
Chapter D
Expectation via the Stieltjes
Integral
While the Lebesgue integral is more than enough for most purposes, there are other
types of integrals that are frequently used in applications. In particular, probability
measures are often induced by distribution functions, and this allows expectations to
be expressed as the Stieltjes integrals. In addition, when one deals with distribution
functions that have densities, all one needs is the familiar Riemann integral. The
main objective of this chapter is, then, to provide a careful introduction to the theory
of Stieltjes (and hence Riemann) integration. Our treatment is fairly comprehensive,
but particular emphasis is given to the connection between the Lebesgue and Stieltjes
integrals within the realm of probability theory. Moreover, we work hard to enable
the reader to see how the introductory probability theory (as it would be covered in a
�rst �mathematical statistics�course) �ts within the more abstract model studied in
Chapters B and C. Once this is done, we revisit the theory of stochastic dominance,
this time focusing on second-order stochastic dominance. We also consider here two
economic applications, one related to portfolio choice theory and one to the economics
of income inequality.

1 The Stieltjes Integral

1.1 Motivation

In Chapter C we have introduced the expectation functional in abstract terms. That
is, we have de�ned the expected value of a random variable with respect to a proba-
bility measure as its Lebesgue integral with respect to that measure. The problem is
that this de�nition provides us with little ammunition for computing expectations in
general (at least for non-simple random variables). Fortunately, in many situations
of practical interest, we can actually bypass the abstract de�nition of the Lebesgue
integral, and instead work out the expectation of a random variable by means of
simpler methods.
An example will clarify what we mean by this. Consider the following problem

which you have surely seen before: What is the expected value of the exponentially
distributed (with parameter � > 0) random variable x? (Recall Remark B.5.3.) If
you were given this problem, chances are you would take it on faith that E(x) is but
the mean of the distribution of x; which implies that we must have

E(x) =
Z 1

0

t(�e��t)dt: (1)
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The rest would be relatively easy, for the right-hand side of this equation is a Riemann
integral familiar from calculus, and we know all sorts of tricks to compute it. In
particular, integrating by parts, and using the L�Hospital rule and substitution, we
�nd Z 1

0

t(�e��t)dt = lim
t!1

te��t +
1

�

Z 1

0

(��e��t)dt

=
1

�

Z 0

�1
esds

=
1

�
:

So, we would conclude, the expected value of our random variable is 1=�: But notice
that this conclusion is based on the hypothesis (1). Why does this equation hold?
Your initial reaction may be that the very de�nition of the expected value of a

nonnegative random variable x which is distributed according to a continuous density
function f 2 C(R+) has it that

E(x) =
Z 1

0

tf(t)dt: (2)

But no, this would not do here! The equation (2) is true, to be sure. But it is
not a de�nition, it is an assertion. After all, the de�nition of E does not mention
density functions at all �it applies to any random variable which may or may not be
distributed according to a density function. If the distribution function Fx of x has
a density f , then all we know is that

E(x) :=
Z
R
!dpx(d!);

where px 2 4(R) is the Lebesgue-Stieltjes probability measure induced by Fx and
that

Fx(s) =

Z s

�1
f(t)dt

for any real number s: The task at hand is then to show that this information actually
entails (2). Doing this will not only provide us with a powerful method of computing
the expectation of a continuous random variable, but it will also build a rigorous
bridge between our general development of E and the one that you are likely to be
more familiar with. With these objectives in mind, we now move to study a new kind
of integral.

1.2 The Stieltjes Integral

Let us �rst agree on the basic framework. Throughout this section (and much of
the chapter) we work with two arbitrarily �xed real numbers a and b with a � b:
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Provided that a < b; for any positive integer m and real numbers a0; :::; am with
a = a0 < � � � < am = b; we refer to the collection

f[a0; a1]; [a1; a2]; :::; [am�1; am]g

as a dissection of [a; b]; and denote it by either a or [a0; :::; am]. Here, any one of
the intervals [ai�1; ai] is called a subinterval of a; while any one of ais is called a
division point of a: The maximum value of the lengths of its subintervals is called
the mesh of a �this value is denoted by mesh(a):

Notation. The collection of all dissections of [a; b] is denoted as D[a; b]:

For any dissections a = [a0; :::; am] and b = [b0; :::; bk] of [a; b]; we write

a d b

for the dissection [c0; :::; cl] in D[a; b] where fc0; :::; clg = fa0; :::; amg [ fb0; :::; bkg:
Moreover, we say that b is �ner than a if fa0; :::; amg � fb0; :::; bkg: Evidently,
a d b = b i¤ b is �ner than a: We also have mesh(b) �mesh(a) if b is �ner than a;
but not conversely.
Now take any bounded real functions ' and F on [a; b] with F being increasing.

For any dissection a = [a0; :::; am] of [a; b]; we de�ne

�'a(i) := supf'(t) : ai�1 � t � aig

and
'̂a(i) := inff'(t) : ai�1 � t � aig

for each i 2 [m]: (Since ' is bounded, every one of these numbers is real.) By a
Darboux sum of ' with respect to F and a; we mean a number likeX

i2[m]

�i (F (ai)� F (ai�1))

where '̂a(i) � �i � �'a(i) for each i: In particular, the a-upper Darboux sum of '
with respect to F is de�ned as the number

SF;a(') :=
X
i2[m]

�'a(i) (F (ai)� F (ai�1)) ;

and the a-lower Darboux sum of ' with respect to F is de�ned dually as

sF;a(') :=
X
i2[m]

'̂a(i) (F (ai)� F (ai�1)) :
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Clearly, SF;a(') decreases, and sF;a(') increases, as a becomes �ner. Evidently, we
always have SF;a(') � sF;a('): Furthermore, and this is important, we have

inffSF;a(') : a 2 D[a; b]g � supfsF;a(') : a 2 D[a; b]g

The number on the left-hand side of this inequality is called the upper Stieltjes
integral of ' with respect to F; and is denoted by SF ('): Similarly, the number on
the right-hand side is called the lower Stieltjes integrals of ' with respect to F;
and is denoted by sF ('): Thus, our inequality reads:

SF (') � sF ('):

(Please note that this inequality is not entirely obvious. Make sure you prove it before
proceeding further.1)
We are now ready to state the main de�nition of this section.

De�nition. Let '; F 2 B[a; b] and assume that F is increasing.2 Suppose that there
exists a real number � such that, for any " > 0; there exists a dissection a of [a; b]
with

jSF;a(')� �j < " and jsF;a(')� �j < ":
Then this number � is unique �why? �and it is denoted byZ b

a

'dF or
Z b

a

'(t)dF (t):

When it exists, we refer to this number as the Stieltjes integral of ' with respect
to F; and in that case, we say that ' is Stieltjes integrable with respect to F; or
simply, F -integrable. If , ' is F -integrable, we also de�neZ a

b

'dF := �
Z b

a

'dF:

Finally, where a � c � d � b; we say that ' is F -integrable on [c; d]; if 'j[c;d] is
F j[c;d]-integrable.

It is not di¢ cult to show that ' is F -integrable i¤ the upper and lower Stieltjes
integrals of ' with respect to F are equal, that is,

inffSF;a(') : a 2 D[a; b]g = supfsF;a(') : a 2 D[a; b]g: (3)

1Hint. Otherwise we would have Sa;F (') < sF;b(') for some a;b 2 D[a; b]: Compare SF;adb(')
and sF;adb('):

2This de�nition makes sense so long as F is bounded, but I will present here only a simpli�ed
version of the theory of the Stieltjes integral by assuming that the integrator is always increasing.
However, I should note that the monotonicity of F can be replaced with a much weaker property
(called the bounded variation property) in much of what follows �most texts on real analysis would
actually present the Stieltjes theory in that more general framework.
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Put di¤erently, easy arguments would establish that the following statements are
equivalent:
� ' is F -integrable;
� SF (') = sF (');
� For every " > 0; there is a dissection a 2 D[a; b] such that

SF;a(')� sF;a(') < ":

Please prove the equivalence of these statements at this point, as we shall use them
interchangeably in what follows.
If you recall the de�nition of the Riemann integral, then the idea behind the

formulation of the Stieltjes integral should be transparent. Just as in the case of
the Riemann integral, we are after calculating the area under the graph of ' on the
interval [a; b]: The di¤erence here is that while the Riemann integral assumes that the
interval [a; b] is �homogeneous,�that is, the measure of every subinterval in [a; b] with
the same length is identical, the Stieltjes integral allows [a; b] to be �heterogeneous�
in the sense that the measure of a subinterval [ai�1; ai] is not necessarily a function of
(ai � ai�1); but it rather equals F (ai)� F (ai�1): Once this generality is allowed for,
the construction of the Stieltjes integral is analogous to that of the Riemann integral.
Informally put, we approximate the area that we wish to compute from above (by an
upper Darboux sum) and from below (by a lower one), and by choosing �ner and �ner
dissections, we check if these two approximations converge to the same real number
(Figure D.1). If they do, that is, when SF (') = sF ('); we call the common limit of
these approximations the Stieltjes integral of ' with respect to F: If they don�t, then
SF (') > sF ('), and we say that ' is not F -integrable.

FIGURE D.1 ABOUT HERE

The Riemann integral is a special case of the Stieltjes integral. Formally, we say
that ' 2 R[a;b] is Riemann integrable if it is id[a;b]-integrable, and for any such ';
we de�ne the Riemann integral of ', denoted byZ b

a

'(t)dt;

as the Stieltjes integral of ' with respect to the identity function on [a; b]: A basic
outline of the theory of the Riemann integral will thus be developed during our
investigation of the properties of the Stieltjes integral.

Example 1.1. For any bounded real maps F and ' on [a; b], with F being increasing,
a = b implies that

R b
a
'dF = 0: Another trivial case obtains if ' is a constant function.

If, for instance, ' equals the real number c everywhere on [a; b]; thenZ b

a

'dF = c(F (b)� F (a))
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as you can easily check. �

Example 1.2. Throughout this example, for any subset S of [0; 1]; we let 1S stand
for the indicator function of S on [0; 1]:

[1] Let F := 1[ 1
2
;1] and let ' := id[0;1]: For any " > 0; take any dissection a of [0; 1]

such that mesh(a) < " and 1
2
is a division point of a. Then

1
2
= SF;a(') � sF;a(') � 1

2
� "

so that SF;a(') � sF;a(') < ": Thus ' must be F -integrable. Put di¤erently, since
" > 0 was arbitrary in the preceding �nding, we have

inffSF;a(') : a 2 D[a; b]g = 1
2
= supfsF;a(') : a 2 D[a; b]g;

that is, the upper and lower Stieltjes integrals of ' with respect to F equals 1
2
:

Conclusion: Z 1

0

'dF = 1
2
:

One can similarly show that Z 1

0

'dG = 1
2

where G := 1
2
1[ 1

3
; 2
3
) + 1[ 2

3
;1]: (Figure D.2 depicts the geometry of this case.)

[2] Let F := 1[ 1
2
;1] and ' := 1( 1

2
;1]: In this case we have

SF;a(') = 0 = sF;a(')

for any dissection a of [0; 1] that includes 1
2
as a division point. It follows that

SF (') = 0 = sF ('), and hence Z 1

0

'dF = 0:

On the other hand, we have

SF;a(F ) = 1 > 0 = sF;a(F ) for every a 2 D[0; 1]:

Conclusion: F is not F -integrable.3 This example shows that the existence of the
Stieltjes integral is sensitive to modi�cations of the integrand even at a single point.
(However, as we shall see later, this di¢ culty does not arise when F is continuous, as
in the case of the Riemann integral.) �

FIGURE D.2 ABOUT HERE
3What goes wrong here is that the integrand and the integrator share a point of left-discontinuity

(namely, 12 ). See Exercise 1.5 for a generalization of this observation.
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Example 3. Take any positive integer m; and de�ne the real map F on [0;m] by

F (t) := maxfk 2 Z+ : k � tg:

(The graph of F for m = 4 is plotted in Figure D.3.) If ' 2 B[0;m] is continuous at
each integer, then it can be shown thatZ m

0

'dF =
X
i2[m]

'(i):

We leave the veri�cation of this formula as an exercise. �

FIGURE D.3 ABOUT HERE

Exercise 1.1.H
R b
a
td(t2) =?

R b
a
td(t3) =?

Exercise 1.2. Verify the assertion made in Example 1.3.

Exercise 1.3.H Let c be a number in the interval [a; b] and take any '; F 2 B[a; b] with F
being increasing. Show that ' is F -integrable i¤ ' is F -integrable on both [a; c] and [c; b].

Exercise 1.4. Let F be a continuous and increasing function on [a; b]. Let ' 2 B[a; b] be an
F -integrable function, and assume that � 2 B[a; b] equals ' at all but exactly one a � t � b:
Show that � is F -integrable, and Z b

a

'dF =

Z b

a

�dF:

Exercise 1.5.H Take any '; F 2 B[a; b] with F being increasing. Show that if ' and F are
both discontinuous from the left (or both from the right) at a point c in (a; b); then

R b
a
'dF

does not exist.

Exercise 1.6. Let G be a distribution function with G(0�) = 0; G(1) = 1; and de�ne F :=
Gj[0;1]: For any Borel-measurable ' 2 B[0; 1], the Dushnik-Stieltjes integral of ' with
respect to F is de�ned as the number DS

R 1
0
'dF with the following property:4 For any

" > 0; there exists a dissection of [0; 1] such that, for any �ner dissection [a0; :::; am] and any
ti in (ai�1; ai); i 2 [m] �notice that tis cannot be division points �we have������DS

Z 1

0

'dF �
X
i2[m]

'(ti) (F (ai)� F (ai�1))

������ < ":
On the other hand, the Lebesgue-Stieltjes integral of ' with respect to F , denoted as
LS
R 1
0
'dF; is de�ned as the number

R
[0;1]

'dpG where pG is the Lebesgue-Stieltjes prob-
ability measure induced by G.

