
An Interlude
The Axiom of Choice

In the next chapter we introduce a principal tool for dealing with in�nite preordered
sets. In its set-theoretic guise, this is the Axiom of Choice, or in its order-theoretic
cloak, Zorn�s Lemma. In this Interlude, we thus provide an intuitive discussion of the
Axiom of Choice for readers who may not be familiar with this aspect of set theory,
including a few of truly surprising, if not paradoxical, consequences of this axiom.

1 The Axiom of Choice

1.1 An Intuitive Discussion

Consider the following seemingly innocent question: Given a collection A of nonempty
sets, is it possible to select an element from each member of A? Put di¤erently, can we
de�ne a function on A that assigns to each set in A an element from that set?
If A is a �nite collection, then the answer would obviously be yes, because we can

construct such a function by identifying an element from each set in A one at a time.
Intuitively, when A is �nite, we can write an algorithm (in �nite time), and through this
algorithm a computer can tell us the image of any element of A under our function.

Note. Within axiomatic set theory, once the natural numbers are constructed, the fact that
there is a solution to our problem with jAj <1 is a �theorem.�Indeed, we can prove this by a
simple induction argument. If jAj = 1; there is nothing to prove. Then, take any positive integer
k; and suppose our assertion holds whenever jAj = k: Now take any collection A of nonempty
sets with jAj = k+ 1: Pick any S in A; �x some x 2 S; and use the induction hypothesis to �nd
a map g from AnfSg into

S
A with g(A) 2 A for each A in AnfSg: Now de�ne f : A !

S
A

by setting f(S) := x and f(A) := g(A) for each A in AnfSg: Clearly, f is a function on A that
assigns to each set in A an element from that set.

Sometimes we can solve our selection problem even for in�nite A. For instance,
suppose A is a collection of nonempty sets of positive integers. Then our problem is
easily solved, for we can then de�ne f : A !

S
A by setting

f(A) := the smallest element of A:
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This map is well-de�ned, because for any A in A; we are given an exact recipe for
determining the value of f(A): Furthermore, f achieves exactly what we seek, that is, it
selects an element from each member of A. Similarly, if each A was a bounded interval
in R, we could de�ne f : A !

S
A by setting

f(A) := the midpoint of A;

without running into complications.
However, when all we knew were that each A in A consists of real numbers, or worse,

if we were not told anything about the contents of A, it would be impossible to write
down a formula, or an algorithm, the application of which yields a function that chooses
an element of each member of A, and this, even if A were countably in�nite.
Let us illustrate the problem by means of a concrete example. Take any in�nite set

S; and ask yourself if one can de�ne an injection g from N into S: It is tempting to say
that one can do this �by recursion.�Let g(1) be any member a1 of S: Then let g(2) be
any member of Snfa1g; g(3) any member Snfa1; a2g; and so on. Since SnT 6= ; for any
�nite T � S; it seems like this well-de�nes g; �recursively,�as an injection from N into
S: But if this were the case, on the basis of the knowledge of g(1); :::; g(39); we would
know the precise value of g at 40. The �de�nition�of g does not do that �it just points
to some arbitrary member of A40; without telling us how that element is determined on
the basis of the values g(1); :::; g(39) �so it is not a proper recursive de�nition. Put
another way, there is no way we can feed the above �de�nition�of g into a computer (in
�nite time) so that the computer can tell us the image of any element of A under g:
As a matter of fact, it turns out that the problem of ��nding a function f : A !

S
A

for any given collection A of sets�cannot be settled in one way or another within the
basic framework of set theory. Amazingly, whether or not the following statement is
true is, in fact, undecidable in a formal sense.

The Axiom of Choice. For any nonempty collection A of nonempty sets, there exists a
function f : A !

S
A such that f(A) 2 A for each A 2 A:

Note. IfA is a nonempty collection of nonempty sets, then the collection of all maps f : A !
S
A

with f(A) 2 A for each A 2 A; is called the cartesian product of the members of A: (It is
plain that this de�nition is consistent with the usual de�nition of the cartesian product of �nitely
many sets.) We may thus restate the Axiom of Choice by saying that �the cartesian product of
any nonempty collection of nonempty sets is nonempty.�

Let us now return to the example above and see how the Axiom of Choice is used to
settle the matter at hand �this example illustrates the typical way in which this axiom
is used (often implicitly) in practice.

