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Chapter 2
Continuity in Metric Spaces

1 Continuous Functions on Metric Spaces

1.1 First Impressions

The ε-δ Definition of Continuity, Generalized

Intuitively speaking, a function f : R → R is said to be continuous if for
any real number x, the images of points nearby x under f are close to f(x).
We can readily extend this idea so that it applies to functions mapping one
metric space into another. Indeed, if X and Y are two metric spaces, and
f is a function that maps X into Y, then, for any x in X, we may think of
the statement “the images of points nearby x under f are close to f(x)”as
follows: However small an ε > 0 one picks, if the distance between x and
y in X is suffi ciently small (say, smaller than some δ), then the distance
between f(x) and f(y) in Y is smaller than ε. Clearly, when both X and Y
are R, this is none other than the classical ε-δ definition of continuity: For
every ε > 0, there is a δ > 0 such that |f(x)− f(y)| < ε for every y ∈ R
with |x− y| < δ.

Our starting point in this chapter is thus the following:

Definition. Let X and Y be two metric spaces (whose metrics are denoted
by dX and dY ). We say that a map f : X → Y is continuous at x ∈ X if
for every ε > 0, there is a δ > 0 (which may depend on both ε and x) such
that

dY (f(x), f(y)) < ε for every y ∈ X with dX(x, y) < δ,

that is,
f(BX(x, δ)) ⊆ BY (f(x), ε).
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(Here BX(x, δ) stands for the open δ-ball around x in X, and similarly for
BY (f(x), ε).) If f is not continuous at x, then it is said to be discontinuous
at x. For any nonempty S ⊆ X, we say that f is continuous on S, if it
is continuous at every x ∈ S. In turn, f is said to be continuous, if it is
continuous on X.

Notation. We write C(X,Y ) to denote the set of all continuous functions
that map the metric space X into the metric space Y . When Y = R here,
we simplify this notation and write C(X) for C(X,R). That is, C(X) is the
set of all continuous real maps on the metric space X. This is consistent
with the notation C[a, b] we have introduced in Example 2.4 of Chapter 1.

Continuity of a function from a metric space X into another metric space
Y depends intrinsically on the involved metrics. A continuous function from
X into Y may be rendered discontinuous if we change the metrics on either
X or Y , and conversely. We will see some examples that illustrate this point
below.

The Structure of the Continuity Set of a Function

Before moving on to our examples, let us put on record a basic result about
the continuity of functions that map a metric space into another. We will
use this result in an important application later in the next chapter.

Proposition 1.1. Let X and Y be two metric spaces. Then, any function
f : X → Y is continuous on a Gδ-subset of X (and discontinuous on an
Fσ-subset of X).

Proof. Put Om :=
⋃
{O ∈ OX : dY (f(y), f(z)) < 1/m for each y, z ∈

O} for any positive integer m. Clearly, each Om is open in X. Moreover,

{x ∈ X : f is continuous at x} =

∞⋂
i=1

Oi.

Indeed, if f is continuous at x, then for a fixed, but arbitrary, m ∈ N, we
can find a δ > 0 such that dY (f(x), f(y)) < 1/2m for every y ∈ BX(x, δ).
Notice that for any y and z in BX(x, δ), we have

dY (f(y), f(z)) ≤ dY (f(y), f(x)) + dY (f(x), f(z)) < 1
2m + 1

2m = 1
m .

Since BX(x, δ) ∈ OX , it thus follows that BX(x, δ) ⊆ Om, and hence
x ∈ Om. This proves the ⊆ part of our assertion. To prove the converse
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containment, take any x ∈
⋂∞Oi, and fix an arbitrary ε > 0. We choose an

m > 1/ε, and note that x ∈ Om, that is, there is an O ∈ OX such that x ∈ O
and dY (f(z), f(y)) < 1/m for each z, y ∈ O. Then, there is a δ > 0 such
that BX(x, δ) ⊆ O and dY (f(z), f(y)) < 1/m < ε for each y ∈ BX(x, δ), so
f(BX(x, δ)) ⊆ BY (f(x), ε). We thus conclude that f is continuous at x.