4This integral is introduced by Dushnik (1931). It enjoys better existence properties than the
Stieltjes integral, and yields an interesting integration by parts formula (MacNerney (1964)). I will
make use of this integral in some subsequent exercises and remarks. For other variations on the
classical theory of Stieltjes integration, see Hildebrandt (1938)., and for a more up to date view of
the theory of integration, take a look at Henstock (1991).
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(a) Let F (t) := 1[ 12 ;1]. Show that (i)
R 1
0
FdF does not exist; (ii) DS

R 1
0
FdF = 0; and (iii)

LS
R 1
0
FdF = 1:

(b) Give an example of a nonconstant ' and F such that
R 1
0
'dF = DS

R 1
0
'dF = LS

R 1
0
'dF:

(c) Is it possible that
R 1
0
'dF does not exist but DS

R 1
0
'dF = LS

R 1
0
'dF?

(d) If
R 1
0
'dF exists, then we must have

R 1
0
'dF = DS

R 1
0
'dF . True or false?

Exercise 1.7. (The Mean Value Theorem) Take any '; F 2 B[a; b] with F being increasing.
Prove: If ' is F -integrable; thenZ b

a

'dF = �(F (b)� F (a));

for some number � between inf '([a; b]) and sup'([a; b]): If ' is continuous, then � = '(t)
for some t in the interval [a; b]:

1.3 Basic Properties of Stieltjes Integrable Functions

The Stieltjes integral shares many properties with the Riemann integral. For one
thing, just as in the case of the Riemann integral, it is possible to break down the
interval of integration into subintervals for the computation of the Stieltjes integral.
Put di¤erently, the Stieltjes integral is additive with respect to the interval of inte-
gration. To state this formally, however, we need to agree on some notation �rst.

Notation. Let F be an increasing real function on [a; b]. For any ' 2 B[a; b] and
any real number c on [a; b]; we write

R c
a
'dF for the integral

R c
a
'j[a;c]dF j[a;c]. The

interpretation of
R b
c
'dF is similar.

Lemma 1.1. Let '; F 2 B[a; b] be such that F is increasing. If ' is F -integrable,
then, Z b

a

'dF =

Z c

a

'dF +

Z b

c

'dF; a � c � b: (4)

The same conclusion also holds if ' is F -integrable on both [a; c] and [c; b]:

Proof. Assume that ' is F -integrable. By Exercise 1.3, both of the integrals at the
right-hand side of (4) exist. Then, for any " > 0; there exist dissections a 2 D[a; c]
and b 2 D[c; b] such thatZ c

a

'dF +
"

2
> SF;a(') � sF;a(') >

Z c

a

'dF � "
2

(5)

and Z b

c

'dF +
"

2
> SF;b(') � sF;b(') >

Z b

c

'dF � "
2
: (6)

Now let a0 be the dissection of [a; b] obtained by adding [c; b] to a; and let b0 be the
dissection of [a; b] obtained by adding [a; c] to b: De�ne c := a0 db0 and observe that
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SF;a(')+SF;b(') = SF;c(') and similarly for the lower Darboux sums. Consequently,
summing up (5) and (6), we getZ c

a

'dF +

Z b

c

'dF + " > SF;c(') � sF;c(') >
Z c

a

'dF +

Z b

c

'dF � ":

Since " > 0 is arbitrary here, this means that
R b
a
'dF exists and satis�es (4). The

second assertion of the lemma follows from its �rst assertion and Exercise 1.3. �

Exercise 1.8. Assume a < b; and take any '; F 2 B[a; b] with F being increasing. Prove: If
' is F -integrable, and (cm) is a strictly increasing sequence in the interval (a; b) such that
cm ! b; then Z b

a

'dF =

Z c1

a

'dF +
1X
i=1

Z ci+1

ci

'dF:

When the integrator is a continuous function, altering the value of an integrable
function at a single point does not alter the value of its integral. (This is, for instance,
always the case for the Riemann integral.) We have already made note of this in
Exercise 1.4. The following lemma expresses a related fact.

Lemma 1.2. Assume a < b; and take any '; F 2 B[a; b] with F being increasing. If
F is continuous and ' is F -integrable. Then,Z b�1=m

a

'dF !
Z b

a

'dF and
Z b

a+1=m

'dF !
Z b

a

'dF:

Exercise 1.9. Prove Lemma 1.2.

The phrase �almost everywhere�is commonly used in the theory of real functions
(and it parallels the phrase �almost surely�of probability theory). In general, when
one says

�bla bla holds almost everywhere on [a; b];� (7)

then what is essentially meant is that bla bla fails to hold only for an `-null subset of
[a; b]. More precisely, by a statement like (7), we mean the following:

For every " > 0; there is an open subset O of [a; b] such that `(O) < "
and bla bla holds for each t 2 [a; b]nO.

For instance, for any real map ' on [a; b], �' � 0 almost everywhere on [a; b]" means
that, for every " > 0; there is an open subset O of [a; b] such that `(O) < " and
'(t) � 0 for each t 2 [a; b]nO. The expressions �' � 0 almost everywhere on [a; b]"
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and �' = 0 almost everywhere on [a; b]" are similarly understood. (In the latter case,
one often says instead that ' vanishes almost everywhere on [a; b]:5)

Lemma 1.3. Let '; F 2 B[a; b] be such that F is increasing and ' is F -integrable.
If ' � 0 almost everywhere on [a; b]; thenZ b

a

'dF � 0:

Proof. Take any dissection a of [a; b]: Let " be the minimum of the lengths of the
subintervals of a: By hypothesis, there is an open subset O of [a; b] such that `(O) < "
and '(t) � 0 for each t 2 [a; b]nO: If I is a subinterval of a; then it is not contained in
O: It follows that '(t) � 0 for some t 2 I; and hence sup'(I) � 0; for any subinterval
I of a: Thus: SF;a(') � 0: As a is arbitrarily chosen in D[a; b]; we may then conclude
that SF (') � 0: Since ' is F -integrable, therefore,

R b
a
'dF = SF (') � 0: �

Corollary 1.4. Let '; F 2 B[a; b] be such that F is increasing and ' is F -integrable.
If ' vanishes almost everywhere on [a; b]; thenZ b

a

'dF = 0:

Exercise 1.10. Let ' be the indicator function of [0; 1] \ Q on [0; 1]: Then ' = 0 almost
everywhere on [a; b], but

R 1
0
'(t)dt = 0 is false. What is going on?

Exercise 1.11. Let F 2 R[a;b] be an increasing function with F (b) > F (a): Prove or disprove:
If ' 2 B[a; b] is F -integrable, and '(t) > 0 for every t in [a; b]; then

R b
a
'dF > 0.

A very important property of the Riemann integral is its linearity with respect to
the integrand. The Stieltjes integral also has this property.

Lemma 1.5. Let '; �; F 2 B[a; b] be such that F is increasing, and both ' and � are
F -integrable. Then, for any real number �; we haveZ b

a

(�'+ �) dF = �

Z b

a

'dF +

Z b

a

�dF: (8)

Proof. We consider only the case � = 1; leaving the proof of the general statement
to you. For any given dissections a and b of [a; b]; we have

SF ('+ �) � SF;adb('+ �)

� SF;adb(') + SF;adb(�)

� SF;a(') + SF;b(�):

5Of course, ' vanishes almost everywhere on [a; b] i¤ we have (i) ' � 0 almost everywhere on
[a; b]; and (ii) ' � 0 almost everywhere on [a; b]: Yes?
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(Why?) It follows that
SF ('+ �) � SF (') + SF (�):

A similar reasoning establishes that sF (') + sF (�) � sF ('+ �); and hence

sF (') + sF (�) � sF ('+ �)

� SF ('+ �)

� SF (') + SF (�):

Since both ' and � are F -integrable, the left-most expression here equals the right-
most one, and hence all inequalities hold as an equality. It follows as that ' + � is
F -integrable, and we have (8) with � = 1: �

We consider a few other properties of the Stieltjes integral in the following exer-
cises.

Exercise 1.12. Let F be an increasing real function on [a; b]. De�ne SF [a; b] to be the set
of all bounded real functions on [a; b] that are F -integrable. Show that SF [a; b] is a linear
subspace of B[a; b]; and ' 7!

R b
a
'dF is a linear function on SF [a; b]:

Exercise 1.13. Take any '; F 2 B[a; b] with F being increasing and ' being F -integrable.
Show that �����

Z b

a

'dF

����� �
Z b

a

j'j dF:

Exercise 1.14. Take any '; F;G 2 B[a; b] with F and G being increasing. Show that if ' is
both F - and G-integrable, then it is (F +G)-integrable, andZ b

a

'd(F +G) =

Z b

a

'dF +

Z b

a

'dG:

Exercise 1.15. (A Change of Variables Formula) Take any '; F 2 B[a; b] with F being increas-
ing. Given any real numbers c and d with c < d; let h be a strictly increasing real map on
[c; d] with h(c) = a and h(d) = b: Prove that ' � h is F � h-integrable andZ b

a

'dF =

Z d

c

(' � h) d(F � h):

1.4 Stieltjes Integrability

An important (and often annoying) issue in the theory of Stieltjes integration concerns
the identi�cation of Stieltjes integrable functions. Fortunately, we do not need to
spend much time on this matter. The main integrability results that we need in the
sequel are relatively elementary.

Proposition 1.6. (Stieltjes) Take any '; F 2 B[a; b] with F being increasing. If ' is
continuous, then it is F -integrable.
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Proof. We assume that F (b) > F (a); otherwise the assertion is trivial. Suppose ' is
continuous. Then, since any continuous function on a compact interval is uniformly
continuous, ' is uniformly continuous.6 So, for any " > 0, there exists a constant
� > 0 such that

j'(s)� '(t)j < "

F (b)� F (a)
for all a � s; t � b with js� tj < �: Now consider any dissection a := [a0; :::; am] of
[a; b] with mesh(a) < �: Using Weierstrass�Theorem, de�ne

Ki := maxf'(t) : ai�1 � t � aig and ki := minf'(t) : ai�1 � t � aig;

and observe that
Ki � ki <

"

F (b)� F (a) ; i 2 [m]:

But then

SF;a(')� sF;a(') =
X
i2[m]

(Ki � ki)(F (ai)� F (ai�1))

<
"

F (b)� F (a)
X
i2[m]

(F (ai)� F (ai�1))

= ":

Since " > 0 is arbitrary here, we are done. �

As we explore in the following exercises, when the integrator is continuous, then
we can Stieltjes integrate certain types of discontinuous functions as well.

Exercise 1.16.H Let '; F 2 B[a; b] and assume that F is increasing and continuous. We say
that ' is piecewise continuous if there exists a dissection [a0; :::; am] of [a; b] such that
'j(ai�1;ai) is a continuous function, i 2 [m]: Show that if ' is piecewise continuous, then it is
F -integrable.

Exercise 1.17. Let '; F 2 B[a; b] and assume that F is increasing and continuous. Show that
if ' is monotonic, then it is F -integrable.

If the integrator is su¢ ciently well-behaved, we can tolerate some discontinuity of
the the integrand. To see what we mean by this, let us agree to call a real map ' on
[a; b] continuous almost everywhere on [a; b] if

d(') := ft 2 [a; b] : ' is not continuous at tg

is a �small�set in the following sense: For every " > 0 there is an open subset O of
[a; b] such that d(') � O and `(O) < ": So, the totality of the discontinuity points '

6See Proposition 16 of Appendix 1.
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�ts within an open set of arbitrarily small Lebesgue measure. Provided that d(') is
a Borel subset of [a; b]; this means simply that d(') is `-null, that is, `(d(')) = 0.7

We are now prepared to give you a very good reason for caring about the notion
of almost everywhere continuity.

Proposition 1.7. Let '; F 2 B[a; b] and assume that F is increasing and Lipschitz
continuous.8 If ' is continuous almost everywhere on [a; b], then it is F -integrable.

Note that a map ' 2 B[a; b] which is continuous at all but countably many points,
is continuous almost everywhere. (Proof. Enumerate d(') as ft1; t2; :::g; and for any
given " > 0; de�ne

O :=
[
i2N

�
ti �

"

2i
; ti +

"

2i

�
\ [a; b]:

O is an open subset of [a; b] with d(') � O and `(O) < ":) Thus, it follows from
Proposition 1.7 that a bounded function on [a; b] which has at most countably many
discontinuity points (e.g., a monotonic map) is F -integrable, provided that F is a
Lipschitz continuous and increasing real map on [a; b]:
Before we sketch its proof, let us make note of two implications of Proposition 1.7

for Riemann integration theory. First, we note that the following classic result is a
special case of this proposition.

The Lebesgue Criterion. If ' 2 B[a; b] is continuous almost everywhere on [a; b],
then it is Riemann integrable.

In fact, there is a sense in which this is a �rst-best integrability result. Indeed, if
a bounded real function on [a; b] is Riemann integrable, it turns out that it must be
continuous almost everywhere on [a; b]:9

Insight.
Riemann integrability = continuity almost everywhere.

We do not wish to dwell on formalizing this intuition (as we will not need it in the
present sequel), but it is a good idea that you carry it along with you at all times. In
particular, please keep in mind that Riemann integration theory does not apply to
functions that are vastly discontinuous.

7In fact, the converse is also true. That is, provided that d(') 2 B[a; b]; the map ' is continuous
almost everywhere i¤ `(d(')) = 0: (This is an immediate consequence of the regularity of Borel
probability measures (in this instance, `). Recall Exercise B.2.16.)

8Reminder. Thanks to the Mean Value and Weierstrass Theorems, a continuously di¤erentiable
real map on [a; b] is Lipschitz continuous.