Example 1.1.1. Let S be a set with jSj =1:We wish to prove that there is an injection
g from N into S: To this end, let A stand for the collection of all nonempty subsets of S;
and use the Axiom of Choice to �nd a map f : A ! S with f(A) 2 A for each A 2 A:
Now we de�ne g; recursively, as follows:

g(1) := f(S) and g(m+ 1) := f(Snfg(1); :::; g(m)g)
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for every positive integer m: Obviously, for any two positive integers m and n with
m > n; we have

g(m) 2 Snfg(1); :::; g(m� 1)g � Snfg(n)g;
and hence, g is an injection from N into S:

The Axiom of Choice was introduced by Ernst Zermelo in 1904. Subsequently, in
1939, Kurt Gödel has proved that if the standard axioms of set theory �those contained
in the so-called Zermelo-Fraenkel system (without choice) �are consistent (in the sense
that no contradiction may be logically deduced from them), adjoining the Axiom of
Choice to them yields again a consistent set of axioms. This raised the possibility that
perhaps the Axiom of Choice can be deduced as a �theorem�from the standard axioms.
However, Paul Cohen has proved famously in 1963 that the Axiom of Choice is not
provable within the Zermelo-Fraenkel system (without choice).
This puts one at a crossroads. We must either reject the validity of the Axiom of

Choice and con�ne ourselves to the conclusions that can be reached only on the basis
of the standard axioms of set theory, or alternatively, adjoin the Axiom of Choice to
the standard axioms to obtain a richer set theory that is able to yield certain results
that could not have been proved within the con�nes of the standard axioms. Most
mathematicians (and pretty much all practitioners in applied mathematical �elds, such
as decision theory, statistics, physics, etc.) follow the second route. Yet, within pure
mathematics at large, the status of the Axiom of Choice is mostly regarded less appealing
than the standard axioms of set theory, so it is sometimes made explicit if this axiom
is a prerequisite for a particular theorem to be proved. (We will follow this practice
throughout this chapter for the most part. Starting from the next chapter, however, we
will be more relaxed about this matter, and use the Axiom of Choice rather freely.)
It is worth noting that in many applications in which one needs to deal with the

cartesian product of in�nitely many sets, and using a form of the Axiom of Choice is
inevitable, one may be able to get away with a substantially weaker form of this axiom.
In particular, we often need to select only from a countable collection of sets. That is,
all we need might be:

The Axiom of Countable Choice. For any nonempty countable collection A of non-
empty sets, there exists a function f : A !

S
A such that f(A) 2 A for each A 2 A:

This axiom cannot be deduced from the standard axioms of set theory either. How-
ever, it is signi�cantly weaker than the classical Axiom of Choice, and at least on intuitive
grounds, it seems more readily acceptable. In fact, elementary mathematical analysis is
full of results that are based on this axiom, even though this is rarely made explicit in
textbook expositions. Here is an example of the (implicit) use of this axiom in practice.

Example 1.1.2. A standard result in metric space theory is that a set S in a metric space
(X; d) is closed i¤every sequence in S that converges inX converges to a point in S. The
proof of the �only if�part of this fact is straightforward: If S is a closed subset of X; and
(xm) is a sequence in S1 with xm ! x for some x 2 X; then x 2 XnS implies that XnS
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contains an "-neighborhood of x (because XnS is open). But since d(xm; x)! 0; there
must exist a large enough positive integerM such that xM belongs to that neighborhood,
contradicting that xm 2 S for each m:
The converse argument is based on the Axiom of Countable Choice (but this is often

not mentioned in texts on real analysis). Suppose S is not closed in X. Then XnS is not
open, so we can �nd an x 2 XnS such that every "-neighborhood around x intersects S:
Thus, applying the Axiom of Countable Choice to the collection A of all sets that can be
written as the intersection of S with an 1

m
-neighborhood around x; we may conclude that

there is an xm in S with d(x; xm) < 1
m
for every positive integer m: But then (xm) 2 S1

and xm ! x; and yet x does not belong to S: Thus if S were not closed, there would
exist at least one sequence in S that converges to a point outside S:

Note. Among other widely used consequences of the Axiom of Countable Choice is the fact that
the union of countably many countable sets is countable. (The countability of N� N, and hence
that of Q; does not require this axiom, however.) Similarly, the fact that R is uncountable can
be proved by using the Axiom of Countable Choice. Furthermore, using this axiom (and not the
full power of the Axiom of Choice), one can show that every sequentially continuous real map
on a metric space is continuous, and that every topological space with a countable basis has a
countable dense subset (Proposition 1.2.2 of Appendix). As a matter of fact, it is known that
any one of the latter two facts are equivalent to the Axiom of Countable Choice.