1.2 Examples

Example 1.1. Consider the self-map f on R\{0} defined by f(x) := 1/x.
You already know that f is continuous from calculus, but if only for warming
up, let us give a rigorous proof for this. Fix any nonzero real number x and
any ε > 0. We wish to find a δ > 0 such that |f(x)− f(y)| < ε for any
y ∈ R\{0} with |x− y| < δ. Since δ is allowed to depend both on x and ε,
this is not diffi cult. Let us first assume x > 0. It is easily checked that

|f(x)− f(y)| = |x− y|
xy

<
δ

x(x− δ)

for any δ ∈ (0, x) and nonzero y > 0 with |x− y| < δ. But an easy ma-
nipulation shows that δ/x(x − δ) < ε holds if δ < εx2/(1 + εx), so by
choosing any such δ > 0 (which is necessarily smaller than x), we find
f(B(x, δ)) ⊆ B(f(x), ε). Thus: f is continuous at any x > 0. As the same
reasoning can be used to show that f is continuous at any negative x as
well, we may conclude that f ∈ C(R\{0}).

The argument we gave in Example 1.1 should be familiar from introduc-
tory real analysis. From now on, we will in fact pressume you know that spe-
cial real functions on R, such as the polynomial functions, the trigonometric
functions, and the exponential and logarithmic functions, are continuous.

Example 1.2. Consider the self-map f on R defined by f(x) := 1 if x < 0
and f(x) := 0 otherwise. This function is discontinuous at 0, because for
any δ > 0, we have f(B(0, δ)) = {0, 1}, while B(f(0), 12) equals the interval
(−12 ,

1
2). Thus there is no δ > 0 for which f(B(0, δ)) is contained within

B(f(0), 12), whence f is not continuous at 0.
As a less trivial example, consider the self-map g on R defined by g(x) :=

1 if x is a rational number, and g(x) := 0 otherwise. This function is
discontinuous at every point in R.

Example 1.3. The identity function idX on any metric space X is con-
tinuous. (Note. idX is the self-map on X with idX(x) := x.) Indeed,
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idX(B(x, ε)) = B(x, ε) = B(idX(x), ε) for all x ∈ X and ε > 0. Similarly, it
is easily checked that any constant function on any metric space is continu-
ous.

Example 1.4. Let X and Y be metric spaces, and f a map from X into
Y. If X is a discrete metric space, then f is sure to be continuous, because
in this case we have f(BX(x, 12)) = {f(x)} ⊆ BY (f(x), ε) for any ε > 0.
Thus: Any function that maps a discrete metric space into a metric space
is continuous.

Remark. In Example 1.2 we have seen a self-map g on R which is dis-
continuous at every x ∈ R. But if we used the discrete metric to metrize
the domain R of this function (instead of d1), we would have to declare g
as continuous everywhere on R. This is but an illustration of the fact that
whether or not a function is continuous depends on which distance function
we use to metrize its domain. (The same goes also for the codomain, of
course.)

Example 1.5. Let X and Y be metric spaces, and f a map from X into
Y. If f ∈ C(X,Y ) and Z is a metric subspace of X, then f |Z ∈ C(Z, Y ).
The converse is, of course, false. For instance, the map f we considered in
Example 1.2 is not continuous, but its restriction to R++, being a constant
function, belongs to C(R++).

Example 1.6. Let X be a normed linear space, which we view as a metric
space relative to the distance function d‖·‖ induced by the norm ‖·‖ of X
(Section 1.3). Take any positive integer n and real numbers λ1, ..., λn, and
define the map f : Xn → X by

f(x) := λ1x1 + · · ·+ λnxn.

(Here, as usual, x = (x1, ..., xn).) Where we think of Xn as a metric space
relative to the product metric ρ, this function is continuous. Indeed, for any
x and y in Xn,

d‖·‖(f(x), f(y)) = ‖λ1(x1 − y1) + · · ·+ λn(xn − yn)‖
≤ |λ1| ‖x1 − y1‖+ · · ·+ |λn| ‖xn − yn‖
≤ K

(
d‖·‖(x1, y1) + · · ·+ d‖·‖(xn, yn)

)
= Kρ(x, y)
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where K := max{|λ1| , ..., |λn|}. (The first inequality here is an (inductive)
consequence of the subadditivity and absolute homogeneity of ‖·‖.) There-
fore, for any x ∈ Xn and ε > 0, we have f(y) ∈ BX(f(x), ε) for every
y ∈ BXn(x, ε/K).