9Corollary. If ' 2 B[a; b] is Riemann integrable, and '([a; b]) � [c; d]; then h � ' is Riemann
integrable for any h 2 C[c; d]:
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Exercise 1.18. Let '; � 2 B[a; b] and V 2 CB(R2): Show that if ' and � are continuous
almost everywhere on [a; b]; then

R b
a
V ('(t); �(t))dt exists.

Here is a second conclusion we wish to derive from Proposition 1.7.

Corollary 1.8. Let ' 2 B[a; b] be continuous almost everywhere on [a; b]: If ' vanishes
almost everywhere on [a; b]; then Z b

a

'(t)dt = 0:

Proof. Apply Corollary 1.4 and the Lebesgue Criterion. �

We now turn to the proof of Proposition 1.7. This proof is not particularly di¢ cult, but it is
harder than the one we gave for Proposition 1.6, as it involves a rather intricate "-� argument. The
reader who wishes to get to the core of probability theory at once is thus adviced to skip the rest of
this subsection in the �rst reading.

We begin with the following elementary fact.

Lemma 1.9. Every open subset O of [a; b] can be expressed as the union of countably many disjoint
intervals that are open in [a; b]:10

Proof. Let O be any open subset of [a; b]: Then O = U \ [a; b] for some open subset of R: For any
t 2 U; let It be the �-maximal open subinterval of U that contains t.11 Consider the collection
I := fIt : t 2 Ug: Note that I is a collection of disjoint open intervals. (Proof. For any s; t 2 U , if
Is and It are distinct intervals with Is \ It 6= ;; then Is [ It is an open interval that contains either
Is or It properly.) Of course, such a collection is, per force, countable (Corollary A.2.4). Moreover,
we obviously have U =

S
I: But then O =

S
fI \ [a; b] : I 2 Ig; and we are done. �

Proof of Proposition 1.7.12 De�ne

M := supfj'(t)j : a � t � bg;

which is �nite (because ' is bounded), and let K be any positive number such that

jF (s)� F (t)j � K js� tj for every s; t 2 [a; b];

10As the proof will show, the interval [a; b] can be replaced with R here. (Quiz. How about with
R2?)
11Put precisely, de�ne at := inffc 2 R : (c; t) � Ug and bt := supfc 2 R : (t; c) � Ug; and set

It := (at; bt):
12Idea of proof. We are okay outside d(') in the sense that ' is continuous on [a; b]nd(') and

this allows us to proceed as in the proof of Proposition 1.6. Now we are given that d(') is �small.�
Then so long as F recognizes this, the upper and lower Darboux sums with respect to su¢ ciently
�ne dissections should still be close to each other. In turn, by �F recognizes this,�we mean that
F assigns a negligibly small measure to the union of the intervals that contain d(') su¢ ciently
tightly. (Such intervals are found by means of Lemma 1.9.) Thanks to the Mean Value Theorem,
the di¤erentiability of F does just that.
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which exists (because F is Lipschitz continuous). In what follows, we assume that F (b) > F (a), for
otherwise F is a constant function, and our assertion is trivial.

Suppose ' is continuous almost everywhere, and �x any " > 0: Then, we can �nd an open subset
O of [a; b] such that d(') � O and `(O) < "=4MK: By Lemma 1.9, we have O =

S
C for some

countable collection C of disjoint intervals that are open in [a; b]. Since the intervals in C are disjoint,
we have X

J2C
`(J) = `(O) <

"

4MK
; (9)

thanks to the �-additivity of the Lebesgue measure.
For any t 2 [a; b]nO; we pick any interval It such that It is open in [a; b]; t 2 It; and

j'(s)� '(t)j < "

4(F (b)� F (a)) for each s 2 cl[a;b](It): (10)

(There is such an It, because ' is continuous at t: Right?) Observe that C [ fIt : t 2 [a; b]nOg is
an open cover of [a; b]; so there are �nite subclasses J of C and I of fIt : t 2 [a; b]nOg such thatS
J [

S
I = [a; b]:13

Claim 1. For any I 2 I;
sup'(I)� inf '(I) < "

2(F (b)� F (a))
Proof. Apply (10) and the Triangle Inequality. k

Claim 2.
P

J2J (supF (J)� inf F (J)) < "
4M :

Proof. As F is increasing, the choice of K yieldsX
J2J

(supF (J)� inf F (J)) � K
X
J2J

(supJ � inf J)

= K
X
J2J

`(J)

� �`(O)

<
"

4M
: k

We are now ready to deal the �nal blow. Let a be the dissection of [a; b] that is obtained by
using all the endpoints of the elements of J [I: Then, obviously, each subinterval of a is contained
in at least one of the intervals in J [ I: De�ne

U := the set of all subintervals U of a such that U 2 I for some I 2 I:

and
V := the set of all subintervals V of a such that V 2 J for some J 2 J :

(U and V need not be disjoint.) Then, by Claim 1, and because Us do not overlap and F is increasing,X
U2U

(sup'(U)� inf '(U)) (supF (U)� inf F (U)) <
"

2(F (b)� F (a)) (F (b)� F (a))

=
"

2
:

13Recall the Heine-Borel Theorem (Example 10.1 of Appendix 1.)
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On the other hand, by Claim 2,X
V 2V

(sup'(V )� inf '(V )) (supF (V )� inf F (V )) � 2M
X
V 2V

(supF (V )� inf F (V ))

� 2M
X
J2J

(supF (J)� inf F (J))

= 2M
� "

4M

�
=

"

2
:

It follows that SF;a(') � sF;a(') < ": Since " > 0 was arbitrarily chosen, it follows that ' is
F -integrable. �

Exercise 1.19. Take any '; F 2 B[a; b] such that F is increasing and ' is continuous almost
everywhere on [a; b]. Show that ' is F -integrable, provided that F satis�es the following
condition:
(*) For every " > 0 there is a � > 0 such that

Pm j'(ai)� '(bi)j < " for every positive
integer m and disjoint intervals (a1; b1); :::; (am; bm) such that

P
i2[m](bi � ai) < �:

(Note. Such an F is said to be absolutely continuous.)

Exercise 1.20. Let F 2 R[a;b] be an increasing function. Prove that the Dushnik-Stieltjes
integral introduced in Exercise 1.6 exists for any monotonic ' 2 R[a;b]. (Note. The second
part of Example 1.2 shows that the same is not true for the Stieltjes integral.)

1.5 Fundamental Theorems of Calculus

The most important theorem of the theory of real functions is undoubtedly the Fun-
damental Theorem of Calculus. Roughly speaking, this theorem says that we can
think of di¤erentiation and Riemann integration as inverse operations. It is more
than likely that you are familiar with this result, but perhaps you have not seen it
in its full glory yet. As we need it in the subsequent development, we now sketch a
su¢ ciently general formulation of this phenomenal theorem.14

We break the main result into two. The following part says that �the derivative
of the integral of an integrable function is the function itself.�

The Fundamental Theorem of Calculus 1. Let f 2 B[a; b] be continuous almost
everywhere and F 2 R[a;b] satisfy

F (s) = F (a) +

Z s

a

f(r)dr; a � s � b: (11)

14The Fundamental Theorem of Calculus unites the notions of di¤erentiation and integration �
it really is amazing, if you think about it �and hence occupies a central stage in the development
of mathematical analysis. It seems the earliest statements of the result were made by Issac Newton
and Gottfried Wilhelm Leibniz in 17th century, but neither Newton nor Leibniz was able to supply
a proof. The rigorous statement and proof of the result was given �rst by Augustin-Louis Cauchy.
The more general version of the result that we are about to prove is due to Bernhard Riemann.
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Then, F is Lipschitz continuous on [a; b]; and for every s 2 [a; b] at which f is
continuous, F 0(s) exists and equals f(s).

Proof. Since f is bounded, there is a real number K such that jf j � K: Then, for
any numbers s and t in [a; b]; we have

jF (t)� F (s)j =
����Z t

s

f(r)dr

���� � K(t� s):
(Note. We implicitly use here Proposition 1.7, Lemma 1.1 and Exercise 1.13.) Thus
F is Lipschitz continuous on [a; b]:
Now take any s in [a; b) and let " be a �xed, but arbitrary, positive number:

Assume that f is continuous at s; so there exists a � > 0 such that jf(t)� f(s)j < "
for any a < t < b with jt� sj < �: Thus, for any s < t < b with t� s < �; we have����F (t)� F (s)t� s � f(s)

���� � 1

t� s

Z t

s

jf(r)� f(s)j dr � ":

(Why?) It follows that F is right-di¤erentiable at s; and we have F 0+(s) = f(s):
Moreover, an analogous argument would show that F is left-di¤erentiable at any s in
(a; b]; provided that f is continuous at s: Conclusion: F is di¤erentiable at any point
s at which f is continuous, and we have F 0(s) = f(s): �

We now go the other way and show that �the integral of the derivative of a
di¤erentiable function is the function itself.�

The Fundamental Theorem of Calculus 2. Take any F 2 C1[a; b], and let f 2
B[a; b] is a Riemann integrable function such that F 0 = f almost everywhere on
[a; b]: Then, (11) holds.

Proof. Take any real number s in [a; b] and let " > 0. Since F 0 is Riemann integrable
(Proposition 1.6), it is Riemann integrable on [a; s] (Exercise 1.3). Hence, there exists
a dissection a := [a0; :::; am] in D[a; s] such that

Sid[a;s];a(F
0)� sid[a;s];a(F

0) < ": (12)

By the Mean Value Theorem, for each i there exists an ai�1 < ti < ai with F (ai) �
F (ai�1) = F

0(ti)(ai � ai�1): It follows that

F (s)� F (a) =
mX
i=1

(F (ai)� F (ai�1)) =
mX
i=1

F 0(ti)(ai � ai�1);

and hence
sid[a;s];a(F

0) � F (s)� F (a) � Sid[a;s];a(F
0):
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But we obviously have

sid[a;s];a(F
0) �

Z s

a

F 0(t)dt � Sid[a;s];a(F
0);

so the numbers F (s) � F (a) and
R s
a
F 0(t)dt can di¤er at most by Sid[a;s];a(F

0) �
sid[a;s];a(F

0): By (12), therefore,����Z s

a

F 0(t)dt� (F (s)� F (a))
���� < ":

Since " > 0 is arbitrary here, we conclude that

F (s) = F (a) +

Z s

a

F 0(t)dt:

But, for any s in [a; b]; we have F 0 � f = 0 almost everywhere on [a; s]. Thus, by
Corollary 1.4 and Lemma 1.5,Z s

a

f(t)dt =

Z s

a

F 0(t)dt;

and our proof is complete. �

Here is a quick application of this result. Recall that the exponential function
has the peculiar property of being equal to its derivative. (As we have shown in
Proposition 4 of Appendix 1, this function is, essentially, the only real map with this
property.) Put precisely, d

dt
et = t for every real number t: But then an immediate

application of the Fundamental Theorem of Calculus 2 yieldsZ b

a

etdt = eb � ea;

which is hardly a trivial fact, if you think about it from the primitives.

Exercise 1.21. (Integration by Substitution) Let g 2 C1[a; b] and f 2 C(I); where I is an
interval that contains g([a; b]): Prove thatZ b

a

f(g(t))g0(t)dt =

Z g(b)

g(a)

f(s)ds:

In turn, use this observation to show that, for any � > 0;Z b

a

�e��tdt = e�a� � e�b�:
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1.6 Reducing a Stieltjes Integral to a Riemann Integral

So far so good. But it doesn�t seem particularly easy to compute Stieltjes integrals.
As we go through this theory to provide a useful computational method regarding
the expectation functional, this is not acceptable. It is time to improve our standing
on this front.
We then ask: Is there a way of reducing a Stieltjes integral to a Riemann integral?

As the latter is easier to compute, a positive answer to this question would make our
lives a lot more comfortable. Well, this is not possible always, to be sure. But there
is one very important case in which we can indeed do this. It turns out that when
our integrator is induced by a density function, all goes well.
Here is the precise statement.

Theorem 1.10. Let ' 2 B[a; b] be continuous almost everywhere on [a; b]. Then, for
any increasing F 2 C1[a; b], we haveZ b

a

'dF =

Z b

a

'(t)F 0(t)dt: (13)

Proof. Take any increasing F 2 C1[a; b]. Clearly, 'F 0 is a bounded function on
[a; b] which is continuous almost everywhere on [a; b]. So, by Proposition 1.7, ' is
F -integrable and 'F 0 is Riemann integrable. Therefore,

SF (') = sF (') and Sid[a;b]('F
0) = sid[a;b]('F

0):

We can then �nd a sequence (ak) = ([ak0; :::; a
k
mk
]) of dissections of [a; b] such that

sF;ak(')%
Z b

a

'dF and SF;ak(')&
Z b

a

'dF;

and, where we write
R b
a
'F 0 for the right-hand side of (13),

sid[a;b];ak(')%
Z b

a

'F 0 and Sid[a;b];ak(')&
Z b

a

'F 0

as k !1:15 So, for any Darboux sum sequences (SF;ak(')) and (Sid[a;b];ak('F
0)); we

must have

SF;ak(')!
Z b

a

'dF and Sid[a;b];ak('F
0)!

Z b

a

'F 0:

(Why?) Consequently, we will be done if we can �nd two sequences (SF;ak(')) and
(Sid[a;b];ak('F

0)) that converge to the same limit.

15Wait, how do I know that we can �nd one (ak) that works for both cases?
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Fix a positive integer k: Since F is di¤erentiable, the Mean Value Theorem ensures
that there is a real number tki in the interval (a

k
i�1; a

k
i ) such that

F (aki )� F (aki�1) = F 0(tki )(aki � aki�1)

for each i in [mk]: So, considering the sequences (SF;ak(')) and (Sid[a;b];ak('F
0)) given

by
SF;ak(') =

X
i2[mk]

'(tki )(F (a
k
i )� F (aki�1))

and
Sid[a;b];ak('F

0) =
X
i2[mk]

('F 0)(tki )(a
k
i � aki�1);

we conclude that (13) is true. �

For example, by using Theorem 1.10, we can solve Exercise 1.1 in a �ash:Z b

a

td(tk) =

Z b

a

t(ktk�1)dt =
k(bk+1 � ak+1)

k + 1
; k = 1; 2; :::

If you have tried to solve this exercise earlier by using the de�nition of the Stielt-
jes integral directly, you probably appreciate now the computational power that we
gained by Theorem 1.10.16

We conclude this subsection by an easy corollary of Theorem 1.10 and the Fun-
damental Theorem of Calculus 1.

