q:

Exercise 1.16. Prove: For any pm;p 2 4(R); m = 1; 2; :::; we have pm
w! p i¤

R
R 'dpm !R

R 'dp for every ' 2 C(R) such that supp(') is bounded.
18

The following result �which was proved by Andrei Kolmogorov and Yur¼¬Prokhorov

in 1954 �gives conditions for a subset A of B(X) which guarantee that the conver-
gence of a sequence of Borel probability measures on A entails the weak convergence
of this sequence. (Such a subclass is sometimes called a weak convergence deter-
mining class.)

18Reminder. supp(') := clXf! 2 X : '(!) > 0g:
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Proposition 1.5. (Kolmogorov-Prokhorov) Let X be a metric space, and take any

p;p1;p2; ::: 2 4(X). Assume that A � B(X) has the following properties:
(i) A is closed under taking �nite intersections;
(ii) Every open set in X is equal to the union of countably many elements of A:

If pm(A)! p(A) for all A 2 A; then pm
w! p:

The following elementary observation will simplify our proof immensely.

Lemma 1.6. Let (X;�) be a measurable space and C a �nite subset of �: If
p;p1;p2; ::: are probability measures on � such that pm(

T
D) ! p(

T
D) for any

nonempty subset D of C; then pm(
S
C)! p(

S
C):

Proof. Apply the Exclusion-Inclusion Formula (Exercise B.2.2.) �

Proof of Proposition 1.5. We wish to show that the statement (c) of Theorem 1.4

holds under the present hypotheses. To this end, take any open subset O of X; and

�x an arbitrary " > 0:

Claim. There exists a �nite subset C of A such that
S
C � O and

p(O)� " < p (
S
C) :

Proof. By hypothesis (ii), there exists a countable subset B of A such that O =S
B: If jBj < 1, the assertion is proved upon choosing C = B: If jBj = 1, then

write B = fA1; A2; :::g; let Bm :=
SmAi; m = 1; 2; :::; and notice that Bm %

S
B:

Then, p(Bm)% p(O) by Proposition B.2.2, so p(O)� " < p (BM) for a large enough
M 2 N. The claim follows upon setting C := fA1; :::; AMg: k

Choose C as in this claim, and assume that pm(A)! p(A) for every A 2 A: Since
C � A; we have pm(C) ! p(C) for every C 2 C: By hypothesis (i), it follows that
pm(

T
D)! p(

T
D) for every nonempty subset of D of C: So, by Lemma 1.6,

p(O)� " < p (
S
C) = limpm (

S
C) � lim inf pm(O);

where the �nal inequality follows from the fact that
S
C � O: Since " > 0 is arbitrary

here, we conclude that p(O) � lim inf pm(O): As O was arbitrarily chosen in OX ;
Theorem 1.4 implies pm

w! p: �

15



Exercise 1.17. Fix some positive integer n and take any p;p1;p2; ::: 2 4(Rn). Prove: If

limpm ((a1; b1)� � � � � (an; bn)) = p ((a1; b1)� � � � � (an; bn))

for any �1 < ai < bi <1; i = 1; :::; n; then pm
w! p:

Exercise 1.18. If X is compact, then, in the statement of Proposition 1.5, (i) and (ii) can be

replaced with the following property: pjA = qjA implies p = q; for any p;q 2 4(X). Prove!

1.5 Weak Convergence of Distribution Functions

The Portmanteau Theorem gives us three alternative characterizations of weak con-

vergence directly in terms of Borel probability measures. Since in applications one is

often given a Borel probability measure on R through a distribution function, it would
be useful to obtain an alternative characterization of weak convergence in terms of

distribution functions. We obtain one such characterization next.

Notation. In what follows, as usual, the Lebesgue-Stieltjes measure induced by a
distribution function F is denoted by pF : Recall also that we denote the class of all

distribution functions by F:

Proposition 1.7. For any distribution functions F; F1; F2; :::, we have pFm
w! pF if,

and only if, Fm(t)! F (t) holds for every t at which F is continuous.

Proof. Take any Fm; F 2 F; m = 1; 2; :::, and assume pFm
w! pF : Notice that, for

each continuity point t of F; we have pF (@R(�1; t]) = pFftg = 0 (Exercise B.3.8),
so, by Theorem 1.4,

Fm(t) = pFm(�1; t]! pF (�1; t] = F (t):

To go the other direction, we will use Proposition 1.5. Let B be the set of all
intervals of the form (�1; b] with pFfbg = 0; and C the set of all bounded intervals
of the form (a; b] with pFfag = pFfbg = 0: Let A := B [ C [ f;g:19 It is easily seen
that A is closed under taking �nite intersections. Moreover, for any nonempty open

subset O of R and t 2 Q \ O; we can clearly �nd a nonempty interval It in A such

that t 2 It � O: (Why?) But then, since Q is dense in R, O = fIt : t 2 O \Qg: So,
19Note that, for any real numbers a and b; the map F is continuous at b if (�1; b] 2 B, and it is

continuous at both a and b if (a; b] 2 C. This is key to the argument that follows.
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A satis�es conditions (i) and (ii) of Proposition 1.5. In addition, it is obvious that

pFm(;)! pF (;), while, for any real numbers a and b; we have

pFm(�1; b] = Fm(b)! F (b) = pF (�1; b]

if (1; b] 2 B, and

pFm(a; b] = Fm(b)� Fm(a)! F (b)� F (a) = pF (a; b]

if (a; b] 2 C. It follows from Proposition 1.5 that pFm
w! pF . �

Due to Proposition 1.7, it is commonplace to say that a sequence (Fm) of distri-

bution functions weakly converges to an F 2 F whenever Fm(t) ! F (t) for every

t at which F is continuous. (F is then called the weak limit of (Fm):) Naturally
enough, we denote this situation by writing Fm

w! F:

Example 1.6. Consider the sequence (1[ 1
m
;1)) 2 F1. It follows readily from Proposi-

tion 1.7 that 1[ 1
m
;1)

w! 1[0;1):
20 This is just what one would have expected. After all,

for each m; the Lebesgue-Stieltjes probability measures induced by 1[ 1
m
;1) and 1[0;1)

are none other than the Dirac measures � 1
m
and �0; respectively, while, of course, we

have � 1
m

w! �0 (Example 1.2). �

Example 1.7. Take any F 2 F, and consider the sequence (Fm) 2 F1 where

Fm(t) := F

�
t� 1

m

�
; t 2 R

for each m = 1; 2; :::. Clearly, Fm(t) ! F (t�) for every t 2 R: Consequently, since
F (t) = F (t+) for each t �a distribution function is right-continuous by de�nition

�we have Fm(t) ! F (t) for every t at which F is continuous (and in fact, only for

these t). Thus, Fm
w! F so, by Proposition 1.7, pFm

w! pF : �

Example 1.8. Here is an easy way of proving the observation noted Example 1.3. For
every positive integer m; the distribution function Fm induced by pm in this example

is de�ned by

Fm(t) :=
i

m
;

i� 1
m

� t < i

m
; i = 1; :::;m:

20It is not true that 1[ 1m ;1)(t)! 1[0;1)(t) for every t 2 R. Instead, this convergence holds for all
t at which 1[0;1) is continuous, that is, for every t 2 Rnf0g:
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(Of course, Fmj(�1;0) = 0 and Fmj(1;1) = 1 by implication.) In view of Proposition
1.7, to establish that pm

w! `; all we need to show is that Fm(t) ! F (t) for every

t 2 R; where F 2 F satis�es F (t) := t for all t in [0; 1]: This is a routine exercise.