Exercises
1.1.1. Let X and Y be two nonempty sets and � : X � Y a correspondence. Prove that there is a
selection from �; that is, there is a map f : X ! Y with f(x) 2 �(x) for every x in X:
1.1.2. Let (X;<) be a loset and A the collection of all nonempty �nite subsets of X:Without using the
Axiom of Choice, prove that there exists a function f : A !

S
A such that f(A) 2 A for each A 2 A:

1.1.3. Here is a standard proof of the fact that the union of a nonempty countable collection S of
countable sets is countable. �As S is countable, we can enumerate it as fS1; S2; :::g: As, for each m,
Sm is countable, we can enumerate it as fsm;1; sm;2; :::g: Now de�ne the map f from

S
S into N�N by

f(sm;k) := (m; k): As f is injective and N � N countable, this proves that
S
S is countable.� Implicit

here is the use of the Axiom of Countable Choice. Find exactly where we use it.

1.1.4. Let X be a nonempty set and f a self-map on X: Use the Axiom of Choice to prove that
f � g � f = f for some self-map g on X:
1.1.5. Let X and Y be two nonempty sets and f : X ! Y a function. Use the Axiom of Choice to
prove that f is a surjection i¤ there is an injection g : Y ! X such that f � g = idY :
1.1.6. (Axiom of Dependent Choice) The Axiom of Dependent Choice says this: For every non-
empty set X and a self-correspondence � on X, there is a sequence (xm) in X with xm+1 2 �(xm) for
each positive integer m: Prove:

Axiom of Choice =) Axiom of Dependent Choice =) Axiom of Countable Choice

(All implications here are strict.)

2 Digression: Some Paradoxical Consequences of the
Axiom of Choice

As �reasonable�as the Axiom of Choice may appear at �rst, it has some truly �unrea-
sonable�consequences. No discussion of this axiom would be complete without at least
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a passing tribute to such paradoxical results, so we outline below three of them. Not
digress too afar from order theory, however, we provide the details only for the simplest
(and the least puzzling) one of these.

2.1 The Vitali Paradox

In 1905 Guiseppe Vitali has shocked the world of mathematics by countably partitioning
a closed and bounded interval in such a way that merely translating each of the elements
of this partition we may obtain a collection of sets whose union is the entire real line.
As we shall see, the Axiom of Choice is key to understanding this surprising result, a
precise statement of which can be stated as follows:

The Vitali Paradox. For any closed and bounded interval I, there is a countable
partition S of I and a map a : S ! R such that

S
fS + a(S) : S 2 Sg = R:

For concreteness, we work with the interval [0; 2]: Consider the binary relation � on
[0; 1] de�ned as x � y i¤ x�y 2 Q: It is easily veri�ed that � is an equivalence relation,
so the quotient set [0; 1]=� is a partition of [0; 1]: We would like to pick a single element
from each the members of this partition, and form a set V by putting together these
elements. Clearly, it is at this point that we invoke the Axiom of Choice. Let us call the
resulting set V ; this set is called the Vitali set.
Here are a few observations about this set. First, V + r and V + r0 are disjoint for

any distinct r; r0 2 V: (For, if there is a common element of these sets, then there is a
pair (y; y0) 2 V �V such that y+ r = y0+ r0: This means that y � y0; so, by contruction
of V; y = y0; and hence, r = r0:) Second, the union of all sets of the form V + r (over
r 2 Q) gives us the entire R: (To see this, take any real number x: Pick any rational
number q with x � q 2 [0; 1]: As f[v]� : v 2 V g partitions [0; 1]; we have x � q 2 [v]�;
that is, x� q � v 2 Q: So, r := x� v = (x� q � v) + q 2 Q; while x = v + r 2 V + r:)
Conclusion: fV + r : r 2 Qg partitions R:
Now, de�ne

S := fV + r : r 2 Q \ [0; 1]g [ fTg:
where T := [0; 2]n

S
fV + r : r 2 Q \ [0; 1]g: Clearly, S is a partition on [0; 2]: As

Q \ [0; 1] is countably in�nite, there is a bijection f from Q \ [0; 1] onto Q: Besides, for
each r 2 Q \ [0; 1]; the set V + f(r) is a translation of V + r: But then

S 0 := fV + f(r) : r 2 Q \ [0; 1]g [ fTg

is a countable collection each member of which is a translation of a member of S: (Put
more precisely, de�ning a : S ! R by a(V + r) := f(r)� r for each rational r in [0; 1];
and a(T ) := 0; S 0 =