Corollary 1.11. Let f; ' 2 B[a; b] be continuous almost everywhere on [a; b] and
assume f � 0. Then, for any F 2 C1[a; b] such that (11) holds, we haveZ b

a

'dF =

Z b

a

'(t)f(t)dt:

Exercise 1.22.H Prove Corollary 1.11.

1.7 The Improper Stieltjes Integral

Since the ranges of many interesting random variables are unbounded, the theory
we covered so far does not readily apply to the probabilistic setting of the previous
chapter. In particular, we need to extend Theorem 1.10 and Corollary 1.11 so that

16By the way, I did not use the full power of continuous di¤erentiability of F in the proof of
Theorem 1.10. The same argument establishes the result for any increasing, Lipschitz continuous
and di¤erentiable F such that F 0 is continuous almost everywhere on [a; b]:
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their conclusions apply in the case of unbounded intervals as well. This is our �nal
order of business in this section.
Let ' and F be any two self-maps on R; and assume that F is increasing. Given

any real numbers a and b with a � b; we say that ' is F -integrable on [a; b]; if '
is bounded on [a; b] and

R b
a
'dF exists.17 (Note. If ' is F -integrable on [a; b]; thenR b

a
'dF is a real number.) In turn, we say that ' is F -integrable on [a;1) if

� ' is F -integrable on [a; b] for each b � a; and

� limb!1
R b
a
'dF 2 R.

In this case we de�ne the (improper) Stieltjes integral of ' with respect to F on
this unbounded interval as Z 1

a

'dF := lim
c!1

Z c

a

'dF:

The F -integrability of ' on (�1; a] and the extended real number
R a
�1 'dF is anal-

ogously de�ned: Finally, we say that ' is F -integrable, if there exists a real num-
ber a such that ' is F -integrable on both (�1; a] and [a;1); and the expressionR a
�1 'dF +

R1
a
'dF is not of the indeterminate form 1�1: In this case, we de�neZ 1

�1
'dF :=

Z a

�1
'dF +

Z 1

a

'dF;

and note that this de�nition allows
R1
�1 'dF to equal �1 or 1.18 If ' is idR-

integrable, then we say that it is Riemann integrable.

17As usual, what I mean by
R b
a
'dF here is

R b
a
'j[a;b]dF j[a;b].

18Of course, I need to make sure that this de�nition is unambiguous, that is, it does not depend
on the choice of a: To show this, take any two distinct real numbers a and b; say, a < b; and suppose
that the expression

R a
�1 'dF +

R1
a
'dF is well-de�ned. Then, since ' is F -integrable on [a;1); it

is F -integrable on [a; b]; and hence,
R b
a
'dF is a real number. Then, by Lemma 1.1,

lim
c!1

Z c

a

'dF = lim
c!1

 Z b

a

'dF +

Z c

b

'dF

!
=

Z b

a

'dF + lim
c!1

Z c

b

'dF;

that is,
R1
a
'dF =

R b
a
'dF +

R1
b
'dF: (Since the fact that ' is F -integrable on [b; c] for each c � b

is also a consequence of Lemma 1.1, this observation establishes also that ' is F -integrable on
[b;1):) It is similarly shown that ' is F -integrable on (�1; b]; and

R a
�1 'dF =

R b
�1 'dF �

R b
a
'dF:

Combining these �ndings yieldsZ a

�1
'dF +

Z 1

a

'dF =

Z b

�1
'dF +

Z 1

b

'dF:
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Warning. The F -integrability of ' implies that, on every compact interval, ' is F -
integrable. (Please verify this!) In particular, such a ' is bounded on every compact
interval. (A self-map on R with this property is said to be locally bounded.)

The notion of almost everywhere continuity is extended to self-maps on R in the
obvious way. Put precisely, we say that ' is continuous almost everywhere (or
almost everywhere continuous) if, for every " > 0; there is an open subset O of R such
that `(O) < " and every point of discontinuity of ' is contained in O. Obviously, if
' is continuous almost everywhere, then it is continuous almost everywhere on any
compact interval.
Propositions 1.6 and 1.7 are easily adapted to provide suitable integrability theo-

rems in the present case as well, provided that we avoid the potential1�1 problem.
If the integrand under consideration is nonnegative, of course, the latter problem can-
not arise. In particular, any nonnegative ' 2 C(R) is F -integrable. Similarly, we
have the following o¤spring of Proposition 1.7.

Proposition 1.12. Let ' and F be two self-maps on R, and assume that F is in-
creasing and continuously di¤erentiable. If ' is nonnegative, locally bounded, and
continuous almost everywhere, then it is F -integrable.

Exercise 1.23. Prove Proposition 1.12.

Obviously, if ' is F -integrable, and either (i) F is constant on (�1; a]; or (ii)
'j(�1;a] = 0; we have Z 1

�1
'dF =

Z 1

a

'dF;

where a is any real number, because
R a
�1 'dF = 0 in this case. We shall use this

observation freely in what follows.

Warning. In general, F -integrability of ' does not guarantee the F -integrability of
either '1(a;b) or '1[a;b]; because the latter two maps can be unsuitably discontinuous
at points a and b:19 (Recall Exercise 1.5.) Even more unpleasant is that, even when
'1[a;b] is F -integrable, the number

R1
�1 '1[a;b]dF need not equal

R b
a
'dF: (See Exercise

1.25 below.) On a positive note, if '1(a;b) is F -integrable, then all goes well:Z 1

�1
'1(a;b)dF =

Z b

a

'dF:

19Here (and the rest of this subsection) 1I stands for the indicator function of the interval I on R:
So, for instance, '1(a;b) is the function on R that takes value '(t) for any a < t < b; and 0 elsewhere
in R.
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The improper Stieltjes integral inherits many properties of the Stieltjes integral.
For instance, it is easy to check thatZ 1

�1
'dF +

Z 1

�1
�dF =

Z 1

�1
('+ �) dF (14)

for any self-maps ' and � on R; provided that all three of these integrals exist and
are �nite. (You will be asked to prove this shortly.)
It is also easy to show that if

R1
�1 'dF exists (�nite or in�nite), we haveZ 1

�1
'dF = lim

a!1

Z a

�a
'dF: (15)

Indeed, if ' is F -integrable, then
R a
�a 'dF exists, so by Lemma 1.1,

lim
a!1

Z a

�a
'dF = lim

a!1

�Z 0

�a
'dF +

Z a

0

'dF

�
= lim

a!�1

Z 0

a

'dF + lim
a!1

Z a

0

'dF

=

Z 0

�1
'dF +

Z 1

0

'dF:

(Why is the second equality true? Please do not pass this point until the reason is
clear to you.) This may suggest that we could have simpli�ed our lives by using (15)
to de�ne

R1
�1 'dF: Unfortunately, this is not the case.

Warning. The requirement �if
R1
�1 'dF exists� is crucial for the validity of (15),

for it is quite possible that the right-hand side of (15) exists with its left-hand side
being unde�ned. For instance, suppose we want to Riemann integrate the identity
function on R: Then we have

R a
�a tdt = 0 for every real number a; so

R a
�a tdt ! 0 as

a!1: But Z 1

�1
tdt =

Z a

�1
tdt+

Z 1

a

tdt =1�1

for any real number a; that is, idR is not Riemann integrable. Of course, this sort
of a problem never arises if ' is nonnegative and continuous, since then

R1
�1 'dF is

guaranteed to exist (although it may be in�nite).

Exercise 1.24. Prove (14) for any self-maps ' and � on R; assuming that all three of the
involved integrals exist and are �nite.

Exercise 1.25. Fix any two real numbers a and b with a < b; and let F and ' be two self-maps
on R such that F is increasing and ' is F -integrable. Show that if '1(a;b] and '1[a;b] are
F -integrable, then Z 1

�1
'1(a;b]dF =

Z b

a

'dF + '(b)(F (b+)� F (b))
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and Z 1

�1
'1[a;b]dF = '(a)(F (a)� F (a�)) +

Z b

a

'dF + '(b)(F (b+)� F (b)):

Exercise 1.26. Fix any two real numbers a and b with a < b; and take any increasing F 2 R[a;b]+

with F (a) = 0 and F (b) = 1: De�ne the self-map G on R as

G(t) :=

8<: 0; if t < a
F (t+); if a � t � b
1; if b < t:

Show that
R b
a
'dF =

R1
�1 'dG for every ' 2 C(R): Is

R b
a
'dF =

R b
a
'dG for every ' 2 C[a; b]?

Exercise 1.27. Let F and ' be two self-maps on R such that F is increasing and ' is F -
integrable. Prove: If ' � 0, thenZ 1

�1
'dF =

X
i2Z

Z i+1

i

'dF:

1.8 Integration with respect to a Distribution Function

Our goal now is to tailor Theorem 1.10 for our present purposes. First, let�s agree on
some basic terminology.

De�nition. We say that a distribution function F has density, if there exists an
almost everywhere continuous map f : R! R+ such that f is locally bounded and

F (s) =

Z s

�1
f(t)dt

for every real number s: In this case, we say that f is a density function for F:20

In a manner of speaking, all of our work in this section was couched to obtain the
following result.

Theorem 1.13. Let F 2 C1(R) be a distribution function, and ' a locally bounded
self-map on R that is continuous almost everywhere. If f is a density function for F ,
then Z 1

�1
'dF =

Z 1

�1
'(t)f(t)dt

in the sense that if one side exists so does the other.

We may leave the proof of this as an exercise at this point. It consists only of
applying Corollary 1.11 a few times.

Exercise 1.28. Prove Theorem 1.13.

20Much of what I intend to do with density functions can be done without assuming that a density
function is locally bounded. I opt for the simplicity of the exposition here as opposed to its generality.

24



2 Expectation as a Stieltjes Integral

2.1 Lebesgue versus Stieltjes Integration

Right now we have two theories of integration at hand. The �rst one is that of the
Lebesgue integral which was developed in Chapter C. This integral notion is very
general, but computationally, it leaves a lot to be desired. In the previous section,
on the other hand, we have introduced the notion of the Stieltjes integral. Thanks
to Theorems 1.10 and 1.13, we can often reduce this integral to the Riemann inte-
gral, and thus the Stieltjes integral is computationally convenient. Consequently, we
would improve our standing with respect to the analysis of the expectation functional
signi�cantly, if we could build a bridge between the Lebesgue and Stieltjes integrals.
This missing link in the chain is supplied in the present section.

Theorem 2.1. Let x be a random variable and ' an Fx-integrable self-map on R.21
If E(' � x) exists, then

E(' � x) =
Z 1

�1
'dFx: (16)

Proof. Let us �rst assume that ' � 0: Take an arbitrary a > 0; and note that, since
' is Fx-integrable; it is Fx-integrable on [�a; a]: Thus

inffSFx;a(') : a 2 D[�a; a]g =

Z a

�a
'dFx

= supfsFx;a(') : a 2 D[�a; a]g:

Therefore, we can �nd a sequence (ak) = ([ak0; :::; a
k
mk
]) in D[�a; a] such that SFx;ak(')

&
R a
�a 'dFx and sFx;ak(')%

R a
�a 'dFx: Now let

�ki := supf'(t) : aki�1 � t � aki g

and
�ki := inff'(t) : aki�1 � t � aki g

for each k and i:We consider the simple random variables zk; wk 2 R(�a;a] de�ned by

zk(t) := �
k
i and wk(t) := �

k
i for all aki�1 < t � aki ;

21Reminder. Fx is the distribution function of x: That is, if x is a random variable on the
probability space (X;�;p); then Fx(t) := pfx � tg for every real number t:
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where k is a positive integer and i 2 [mk]: Since px is the Lebesgue-Stieltjes proba-
bility measure induced by Fx; we haveZ

(�a;a]
zkdpx =

X
i2[mk]

�kipx(a
k
i�1; a

k
i ]

=
X
i2[mk]

�ki
�
Fx(a

k
i )� Fx(aki�1)

�
= SFx;ak(');

and similarly, Z
(�a;a]

wkdpx = sFx;ak(')

for each k = 1; 2; :::. Thus, by monotonicity of the Lebesgue integral,

SFx;ak(') =

Z
(�a;a]

zkdpx

�
Z
(�a;a]

'dpx

�
Z
(�a;a]

wkdpx

= sFx;ak(')

for each positive integer k; so, letting k !1; we obtainZ a

�a
'dFx =

Z
(�a;a]

'dpx: (17)

But by the Monotone Convergence Theorem 1, we have

lim
a!1

Z
(�a;a]

'dpx = lim
a!1

Z
R
'1(�a;a]dpx =

Z
R
'dpx:

(Yes?) On the other hand, by (15),Z 1

�1
'dFx = lim

a!1

Z a

�a
'dFx:

Thus, letting a!1 in (17), and applying the Change of Variables Formula,Z 1

�1
'dFx =

Z
R
'dpx = E(' � x):
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To prove the assertion without assuming that ' � 0, it is enough to show that,
for any Fx-integrable self-map ' on R, both '+ and '� must be Fx-integrable. Once
this is proved �by you, as it turns out �we get

E(' � x) = E('+ � x)� E('� � x)

=

Z 1

�1
'+dFx �

Z 1

�1
'�dFx

=

Z 1

�1
'dFx;

where the �nal equality follows from Exercise 1.24. �

Exercise 2.1. Complete the proof of Theorem 2.1.