(You can also deal with Exercise 1.3 by this method relatively easily.) �

Example 1.9. (Uniqueness of Weak Limits, One More Time) Let F and G be two

distribution functions, and take any (Fm) 2 F1 such that Fm
w! F and Fm

w!
G: Then, by Propositions 1.1 and 1.7, pF = pG; and it readily follows from this

observation that F = G: �

Example 1.10. We solve Exercise 1.8 by using Proposition 1.7. Let (Fm) and (Gm)
be two sequences in F such that Fm <FSD Gm for each positive integer m: We wish
to show that if Fm

w! F and Gm
w! G for some distribution functions F and G; then

F <FSD G: Observe �rst that if t is a continuity point of both F and G; then

F (t) = limFm(t) � limGm(t) = G(t)

by Proposition 1.7. But both F and G are continuous everywhere but countably

many points (Lemma A.4.1), so we have F (t) � G(t) for all but countably many

real numbers t: Since both F and G are right-continuous, therefore, we must have

F (t) � G(t) for every t 2 R: (Yes?) Conclusion: First order stochastic dominance is
closed under weak convergence.21 �

Exercise 1.19.H Consider the following distribution function:

F (t) :=

(
et; if t < 0

1; if t � 0
:

Does 1
2F +

1
21[m;1) weakly converge to a distribution function?

Exercise 1.20. For any (Fm) 2 F1 and F 2 F; show that d1(Fm; F ) ! 0 implies Fm
w! F;

but not conversely.

Exercise 1.21. Prove or disprove: For any (Fm) 2 F1 and F 2 F; we have Fm ! F i¤

limpFm(S) = pF (S) for every S 2 B(R):

Exercise 1.22. Let S be a dense subset of R; and take any Fm and F in F; m = 1; 2; :::. Prove:

If Fm(t)! F (t) for every t 2 S; then Fm
w! F:

21Warning. This is not so for the second order stochastic dominance in general (unless we

concentrate on the distribution functions whose supports are contained within a bounded interval).
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Exercise 1.23.H (Convergence in Density) Let Fm and F be two distribution functions that

have densities fm and f; respectively, m = 1; 2; :::. Assume that the supports of each of these

densities are contained in some compact interval [a; b]: Show that fm ! f implies Fm ! F;

and hence Fm
w! F:22

Warning. The converse of this observation is false. That is, weak convergence of a sequence
of distribution functions that have densities does not imply the convergence of the associ-

ated sequence of density functions.23 Conclusion: Weak convergence is strictly weaker than

convergence in density.

The following three exercises introduce a method of �metrizing weak convergence�on F. We

will later study extensions of this method in detail.

Exercise 1.24. De�ne dL : F� F! R+ by

dL(F;G) := inff" > 0 : G(t� ")� " � F (t) � G(t+ ") + " for each t 2 Rg:

This function is called the Lévy metric. Prove:
(a) (F; dL) is a metric space and 0 � dL � 1:
(b) Fm

w! F i¤ dL(Fm; F )! 0.

Exercise 1.25. Let x and y be two random variables de�ned on a given probability space

(X;�;p): Show that, for any � > 0;

p f! : jx(!)� y(!)j � �g < � implies dL(Fx; Fy) < �;

where Fx and Fy are the distribution functions of x and y; respectively.

Exercise 1.26.H Let (Fm) be any sequence in F and take any continuous F 2 F:
(a) Show that

kFm � Fk1 � � + supfjF (s)� F (t)j : s; t 2 R and js� tj < �g:

(b) Prove: If Fm
w! F , then Fm ! F uniformly.

1.6 Helly�s Selection Theorem

A problem that sometimes arises in applications is to guarantee the weak convergence

of a certain sequence of distribution functions. Of course, an arbitrary sequence of
22One can in fact do much better than this. The compact support condition can be completely

relaxed in this exercise. (Can you show this?)
23Example. For any positive integer m; let Fm 2 F be induced by the following density function:

fm(t) :=

(
1 + sin 2m�t; if 0 � t � 1
0; otherwise

:

Then, Fm
w! F where F 2 F satis�es F (t) = t for every t in [0; 1]; but (fm) does not converge to

the density of F:
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distribution functions need not be weakly convergent in general. If, however, it is a

monotonic sequence and satis�es a mild regularity condition, one can show that it

must be weakly convergent. Unfortunately, this is not a terribly useful observation,

for the monotonicity requirement is often not met in applications. Yet under that reg-

ularity condition, one can show that any sequence of distribution functions possesses

a weakly convergent subsequence. If you recall how useful is the notion of sequen-

tial compactness, then you will realize right away that this is really an important

observation.

But we are getting ahead of ourselves here. To �ll the gaps in this discussion, �rst

we need to pay a visit to a celebrated result of the classical theory of real functions.

We state and prove this result here in the (more restrictive) setting of probability

theory.

Helly�s Selection Theorem. For every sequence (Fm) of distribution functions, we
can �nd a subsequence (Fmk

) and a right-continuous and increasing self-map F on R
such that

limFmk
(t) = F (t)

for every t 2 R at which F is continuous.

Proof. Our aim is to construct a subsequence (Fmk
) such that limFmk

(r) exists for

every rational number r: We shall do this by using Cantor�s diagonal method. Begin

by enumerating Q as fr1; r2; :::g: Since (Fm(r1)) lies in the compact set [0; 1]; there
exists a subsequence (s1l ) of (1; 2; :::) such that (Fs1l (r1)) is convergent. De�ne the

number G(r1) by

G(r1) := lim
l!1

Fs1l (r1):

Now consider the sequence (Fs1l (r2)) which lies in [0; 1]; and let (Fs2l (r2)) be a conver-

gent subsequence of this sequence. We de�ne

G(r2) := lim
l!1

Fs2l (r2):

Continuing by induction, therefore, for each nonnegative integer k; we can �nd two

real sequences (skl ) and (G(rk)) that satisfy the following properties:

(i) (s0l ) = (1; 2; :::);

(ii) (skl ) is a subsequence of (s
k�1
l ); k = 1; 2; :::; and

(iii) Fskl (rk)! G(rk) as l!1:
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De�ne next

Fmk
:= Fskk for all k = 1; 2; :::.

We leave for you to verify that the choice of (skl ) and (G(rk)) entails

lim
k!1

Fmk
(r) = G(r) for all r 2 Q:24

Now de�ne the self-map F on R by

F (t) := inffG(r) : t < r 2 Qg:

F is obviously increasing. (Obviously?) Moreover, for any t 2 R and " > 0; there

exists an r 2 Q with t < r and G(r) < F (t) + "; so choosing � = r � t; we �nd
F (s) � G(r) < F (t) + "; that is, F (s) � F (t) < " for any t � s < t + �: Thus F is

right-continuous.

It remains to show that Fmk
(t)! F (t) whenever F is continuous at t 2 R: Let t

be such a real number, �x any " > 0; and choose rational numbers r1; r2 and r3 such

that

r1 < r2 < t < r3

and

F (t)� " < F (r1) � F (r2) � F (t) � F (r3) < F (t) + ":

Since Fmk
(r2)! G(r2) � F (r1) and Fmk

(r3)! G(r3) � F (r3); we have

F (t)� " < Fmk
(r2) � Fmk

(t) � Fmk
(r3) < F (t) + "

for large enough k: Since " is arbitrary here, our proof is complete. �

Helly�s Selection Theorem, while very important, falls somewhat short of our

original objective of �nding a weakly convergent subsequence of a given sequence

of distribution functions. For instance, consider the sequence (Fm) 2 F1 where

Fm := 1[m;1) for each m: In this case, we have Fm ! 0; while the zero function is

of course not a distribution function. It follows that no subsequence of (Fm) can

converge weakly to a distribution function. As shown in Figure 1, the problem is that

the entire mass �runs o¤�to1 in this example. Similarly, the unit mass would �run

o¤�to �1 if we considered the sequence (1[�m;1)) 2 F1; while one half of the entire
24The point is, for any given positive integer k; the sequence (Fmk

(rk); Fmk+1
(rk); :::) is a subse-

quence of (Fskl (rk)): This is the gist of the diagonal method.
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mass would �escape�to�1 and the other to1; if we considered (1
2
1[�m;1)+

1
2
1[m;1)).

In short, we need to formulate a regularity condition to disallow the escape of any

mass to either �1 or 1:

FIGURE E.1 ABOUT HERE

Here is a �rst pass at the problem. Suppose that there exists a real number a > 0

such that the sequence (Fm) 2 F1 satis�es Fm(�a) = 0 and Fm(a) = 1: Then we are
in pretty good shape. By Helly�s Selection Theorem, there exists a subsequence (Fmk

)

and a right-continuous and increasing self-map F on R such that Fmk
(t)! F (t) for

every t at which F is continuous. Let us show that F is a distribution function, that

is, it satis�es F (�1) = 0 and F (1) = 1: Indeed, for every continuity point t of F
with t � a; we have 1 = Fmk

(t)! F (t) so F (t) = 1: Since F is increasing, this means

that F (1) � 1: But if F (s) > 1 for some real number s; then for any continuity point
t of F that is greater than maxfs; ag; we get 1 = Fmk

(t)! F (t) > 1; contradiction.