Example 1.7. (Continuity of Norms) Let X be a normed linear space, which
we view as a metric space relative to the distance function d‖·‖ induced by
the norm ‖·‖ of X. Then, ‖·‖ is a continuous real function on X. To see this,
note that subadditivity of ‖·‖ implies ‖x‖ = ‖x− y + y‖ ≤ ‖x− y‖ + ‖y‖ ,
and hence ‖x‖− ‖y‖ ≤ ‖x− y‖ , and replacing the roles of x and y here, we
find

|‖x‖ − ‖y‖| ≤ ‖x− y‖ for all x, y ∈ X.
But then for any x ∈ X and ε > 0, we have ‖y‖ ∈ BR(‖x‖ , ε) for every
y ∈ BX(x, ε).

1.3 Characterizations of Continuity

While the definition we gave for continuity of functions that map a metric
space into another has the advantage of tying this concept with the one
familiar from calculus, it is not the most effi cient way of working with con-
tinuity. There are indeed quite different, but equivalent, ways of looking
at continuity that facilitates working with this notion in practice. We will
now present a few such characterizations, but we first need to introduce the
following auxiliary notion.

The Inverse Image (Preimage) of a Function

Definition. Let X and Y be two nonempty sets and f : X → Y a function.
For any subset S of Y, the inverse image (or preimage) of S under f is

f−1(S) := {x ∈ X : f(x) ∈ S}.

As a notational convention, we write f−1(x) for f−1({x}) for each x ∈ X.

Warning. If f : X → Y is an invertible function, then, obviously, f−1(f(S)) = S
and f(f−1(T )) = T for every subsets S and T of X and Y, respectively. In general,
however, all we have is f−1(f(S)) ⊇ S and f(f−1(T )) ⊆ T.

It is readily checked that inverse images preserve arbitrary unions and
intersections, that is,

f−1(
⋃
S) =

⋃
S∈S

f−1(S) and f−1(
⋂
S) =

⋂
S∈S

f−1(S)
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for any nonempty collection S of subsets of Y. Similarly, we have f−1(Y \T ) =
X\f−1(T ) for any T ⊆ Y .

Warning. The situation for direct images is not as nice in the case of (even finite)
intersections. In that case, all we have is f(A ∩ B) ⊆ f(A) ∩ f(B) for any subsets
A and B of X.

Various Characterizations of Continuity

We are now ready for cataloging some useful characterizations of the conti-
nuity of functions that map a metric space into another.

Proposition 1.2. Let X and Y be two metric spaces. Then, for any function
f : X → Y, the following are equivalent:

(a) f ∈ C(X,Y );

(b) f−1(O) is open in X for every open subset O of Y ;

(c) f−1(C) is closed in X for every closed subset C of Y ;

(d) f(xm)→ f(x) for every sequence (xm) inX and x ∈ X with xm → x;

(e) f(cl(S)) ⊆ cl(f(S)) for every subset S of X.

We will prove at present only the equivalence of (a) and (b), leaving the
rest of the claims as exercises. In Section 4.3 of Chapter 4, a complete proof
of all of these equivalences will be presented in a more general setting.

Proof of the Equivalence of (a) and (b). Assume that f is continu-
ous, and take any O in OY and any x in f−1(O). Then f(x) ∈ O, so since O
is open in Y , there exists an ε > 0 such that BY (f(x), ε) ⊆ O. But, by conti-
nuity of f at x, we can find a δ > 0 such that f(BX(x, δ)) ⊆ BY (f(x), ε). It
follows that BX(x, δ) ⊆ f−1(O). Since x is arbitrary in f−1(O), this means
that f−1(O) ∈ OX . This proves that (a) implies (b). Conversely, suppose
(b) holds for f. Take any x ∈ X and ε > 0. Then, as BY (f(x), ε) is open in
Y, (b) implies that f−1(BY (f(x), ε)) is an open subset of X. Since x belongs
to this set, therefore, there is a δ > 0 such that BX(x, δ) ⊆ f−1(BY (f(x), ε))
which is the same thing as saying that f(BX(x, δ)) ⊆ BY (f(x), ε). In view of
the arbitrary choice of x and ε, then, we may conclude that f is continuous.