Corollary 2.2. Let x be a nonnegative random variable and ' an Fx-integrable self-
map on R. If E(' � x) exists, then

E(' � x) = '(0)Fx(0) +
Z 1

0

'dFx: (18)

Proof. Since x � 0; we have Fx(t) = 0 for every t < 0: Thus
R 0
a
'dFx = '(0)Fx(0)

for every a < 0:22 It follows from Theorem 2.1 that

E(' � x) =

Z 1

�1
'dFx

=

Z 0

�1
'dFx +

Z 1

0

'dFx

= '(0)Fx(0) +

Z 1

0

'dFx;

and we are done. �

Exercise 2.2. Show that, for any random variable x such that either E(x) or
R1
�1 tdFx(t)

exists, we have

E(x) =
Z 1

�1
tdFx(t):

Exercise 2.3.H Let x be a nonnegative random variable. Prove that (18) holds for any
increasing and Fx-integrable self-map ' on R.

22Why? Because Fx-integrability of ' entails its Fx-integrability on (�1; 0]; and hence, on [a; 0]
for any a < 0: But, for any a < 0; at least one Darboux sum of ' with respect to Fx and any
dissection of [a; 0] equals '(0)Fx(0).
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Exercise 2.4. (The Riesz Representation Theorem) Deduce the following from the Riesz-Radon
Representation Theorem: For every positive linear functional L on C[0; 1] with L(1[0;1]) = 1;
there exists an increasing map F : [0; 1]! R with F (1) = 1 and

L(') = '(0)F (0) +

Z 1

0

'dF for all ' 2 C[0; 1]:

Now, the circle is complete, everything is in order. As a tour de force let us have
a look at our �nal product.

Corollary 2.3. Let x be a random variable with a continuously di¤erentiable distri-
bution function Fx; and f a density function for Fx. Let ' be an almost everywhere
continuous and locally bounded self-map on R. If ' is Fx-integrable and E(' � x)
exists, then

E(' � x) =
Z 1

�1
'(t)f(t)dt: (19)

In particular, (19) holds for every continuous ' : R! R+. Moreover, if E(x) exists,

E(x) =
Z 1

�1
tf(t)dt: (20)

Proof. While the �rst assertion obtains readily upon combining Theorems 1.13 and
2.1, the second one follows from the �rst assertion and the fact that a continuous
and nonnegative self-map on R is Fx-integrable (Proposition 1.12). To prove the �nal
claim, observe that our second assertion implies that

E(x+) =
Z 1

�1
maxf0; tgf(t)dt =

Z 1

0

tf(t)dt:

(Yes?) Similarly, we obtain E(x�) = �
R 0
�1 tf(t)dt: So, if E(x) exists,

E(x) = E(x+)� E(x�) =
Z 1

0

tf(t)dt+

Z 0

�1
tf(t)dt;

so the right-most side of this expression cannot be of 1�1 form. It follows that,
provided E(x) exists, the map t 7! tf(t) is Riemann integrable on R, and hence (20).
�

The following exercise specializes this result to the case of nonnegative random
variables. Please make sure you deal with this exercise now, because we shall use it
frequently below.
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Exercise 2.5.H Let x; Fx; f and ' be as in Corollary 2.3. Show that if both x and ' are
nonnegative, then

E(' � x) =
Z 1

0

'(t)f(t)dt:

Exercise 2.6. Let x; Fx; and f be as in Corollary 2.3. Let ' be a continuous self-map on R
such that x � 0 i¤ ' � x � 0: Prove: If E(' � x) exists, then (19) is true.

The following examples illustrate what sort of things can be done with these
results.

Example 2.1. We have started this section by attempting to compute the expected
value of the random variable x which is exponentially distributed over R+ with para-
meter � > 0: We may now complete the solution of this problem. By de�nition, the
distribution function of x has the density function

f(t) :=

�
�e��t; t � 0
0; t < 0

:

Thus, by Exercise 2.5, we have E(x) =
R1
0
t(�e��t)dt: The right-hand side was com-

puted in Section 1.1 as 1=�; and thus we may now safely conclude that E(x) = 1=�:
Of course, the same technique applies to many other situations as well. For

instance, consider the map ' : R! R+ de�ned by '(t) := e�t: Since ' is continuous
and nonnegative, we can use Exercise 2.5 to compute the expectation of the random
variable ' � x:

E(' � x) =
Z 1

0

e�t(�e��t)dt = �

Z 1

0

dt =1:

�
Exercise 2.7. Let x be an exponentially distributed random variable with parameter � > 0:
What is V(x)?

Example 2.2. Consider the probability space ([0; 1];B[0; 1]; `) and the random vari-
able x := id[0;1]: Let us compute the expectation of x: Suppose, in a moment of in-
sanity, we wanted to do this by computing

R 1
0
xd` without using the Stieltjes integral.

To this end, we would de�ne, for each positive integer m; the function xm(!) := i�1
2m

for all i�1
2m
� ! � i

2m
; i 2 [2m]: (Recall the proof of Lemma C.1.2.) We would then

observe that (xm) is an increasing sequence of random variables on ([0; 1];B[0; 1])
such that xm % x: Consequently, by the Monotone Convergence Theorem 1, we have

E(x) = limE(xm) = lim
X
i2[2m]

i� 1
22m

:

So, to �nd the expectation of x we would need to compute the in�nite series on the
right-hand side of this equation. One can do this by using calculus techniques, but
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let us come to our senses, this is an awfully tedious way of dealing with the simple
problem at hand. Indeed, by Exercise 2.5, we can reach to a solution immediately:
E(x) =

R 1
0
tdt = 1

2
: This is the power of Stieltjes integration. �

Lest these examples suggest to you that the Stieltjes integral is more useful than
the Lebesgue integral, let us emphasize that the latter integral allows us to talk about
the expectation of all types of random variables. In particular, this integral notion is
immune to any sort of discontinuities that may be present in the distribution function
of a random variable. As the following examples illustrate, the same is not remotely
true for the Stieltjes integral.

Example 2.3. Consider the probability space ([0; 1];B[0; 1]; `) and the random vari-
able x := id[0;1]: De�ne

'(t) :=

�
0; if t 2 Q \ [0; 1]
1; if t 2 [0; 1]nQ :

We wish to compute E(y) where y := ' � x:23 Observe that Corollary 2.3 (and hence
Exercise 2.5) does not apply here since ' is continuous nowhere. We may try to by-
pass this di¢ culty by focusing rather on the distribution function of y: But that won�t
do either, for it is easily seen here that Fy is not continuous at 1: We have F = 1[1;1):
(Verify!) This implies that Fy does not have a density. (Why?) Hence, even though
E(y) =

R 1
0
ydFy (by Theorem 2.1), the right-hand side of this equation is not so easy

to compute. On the other hand, in this case, it is very easy to compute the sought
expectation by using the Lebesgue integral directly. Notice that y is a f0; 1g-valued
random variable, and py(0) = `([0; 1] \Q) and py(1) = `([0; 1]nQ): Thus, we have

E(y) := (0)py(0) + (1)py(1) = `([0; 1]nQ):

But the Lebesgue measure of Q \ [0; 1] is zero, so `([0; 1]nQ) = `[0; 1] � `(Q) = 1:
Conclusion: E(y) = 1: �

Example 2.4. Let x be any random variable with Fx := 1[ 1
2
;1): Take ' to equal 1[ 1

2
;1)

also, and observe that ' � x is a simple random variable. What is its expected value?
We have seen in the second part of Example 1.2 that

R 1
0
'dFx does not exist, so the

Stieltjes integral is of no help here: (Notice how Theorem 2.1 fails in this case.) But
of course ' � x has an expectation. After all, the underlying experiment is such that
' � x takes value 1 with probability one, and hence E(' � x), which is the Lebesgue
integral of ' with respect to the probability measure induced by Fx, equals 1. �
23Wait, y is discontinuous at each point of [0; 1]; why is it a random variable?
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2.2 Lebesgue versus Riemann Integration

For any integer i; let Xi := (i; i + 1] and recall that (Xi;B(Xi); `i) is a probability
space, where `i is the Lebesgue-Stieltjes measure induced by Fi 2 [0; 1]Xi with Fi(t) =
t� i: In Section C.4.2 we de�ned the Lebesgue integral of any Borel measurable map
f : R! R+ as Z

R
fd` :=

X
i2Z

Z
Xi

f jXid`i:

Let us assume that f is Riemann integrable. We wish to see how
R
R fd` relates toZ 1

�1
f(t)dt = the area between the x-axis and the graph of f

= the Riemann integral of f;

which is none other than the ordinary calculus understanding of the �integral.�
Take an arbitrary integer i; and de�ne fi := f1Xi ; where 1Xi is the indicator

function of Xi on R: Now, applying Theorem 2.1 with respect to the probability
space (Xi;B(Xi); `i) with x being the identity function on Xi and ' being equal to
fi, we �nd Z

Xi

f jXid`i =
Z 1

�1
fidFidXi

since f jXi = fi� idXi. But it is evident that the right-hand side of this equation equalsR i+1
i

fidFidXi : (Why?) Moreover, since FidXi (t) = t � i for any real number t in the
interval [i; i+1]; it readily follows from the de�nition of the Stieltjes integral that the
number

R1
�1 fidFidXi is none other than

R i+1
i

f(t)dt: (Yes?) Conclusion: For every
integer i; Z

Xi

f jXid`i =
Z i+1

i

f(t)dt:

Consequently, recalling Proposition A.3.5 and Exercise 1.27, summing over i; and
�nally, adding Proposition 1.12 in the mix, we obtain the following pleasant result.

Proposition 2.4. Let f : R! R+ be a Borel measurable function. If f is Riemann
integrable, then Z

R
fd` =

Z 1

�1
f(t)dt: (21)

In particular, (21) holds when f is bounded and continuous almost everywhere.

The following is an immediate implication of this proposition.

Corollary 2.5. Let a and b be real numbers with a < b: If f : R ! R+ is Borel
measurable and Riemann integrable (or bounded and continuous almost everywhere),
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then Z
[a;b]

fd` =

Z b

a

f(t)dt:

Similarly, we haveZ
(�1;a]

fd` =

Z a

�1
f(t)dt; and

Z
[b;1)

fd` =

Z 1

b

f(t)dt:

Insight :

The Riemann and Lebesgue integrals of a Riemann integrable and non-
negative Borel measurable real function (de�ned on an interval) are equal.

As we have seen in Example 2.3, the Lebesgue integral of a nonnegative bounded
Borel measurable real function may exist even when the Riemann integral of this
function does not. Thanks to Proposition 2.4 and Corollary 2.5, therefore, we may
indeed think of the Lebesgue integral as a generalization of the Riemann integral in
the strict sense of the term, at least for nonnegative Borel measurable functions.
To conclude, we reiterate that the superiority of the Lebesgue integral lies on the

fact that this integral works for functions that are highly discontinuous. Example 2.3
provides a case in point. In this example we do want to say that the area under the
graph of ' is 1; after all, the function equals to one almost everywhere. The Riemann
integral does not help us to arrive at this conclusion, because it is not de�ned �'
is simply �too discontinuous�for this integral to handle. By contrast, the Lebesgue
integral is well-de�ned, and saves the day.24

3 Integration By Parts

We are now endowed with a general theory of the expectation functional (via the
Lebesgue integral), and we have powerful computational methods (via the Stieltjes
integral). In this section, we shall add on to our computational arsenal some more by
exploring further the relation between the expectation and the distribution function
of a nonnegative random variable (in addition to the one we have found in Theorem
2.1). It turns out that there is a nice link between these two objects:

The expectation of a nonnegative random variable equals the area above
its distribution function.

24Notice how the Lebesgue integral gives us a geometric insight here. This is by no means coin-
cidental. One can actually view the Lebesgue integral as a geometric construct (just as one does in
the case of the Riemann integral by using the upper and lower Darboux sums). The key idea is to
begin to this construction by partitioning not the domain of the function to be integrated, but rather
its range. (This is the essence of approximation by simple random variables.) I will not pursue this
interpretation here, however. If you are interested, you should certainly read the original account of
Lebesgue (1927). This article also appears (in English) in the Appendix of Chae (1995).
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This is surely a curious observation. In addition, it provides us with an alternative
method of computing expectations.
To prove our claim, we shall �rst establish a property of the Stieltjes integral

which is very much of interest in and of itself.

Integration by Parts Formula. (Stieltjes) Let F and ' be two increasing real func-
tions on [a; b]: If ' is F -integrable, then F is '-integrable; andZ b

a

'dF = '(b)F (b)� '(a)F (a)�
Z b

a

Fd': (22)

Proof. Since ' is increasing, for any dissection a = [a0; :::; am] of [a; b]; we have

SF;a(') =

mX
i=1

'(ai)(F (ai)� F (ai�1))

= '(a1)F (a1)� '(a1)F (a0) + � � �+ '(am)F (am)� '(am)F (am�1):

So, rearranging and recalling that a0 = a and am = b; we �nd

SF;a(') = �'(a1)F (a0) + '(am)F (am)

�
mX
i=2

F (ai�1)('(ai)� '(ai�1))

= '(b)F (b)� '(a)F (a)� F (a0)('(a1)� '(a0))

�
mX
i=2

F (ai�1)('(ai)� '(ai�1))

= '(b)F (b)� '(a)F (a)�
mX
i=1

F (ai�1)('(ai)� '(ai�1));

that is,
SF;a(') = '(b)F (b)� '(a)F (a)� s';a(F ):

One can similarly show that sF;a(') = '(b)F (b)� '(a)F (a)� S';a(F ). Conclusion:

SF;a(')� sF;a(') = S';a(F )� s';a(F ) for all a 2 D[a; b]:

Hence, '-integrability of F follows from F -integrability of ': The computation above
shows also that SF (') = '(b)F (b)� '(a)F (a)� s'(F ); and thus follows (22). �

The geometric reasoning that underlies the Integration by Parts Formula is really
simple. The idea is to view the Stieltjes integral as an area under a curve, and observe
that such an area can be computed by taking either the x-axis or the y-axis as the
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basis. It is geometrically obvious that both approaches are bound to yield the same
number. (See Figure D.4.)