Thus, F (1) = 1: The fact F (�1) = 0 is similarly established.
Here is another way of saying all this. For any a > 0; de�ne

Fa := fF 2 F : F (�a) = 0 and F (a) = 1g;

and consider Fa as a metric subspace of (F; dL) where dL is the Lévy metric (Exercise

1.22). In words, Fa is the metric space of all distribution functions the supports of

which are contained in a compact interval.25 Keeping in mind that compactness and

sequential compactness are one and the same (in the context of metric spaces), and

invoking part (b) of Exercise 1.22 and the argument above, we get the following useful

result.

Corollary 1.8. (Fa; dL) is a compact metric space for any a > 0:

This is certainly good news, but assuming that every member of a sequence of

distribution functions is constant outside an interval [�a; a] is overly demanding. As
the following exercise demonstrates, one can in fact do better than this.

25That is, F 2 Fa i¤ F 2 F and

clR(ft 2 R : F (t+ ")� F (t� ") > 0 for every " > 0g) � [�a; a]:
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Exercise 1.27. A sequence (Fm) 2 F1 is said to be tight if, for every " > 0; there exists an
a > 0 such that

lim sup(1� Fm(a) + Fm(�a)) � ":

Prove:

(a) Every tight sequence in F1 has a weakly convergent subsequence.

(b) If Fm
w! F , then (Fm) must be tight.

(c) If (Fm) is tight, then, for every " > 0; there exists an a > 0 such that F (a)�F (�a) � 1�":

Exercise 1.28. For any tight and monotonic sequence (Fm) 2 F1, there exists a distribution
function F such that Fm

w! F: Prove!

Exercise 1.29.H (Helly-Bray Lemma) Prove: For any (Fm) 2 F1 such that Fm(0) = 0 and

Fm(1) = 1 for each m, there exist a subsequence (Fmk
) and an F 2 F such thatZ 1

0

tdFmk
(t)!

Z 1

0

tdF (t):

2 Convergence of Random Variables

2.1 Convergence in Distribution

There is a plethora of ways in which one can think about the convergence of a se-

quence of random variables. Pointwise and almost sure convergence are, for instance,

two �natural�convergence concepts for such sequences. An alternative approach is

to de�ne the convergence of a sequence of random variables in terms of the weak

convergence of the distributions of these random variables. This notion is referred to

as convergence in distribution.

De�nition. Let Y be a metric space. For any sequence of Y -valued random variables
(xm) and a Y -valued random variable x; we say that xm converges to x in distri-
bution, denoted xm

D! x; if pxm
w! px; where pxm and px are the distributions of

xm and x; respectively, m = 1; 2; :::.26

In the case of random variables, we may reformulate this de�nition in terms of

distribution functions. For any random variables xm and x with distribution functions

Fm and F , respectively, m = 1; 2; :::, we have

xm
D! x i¤ Fm(t)! F (t) for every t at which F is continuous.

26Please note that the involved random variables need not be de�ned on a common probability

space. (More on this shortly!)
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This is but an immediate consequence of Proposition 1.7.

The following result comes about by hardly anything other than a mere shu ing of

the de�nitions. It is useful, however, as convergence in distribution arises in practice

often in this form.

Proposition 2.1. Let Y be a metric space. For any Y -valued random variables

x; x1; x2; :::, we have xm
D! x if, and only if,

E(� � xm)! E(� � x) for every � 2 CB(Y ):

Proof. For each positive integer m; let xm be de�ned on the probability space

(Xm;�m;pm); and x on (X;�;p): Then, by de�nition,

xm
D! x i¤

Z
Y

�dpxm !
Z
Y

�dpx for every � 2 CB(Y ):

But, by the Change of Variables Formula, we haveZ
Y

�dpx =

Z
X

(� � x) dp

for any � 2 CB(Y ). The analogous calculation applies to each xm as well, so we get

xm
D! x i¤

Z
Xm

(� � xm) dpm !
Z
X

(� � x) dp for every � 2 CB(Y )

as we sought. �

The same argument, but this time using the characterization of weak convergence

obtained in Exercise 1.15, yields a somewhat more useful way of thinking about the

notion of convergence in distribution.

Corollary 2.2. Let Y be a metric space. For any Y -valued random variables x; x1; x2; :::,
we have xm

D! x if, and only if,

E(� � xm)! E(� � x)

for every bounded and Lipschitz continuous real map � on Y:

The following exercises play on this theme some more.
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Exercise 2.1.H For each positive integer m; let xm be a random variable with the distribution

function Fm: Show that if (Fm) is tight (Exercise 1.25), then there exists a subsequence

of (xm) that converges to a random variable in distribution. Do the expectations of this

subsequence necessarily converge to the expectation of the limit random variable?

Exercise 2.2.H (Feller) Let x; x1; x2; ::: be [0; 1]-valued random variables. Prove that xm
D! x

i¤

E(xkm)! E(xk) for every k = 1; 2; :::

Exercise 2.3. Let x and y be [0; 1]-valued random variables on a given probability space

(X;�;p) such that E(xk) = E(yk) for every positive integer k: Prove:
(a) E(h � x) = E(h � y) for every h 2 C[0; 1]:
(b) px[0; a] = py[0; a] for every 0 � a � 1; so x and y have identical distributions.

Exercise 2.4. Let Y be a metric space, and let x; x1; x2; ::: and y; y1; y2; :::be Y -valued random
variables on a given probability space.

(a) Show that if xm
D! x and ym

D! y, then xm + ym
D! x+ y need not hold in general.

(b) Would the previous observation be altered if y was a constant random variable?

Exercise 2.5.H (Slutsky�s Theorem) Let Y be a metric space, and let x; x1; x2; ::: and y; y1; y2; :::
be Y -valued random variables on a given probability space (X;�;p). Prove: If xm

D! x and

jym � xmj
D! 0; then ym

D! x:

Exercise 2.6. Let x; x1; x2; ::: be N-valued random variables. Show that xm
D! x i¤

limpxmfkg = pxfkg for every k = 1; 2; :::

Exercise 2.7.H (Pollard) Let x; x1; x2; ::: be random variables such that xm + �
D! x + � for

every real number � > 0: Show that xm
D! x:

2.2 Almost Sure Convergence versus Convergence in Distri-
bution

It is important to realize that each of the random variables that appear in the state-

ment

xm
D! x

could be de�ned on a di¤erent probability space. This situation contrasts sharply

with the notion of almost sure convergence (Section C.3). The statement

xm !a.s. x

makes sense only when all random variables that appear in it are de�ned on a common

probability space. After all, by de�nition, this statement means that

pf! 2 X : xm(!)! x(!)g = 1
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where (X;�;p) is the common probability space that these random variables are

de�ned on.