S
fS + a(S) : S 2 Sg: But, as f(Q \ [0; 1]) = Q; by what we have

seen in the previous paragraph,
S
S 0 = R:
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2.2 Existence of Non-Measurable Sets

What gives rise to the puzzling nature of the Vitali Paradox is the structure of the
Vitali set. The reason why this result is surprising is that we think that each set in any
given countable partition of an interval has a certain size, which is preserved under any
translation. Thus, if the totality of the original sizes sum up to a �nite number, so must
the sizes of the translated pieces, but this is not the case here. The key to understand
this puzzle is that the �size�of the members of the partition we used to prove the Vitali
Paradox cannot be measured in an intutive manner. Put di¤erently, each of these sets
is non-measurable. In this section, we clarify this matter.
The Lebesgue outer measure on R is the map `� : 2R ! [0;1] de�ned by

`�(S) := inf
X
i�1
length(Ii)

where the in�mum is taken over the collection of all sequences (Im) of open and bounded
intervals with S � I1 [ I2 [ � � �. (By length(I) of any bounded interval I; we understand
sup I� inf I.) In words, `� measures the size of any set of real numbers by approximating
that set from above by a countable union of intervals. Obviously, `�(I) = length(I)
for any open and bounded interval I; and `� is order-preserving, that is, `�(S) � `�(T )
whenever S � T: It is also plain that this map is translation-invariant, that is, `�(S+a) =
`�(S) for any subset S of R: (Here S + a := fs+ a : s 2 Sg:) Finally, it is easily checked
that `� is countably subadditive, that is,

`�(S1 [ S2 [ � � �) � `�(S1) + `�(S2) + � � � (1)

for any sequence (Sm) in 2R; and we have `�(S) < 1 for every bounded set of real
numbers. (Exercise!)
We say that a set S of real numbers is Lebesgue measurable if for every " > 0

there is an open set O in R such that S � O and `�(OnS) < ": In words, a set of real
numbers is Lebesgue measurable if it can be approximated from above (relative to `�)
by an open set to any desired degree of accuracy. And, intutively, it seems we can do
this for all sets in R; that is, all sets seem Lebesgue measurable. However, this intuition
goes wrong in the case of the Vitali set.

Theorem 2.2.1. The Vitali set is not Lebesgue measurable.

We denote the collection of all Lebesgue measurable subsets of R by L: It is easy to
see that ; and any nonempty open subset of R belong to L: Furthermore:

Claim 1. Any closed set in R, as well as any S � R with `�(S) = 0, is Lebesgue
measurable.

Proof. The �rst assertion is nontrivial, but it is a standard exercise in measure
theory; we omit its proof here. To see the second assertion, take any S � R with
`�(S) = 0; and �x an arbitrary " > 0: By de�nition, there is a sequence (Im) of open
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and bounded intervals with S � I1 [ I2 [ � � � such that `�(I1) + `�(I2) + � � � < 1; so,
setting O := I1 [ I2 [ � � � and using the order-preservation and subadditivity of `�; we
�nd `�(OnS) < ":

Claim 2. L is a �-algebra.1

Proof. Let (Sm) be a sequence in L and take any " > 0: Then, for each positive integer
m; there is an open subset Om of R with Sm � Om and `�(OmnSm) < "2�m: Setting
O := O1 [O2 [ � � � and using �rst the order-preservation and then the subadditivity of
`�; we get

`�

 
On
[
i�1
Si

!
� `�

 [
i�1
(OinSi)

!
�
X
i�1
`�(OinSi) < "

because
P

i�1 2
�i = 1: Conclusion: L is closed under taking countable unions.

Now take S 2 L and note that, for each positive integer m; there is an open subset
Om of R with S � Om and `�(OmnS) < 1=m: Let O := O1 \ O2 \ � � �. Then S � O;
and `�(OnS) � `�(OmnS) < 1=m for each m; that is, `�(OnS) = 0: By Claim 1, then,
OnS 2 L: On the other hand, as they are closed, each RnOm belongs to L: In view of
what we have proved in the previous paragraph, then,

RnS =
 [
i�1
RnOi

!
[ (OnS) 2 L:

Conclusion: L is closed under complementation.

Claim 3. For any S � R; we have S 2 L i¤ for every " > 0 there is a closed set C
in R such that C � S and `�(SnC) < ":

Proof. Take any S 2 L and " > 0: As we have just seen that XnS 2 L; there is an
open subset O of R such that RnS � O and `�(On(RnS)) < ": Then, C := RnO contains
S and we have `�(SnC) < ": The converse argument is analogous.