FIGURE D.4 ABOUT HERE

Here are two examples that demonstrate the surprising strength of the Integration
by Parts Formula.

Exercise 3.1.H For any increasing '; F 2 C[a; b], show that there exists a real number t in
[a; b] such that Z b

a

'dF = '(a)(F (t)� F (a)) + '(b)(F (b)� F (t)):

Exercise 3.2.H (Euler�s Summation Formula) Take any positive integer m; and de�ne G 2
R[0;m] by

G(t) := t�maxfk 2 Z+ : k � tg:

Show that if ' 2 C1[0;m] is increasing, then
mX
i=1

'(i) =

Z m

0

'(t)dt+

Z m

0

'0(t)

�
G(t)� 1

2

�
dt+

'(0) + '(m)

2
:

Using the Integration by Parts Formula, we can easily deduce the result that was
promised at the begining of this section. In fact, the following is a good deal more
powerful.

Proposition 3.1. Let x be a nonnegative random variable on a probability space
(X;�;p). If ' is an increasing and Fx-integrable self-map on R, then

E(' � x) = '(0) +
Z 1

0

(1� Fx)d':

In particular,

E(x) =
Z 1

0

(1� Fx(t))dt: (23)

Proof. De�ne � := ' � '(0); and note that � is an increasing and Fx-integrable
self-map on R with �(0) = 0:25 The monotonicity of � ensures that E(� � x) exists
(Exercise 2.3). Therefore, we can apply Corollary 2.2 to get

E(� � x) =
Z 1

0

�dFx = lim

�Z m

0

�dFx

�
25I will establish the assertion for � �rst, and then derive it for ' from what I learned about �:
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But, for any positive integer m; the Integration by Parts Formula yieldsZ m

0

�dFx = �(m)Fx(m)�
Z m

0

Fxd�

= �(m)Fx(m)� �(m) +
Z m

0

(1� Fx)d�:

Consequently,

E(� � x) = lim
�
�(m)Fx(m)� �(m) +

Z m

0

(1� Fx)d�
�
: (24)

Now de�ne xm 2 L0+(X;�) by

xm(!) :=

�
x(!); if x(!) � m
0; otherwise

; m = 1; 2; :::

Obviously, x � xm; and hence � � x � � � xm; for each m; while � � xm ! � � x:
Therefore, provided that E(� � x) < 1; we have E(� � xm) ! 0 by Lebesgue�s
Dominated Convergence Theorem 1. But

0 � �(m)(1� Fx(m)) � E(� � xm); m = 1; 2; :::;

so in this case we have �(m)(1� Fx(m))! 0; and (24) yieldsZ m

0

(1� Fx)d�! E(� � x): (25)

It remains to verify this equation for the case in which E(� � x) =1: But, for every
m 2 R we have �(m)Fx(m)� �(m) � 0; so in this case (24) gives

1 = lim

�
�(m)Fx(m)� �(m) +

Z m

0

(1� Fx)d�
�

� lim

�Z m

0

(1� Fx(t))dt
�
:

Conclusion: (25) holds, that is, E(� � x) =
R1
0
(1� Fx)d�:

Let us now go back to ': Clearly,

E(' � x) = '(0) + E(� � x) = '(0) +
Z 1

0

(1� Fx)d�: (26)

But, obviously,
R a
0
(1� Fx)d� =

R a
0
(1� Fx)d' for any a > 0 (yes?), and henceZ 1

0

(1� Fx)d� =
Z 1

0

(1� Fx)d':
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Combining this with (26) completes the proof. �

We conclude with some examples that illustrate the use of Proposition 3.1. An-
other example will be given in the next section.

Example 3.1. Consider the random variable x which is exponentially distributed
over R+ with parameter � > 0: We have earlier shown that E(x) = 1=�: Proposition
3.1 gives us another method of reaching to this conclusion. It is easily checked that
Fx(t) = 0 for all t � 0; and Fx(t) = 1� e��t for all t > 0: Consequently,

E(x) =
Z 1

0

(1� (1� e��t))dt = lim
Z m

0

e��tdt =
1

�
;

where we made use of (23). �

Example 3.2. Let x be a random variable which is uniformly distributed on [0; 1].
Clearly, we have E(x) = 1

2
: Let us compute the expectation of x2 in two di¤erent

ways. Using Corollary 2.3 directly, we �nd E(x2) =
R 1
0
t2dt = 1

3
: Alternatively, we

can use Proposition 3.1 and Theorem 1.10 to get

E(x2) =
Z 1

0

(1� t)dt2 =
Z 1

0

2(1� t)tdt = 1
3
:

More generally, using either of these two techniques, one can show in this case that
E(x�) = 1

�+1
for any � � 0: �

In the following set of exercises (X;�;p) stands for an arbitrary probability space, and x is
any nonnegative random variable on (X;�;p).

Exercise 3.3. Prove:

E(x�) = �
Z 1

0

t��1pfx > tgdt for any � � 0:

Exercise 3.4. De�ne �m := pfx > mg; m = 1; 2; :::; and show that
1X
i=1

�i � E(x) � 1 +
1X
i=1

�i:

Exercise 3.5. De�ne �m := 1� Fx(m); m = 1; 2; :::, and show that
1X
i=1

�i converges if x � 1 and E(lnx) <1;

and
1X
i=1

�i
i ln i

converges if x � e and E(ln(lnx)) <1:

Exercise 3.6.H For any random variable y on (X;�;p), show that

E(y) =
Z 1

0

(1� Fy(t))dt�
Z 0

�1
Fy(t)dt:
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4 Application: More on Stochastic Dominance

By way of an application of the theory of Stieltjes integration, we revisit in this
section the theory of stochastic dominance, focusing this time on how to rank random
variables on the basis of their variability.

4.1 Second Order Stochastic Dominance

The following de�nition introduces a very important extension of the �rst-order sto-
chastic dominance order <FSD which is widely used in various branches of economics
and �nance.

De�nition. The second-order stochastic dominance, <SSD, is a binary relation
on the class of all random variables, which is de�ned as: x <SSD y if and only ifZ s

�1
px(�1; t]dt �

Z s

�1
py(�1; t]dt for every s 2 R

provided that the integrals exist. (When x <SSD y holds, we say that x second-order
stochastically dominates y.) We denote the asymmetric part of <SSD as �SSD.

It is plain that the second-order stochastic dominance is a preorder on the class
of all random variables, and we have

<FSD � <SSD :

Moreover, if x and y are two random variables such that x �FSD y; then Fy � Fx
and Fy(s�) > Fx(s�) for some real number s�: Since distribution functions are right-
continuous, then, there exists a real number s� > s� such that Fy(t) > Fx(t) for each
real number t in the interval (s�; s�): It follows thatZ s

�1
px(�1; t]dt <

Z s

�1
py(�1; t]dt

for every s in (s�; s�): Conclusion: <SSD is an extension of <FSD.
To see the idea behind second-order stochastic dominance, suppose x and y are

two random variables that model the nonnegative earnings that may arise from two
di¤erent investments (or gambles). If x and y are not ordered by<FSD; we do not have
an unambiguous way of ordering these investments at present. Being the prudent
investors that we are, we may then contemplate whether or not any one of these
projects promise their returns with less risk than the other. One way to see this
is to ignore what would happen if we got lucky, and rather con�ne attention to the
case of low earnings. So, suppose, as a thought experiment, we ignore the di¤erence
between x and y so long as they both yield s dollars. This means that, in e¤ect, we
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wish to compare the random variables xs := minfx; sg and ys := minfy; sg: Clearly,
if E(xs) > E(ys); we have good reason to prefer xs over ys; and conclude that x
corresponds to a better investment than y; provided that both investments yield less
than s dollars. But, of course, we cannot conclude on the basis of this fact that x is
less risky than y; for it may still be the case that E(xt) < E(yt) for some t 6= s: This
is the point of second-order stochastic dominance. If x <SSD y then, and only then,
we have E(xs) � E(ys) for every real number s:26 Put di¤erently, in this case, the
uncertain part of x that concerns low returns has higher expectation than that of y;
no matter what �low�means in this statement.

Example 4.1. Let x be a random variable that is uniformly distributed on [0; 1]; and a
a real number. Take any random variable xa such that pxafag = 1 (that is, xa equals
a with probability one). Then x �FSD xa (and hence x �SSD xa) if a nonpositive; and
xa �FSD x (and hence xa �SSD x) if a � 1: We cannot order x and xa by <FSD when
a lies in the interval (0; 1): However, it is easily checked that we have xa �SSD x if
a � 1

2
: We cannot order x and x� by <SSD when a lies in the interval (0; 12): �

Example 4.2. Take any positive integer m; and two [m]-valued random variables x
and y: Then, we have x <SSD y i¤

k�1X
i=1

px([i]) �
k�1X
i=1

py([i]) for every k 2 [m]nf1g:

(Please verify this!) �

Example 4.3. Over the class of exponential distributions the �rst and the second
order stochastic dominance orderings coincide. That is, if x� is an exponentially
distributed random variable with parameter � > 0; we have x� <FSD x� i¤x� <SSD x�
i¤ � � � > 0: Of course, this is due to the fact that the exponential family is
a single-parameter family of distribution functions. For instance, we have <FSD 6=
<SSD over the two-parameter class of normal distributions. It can be checked that
if x�;� is a normally distributed random variable with mean � and variance �2, then
x�;� �SSD x�;� holds for any real numbers � and � with � < �: This is the case for
most two-parameter family of probability distributions that arise in practice. That is,
if two such distributions have the same mean, the one with the lower variance second
order stochastically dominates the one with the higher variance. (Interpretation?) �

26For, by Proposition 3.1,

E(xs) =
Z 1

0

(1� Fxs(t))dt =
Z s

0

(1� Fx(t))dt = s�
Z s

0

Fx(t)dt:
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Exercise 4.1. Prove or disprove: For any two integrable random variables x and y
with E(x) > E(y) and x <SSD y; we have x <FSD y:
Exercise 4.2. Prove: For any integrable random variable x; we have y <SSD x; where
y is a random variable such that pyfE(x)g = 1: (Interpretation. The sure bet that
pays a is unambiguously less risky than any bet with expectation a:)

Exercise 4.3.H For any random variables x and y; prove that

x <SSD y i¤ E(maxfx; ag) � E(maxfy; ag) for every a 2 R:

(Interpretation?)

Exercise 4.4. (Karlin-Noviko¤) Let x and y be two nonnegative random variables
whose distribution functions are single-crossing in the following sense: There exists
a number t� > 0 such that Fx(t) � Fy(t) for all t � t� and Fx(t) � Fy(t) for all
t � t�: Show that if E(x) � E(y); then x <SSD y:

We now turn to the characterization of the second-order stochastic dominance
along the lines of the Fundamental Theorem of Stochastic Dominance 1.27 Mainly
for simplicity, we formulate this theorem here only in the case of nonnegative random
variables. The argument given below can be extended to cover the case of arbitrary
random variables as well, but we will not sort out the details of this extension in this
exposition.28

FIGURE D.5 ABOUT HERE

The Fundamental Theorem of Stochastic Dominance 2. Let x and y be two
nonnegative random variables. Then, x <SSD y if, and only if,

E(u � x) � E(u � y) for all u 2 U ; (27)

where U is the class of all increasing and concave real maps on R+.
Proof. For any nonnegative extended real number s; let us de�ne the map us 2 U by

us(t) := minft; sg:

(See Figure D.5.) When s is a real number, we may apply Lemma 1.1 to getZ 1

0

(1� Fz)dus =

Z s

0

(1� Fz)dus +
Z 1

s

(1� Fz)dus

=

Z s

0

(1� Fz(t))dt

= s�
Z s

0

Fz(t)dt:

27The geometric method of proof I adopt here is due to Joe (1987).
28Again, you should consult on texts that specialize on stochastic orders for a complete treatment.

See, for instance, Müller and Stoyan (2002) and Shaked and Shantikumar (2007).

39



(Right?29) It then follows from Proposition 3.1 that

E(us � z) = s�
Z s

0

Fz(t)dt for every s � 0 and z 2 fx; yg: (28)

Clearly, (27) implies E(us � x) � E(us � y) for all s � 0; so, by (28), we have
x <SSD y: Conversely, assume that x <SSD y: Then, obviously, we have E(x) � E(y):
Combining this with (28), we may conclude that

E(us � x) � E(us � y) for all s 2 R+: (29)

Now de�ne
C := fv 2 U \C(R+) : v(0) = 0g;

and let A stand for the subset of C that consists only of piecewise linear functions.30

Claim 1. Any given v 2 A can be written as a positive linear combination of �nitely
many functions of type us.