Here is another way of looking at this. Pointwise convergence of a sequence of

random variables determines the limit random variable everywhere. Similarly, almost

sure convergence of this sequence determines the limit random variable everywhere

but on a set of probability zero. The situation is quite di¤erent with convergence in

distribution. The statement �xm
D! x�does not determine the functional structure

of x at all � it identi�es only the distribution of the limit random variable x: To

illustrate this, consider the sequence (xm) of random variables on ([0; 1];B[0; 1]; �1)
where xm := id[0;1]: In this example, we have xm

D! x and xm
D! y where x = x1 and

y is any random variable that equals 1 everywhere. In fact, we have xm
D! z for any

random variable z whose distribution function is 1[1;1): By contrast, the statement

xm ! z would identify z exactly as the identity function on [0; 1]; and xm !a.s. z

would mean that z is a random variable on ([0; 1];B[0; 1]; �1) with z(1) = 1:
So, if we know that xm

D! x, we cannot in general conclude that xm !a.s. x,

simply because �xm
D! x�may be a meaningful statement when �xm !a.s. x� is

not. What about the case in which all random variables in the sequence are de�ned

on a common probability space, however? It turns out that D! is not stronger than

almost sure convergence even in that case. For instance, consider the probability

space (f0; 1g; 2f0;1g;p) with pf0g = 1
2
= pf1g: Now let x(0) := xm(1) := 0 and

x(1) := xm(0) := 1 for each positive integer m: Since all of these random variables

have identical distributions, we obviously have xm
D! x: But, of course, xm !a.s. x is

not at all the case: pfxm ! xg = p(;) = 0:
In fact, almost sure convergence is a strictly stronger convergence concept than D!

for sequences of random variables that are de�ned on a common probability space. To

see this, let Y be a metric space, and take any Y -valued random variables x; x1; x2; :::

on some probability space (X;�;p); and assume that xm !a.s. x. Now take any

� 2 CB(Y ); and notice that we have � � xm !a.s. � � x because

pf� � xm ! � � xg � pfxm ! xg = 1:

(Why?) By the Dominated Convergence Theorem 2, therefore, we have E(� � xm)!
E(� � x). In view of the arbitrariness of � 2 CB(Y ); then, Proposition 2.1 entails
that xm

D! x. Let us summarize:

Proposition 2.3. Let Y be a metric space, and let x; x1; x2; ::: be Y -valued random
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variables on a common probability space. Then

xm !a.s. x implies xm
D! x;

but not conversely.

Exercise 2.8. Let x; x1; x2; ::: be random variables on a probability space (X;�;p) such that

p fjxm � xj > "g ! 0 for every " > 0: (1)

Show that xm
D! x:

Exercise 2.9.H Let Y be a metric space, and x; x1; x2; ::: Y -valued random variables on a

probability space (X;�;p) such that xm
D! x: Show that if x is a constant random variable,

then (1) holds.

3 The Prokhorov Metrization

3.1 De�nition and Examples

What we presented up to this point hopefully convinced you that weak convergence

is a useful convergence notion for sequences of probability measures. However, we

have still not accomplished what we promised to do in Section 1 �we still do not

know how to metrize the set of Borel probability measures on a metric space. Just

to get an idea why it is important to be able to do this, suppose that we are given a

problem like the following:

Maximize
Z
X

'dp such that p 2 P

where ' 2 CB(X) and P is a nonempty subset of 4(X) (with X being a metric

space, of course). Notice that this is not at all an esoteric problem � it just asks

one to maximize the expected value of a given random variable over a certain set of

lotteries.27 Does a solution to this problem exist? If we could say something like �yes,

if P is compact,�the situation would be quite satisfactory. So, if we can manage to

�nd a way of metrizing 4(X) such that a sequence in 4(X) converges to a measure
p 2 4(X) relative to this metrization if, and only if, it converges to p weakly, we
will be all set. For, then, 4(X) would be a metric space, the notion of compactness
27In game theory one deals with such problems routinely, to be sure. I will indeed consider this

type of an application in the next chapter.
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of P would be well-de�ned, and p 7! Ep(') would be a continuous function on this
space, thanks to the said connection with weak convergence. Thus, in this case, we

could safely invoke Weierstrass�Theorem.

Bear in mind that this is only a motivating discussion. We will see later that,

metrizing 4(X) in this way have a number of other advantages as well. So without
further ado, let us introduce a distance function that can be used for this purpose.

De�nition. LetX be a metric space (with metric d): For any " > 0; the "-neighborhood
of any Borel subset S of X is de�ned as

N";X(S) := f! 2 X : d(!; �) < " for some � 2 Sg:

In turn, the Prokhorov metric dP : 4(X)�4(X)! R+ is de�ned by

dP(p;q) := inff" > 0 : q(S) � p(N";X(S)) + " for all S 2 B(X)g:

Unfortunately, the de�nition of the Prokhorov metric is not all that intuitive. One

really has to work with it to develop a working intuition.28 Perhaps the following

simple example might help you begin seeing the �idea�behind the Prokhorov metric.

Consider the Dirac measures �! and �� on X:We wish to compute how far away these

measures are from each other according to dP.

Let "� := dP(�!; ��): By de�nition, "� is the in�mum of all " > 0 such that

��(S) � �!(N";X(S)) + " for all S 2 B(X): (2)

Observe that (2) holds for any " > d(!; �): Indeed, in this case, for any S 2 B(X);
(2) is trivial when � =2 S, and if � 2 S; then d(!; S) < " so that �!(N";X(S)) = 1:

Therefore, "� � d(!; �): But if "� < d(!; �) � 1; then (2) is not satis�ed for any

"� < " < d(!; �) as can be seen by choosing S = f�g: Thus, "� = d(!; �) whenever
d(!; �) � 1: On the other hand, if d(!; �) > 1; then (2) is not satis�ed for any " < 1
(again choose S = f�g) whereas it is trivially satis�ed for all " > 1: Thus:

dP(�!; ��) = minf1; d(!; �)g:
28If you be patient and continue reading this chapter, I promise you that you will soon be able to

see what kinds of things you can do with this metric.
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So, if !m ! ! (i.e., d(!m; !)! 0), then dP(�!; ��)! 0: Not only is this a desirable

outcome, it is also a prerequisite for weak convergence to coincide with convergence

relative to dP (Example 1.2). We seem to be on the right track.29

Exercise 3.1. For any 0 � a < b <1; let pa;b 2 4[a; b] be the Lebesgue-Stieltjes probability
measure induced by the distribution function Fa;b with

Fa;b(t) =
t� a
b� a for every a � t � b:

Show that dP(p0;1;p1;2) = 1
2 whereas d

P(p0;1;pa;a+1) = 1 for any integer a � 2:What is the
Prokhorov distance between p0;1 and p0; 12 ?

Exercise 3.2. For any given metric space X and p;q 2 4(X), show that

q(S) � p(clX(NdP(p;q);X(S))) + dP(p;q):

Exercise 3.3.H For any metric space X, prove that dP is a distance function on 4(X): Also
show that there is an embedding of X into 4(X).

Exercise 3.4. Given any metric space X and q 2 4(X); show that dP(�;q) is quasiconvex but
not necessarily convex.

Exercise 3.5. De�ne dL : 4(R)�4(R)! R+ by dL(p;q) := dL(F;G) where F and G are the
distribution functions induced by p and q respectively, and dL is the Lévy metric introduced

in Exercise 1.22. Prove that dL and dP are equivalent metrics, and we have dL � dP:

3.2 Convergence with respect to the Prokhorov Metric

The importance of the Prokhorov metric stems mainly from the fact that convergence

on 4(X) with respect to dP is identical to weak convergence, provided that the

metric space X is reasonably well-behaved. In particular, this is true whenever X is

separable. Establishing this fact is the main objective of the present section.

Now, why is separability of X important in this instance? The point is that, when

X is separable and p 2 4(X), we can partition X into �nitely many Borel sets all

but one of which is of arbitrarily small diameter, and the remainder set, while may be

of even in�nite diameter, is assigned by p arbitrarily small probability.30 Moreover,

29There are many other useful metrics that can be de�ned on a given class of probability measures.

Like the Prokhorov metric, some of these metrics are useful for studying issues related to weak

convergence, and others are of interest for di¤erent purposes. See Gibbs and Su (2002) for a quick

review of these matters.
30If X was compact, of course, we could guarantee that this remaining set also be of an arbitrarily

small diameter. (Compactness of X is often used in the theory of weak convergence when this
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and this is important for the problem at hand, we may choose all these sets in such

a way that their boundaries have probability zero.

The possibility of partitioning X in such a way is the main reason why weak

convergence behaves so well on 4(X) when X is a separable metric space. But let�s

not get ahead of ourselves and �rst prove what we assert here.