1.4 More Examples

Proposition 1.2 provides five different viewpoints of continuity. Depending
on the nature of the problem at hand, any one of these viewpoints may
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prove more useful than the others. We will consider several examples in this
section to demonstrate this point.

Example 1.8. (Continuity of Distance Functions) Let X be a metric space.
The metric d of this space is a function from the product metric space X×X
into R+. We wish to prove that this function is continuous. Let (xm, ym)
be a sequence in X × X that converges to (x, y) for some points x and
y in X. In view of part (d) of Proposition 1.2, it is enough to show that
d(xm, ym) → d(x, y). To this end, we first use the triangle inequality for
the absolute value function, and then invoke the reverse triangle inequality
twice, to find

|d(xm, ym)− d(x, y)| ≤ |d(xm, ym)− d(x, ym)|+ |d(x, ym)− d(x, y)|
≤ d(xm, x) + d(ym, y).

But, since convergence in the product metric is coordinatewise convergence,
(xm, ym) → (x, y) is the same thing as saying that d(xm, x) → 0 and
d(ym.y) → 0. It follows that d(xm, x) + d(ym, y) → 0, so the inequality
above yields

|d(xm, ym)− d(x, y)| → 0,

that is, d(xm, ym) → d(x, y), as we sought. Conclusion: d is a continuous
real map on X ×X.

Composition of Continuous Functions is Continuous

Here is another nice application of Proposition 1.2.

Proposition 1.3. Let X, Z and W be metric spaces, and let Y be a metric
subspace of Z. If f ∈ C(X,Y ) and g ∈ C(Z,W ), then g ◦ f ∈ C(X,W ).

Proof. Assume that f ∈ C(X,Y ) and g ∈ C(Z,W ), and pick any open
set O in W. Since g is continuous, we have g−1(O) ∈ OZ by part (b) of
Proposition 1.2. Thus, g−1(O) ∩ Y is open in Y, so applying part (b) of
Proposition 1.2 again, we find that f−1(g−1(O) ∩ Y ) is open in X. As it
is readily checked that (g ◦ f)−1(O) = f−1(g−1(O) ∩ Y ), we thus find that
(g ◦ f)−1(O) is open in X. As O is arbitrary in OW here, applying part (b)
of Proposition 1.2 once again completes our proof.

Example 1.9. (Continuity of Products) Let X be a metric space and Y a
normed linear space (whose norm we denote by ‖·‖). Take any two functions
f ∈ C(X) and F ∈ C(X,Y ), where the metric on Y is the one induced
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by ‖·‖. We wish to show that fF, that is, the map x 7→ f(x)F (x), is a
continuous function from X into Y. To this end, take any sequence (xm) in
X with xm → x for some x ∈ X. By part (d) of Proposition 1.2, we have
|f(xm)− f(x)| → 0 and ‖F (xm)− F (x)‖ → 0.Moreover, as the composition
of continuous functions is continuous, and ‖·‖ is continuous (Example 1.7),
‖F (·)‖ is continuous, so, again by part (d) of Proposition 1.2, (‖F (xm)‖) is
a convergent (to ‖F (x)‖) sequence. As such, this sequence is bounded, so
there is a real number K such that ‖F (xm)‖ ≤ K for each m. But then

‖f(xm)F (xm)− f(x)F (x)‖
= ‖f(xm)F (xm)− f(x)F (xm) + f(x)F (xm)− f(x)F (x)‖
≤ ‖f(xm)F (xm)− f(x)F (xm)‖+ ‖f(x)F (xm)− f(x)F (x)‖
≤ |f(xm)− f(x)|K + |f(x)| ‖F (xm)− F (x)‖ ,

so letting m ↑ ∞ yields f(xm)F (xm) → f(x)F (x). In view of the arbitrary
choice of (xm) and x, therefore, we can invoke part (d) of Proposition 1.2 to
conclude that fF ∈ C(X,Y ).