Proof. This is proved easily by induction (on the number of kink points of v). We
leave the details to you.31 k
Claim 2. For any v 2 C; there exists a (vm) 2 A1 with vm % v:

Proof. This is a fairly easy approximation theorem which we also leave as an
exercise. The idea is sketched in Figure D.6. k
By (29) and Claim 1, we have E(v � x) � E(v � y) for every v 2 A: But by Claim

2 and the Monotone Convergence Theorem 1, this implies that E(v � x) � E(v � y)
for all v 2 U \C(R+) with v(0) = 0:
Now take any u 2 U with u(0) = 0: (This map need not be continuous at 0:)

De�ne um 2 U \C(R+) by

um(t) :=

�
u( 1

m
)mt; if t � 1

m

u(t); otherwise
:

for each m = 1; 2; :::: (Draw a picture to see the idea of the approximation.) Then
um % u; so by using what we established above and the Monotone Convergence
Theorem 1.10, we �nd

E(u � x) = limE(um � x) � limE(um � y) = E(u � y):
29How do I know that vs;� is both Fx- and Fy-integrable? By the same token, why is E(u � x)

well-de�ned for any u 2 U?
30Idea of proof. I will �rst prove the claimed inequality for the set of all us type functions. As A

is none other than the cone generated by these functions, this will let me conclude that the claim
holds for all members of A: But A is dense in C, so this will in turn establish the claim for all C:
The rest is easy.
31Just to get you going, let me deal with the case of v that has only one kink point. Fix any

t0 > 0; and let v be de�ned as v(t) := �t if 0 � t � t0, and v(t) := �(t� t0) + �t0 otherwise; where
0 � � � �: We then have v = (� � �)ut0 + �u1:
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Conclusion: E(u � x) � E(u � y) for every u 2 U with u(0) = 0: But then for any
given continuous u 2 U ; applying this �nding to the map û := u� u(0) yields

E(u � x) = E(û � x) + u(0) � E(û � y) + u(0) = E(u � y);

and the proof is complete. �

FIGURE D.6 ABOUT HERE

The Fundamental Theorem of Stochastic Dominance 2 provides a novel interpre-
tation of <SSD. In decision theory, we model the preferences of an individual over
(nonnegative) monetary outcomes by means of a utility function u : R+ ! R: It
is natural to assume that this function is increasing. Moreover, if we wish to posit
that the individual is risk-averse, then we assume that u is concave, because, by
Jensen�s Inequality, for any concave u and nonnegative integrable random variable x,
we have u(E(x)) � E(u(x)): That is, a risk-averse individual always prefers the bet
that surely yields E(x) (hence takes the risk out of the picture) to the bet x (which
also promises E(x) dollars in expectation but with risk). Consequently, if x and y
model two gambling situations, then, by the Fundamental Theorem of Stochastic
Dominance 2, x <SSD y means that any risk-averse and money-loving individual who
wishes to maximize her expected utility would prefer the �rst gamble to the latter.

Exercise 4.5. Let x and y be two nonnegative random variables. Show that x <FSD y
implies E(x�) � E(y�) for every � � 0; while x <SSD y implies E(x�) � E(y�) for
every � 2 [0; 1]: Also show that the converses of these two statements are false.
Exercise 4.6. For any nonnegative random variables x and y; show that x <SSD y
implies f(x) <SSD f(y) for any increasing and concave f : R+ ! R:

Exercise 4.7.H Let x be a [0; 1]-valued random variable. Let xa be a random variable
on some probability space (X;�;p) such that pxafag = 1: Compute inffa 2 R :
xa �SSD xg and supfa 2 R : x �SSD xag:
Exercise 4.8. Let x and y be two nonnegative random variables. Show that x <SSD y
i¤ E(' � x) � E(' � y) for every increasing and convex real map ' on R+:

The next proposition shows that an important extension of the Fundamental
Theorem of Stochastic Dominance 2 holds when the random variables in question
have the same mean.

Proposition 4.1. For any nonnegative integrable random variables x and y with
E(x) = E(y); we have x <SSD y if, and only if,

E(u � x) � E(u � y) for all u 2 U ;
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where U is the class of all concave real maps on R+.

This result is quite illuminating in that it shows that <SSD ranks two integrable
random variables with the same expected value solely on the basis of their dispersion.
The more concentrated a distribution is, the higher its order with respect to <SSD :
Put di¤erently, in ranking two nonnegative integrable random variables x and y; <SSD
takes into account both the extent of returns promised by these random variables and
their risk. If, however, E(x) = E(y); then the extent of promised returns are the same
by these random variables, so <SSD ranks them only with respect to their �riskiness.�

Proof of Proposition 4.1. The �if�part of the proposition is immediate from the
Fundamental Theorem of Stochastic Dominance 2. To go the other direction, we wish
to establish �rst a special case of the �only if�part of our assertion.

Claim. If v 2 U is such that
��v0+�� � � for some real number � � 0; then E(v � x) �

E(v � y):32

Proof. De�ne the real map g on R+ by g(t) := v(t) + �t; and note that g is
increasing (because g0+ � 0) and concave. So, by the Fundamental Theorem of
Stochastic Dominance 2,

E(v � x) + �E(x) = E(g � x) � E(g � y) = E(v � y) + �E(y):

The claim follows from the hypothesis that E(x) = E(y) <1: k
Now take an arbitrary u 2 U ; and de�ne the sequence (um) 2 U1 by

um(t) :=

�
u(t); if t � m
u(m) + u0+(m)(t�m); otherwise

for each m:33 Note that the right-derivative of each um is bounded by the maximum
of the numbers

��u0+(0)�� and ��u0+(m)�� ; so the claim above yields E(um �x) � E(um �y)
for each m: But um & u; so applying the Monotone Convergence Theorem 2 yields
E(u � x) = limE(um � x) � limE(um � y) = E(u � y): (Yes?) �

Exercise 4.9. Prove: For any two nonnegative integrable random variables x and y
with E(x) = E(y); we have V(x) � V(y) whenever x <SSD y. Is the converse true?
Exercise 4.10. Let x and y be two nonnegative integrable random variables such that
E(x) = E(y): Prove that E(u � x) � E(u � y) for every convex real map u on R+ i¤Z 1

s
(1� Fx(t))dt �

Z 1

s
(1� Fy(t))dt for every s � 0:

32Being concave, v is right-di¤erentiable (Proposition A.4.3).
33Draw a picture to see clearly the idea behind the approximation I�m after.

42



4.2 Second Order Stochastic Monotonicity

The �nal question that we wish to deal with in this section is this: What sort of func-
tionals (de�ned on 4(R+)) are increasing with respect to the second order stochastic
dominance?
The following elementary, but frequently useful, result gives a partial answer to

this question in the case of certain a¢ ne functionals that have the expected utility
form. In the statement of this result, �a stands for the probability measure in 4(R+)
that puts unit mass on the outcome a: That is, for any a � 0;

�a(S) :=

�
1; a 2 S
0; otherwise

for any Borel subset S of R+: Moreover, for any p 2 4(R+); we denote by �p the
mean of p; that is, �p := Ep(id[0;1)):
In what follows, we write p <SSD q to mean that id[0;1) viewed as a random

variable on (R+;B(R+);p) second-order stochastically dominates id[0;1) viewed as a
random variable on (R+;B(R+);q). Given the Fundamental Theorem of Stochastic
Dominance 2, this is the same thing as saying thatZ

R+
udp �

Z
R+
udq

for every increasing and concave u 2 C(R+):
Here is the result we wish to concentrate on.

Proposition 4.2. Let u 2 C(R+) and de�ne the function V : 4(R+)! R by

V (p) :=

Z
R+
udp:

If u is such that V (��p) � V (p) holds for all p 2 4(R+); then V (p) � V (q) holds
whenever p <SSD q and �p = �q:

The main hypothesis of this proposition entails that

u

�Z
R+
id[0;1)dp

�
�
Z
R+
udp for every p 2 4(R+);

that is, Jensen�s Inequality applies to u for every p 2 4(R+): It is not di¢ cult to
show that this observation implies the concavity of u (Exercise C.5.6). Once this
is established, the main claim emerges as a fairly straightforward consequence of
Proposition 4.1.
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Exercise 4.11. Prove Proposition 4.2.

Exercise 4.12. Give an example of V : 4(R+) ! R such that V (��p) � V (p) for
every p 2 4(R+); but p <SSD q and �p = �q do not imply V (p) � V (q):

While in its formulation one cannot completely dismiss the requirement that V is
an expected utility function, there is still a pretty strong generalization of Proposition
4.2. The following exercise, which is due to Chew and Mao (1995), develops a part
of this generalization.

Exercise 4.13. (Chew-Mao) It is possible to �nd a metric d on 4(R+) such that a
sequence (pm) in 4(R+) converges to p with respect to d i¤ Epm(u) ! Ep(u) for
every u 2 CB(R+):34 Take any real map V on 4(R+), and assume the following:
(?) V is continuous with respect to d;
(?) V is stochastically increasing, that is, p �FSD q implies V (p) > V (q); and
(?) For all p;q 2 4(R+) and 0 � � � 1;

V (�p+ (1� �)��q) � V (�p+ (1� �)q):

Prove: If p <SSD q and �p = �q, then V (p) � V (q):

5 Economic Applications

It is di¢ cult to get a good sense of the importance of stochastic dominance theory
without seeing it in action. In this section, therefore, we shall consider two major
economic problems for which stochastic dominance methods provide satisfactory so-
lutions. The �rst application considers a generalization of a major result in portfolio
choice theory, and the second one provides a brief introduction to the theory of income
inequality measurement.35

5.1 The Portfolio Diversi�cation Theorem

In the standard formulation of the theory of portfolio choice, an asset is de�ned as
a random variable x on the probability space ((0; 1);B(0; 1); `):36 For simplicity we
con�ne our attention here to nonnegative random variables, and denote the set of all
such assets by X+:We posit that the preferences of an agent on X+ is represented by
a utility function U : X+ ! R, that is, the agent prefers an asset x to another asset
y i¤ U(x) � U(y):
34I will introduce several such metrics in the next chapter. For now just take my word for it.
35Stochastic dominance theory has many other important applications elsewhere. See, for instance,

Fishburn and Vickson (1978), Ross (1996), and Muller and Stoyan (2002) for several interesting
�nancial and statistical applications of this theory.
36This formulation allows the distribution of an asset to be any Borel probability measure on R:

(Remark B.5.4.)
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We say that this individual exhibits preference for diversi�cation if, for any
assets x and y in X+;

U(x) = U(y) implies U(�x+ (1� �)y) � U(x)

for every real number � in [0; 1]: That is, such an individual prefers a diversi�ed asset
like �x+(1��)y to either x or y; provided that (s)he is indi¤erent between x and y:
Since all the information about an asset is contained in its distribution, it is

commonly postulated that there exists a function V : 4(R+)! R such that

U(x) = V (px) for all x 2 X+: (30)

Moreover, we model individuals as �money-loving,�so it is in the nature of things to
assume V (�b) > V (�a) whenever 0 � a < b � 1: More generally, we consider the case
in which V is stochastically increasing, that is, we posit that V (p) > V (q) whenever
p �FSD q. As a regularity condition, we shall also posit that V is continuous in the
sense of Exercise 4.13.
Now suppose we wish to model our agent as disliking risk. Given our work in

the previous section, a reasonable way of introducing this idea to the model is to
postulate that V (p) � V (q) for all p;q 2 4(R+) such that �p = �q and p <SSD q:
More generally, we will say here that V exhibits risk aversion if

V (�p+ (1� �)��q) � V (�p+ (1� �)q)

for every p;q 2 4(R+) and 0 � � � 1: The interpretation is straightforward.
It turns out that there is a tight connection between preferences that exhibit risk

aversion and preference for diversi�cation. In particular, provided that the individual
in question is an expected utility maximizer, these two notions are equivalent.

Exercise 5.1. (The Portfolio Diversi�cation Theorem) De�ne V : 4(R+)! R by

V (p) := Ep(u)

for some u 2 C(R+); and consider an individual whose preferences over X+ is
represented by a function U : X+ ! R that satis�es (30). Prove that V exhibits
risk aversion i¤ this individual exhibits preference for diversi�cation.

This is one of the celebrated results of the theory of demand for risky assets. The
following proposition shows that the more interesting direction of this equivalence
can actually be generalized quite substantially.

Proposition 5.1. (Dekel) Consider an individual whose preferences over X+ is repre-
sented by a function U : X+ ! R that satis�es (30) for some stochastically increasing,
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continuous and quasiconcave real map V on4(R+). If V exhibits risk aversion, then
this individual exhibits preference for diversi�cation.

Proof. Take any two assets x and y in X+, �x any real number � in [0; 1]; and consider
any increasing and concave real map u on R+. Evidently, Ep�x+(1��)y(u) is a �nite.
(Why?) Therefore, by the Change of Variable Formula (applied three times) and
concavity of u;

Ep�x+(1��)y(u) =

Z
(0;1)

u(�x+ (1� �)y)d`

� �

Z
(0;1)

u(x)d`+ (1� �)
Z
(0;1)

u(y)d`

= �Epx(u) + (1� �)Epy(u)
= E�px+(1��)py(u):

Then, by the Fundamental Theorem of Stochastic Dominance 2, we may conclude
that p�x+(1��)y <SSD �px + (1 � �)py: Moreover, by using the Change of Variable
Formula again, it is readily checked that the means of p�x+(1��)y and �px+(1��)py
are the same. Since V exhibits risk aversion, it follows from Exercise 4.13 that

V (p�x+(1��)y) � V (�px + (1� �)py):

But by quasiconcavity of V; we have V (�px+ (1� �)py) � minfV (px); V (py)g; so if
V (px) = V (py); we get

U(�x+ (1� �)y) = V (p�x+(1��)y)

� V (�px + (1� �)py)
� V (px)

= U(x)

as we sought. �

Exercise 5.2. (Dekel) Show that the requirement of quasiconcavity cannot be omitted
in the statement of Proposition 5.1.