Lemma 3.1. Let X be a separable metric space, and p 2 4(X): Then, for every
" > 0; there exists a �nite set A of disjoint Borel subsets of X such that

diam(A) < " and p(@XA) = 0 for all A 2 A

while

p(Xn
S
A) < " and p(@X(Xn

S
A)) = 0:

Proof. Let Y be a dense subset of X: For each ! 2 Y; choose an 0 < "! <
"
2

such that p(@XN"! ;X(!)) = 0:31 De�ne N := fN"! ;X(!) : ! 2 Y g and enumerate
this set as N = fN1; N2; :::g: Since Y is dense in X; we have X =

S
N ; and hence

p(
SmNi) ! 1 by Proposition B.2.2. So, we may choose a positive integer m such

that p(
SmNi) > 1� ": Now de�ne

A1 := N1 and Ai := Nin(N1 [ � � � [Ni�1), i = 2; :::;m:

Obviously, p(@XAi) = 0 and diam(Ai) < " for each i = 1; :::;m: Moreover, where,

B := Xn
SmAi; we have p(B) < ": Finally, @XB �

Sm @XNi �check! �and hence

p(@XB) = 0: Setting A := fA1; :::; Amg, therefore, completes the proof. �

And now, let�s see what sort of things we can do with a partition of the sort

obtained in Lemma 3.1. Here is the main course of the section.

Theorem 3.2. Let X be a separable metric space, and pm and p Borel probability

measures on X; m = 1; 2; :::. We have

pm
w! p if and only if dP(pm;p)! 0: (3)

additional requirement is needed in some argument.) When X is separable, it need not be totally

bounded, and hence we may not be able to partition X into �nitely many �metrically�small sets.

But we can still �nd a partition all but one members of which are �metrically� small and the

remaining member is �probabilistically�small.
31This, again, follows from the fact there cannot be uncountably many outcomes in a probability

space every one of which being assigned a positive probability. (I proved this in a footnote while

proving Theorem 1.4.)
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Proof. Assume that pm
w! p: Fix an arbitrarily small " > 0, and note that, by

Lemma 3.1, there exists a �nite partition A � B(X) of X such that (i) p(@XA) = 0

for every A 2 A; and (ii) there is a B 2 A such that p(B) < "
2
and diam(A) < "

2
for

each A 2 AnfBg:
Since pm

w! p; Theorem 1.4 implies that pm(A)! p(A) for every A 2 A. Hence,
since A is �nite, there exists an M > 0 such that

p(A)� pm(A) <
"

2 jAj for every m �M and A 2 A:

Now take any S 2 B(X); and let T be the set of all A 2 AnfBg with S \ A 6= ;:
Then, for every integer m �M;

p(S) � p(B) +
X
T2T

p(T )

<
"

2
+

 
"

2
+
X
T2T

pm(T )

!
= "+ pm (

S
T ) :

But, since diam(T ) < " and S \ T 6= ;; we have T � N";X(S); for each T 2 T . ThusS
T � N";X(S); and it follows that

p(S) � "+ pm (N";X(S))

for every m �M: Then, since S was chosen arbitrarily in B(X); the de�nition of the
Prokhorov metric implies dP(pm;p) � " for all m �M: Conclusion: dP(pm;p)! 0:

Conversely, assume that dP(pm;p)! 0; and take any closed subset S of X.32 By

de�nition of the Prokhorov metric, for every positive integer k; we can �nd a positive

integer Mk such that

pm(S) � p(Sk) + 1
k

for all m �Mk;

where Sk := N1=k;X(S): (Yes?) This implies

lim suppm(S) � p(Sk) + 1
k
:

for every positive integer k: But since S is closed, we have

S =
T
fSk : k = 1; 2; :::g:

32I am going after the statement (c) of Theorem 1.4.
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(Why?) So, by Proposition B.2.2, p(Sk) ! p(S): Thus, letting k ! 1; we �nd
lim suppm(S) � p(S): Since S is an arbitrary closed subset of X here, it follows from

Theorem 1.4 that pm
w! p: �

Exercise 3.6. Let X be a metric space, and take any p,p1;p2; ::: in 4(X). Show that if

supp(p) is a separable metric subspace of X; then (3) holds. (Note. If X is itself separable,

then supp(p) exists (Example B.3.1), and hence it is a separable metric subspace of X: This

observation thus generalizes Theorem 3.2.)

Exercise 3.7. (The Fortet-Mourier Metric) Let X be a separable metric space and de�ne LX
to be the set of all nonexpansive maps in C(X) with k'k1 � 1. (We regard LX as a metric

subspace of CB(X):) Now de�ne the real map dF-M on 4(X)�4(X) by

dF-M(p;q) := sup

�Z
X

'dp�
Z
X

'dq : ' 2 LX
�
:

(a) Show that dF-M is a distance function.

(b) Prove that pm
w! p implies dP(pm;p) ! 0 for any probability measures p,p1;p2; ::: in

4(X).
(c) Assume that X is compact. A famous theorem of real analysis (the Arzela-Ascoli Theo-

rem) implies that LX is then compact, and hence totally bounded. (You don�t have to prove

this.) Use this fact to show that dP(pm;p)! 0 implies pm
w! p for any probability measures

p,p1;p2; ::: in 4(X).
(d) Assume that X is Polish. Use Ulam�s Theorem and what you have found in part (c)

to prove that the compactness requirement can be relaxed in part (c). (Note. In view of

Theorem 3.2, this means that dP and dF-M are equivalent metrics (that is, metrizing 4(X)
with dP and dF-M yield homeomorphic metric spaces).33)

Exercise 3.8. Let X be a compact metric space, and de�ne d : 4(X)�4(X)! R+ by

d(p;q) := sup fp(S)� q(S) : S is a closed subset of Xg :

Is d a distance function? Does it metrize weak convergence?

Exercise 3.9. Let X be the set of all random variables on a given probability space (X;�;p):

(a) Show that there is a metric d on X such that xm
D! x i¤ d(xm; x)! 0

(b) Show that there is no metric d on X such that xm !a.s. x i¤ d(xm; x)! 0:

33Strictly speaking, this exercise establishes this result when X is a Polish space, but in fact, the

completeness of X is not needed here. (Proof. Let Y be the completion of X �ignore this comment

if you don�t know what this means. Observe that each ' in LX extends uniquely to a map in LY ;
and use what you established in the previous exercise.)
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3.3 Application: More on the Duality of 4(X) and C(X)
We have seen in Section 1.3 that, for any given compact metric space X, the convex set C(X)+ of all

positive linear maps on X and 4(X) are indistinguishable from the perspective of convex analysis.

We can now improve this fact substantially.

Observe �rst that C(X)+ lives in the Banach space C(X)�: Indeed, every positive linear func-

tional L on C(X) is continuous relative to the metric induced by the operator norm. After all, we

have

jL(')j � jL(1X)j k'k1 for every ' 2 C(X):

Therefore, it is natural that we view C(X)+ as a metric subspace of C(X)�. Moreover, we now

have a way of looking at 4(X) as a metric space in its own right (where convergence �is� weak
convergence). So, we may ask: Are the topological properties of C(X)+ and 4(X) identical as well?
The answer is yes.

Proposition 3.3. If X is a compact metric space, thenC(X)+ and 4(X) are a¢ nely homeomorphic:

Exercise 3.10. Prove Proposition 3.3.

Conclusion: If X is a compact metric space, then in terms of its convex analytic and topological

properties, either one of the spaces C(X)+ and 4(X) can be viewed as obtained from the other by

mere relabelling of the constituent vectors.

4 Properties of 4(X)
Let X be a metric space. In what follows, we will always think of 4(X) as metrized
by the Prokhorov metric; unless otherwise is indicated explicitly. This allows us to

pose the following question: Does4(X) inherit the basic metric properties of X? For
instance, does compactness of X imply that of 4(X)? Or is4(X) separable when X
is separable? After establishing that4(X) has a dense subset which is relatively easy
to analyze, and reaping a few bene�ts of this fact, we shall answer these questions in

this section.

4.1 The Density Lemma

It is very useful to know that, for any separable metric space X; the set 4s(X) of

all simple probability measures on X; that is, those measures in 4(X) with �nite
supports (Example B.3.1), is dense in 4(X): Put di¤erently, we have

cl4(X)(4s(X)) = 4(X):
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And why would anyone be interested in proving something like this? The idea is

that it is often easier to prove things using only the simple probability measures,

and then to draw general conclusions for 4(X) by passing to weak limits. We will
indeed encounter some applications later in which such a strategy of attack proves

immensely successful.