Finally, we de�ne the Lebesgue measure on R as the function ` : L ! [0;1) with
`(S) := `�(S): We will now show that (R;L; `) is a measure space; recall Example 5.1.5
of Chapter 2. Let us prove a weaker fact �rst.

Claim 4. `(S [ T ) = `(S) + `(T ) for any disjoint closed and bounded sets S and T
in R:

Proof. Take any closed (hence Lebesgue measurable) and bounded sets S and T
of real numbers with S \ T = ;: Clearly, there is a � > 0 such that no interval of
length at most � would intersect both S and T: Besides, as S [ T is bounded, we have
`�(S [ T ) <1: Now �x an arbitrary " > 0: By de�nition of `�; and because an interval
of a given length can be subdivided into subintervals the sum of whose lenghts is the
lenght of the mother interval, we can �nd a sequence (Im) of open intervals such that

1Recall Example 1.1.6 of Chapter 2.
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(i) lenght(Im) < �; (ii) S [ T � I1 [ I2 [ � � �; (iii)
P

i�1 `
�(Ii) < `�(S [ T ) + ": Let

A := fIi : Ii \ S 6= ;g and B := fI1; I2; :::gnA: Then S �
S
A and T �

S
B; so

`�(S) + `�(T ) �
X
I2A

`�(I) +
X
I2B

`�(I) =
X
i�1
`�(Ii) < `

�(S [ T ) + ":

As " > 0 is arbitrary here, and `� is subadditive, we are done.

Claim 5. ` is a translation invariant measure on L:

Proof. As `� is translation invariant, so is `: Take any sequence (Sm) in L such that
Si \ Sj = ; for any distinct i and j; and set S := S1 [ S2 [ � � �. Let us �rst consider
the case where each Sm is a bounded set. Fix an arbitrary " > 0: By Claim 3, for every
positive integer m; there is a closed set Cm � Sm with `(SmnCm) < "2�m: As Sm; and
hence Cm; is bounded `(Cm) < 1 for each m: Moreover, as Sm = (SmnCm) [ Cm and
` is subadditive, we have `(Sm) < "2�m + `(Cm) for each m: Thus, by Claim 4 (and
induction),

X
i2[M ]

`(Si) <
X
i2[M ]

`(Ci) + " = `

0@ [
i2[M ]

Ci

1A+ " � ` 1[
i=1

Si

!
+ "

for every M 2 N; so, as " > 0 is arbitrary, letting M !1 and recalling (1) yields

`(S1) + `(S2) + � � � = `(S);

as we sought.
Let us now relax the assumption that each Sm is bounded. In this case, for each i and

m in N; we de�ne Ti;m := Sm \ [i; i+1): By what we have just shown, `(S \ [i; i+1)) =
`(Ti;1) + `(Ti;2) + � � � for each i; while, for any positive integer M;

`(S) � `
 

M[
i=�M

S \ [i; i+ 1)
!
=

MX
i=�M

`(S \ [i; i+ 1)):

Letting M !1; therefore,

`(S) �
1X

i=�1
`(S \ [i; i+ 1)) =

1X
i=�1

1X
m=1

`(Ti;m) =
1X
m=1

1X
i=�1

`(Ti;m):

But, again by what we have seen above, `(Sm) = `(T1;m) + `(T2;m) + � � � for each m; so
we get `(S) � `(S1) + `(S2) + � � �: In view of (1), we are done.

We are now ready to prove Theorem 2.2.1. To derive a contradiction, assume that
the Vitali set V is Lebesgue measurable. Then, V + r is Lebesgue measurable as well
(for each r 2 Q) and `(V + r) = `(V ) by translation invariance of `: But we have seen
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in the previous section that fV + r : r 2 Qg is a partition of R: As ` is a measure,
therefore,

`(R) =
X
r2Q

`(V + r);

so `(V ) = 0 would entail `(R) = 0; a contradiction. Thus, `(V ) > 0: But then, as
fV + r : r 2 Q \ [0; 1]g is a collection of disjoint sets whose union is contained in [0; 2];
we have

1 =
X

r2Q\[0;1]

`(V + r) � `([0; 2]) = 2;

another contradiction. Conclusion: V is not Lebesgue measurable.