Example 1.10. For any given positive integer n, take n many metric spaces
X1, ..., Xn, and let X be the product of these spaces. (As usual, we abbre-
viate a point like (x1, ..., xn) in X by x.) For any k ∈ {1, ..., n}, we define
the kth projection map projk : X → Xk by projk(x) := xk. Recall that a
sequence in the product of finitely many metric spaces converges to a point
in that space iff the corresponding sequence of kth components of that se-
quence converges to the kth component of the limit for each k ∈ {1, ..., n}.
Therefore, part (d) of Proposition 1.2 readily entails that projk is a contin-
uous function. (In view of Proposition 5.1 of Chapter 1, the same would be
true if X were the product of countably infinitely many metric spaces here.)

Example 1.11. For any positive integerm, take any metric spaces Y1, ..., Ym,
and let Y be the product of these spaces. Now take any other metric space
X, and for each i, take any map fi : X → Yi. Let us now define the function
f : X → Y by

f(x) := (f1(x), ..., fm(x)).

(Here each fi is referred to as a component map of f.) If f is continuous,
then Proposition 1.3 and the previous example entail jointly that fi = proji◦
f is continuous for each i. Conversely, if each fi is continuous, an immediate
application of part (d) of Proposition 1.2 shows that f must be continuous.
Thus: f ∈ C(X,Y ) iff fi ∈ C(X,Yi) for each i. In other words: A map from
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a metric space into the product of finitely many metric spaces is continuous
iff each of its component maps are continuous. (The same argument shows
that “finitely”can be replaced with “countably infinitely”in this finding.)

Example 1.12. Let n be a positive integer and X a metric space. Take any
f1, ..., fn ∈ C(X) and F ∈ C(Rn). Consider the map G : X → R, defined by

G(x) := F (f1(x), ..., fn(x)).

Define f : X → Rn by f(x) := (f1(x), ..., fn(x)), and observe that G = F ◦f.
Applying what we have found in the previous example and Proposition 1.3,
therefore, we see that G is continuous. In particular, for any real numbers
λ1, ..., λn, taking F as the map x 7→ λ1x1+···+λnxn on Rn here, we find that
λ1f1+ · · ·+λnfn is a continuous function on X. (Corollary. C(X) is a linear
space relative to the pointwise defined operations of scalar multiplication
and addition.)

The following is a slight twist in this line of reasoning. Let X be the
product of the metric spacesX1, ..., Xn. Then for any gi ∈ C(Xi), i = 1, ..., n,
and F ∈ C(Rn), the real map

x 7→ F (g1(x1), ..., gn(xn))

on X is a continuous function. (Proof. In view of Example 1.10 and Propo-
sition 1.3, fi := gi◦ proji is a continuous real map on X (for each i). Now
apply what we have found in the previous paragraph.)

We know from Example 1.6 that the real map F on Rn defined by
F (x) :=

∑m xi, is continuous. Combining this fact with what we have
found in Example 1.12 shows that the real map

x 7→
n∑
i=1

fi(xi)

on Rn is continuous for any f1, ..., fn ∈ C(R). By means of a similar argu-
ment, we can show that the real maps

x 7→
n∏
i=1

fi(xi), x 7→ min{f1(x1), ..., fn(xn)} and x 7→ max{f1(x1), ..., fn(xn)}

are continuous on Rn for any f1, ..., fn ∈ C(R).