The Density Lemma. If X is a separable metric space, then 4s(X) is dense in

4(X):

Proof. Let X be a separable metric space, take any p 2 4(X); and �x any " > 0:We
wish to �nd a simple probability measure on X with dP(p;q) � ": To this end, we
use Lemma 3.1 to �nd a �nite partition A � B(X) of X such that there is a B 2 A
with

p(B) < " and diam(A) < " for every A 2 AnfBg:

Now, pick any !A 2 A for each A 2 A; de�ne

q :=
X
A2A

p(A)�!A ;

and notice that q(A) = p(A) for each A 2 A: We proceed exactly as in the proof
of Theorem 3.2. Take any S 2 B(X); and let T be the set of all A 2 AnfBg with
S \ A 6= ;: Then

p(S) � p(B) +
X
T2T

p(T )

< "+
X
T2T

q(T )

= "+ pm (
S
T ) :

Since diam(T ) < " and S \ T 6= ;; we have T � N";X(S); for each T 2 T . ThusS
T � N";X(S); and it follows that p(S) � "+q (N";X(S)) : Then, since S was chosen

arbitrarily in B(X); we have dP(p;q) � ": �

The following exercises provide some applications and generalizations of the Den-

sity Lemma.

Exercise 4.1.H Let X be a separable metric space, and 4�
s(X) the set of all simple probability

measures on X whose ranges are contained within Q: Show that 4�
s(X) is dense in 4(X);

and conclude that 4(X) is a separable metric space.
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Exercise 4.2.H Prove that X is a separable metric space only if 4(X) is a separable metric
space.

�Exercise 4.3. (Aliprantis-Border) For any metric space X and p 2 4(X), show that there is
a sequence (pm) in 4s(X) such that pm

w! p:

4.2 Continuous A¢ ne Functionals on 4(X)
Let X be a separable metric space. In Section 1.1 we motivated the notion of weak

convergence by saying that this notion would render the map p 7! Ep(x) continuous
on4(X); for any given continuous and bounded real map x on X: Now that we know
how to view4(X) as a metric space on which the convergence of a sequence coincides
with its weak convergence, we have ful�lled this goal.

But really, what is so special about this sort of a map? Well, �rst of all, it behaves

linearly with respect to taking convex combinations of probability measures, that is,

it is a¢ ne on 4(X).34 Indeed, given any x 2 CB(X); we have

E�p+(1��)q(x) = �Ep(x) + (1� �)Eq(x)

for any p;q 2 4(X) and 0 � � � 1: So, such maps are really as �linear�as a function
de�ned on a set of probability measures can be. Furthermore, when we endow 4(X)
with the Prokhorov metric, they become continuous. (Proof. If (pm) is a sequence

in 4(X) that converges to some p 2 4(X) relative to dP; then pm
w! p and hence

Epm(x)! Ep(x):)
And which other functions de�ned on 4(X) possess these two properties?35 This

is not really an easy question to answer from scratch. But, thanks to the Density

Lemma, we are now well prepared to tackle it.

34Reminder. If S is a nonempty convex subset of linear space, then a real map L on S is a¢ ne i¤

L(�s+ (1� �)t) = �L(s) + (1� �)L(t)

for all s; t 2 S and 0 � � � 1: Applying this de�nition inductively, we see that L is a¢ ne i¤

L

 X
t2T

�(t)t

!
=
X
t2T

�(t)L(t)

for any nonempty �nite subset T of S and any � : T ! R+ with
P

t2T �(t) = 1:
35Answering this question can be thought of as determining the �dual space�of 4(X), where the

usual �linearity�requirement is replaced by the notion of �a¢ nity.�
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Proposition 4.1. Let X be a separable metric space. Then, U is a continuous and

a¢ ne real map on 4(X) if, and only if, there exists a map u 2 CB(X) such that

U(p) =

Z
X

udp for every p 2 4(X): (4)

Proof. We only need to prove the �only if�part of the assertion.36 Take any con-
tinuous and a¢ ne real map U on 4(X); and de�ne u 2 RX by u(!) := U(�!): This
function is continuous because for any (!m) 2 X1 and ! 2 X with !m ! !; we have

�!m
w! �! (Example 1.2) so that, by continuity of U; we have u(!m) = U(�!m)

w!
U(�!) = u(!):

We next claim that

U(p) =

Z
X

udp for all p 2 4s(X): (5)

To see this, pick any p 2 4s(X); and observe that

p =
X

!2supp(p)

pf!g�!:

But then, by a¢ nity of U;

U(p) =
X

!2supp(p)

pf!gU(�!) =
X

!2supp(p)

u(!)pf!g =
Z
X

udp

and hence (5).

Let us now show that u is a bounded map on X: Suppose this is not true, say,

u is not bounded from above. Then, there exists a sequence (!m) in X such that

u(!m) � 2m for each m: De�ne pm 2 4s(X) by

pmf!ig := 2�i +
1

m

 
1�

mX
i=1

2�i

!
; i = 1; :::;m:

Then, by the choice of u and what we have found in the previous paragraph,

U(pm) �
mX
i=1

2i

 
2�i +

1

m

 
1�

mX
i=1

2�i

!!
� m

36Idea of proof. If what I am set to do is indeed doable, then, for any ! 2 X; choosing p = �! in
(4) yields L(�!) = u(!): This tells me exactly how to de�ne the function I�m after: u(!) := L(�!):

(If (4) is not true for this particular u; then it cannot be true for any choice of u in CB(X)!)
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for each m: It follows that the real sequence (U(pm)) diverges. And yet pm
w! p;

where p is the Borel probability measure onX with pf!ig := 2�i; i = 1; 2; :::. (Why?)
This contradicts the continuity of U:

To complete the proof, take any p 2 4(X) and use the Density Lemma to �nd a
sequence (pm) in 4s(X) with pm

w! p: By continuity of U , we have U(pm)! U(p):

On the other hand, pm
w! p impliesZ

X

udpm !
Z
X

udp

since u 2 CB(X): Therefore, by (5), we �nd

U(pm)!
Z
X

udp;

and it follows that U(p) =
R
X
udp: Since p was arbitrarily chosen in 4(X), we are

done. �

We now have a complete characterization of continuous a¢ ne real maps on the

space of all Borel probability measures (that are de�ned on a given separable metric

space), provided that we metrize this space in such a way that the convergence of

sequences coincides with their weak convergence. Apparently, any such map arises

through taking the expectation of some random variable which is continuous and

bounded.

4.3 Application: Still More on the Duality of 4(X) and C(X)
The essence of Proposition 4.1 is analogous to that of the Riesz-Radon Representation Theorem.

Just as the latter relates certain kinds of positive (and hence continuous) linear functionals on C(X)

and 4(X); where X is a compact metric space, Proposition 4.1 relates certain kinds of continuous

a¢ ne functionals on 4(X) and C(X). Thus, it should not be surprising that this result leads us to
a duality theorem along the lines of Proposition 1.3.

Let X be a separable metric space; and denote by 4(X)� the linear space of all continuous a¢ ne
real maps on 4(X). By Proposition 4.1, for every U 2 4(X)�, there is a 'U 2 C(X) such that

U(p) =

Z
X

'Udp for all p 2 4(X):

In fact, there is only one such continuous real map on X: Indeed, if � 2 C(X) satis�es U(p) =R
X
�dp for all p 2 4(X); then 'U (!) = U(�!) = �(!) for every ! 2 X: It follows that the map

� : 4(X)� ! C(X) is well-de�ned by �(U) := 'U : If �(U) = ' = �(V ) for some U; V 2 4(X)�;
then

U(p) =

Z
X

'dp = V (p)
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for each p 2 4(X); so U = V; that is, � is injective. Moreover, for any ' 2 C(X); the map

p 7!
R
X
'dp on 4(X) belongs to 4(X)�; so � is surjective. Finally, � is easily checked to be linear.

(Verify!) We proved:

Proposition 4.2. If X is a separable metric space, then 4(X)� and C(X) are linearly isomorphic:

Conclusion: Insofar as linear algebraic analysis is concerned, we can really think of the linear

spaces 4(X)� and C(X) as identical, provided that X is a separable metric space.

There is also a sense in which 4(X)� and C(X) are linearly homeomorphic, and hence share
exactly the same set of topological properties. We explore this matter in Exercise 4.5 below.