Note. As the construction of the Vithali set uses the Axiom of Choice, Theorem 2.2.1 derives
the existence of a Lebesgue non-measurable set in R from this axiom. This begs the question:
Can we establish the existence of such sets without invoking the Axiom of Choice? Remarkably,
Robert Solovay has shown in 1970 that the answer is no (even if we are prepared to invoke the
Axiom of Countable Choice.)

2.3 The von Neumann Paradox

The following outstanding result was proved by John von Neumann in 1929.

The von Neumann Paradox. Let S and T be two bounded sets in R2 with nonempty
interiors. Then, there exist �nite partitions fS1; :::; Skg of S and fT1; :::; Tkg of T such
that Ti is the image of Si under an area-preserving a¢ ne self-map on R2:2

To understand what is paradoxical about this, think of S as the unit square [0; 1]2

and T as the disjoint union of two copies of the unit square, say, [1; 2]2 [ [3; 4]2: The
von Neumann Paradox implies that we can decompose [0; 1]2 into �nitely many pieces,
transform each piece by means of an area-preserving a¢ ne map, and put the resulting
pieces together to obtain [1; 2]2 [ [3; 4]2: Although it seems like we clearly preserve the
area of our pieces through our transformations, we begin the process with a set of area
1 and end up with one of area 2!
(As in the much simpler case of the Vitali paradox), the catch here is that nothing

is said about whether or not the notion of �area� is well-de�ned for the pieces in our
decomposition. Recall that we can talk about the �area�of a subset of R2 only when
this set is (Lebesgue) measurable, and our transformations preserve the area of those
subsets of R2 that are measurable. Consequently, if we decompose the unit square into
nonmeasurable pieces, and apply area-preserving transformations to these pieces, there
is no prior reason for the area of the union of the transformed pieces to equal the area
of the unit square.
It follows that the validity of the von Neumann Paradox relies on the existence of

nonmeasurable sets on R2, and it is known that this requires (at least some form of) the
2In 2003, Kenzi Satô has shown that k can be taken as 4 here. (This is the best bound.)
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Axiom of Choice. So the outrageous-looking von Neumann Paradox is made possible by
the innocent-looking Axiom of Choice.

Note. The implication of the von Neumann Paradox for measure theory is this: There is no
�nitely additive nonnegative real function on 2R

2

which assigns a positive value to the unit square
and which leaves the �measure�of sets invariant under area-preserving a¢ ne transformations.

2.4 The Banach-Tarski Paradox

Here is a geometric fact which is even more perplexing than the von Neumann Paradox.
It was obtained by Stefan Banach and Alfred Tarski in 1924.

The Banach-Tarski Paradox. Take any integer n � 3; and let S and T be two bounded
sets in Rn with nonempty interiors. Then, there exist �nite partitions fS1; :::; Skg of
S and fT1; :::; Tkg of T such that Ti is obtained from Si by means of a rotation and a
translation.3

This is mind boggling. If we take S to be the closed unit ball of R3 here, and let
T be the disjoint union of two copies of the closed unit ball of R3; this result tells us
that we can divide the closed unit ball of R3 into �nitely many pieces, and then rotate
these pieces and move them in the space (without stretching or adding any new points)
to form two copies of the original sphere (hence doubling the original volume in the
process). So, apparently, by �nitely many of the simplest motions we can increase the
volume of any solid inde�nitely, hence the joke �a pea can be chopped up (into �nitely
many pieces) and then reassembled into the sun.�
Once again, this monstrosity (or depending on your viewpoint, the �marvel�) is a

consequence of the Axiom of Choice. The paradox is doubling the volume of a solid by
means of volume-preserving operators (rotations and translations). But as the decompo-
sition of the solid will be into nonmeasurable pieces �the Axiom of Choice is needed for
guaranteeing the existence of such sets �the notion of �volume�is already meaningless
for these pieces.

Note. The implication of the Banach-Tarski Paradox for measure theory is this: For n � 3;
there is no �nitely-additive nonnegative real function on 2R

n

which assigns a positive value to
the unit cube and which leaves the �measure� of sets invariant with respect to rotations and
translations.

Note. The proof of the Banach-Tarski Paradox is somewhat lengthy, but it is not di¢ cult. While
quite an elementary, and self-contained, argument is provided by, for instance, Stromberg (1979),
a less formal proof, which still delivers the main ideas behind the result in a clear fashion, is
given in the popular account of Wapner (2005). On the other hand, to go deeper into the theory
of Banach-Tarski Paradox, an excellent reference is Wagon (1993).

3It is known that k can be taken as 5 here, with one of the Sis being a singleton. (This is the best
bound.)
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