Continuity of Some Matrix Functions
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Example 1.13. Let n be a positive integer, and recall that we view Rn×n,
the set of all n× n (real) matrices, as a metric space by identifying it with
the Euclidean space Rn2 (Example 2.2). Then, clearly, we can use part (d) of
Proposition 1.2 to conclude that the map A 7→ aij is continuous for any i and
j. (This is actually a projection map from Rn×n onto R.) As the product of
two continuous real maps is continuous, then, A 7→ akiakj is a continuous real
map on Rn×n for any i, j and k in {1, ..., n}. It follows that the real map fij on
Rn×n defined by fij(A) :=

∑n
k=1 akiakj , is continuous. Finally, consider the

self-map f on Rn×n defined by f(A) := ATA. Since we identify Rn×n with
Rn2 , this map is continuous iff the map A 7→ (f11(A), f12(A), ..., fnn(A))
is continuous. But we know from Example 1.11 that the latter map is
continuous. Thus: A 7→ ATA is a continuous self-map on Rn×n.

Remark. Let n ∈ N, and recall that O(n) is the set of all n × n (real)
matrices A such that ATA = In, where In is the n × n identity matrix.
Thus, O(n) is the inverse image of the singleton {In} under the continuous
self-map A 7→ ATA on Rn×n. Conclusion: O(n) is a closed subset of Rn×n
(and hence of GL(n)).

Example 1.14. (Continuity of the Determinant) Let n be a positive integer,
and let us denote the set {1, ..., n} by [n]. Recall that a permutation on
[n] is any bijective self-map on this set. The set of all permutations on [n] is
denoted as Sym(n). (The reason behind this notation is group-theoretic, so
let us not worry about it here.) A permutation σ on [n] is said to be a trans-
position if there are distinct i and j in [n] such that σ(i) = j, σ(j) = i and
σ(k) = k for all k in [n] other than i and j. Clearly, for any permutation on
[n], we can arrive at the n-vector (σ(1), ..., σ(n)) from (1, ..., n) by applying
finitely many transpositions to (1, ..., n) one after another. An elementary
result of algebra says that, while there are in general many different ways
of doing this, the number of involved transpositions is either always even or
always odd. In the former case, we say that σ is an even permutation on
[n], and in the latter case we say that σ is odd. (The identity function on
[n] is an even permutation.) In turn, we define the {−1, 1}-valued map sgn
on Sym(n) by setting sgn(σ) := 1 if σ is even, and sgn(σ) := −1 otherwise.

Given that convergence on Rn×n is coordinatewise, applying part (d)
of Proposition 1.2 shows readily that A 7→ aiσ(i) is a continuous map for
any σ ∈ Sym(n). (Indeed, for each σ, this map is simply a projection
function.) Then, for any σ ∈ Sym(n), the real map fσ defined on Rn×n by
fσ(A) :=

∏n aiσ(i), is a continuous function, for it is the product of finitely
many continuous functions. Now, the determinant is defined as the real
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map det on Rn×n with

det(A) :=
∑

σ∈Sym(n)
sgn(σ)fσ(A).

(For instance, if n = 1, then det(A) = a11, and if n = 2, det(A) =
a11a22 − a12a21.) Clearly, in view of Example 1.6, we may conclude that
the determinant is a continuous real map on Rn×n.

Remark. Here are two nice applications of the continuity of the determi-
nant. First, recall that SO(n) := {A ∈ O(n) : det(A) = 1}. Thus, SO(n)
equals the intersection of O(n) with the inverse image of the singleton {1}
under det. As we now know that det is continuous, we can invoke Propo-
sition 1.2 to find: SO(n) is a closed subset of O(n). Since we have found
above that O(n) is closed in Rn×n, we may also conclude: SO(n) is a closed
subset of Rn×n. On the other hand, recall that an n×n matrix is invertible
iff it has a nonzero determinant. Therefore, GL(n) is the inverse image of
the open set R\{0} under det. By Proposition 1.2, therefore, we conclude:
GL(n) is an open subset of Rn×n.

Example 1.15. (Continuity of Matrix Inversion) Let n be an integer with
n ≥ 2. For any n× n matrix A, let us write A(i, j) for the (n− 1)× (n− 1)
matrix obtained from A by deleting the ith row and jth column of A. Clearly,
A 7→ A(i, j) is a continuous map from Rn×n into R(n−1)×(n−1). (Why?) So,
as the composition of continuous functions is continuous, the real map gij
defined on Rn×n by gij(A) := (−1)i+j det(A(j, i)) is continuous, for any i
and j in {1, ..., n}. The self-map on Rn×n that takes any given n×nmatrix A
to the n×n matrix whose ijth entry is gij(A) is called the adjoint function
on Rn×n. (The value of A under the adjoint function is denoted as adj(A).)
By Example 1.11, this function is continuous.