Exercise 4.4.H Two nonempty convex sets S and T (that lie in possibly distinct linear spaces)
are said to be in a¢ ne duality if there exists a real map h�; �i on S � T such that
� hs; �i and h�; ti are a¢ ne for any (s; t) 2 S � T ;
� fhs; �i : s 2 Sg separates points in T (i.e., t 6= t0 implies hs; ti 6= hs; t0i for some s 2 S);
� fh�; ti : t 2 Tg separates points in S:
Prove:

(a) [0; 1]n and [�1; 2]n are in a¢ ne duality for any positive integer n:
(b) `1 and `1 are in a¢ ne duality.

(c) 4(X) and C(X) are in a¢ ne duality, where X is a separable metric space.

Exercise 4.5. Let X be a compact metric space, and de�ne the real map do on 4(X)��4(X)�

by

do(U; V ) := sup

�Z
X

j'U � 'V j dp : p 2 4(X)
�
:

(a) In the next section we shall show that 4(X) is a compact metric space. Using this fact,
show that do is a (well-de�ned) distance function on 4(X)�:
(b) Show that 4(X)� and C(X) are linearly homeomorphic, where 4(X)� is metrized by do:

4.4 Compactness of 4(X)
Our main objective in this section is to prove that compactness of X implies that of 4(X): This
is one of the most important �ndings of the theory of weak convergence, and indeed, it arises in

applications quite frequently.

We wish to prove this result here (by an indirect method) as a corollary of an even more general

fact. In what follows, we shall show that, when X is a compact metric space, the topological

properties of 4(X) can be identi�ed with those of a more familiar metric space, namely, a closed
subset of the Hilbert cube.37 Since the Hilbert cube is compact, this homeomorphism theorem will

readily give us the inheritance law we are after.

Let X be a compact metric space. Then, C(X) is a separable normed linear space (Section

2.10 of Appendix 1). So, there is a sequence ('� ) in C(X) such that k'�k1 � 1 for each � ; and

F := f'� : � � 1g is dense in the closed unit ball BC(X) of C(X):38 Of course, we can use BC(X)
37See Section 2.3 of Appendix 1 for a discussion of the Hilbert cube.
38Reminder. BC(X) := f' 2 C(X) : k'k1 � 1g:
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instead of the entire C(X) in de�ning weak convergence on X; that is,

pm
w! p i¤

Z
X

'dpm !
Z
X

'dp for all ' 2 BC(X):

Now de�ne the map 	 : 4(X)! [0; 1]1 by

	(p) := 1
2

�
1 +

Z
X

'1dp; 1 +

Z
X

'2dp; :::

�
: (6)

We wish to show that this map is a homeomorphism between 4(X) and a closed subset of [0; 1]1:
We proceed by means of the following two claims.

Claim 1. 	 is an embedding.39 ;40

Claim 2. 	(4(X)) is a closed subset of [0; 1]1.

We take up each of these assertions in turn.

Proof of Claim 1. [Injectivity] Let 	(p) = 	(q); that is,
R
X
'�dp =

R
X
'�dq for each � : By

denseness of F in BC(X), for every ' 2 BC(X) there exists a strictly increasing sequence (�k) of
positive integers such that '�k ! ' uniformly. Then,Z

X

'�kdp!
Z
X

'dp and
Z
X

'�kdq!
Z
X

'dq

(Exercise C.1.15). It follows that for any ' 2 BC(X) �and hence for any ' 2 C(X) �we haveR
X
'dp =

R
X
'dq: By Corollary 1.2, then, we have p = q:

[Continuity of 	] Since a sequence in [0; 1]1 converges i¤ each of its terms converges, this follows

readily from the de�nitions.

[Continuity of 	�1] We need to work a bit harder for this one. Let 	(pm) ! 	(p) for some

sequence (pm) in 4(X) and p 2 4(X): We wish to show that pm converges to p in the Prokhorov

metric, that is, pm
w! p: Take an arbitrary ' 2 BC(X) and pick any " > 0: Note �rst that, by

denseness of F in BC(X); we can �nd a � in F such that k�� 'k1 < "
3 : Then����Z

X

'dpm �
Z
X

'dp

���� �
����Z
X

'dpm �
Z
X

�dpm

����+ ����Z
X

�dpm �
Z
X

�dp

����
+

����Z
X

�dp�
Z
X

'dp

����
� k�� 'k1 +

����Z
X

�dpm �
Z
X

�dp

����+ k�� 'k1
� "

3
+

����Z
X

�dpm �
Z
X

�dp

����+ "

3
:

39Reminder. For any two metric spaces Y and Z; a map � : Y ! Z is said to be an embedding if

� is an injective map such that � : Y ! �(Z) is a homeomorhism.
40One does not need the full power of compactness of X to prove that 4(X) can be embedded in

the Hilbert cube. As I will show in the next section, the same is true for separable X as well. By

contrast, what I wish to do here is to embed 4(X) onto a closed subset of [0; 1]1: Now for this, I
really need the compactness of X (Exercise 4.6).
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Moreover, we know that
R
X
�dpm !

R
X
�dp (because 	(pm) ! 	(p)). So, we can �nd a positive

integer M such that ����Z
X

�dpm �
Z
X

�dp

���� < "

3
for all m �M:

It follows that ����Z
X

'dpm �
Z
X

'dp

���� < " for all m �M:

Given that " > 0 is arbitrary here, this proves that
R
X
'dpm !

R
X
'dp: Since ' was arbitrarily

chosen in BC(X) above, we may thus conclude that pm
w! p: k

Proof of Claim 2. Take any sequence (pm) of Borel probability measures on X; and assume

	(pm) ! (�1; �2; :::) for some real numbers �1; �2; ::: in the interval [0; 1]: We wish to show that

there exists a p 2 4(X) such that 	(p) = (�1; �2; :::): To this end, take any ' 2 BC(X); and say
k'� � 'k1 ! 0 (by passing to a subsequence if necessary). By using the same tricks as above, we

have ����Z
X

'dpk �
Z
X

'dpl

���� � 2 k'� � 'k1 +

����Z
X

'�dpk �
Z
X

'�dpl

����
for any positive integers � ; k and l: Since 	(pm) converges, it is Cauchy, so, for any �xed � ;����Z

X

'�dpk �
Z
X

'�dpl

����! 0 as k; l!1:

Thus, �rst letting k; l!1; and then � !1; we �nd that (
R
X
'dpm) is a Cauchy sequence in [0; 1]

�it is thus convergent. This allows us to de�ne the functional L : C(X)! R+ by

L(') := k'k1 lim
Z
X

'

k'k1
dpm:

Clearly, L is a positive linear functional on C(X) with L(1X) = 1: Thus, by the Riesz-Radon

Representation Theorem, there exists a unique p 2 4(X) such that L(') =
R
X
'dp for all ' 2 C(X):

In particular, Z
X

'�dp = L('� ) = lim

Z
X

'�dpm = 2�� � 1

for each � 2 N: (The last equality follows from the fact that 	(pm) ! (�1; �2; :::) implies 1
2 (1 +R

X
'�dpm)! �� for each � :) Conclusion: 	(p) = (�1; �2; :::): k

The following homeomorphism theorem summarizes this discussion.

Theorem 4.3. If X is a compact metric space, then 4(X) is homeomorphic to a closed subset of
[0; 1]1:

This is an extremely important �nding that tells us quite a bit about the topological properties

of 4(X); when X is compact. Indeed, we know that [0; 1]1 is compact, and every closed subset of

a compact set is compact. Moreover, compactness is a topological property, that is, it is preserved

under any homeomorphism. Therefore, the following result obtains as an immediate corollary of

Theorem 4.3.
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Proposition 4.4. If X is a compact metric space, then 4(X) is compact.

Since compactness and sequential compactness are identical notions for metric spaces, we may

reword this result as follows.

Corollary 4.5. If X is a compact metric space, then every sequence in4(X) has a weakly convergent
subsequence.