It turns out that the converse of Proposition 5.1 also holds (even if V is not
quasiconcave), but the demonstration of this requires some tools that we did not
introduce yet. For a thorough analysis of the issue, we refer the reader to Dekel
(1989).
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5.2 Measurement of Income Inequality

Let n be a positive integer; and consider a society with a population of n individuals.
An income distribution y in this society is de�ned as any element of Rn+: Naturally,
we interpret the ith component yi of y as the income level of person i in the associated
income distribution.
We can interpret a given income distribution y as a random variable ŷ on some

probability space (X;�;p) such that pfŷ = ag = 1
n
jfi 2 N : yi = agj : The mean

income level in the income distribution y then corresponds to the expectation of ŷ,
that is, E(ŷ) = 1

n

Pn yi:
Since Proposition 4.2 gives us a nice way of ordering two nonnegative random

variables on the basis of their �dispersion,�this formulation leads to a natural equality
ordering on Rn+: This ordering, denoted as <L, is called the Lorenz ordering in the
literature on income inequality measurement. Formally, it is de�ned as

y <L x i¤ ŷ <SSD x̂ and E(ŷ) = E(x̂): (31)

Evidently, <L is a partial order on Rn+:37 (We denote its asymmetric part as �L.) It
is also easy to see that y <L x holds i¤X

i2[k]

y(i) �
X
i2[k]

x(i) for each k 2 [n� 1] and
X
i2[n]

yi =
X
i2[n]

xi; (32)

where, for any z 2 Rn+; we denote by (z(1); :::; z(n)) a rearrangement of the n-vector
(z1; :::; zn) such that z(1) � � � � � z(n):
The characterization of <L through (32) makes this partial order easy to apply.

For instance, it allows us readily verify that

(4; 4; 4; 4) �L (2; 6; 2; 6) �L (7; 3; 5; 1) �L (1; 1; 1; 13) �L (0; 0; 16; 0):

Moreover, for any income distribution y, we have0@ 1
n

X
i2[n]

yi; :::;
1

n

X
i2[n]

yi

1A <L y <L

0@0; :::; 0;X
i2[n]

yi

1A ; (33)

which is rather intuitive. But, of course, <L is incomplete (unless n is either 1 or 2).
For instance, (1; 2; 5) and (0; 4; 4) cannot be ranked according to <L.
We interpret y �L x as saying that y is a �more equally distributed� income

distribution than x is. (So <L is an equality ordering, not an inequality ordering.)
The intuition is that, relative to x; a larger share of the total wealth is allocated in y

37For the moment the Lorenz ordering is able to compare the income distributions only when
these distributions have the same population size. So, in fact, <L is parametric over n; I should
really denote it as <L;n : Since I want to avoid cumbersome notation, I don�t do so here. At any
rate, I will deal with this di¢ culty in Remark 5.1.
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to the poorer fraction of the population (and this, regardless of how one de�nes the
�poorer�fraction).
There are, however, other intuitive ways of comparing income distributions on the

basis of equality of incomes. For instance, consider any income distribution x 2 Rn+
and take any y 2 Rn+ with

yk = xk + "; yl = xl � "; yi = xi for all i 6= k; l

for some integers k 6= l with xk < xl and some 0 � " � 1
2
(xl � xk): We say that y

is obtained from x by means of a Dalton (or equalizing) transfer, and write y !D

x: Clearly, y !D x means that either y is equal to x or it can be obtained from
x by transferring a certain amount of money from a richer individual to a poorer
individual such that the relative positions of these individuals remain unchanged in
the distribution. Most people would agree that such a transfer results in incomes
being more equally distributed. (Of course, the Lorenz ordering agrees with this: y
!D x (with " > 0) implies y �L x:) It is then natural to apply the idea iteratively,
and declare y as more equal than x whenever y can be obtained from x by means
of �nitely many equalizing transfers.38 This leads us to the partial order <D on Rn+;
the so-called Dalton ordering, which is de�ned as y <D x i¤ there exist a positive
integer m and vectors x0; :::; xm 2 Rn+ such that y = xm !D � � � !D x

0 = x: Given
the intuition behind !D; this relation appears to be a natural equality ordering.
Finally, let us approach to the problem of inequality measurement from a welfaris-

tic point of view. Suppose that we wish to evaluate the well-being of each individual
by using a (social) utility function u : R+ ! R; and then (assuming that welfare
levels of the individuals are cardinally comparable) evaluate the aggregate welfare in
the society by summing up the individual utility levels:

y 7! u(y1) + � � �+ u(yn):

Which properties should u satisfy? Since we are interested in measuring income
inequality �and inequality is �bad��there is reason to ask for concavity. Indeed, it
is easy to see that if y !D x, then

u(y1) + � � �+ u(yn) � u(x1) + � � �+ u(xn)

i¤ u(xk + ") � u(xk) � u(xl) � u(xl � ") for some k 6= l with xk < xl and 0 �
" � 1

2
(xl � xk): Moreover, this inequality holds for all such xk; xl and " i¤ u is

concave (Lemma A.4.3). On the other hand, it is not immediately clear what other
properties to posit on u:39 Why don�t we then use all concave u : R+ ! R to rank
38The idea goes back to Dalton (1920, p. 351) who noted that �...in comparing two distributions,

in which both the total income and the number of income receivers are the same, we may see that
one might be able to be evolved from the other by means of a series of transfers of this kind. In
such a case we could say with certainty that the inequality of one was less than that of the other.�
39One might argue that I should add monotonicity here as well, but, as you will see in Exercise

5.3, this is inconsequential.
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income distributions, and thus de�ne the ordering <U on Rn+, which may be called
the unanimity ordering, as

y <U x i¤
X
i2[n]

u(yi) �
X
i2[n]

u(xi) for every concave u : R+ ! R:

This discussion leaves us with three di¤erent orderings each of which commands
good intuitive support. The question is: Which one should we use in practice? This
is an important question because ranking income distributions of countries (or of the
same country at di¤erent times) is an inherently practical problem. Fortunately, a
celebrated result of welfare economics shows that there is no con�ict between these
three intuitions.

The Fundamental Theorem of Inequality Measurement.40

<L = <D = <U :

Proof. By (31) and Proposition 4.2, it is immediate that <L = <U : Moreover, y
!D x obviously implies y <L x; and hence, by transitivity, we have y <L x whenever
y <D x: So, we only need to prove that y <L x implies that y can be obtained from x
by �nitely many Dalton transfers.41 If y = x; there is nothing to prove, so say y 6= x;
and without loss of generality, assume that y1 � � � � � yn and x1 � � � � � xn: Let

k := minfi : yi > xig and l := minfi : yi < xig:

We have k; l 2 [n] because
P

i2[n] yi =
P

i2[n] xi. (Notice that yi = xi for i =
k + 1; :::; l � 1 if l > k + 1:) Thanks to (32), we have l > k; and hence

xl > yl > yk > xk:

De�ne " := minfyk � xk; xl � ylg and observe that 1
2
(xl � xk) > " > 0: Now de�ne

x1 2 Rn+ as

x1k := xk + "; x1l := xl � "; x1i := xi for each i 6= k; l:

It is easily checked that y <L x1 �L x: Moreover, either x1k = yk or x1l = yl: In other
words, x1 is obtained from x by a Dalton transfer such that a certain component of
x1; say the jth one, is equal to yj (while xj 6= yj). Applying the same reasoning to
y <L x1 and proceeding inductively, we �nd x1; :::; xm 2 Rn+ (where m � n) such that
y = xm !D � � � !D x

1 !D x: �

40Even a more general version of this theorem was proved originally by Hardy, Littlewood and
Polya (1928). In the mathematics literature, it is thus often referred to as the Hardy-Littlewood-
Polya Majorization Theorem. It was brought to the attention of welfare economists in the 70s by
the papers of Dasgupta, Sen and Starrett (1973) and Fields and Fei (1978).
41Example. (3; 4; 5) �L (1; 5; 6); and (3; 4; 5)!D (2; 4; 6)!D (1; 5; 6):
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Exercise 5.3. (Tomíc) A function W : Rn+ ! R is said to be Schur-concave if y <L x implies
W (y) � W (x): Prove that the following statements are equivalent: For any nonnegative n-
vectors x and y;
(a) y <L x;
(b) W (y) �W (x) for all Schur-concave W : Rn+ ! R; and
(c)

P
i2[n] yi =

P
i2[n] xi and

P
i2[n] u(yi) �

P
i2[n] u(xi) for all increasing and concave

u : R+ ! R:

Exercise 5.4. Prove: If x1; :::; xk and y1; :::; yk are nonnegative n-vectors such that yi Lorenz
dominates xi for each i 2 [k]; then the kn-vector (y1; :::; yk) Lorenz dominates (x1; :::; xk):

Exercise 5.5. (Marshall-Olkin-Proschan) For any x; y 2 Rn++ with
P

i2[n] xi =
P

i2[n] yi, show
that x(1)

y(1)
� � � � �

x(n)

y(n)
implies y <L x:

Remark 5.1. The Lorenz ordering <L can be extended to rank income distributions
with di¤erent means and population sizes. To deal with di¤erent means, one often
postulates that an equality ordering should declare that the distributions y and �y
are equally unequal for all � > 0: After all, a method that does not respect this
property �called the scale invariance axiom �would maintain that the inequality
content of a given income distribution is contingent upon the chosen unit of account
(say dollars vs. euros). Adoption of this property amounts to extending <L as

y <L x i¤
�

1Pn yi

�
y <L

�
1Pn yi

�
x;

thereby forcing <L to focus on the dispersion only in terms of relative incomes.
Finally, we may extend <L to the entire (R+ [ R2+ [ � � �)2 by positing what is

called the Dalton population principle: Any income distribution y 2 Rn+ and any
k-replication [y]k := (y; :::; y) 2 Rkn+ ; k = 1; 2; :::; are equally unequal. Adopting this
principle amounts to extending <L further as

y <L x i¤

 
1

m
P

i2[n] yi

!
[y]m <L

 
1

n
P

i2[m] xi

!
[x]n

for all y 2 Rn+ and x 2 Rm+ : It is this form of the Lorenz ordering that is commonly
used in empirical applications.42 �

Consider the income distributions (1; 1; 1) and (2; 2; 2): According to the (extended
version) of <L; these distributions are equally unequal. But, obviously, we wish
to declare the latter distribution as being �better� than the former one. On the
other hand, there is no obvious way of ranking (2; 2; 2) and (1; 2; 3) on the basis of

42To get a more comprehensive view of the theory of inequality measurement, see Foster (1985)
and Sen (1997).
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individualistic comparisons, while one would like to say that the former is a �better�
distribution because we usually think of equality as contributing positively to the
social welfare (perhaps because it may be negatively correlated with social tensions).
It is then natural to ask if it is possible to develop a welfare ranking method by using
these two methods of evaluation jointly. The answer is outlined in the next exercise.

Exercise 5.6. The generalized Lorenz ordering <GL on Rn+ is de�ned as

y <GL x i¤
X
i2[k]

y(i) �
X
i2[k]

x(i); k 2 [n]:

Prove that the following statements are equivalent: For any x; y 2 Rn+;
(a) y <GL x;
(b) there exists a z 2 Rn+ such that y � z <L x;
(c) there exists a z 2 Rn+ such that y <L z � x;
(d)

P
i2[n] u(yi) �

P
i2[n] u(xi) for all increasing and concave u : R+ ! R; and

(e) W (y) �W (x) for all increasing and Schur-concave W : Rn+ ! R:43

This discussion would be incomplete if we did not say a few words about how
the equality/welfare measurement theory outlined above can be adapted to a context
in which one models an income distribution as a distribution function F 2 F+[0; 1];
where

F+[0; 1] := fF 2 F+ : F (0) = 0; F (1) = 1 and �F > 0g;
where

�F :=

Z 1

0

tdF (t)

is the total income in the society. (Note. Since incomes are distributed on [0; 1]
�put di¤erently, we concentrate on the relative incomes � in this model �F also
corresponds to the per-capita income.) This sort of a speci�cation is, for instance,
frequently adopted in macroeconomic models of income distribution.
For any such F; we de�ne the function F�1 : [0; 1]! R+ as

F�1(t) := inffs � 0 : F (s) � tg; 0 � t � 1;

which is none other than the pseudo-inverse of F (Remark B.5.4). Intuitively, we
may think of F�1(t) as the income level of the person who belongs to the poorest
100t percentile in the income distribution. (If F was strictly increasing on [0; 1], this
would be a precise statement.) We next de�ne

LF (r) :=
1

�F

Z r

0

F�1(t)dt; 0 � r � 1;

43It is worth reempasizing that the generalized Lorenz ordering is a welfare ordering, not an
equality ordering. For instance, (1; 10) is obviously more unequal than (1; 1); but we have (1; 10) �GL
(1; 1):
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which (again roughly) corresponds to the cumulative share of income held by the
poorest 100r percent of the population. The graph of the map r 7! LF (r) is called
the Lorenz curve of the distribution F .
It is easy to see that LF (r) � r for any 0 � r � 1; whereas LF (0) = 0 and

LF (1) = 1: The Lorenz curve of the perfectly equal distribution is none other than
the 450-line in [0; 1]2: Indeed, if F := 1[�F ;1) �everyone makes the same income �
then F�1(t) = �F for all 0 < t � 1; and hence LF (r) = r for each r: On the other
hand, if the incomes are uniformly distributed, that is, F = id[0;1]; then F�1(t) = t
for all 0 � t � 1; and hence LF (r) = r2 for each r:44
Given the interpretation behind LF ; it appears like a good idea to declare an

income distribution F 2 F+[0; 1] more equal than another G 2 F+[0; 1] (with �F =
�G) whenever the Lorenz curve of F is everywhere higher than G: Indeed, this is a
standard procedure in economics. Moreover, this sort of a ranking reduces precisely
to the Lorenz ordering in the case of discrete income distributions. Indeed, one can
easily verify that, for any x; y 2 Rn+; y <L x i¤LFy � LFx : (Here we have in mind the
extension of the Lorenz ordering de�ned in the �rst part of Remark 5.1.) The �nal
exercise of this section shows that more is true.

Exercise 5.7. Prove: F <SSD G i¤ LF � LG for any F;G 2 F+[0; 1] with �F = �G:

We conclude this section by noting that Le Breton (1999) is a very nice reference
that provides a more detailed account of the connections between the theories of
stochastic dominance and income inequality measurement.

44Quiz. Is there a lowest Lorenz curve? More precisely, is there an F 2 F+[0; 1] such thatR 1
0
LF (r)dr = 0?
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