By way of relating this result to our earlier work in Section 1.6, �x any real number a > 0;

and let (Fm) be a sequence of distribution functions such that there is a real number a > 0 with

Fm(�a) = 0 and Fm(a) = 1 for every m. Let pm denote the restriction of the Lebesgue-Stieltjes

probability measure on R induced by Fm to B[�a; a]: It is readily veri�ed that (pm) is then a
sequence of Borel probability measures on [�a; a]; so by Corollary 4.5, it has a subsequence that
converges to a Borel probability measure on [�a; a]: Thus, by Proposition 1.7, if F stands for the

distribution function that corresponds to p; then it must be the case that (Fm) has a subsequence

that converges to F at each continuity point of F: And indeed, this is exactly what Corollary 1.8

tells us. Conclusion: Corollary 4.5 amounts to extending Corollary 1.8 to the class of all Borel

probability measures de�ned on a compact metric space.

Exercise 4.6. Show that 4(R) is not compact with respect to the Prokhorov metric, while
4(R) is.

Exercise 4.7.H Prove that X is a compact metric space i¤ so is 4(X):

Remark 4.1. There is an important generalization of Corollary 4.5, which we wish to state here
without proof. Let X be a metric space and P a nonempty subset of 4(X). We say that P is

uniformly tight if, for every " > 0; there exists a compact subset S of X with p(S) > 1 � " for
each p 2 P: It turns out that this condition is intimately related to the (relative) compactness of
P:41 In particular, the following famous result �proved by Yur¼¬Prokhorov in 1956 �holds:

Prokhorov�s Theorem. Given any metric space X, a uniformly tight subset of 4(X) is relatively
compact. Conversely, if X is a Polish space, then a relatively compact subset of 4(X) is uniformly
tight.42

Notice that Proposition 4.3 is an immediate corollary of Prokhorov�s Theorem. Indeed, if X is

compact, then, obviously, 4(X) is uniformly tight, and by Prokhorov�s Theorem, it is compact. �
41Reminder. A subset T of a metric space is said to be relatively compact if the closure of T

compact.
42The proof is fairly di¢ cult, so I will omit it here. If you are comfortable with the level of

the present text, then you might want to have a look at Section 1.5 of Billingsley (1999) where a

comprehensive treatment of Prokhorov�s Theorem is provided.
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4.5 Separability of 4(X)
An inheritance law analogous to the one we found in Proposition 1.7 holds also for the separability

property. That is, 4(X) is a separable metric space whenever so is X: Indeed, this is a fairly
straightforward consequence of the Density Lemma (Exercise 4.1). Still, it may be worth noting

that this result can also be seen as a consequence of an embedding theorem.

Theorem 4.6. If X is a separable metric space, then 4(X) is homeomorphic to a subset of [0; 1]1:

Since the Hilbert cube is compact, it is separable. Therefore, because every metric subspace of

a metric space is separable, Theorem 4.6 readily yields the inheritance law we seek.

Proposition 4.7. If X is a separable metric space, then 4(X) is separable.

It remains to prove Theorem 4.5. The argument for this is quite similar to the one we gave to

prove Claim 1 in the previous section, but since separability of X does not ensure that of C(X);

there is a slight twist in the tale. We outline the details in the following exercise.

Exercise 4.8. (Proof of Theorem 4.6) Let X be a separable metric space. Recall that X

can be embedded in the Hilbert cube (Proposition 10 in Appendix 1). Pick an embedding

� from X into [0; 1]1, and let Y stand for the closure of �(X) in [0; 1]1: Since [0; 1]1 is

compact, so is Y: Then, by Proposition 18 of Appendix 1, the closed unit ball BC(Y ) of C(Y )

is a separable metric space. Let fh1; h2; :::g be a countable dense set in BC(Y ); and de�ne
'i : X ! [0; 1] by

'i(!) := hi(�(!))

for each positive integer i: Finally, de�ne 	 : 4(X) ! [0; 1]1 by (6). Your job is to show

that 	 is an embedding.

5 An Alternative Metrization of 4(X)
We now know that, when X is separable, 4(X) can be embedded in a subset of the Hilbert cube:
Furthermore, when X is compact, the range of this embedding is closed in the Hilbert cube. By way

of reverse engineering, then, we may metrize 4(X) by using the product metric of [0; 1]1 (instead

of the Prokhorov metric) such that 4(X) is isometrically embedded in [0; 1]1:
Let�s make this point precise. Take a separable metric space X: By Theorem 4.6, there is an

embedding 	 from 4(X) into [0; 1]1: Denoting the product metric on [0; 1]1 by � as usual, de�ne

the real map d� on 4(X)�4(X) by

d�(p;q) := �(	(p);	(q)):

It is obvious that d�(p;p) = 0 for each p; and d� satis�es the symmetry and triangle inequality

requirements of being a distance function. Since 	 is injective, it is also clear that d�(p;q) > 0
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whenever p 6= q: Consequently, (4(X); d�) is a metric space. Moreover, by de�nition, 	 is an

isometry (and hence an homeomorphism) from this space onto 	(4(X)): It follows that, insofar as
their topological properties are concerned, it simply does not matter whether we use d� or dP in

metrizing 4(X):

Theorem 5.1. Given any separable metric space X; the metric spaces (4(X); d�) and (4(X); dP)
are homeomorphic.

Combining this with Theorem 3.2 tells us that d� yield an alternative metrization of weak

convergence on 4(X); when X is a separable metric space.

Corollary 5.2. Let X be a separable metric space, and p;p1;p2; ::: Borel probability measures on

X. We have

pm
w! p if and only if d�(pm;p)! 0:

Exercise 5.1. Provide a direct proof of Corollary 5.2 without invoking Theorem 3.2.

Thanks to Theorem 5.1, all of the results proved in Section 4 for (4(X); dP) apply to (4(X); d�)
without modi�cation. On the other hand, these metric spaces need not behave identically when it

comes to non-topological properties. Indeed, one can show that (4(X); dP) is a complete metric
space whenever X is complete and separable, but this need not be the case for (4(X); d�): For
instance, (4(R+); d�) is not a complete metric space. To see this, observe that (4(R+); d�) and
the metric subspace 	(4(R+)) of [0; 1]1 are isometric. So, if the former was complete, 	(4(R+))
would be a complete, and hence closed, and hence compact, subset of [0; 1]1: In turn, this would

imply that (4(R+); d�) is compact which is false. (Does (�m) have a convergent subsequence in
(4(R+); d�)?)

Modifying this argument only slightly, we may obtain the following revealing result.

Proposition 5.3. For any metric space X; (4(X); d�) is complete if, and only if, X is compact.

Exercise 5.2. Prove Proposition 5.3.

As we noted above, the situation is di¤erent with respect to the Prokhorov metric. It turns

out that the separability and completeness of X is su¢ cient to guarantee the completeness of 4(X)
relative to dP. Since we will not need this result in the sequel, however, we do not wish to investigate

the matter any further here. The proof of our claim is thus left to the reader as a (challenging)

exercise.

�Exercise 5.3. Prove that (4(X); dP) is a Polish space, whenever X is a Polish space.
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This discussion shows that metrizing4(X) by the Prokhorov metric certainly has its advantages.
Nonetheless, the metric d� proves more convenient at times. This is primarily due to the fact that,

by using this metric, we may view 4(X) as lying in a normed linear space, an observation which is
often times useful. We conclude this chapter by developing this idea through an exercise.

�Exercise 5.4. (The Space of Borel Charges) Let X be a compact metric space; and de�ne

S(X) := span(4(X)): (Any element of S(X) is said to be a Borel charge on X:) For each
' 2 C(X) and � :=

Pk
�jpj 2 S(X) (where k is a positive integer and �1; :::; �k real

numbers), we de�ne Z
X

'd� :=
kX
j=1

�j

Z
X

'jdpj

where f'1; '2; :::g is any (�xed) dense subset of C(X): (The de�nition of
R
X
'd� does not

depend on the choice of the countable dense subsets of C(X):Why?) De�ne next the function

k�k� : S(X)! R+ by

k�k� :=
1X
i=1

2�i
����Z
X

'id�

���� :
(a) Show that (S(X); k�k�) is a normed linear space.
(b) Show that the claim �k�m � �k� ! 0 i¤

R
[0;1]

'd�m !
R
[0;1]

'd� for all ' 2 C[0; 1]�is
false.

(c) Show that it is impossible to �nd a norm (or even a metric) on S[0; 1] such that the map
� 7!

R
[0;1]

'd� is continuous for every ' 2 C[0; 1]:

44