Now, we know from linear algebra that

A−1 :=
1

det(A)
adj(A)

for any invertible n×n matrix A. As t 7→ 1/t is a continuous map on R\{0},
and det is a continuous function on Rn×n, A 7→ 1/ det(A) is a continuous real
map on GL(n), being a composition of two continuous functions. As adj is
a continuous self-map, therefore, using what we have found in Example 1.9,
we may conclude that the inversion map A 7→ A−1 is a continuous self-map
on GL(n).
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1.5 Uniform Convergence

Let X and Y be two metric spaces and (fm) a sequence in C(X,Y ).We say
that fm converges to a map f : X → Y pointwise, and write fm → f, if

dY (fm(x), f(x))→ 0 for every x ∈ X,

where dY is the metric of Y. (That is, for every x ∈ X and ε > 0, there is a
positive integerM (that may depend on x and ε) such that dY (fm(x), f(x)) <
ε.) A natural question is if fm → f ensures the continuity f . This is, unfortu-
nately, not true. (Example. For every positive integer m, define fm ∈ C[0, 1]
by fm(t) := tm. Then, fm → f, where f is the real map on [0, 1] with
f(x) = 0 for every x ∈ [0, 1) and f(1) = 1.) To ensure the continuity of
the limit function, we need a stronger notion than pointwise convergence.
The most useful convergence notion in this regard is the so-called uniform
convergence. We say that fm converges to a map f : X → Y uniformly,
and write fm → f uniformly, if

sup
x∈X

dY (fm(x), f(x))→ 0.

The notion of continuity is an inherently local one. If fm → f, then, we know
that, for any x ∈ X, “the terms of the sequence (fm(x)) are as close to f(x) as
we like after a while,”but we do not know if “after a while”here depends on
x or not. A global property would make this statement independently of x.
(Put more precisely, what we want is that for every ε > 0, there is a positive
integer M (that may depend on ε) such that dY (fm(x), f(x)) < ε for every
x ∈ X.) Uniform continuity is a global property in this very sense. And,
in concert with this interpretation, we (obviously) have fm → f whenever
fm → f uniformly, but the converse is false. (Example. In the previous
example, we have d∞(fm, f) = 1 for each m.)

Let us now show that the uniform limit of a sequence of continuous maps
is continuous. (This is sometimes called the Uniform Limit Theorem.)

Proposition 1.4. Let X and Y be two metric spaces and (fm) a sequence
in C(X,Y ). If fm → f uniformly for some function f : X → Y, then
f ∈ C(X,Y ).

Proof. Let f : X → Y be a function such that fm → f uniformly.
Take any ε > 0, and observe that there is a positive integer M such that
dY (f(z), fM (z)) < ε/3 for every z ∈ X. Now pick an arbitrary x ∈ X. By
continuity of fM , there is a δ > 0 such that fM (B(x, δ)) ⊆ B(fM (x), ε/3).
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But then, dY (fM (x), fM (y)) < ε/3, and hence

dY (f(x), f(y)) ≤ dY (f(x), fM (x))+dY (fM (x), fM (y))+dY (fM (y), f(y)) < ε

for any y ∈ B(x, δ). Since x ∈ X is arbitrary here, we may thus conclude
that f is continuous.

We have seen earlier that the sum of finitely many continuous real maps
on a metric space is continuous. It is frequently useful to extend this obser-
vation to the context of infinite series of continuous real functions. For this,
we need some conditions (that allow us deduce uniform convergence from
pointwise convergence). A useful result in this regard is:

The Weierstrass M-Test. Let X be a metric space, (hm) a sequence of
continuous functions on X, and (Mm) a sequence of real numbers such that
|hm(x)| ≤Mm for every x ∈ X and m ∈ N. If

∑∞Mi <∞, then
∑∞ hi(x)

exists for each x ∈ X, and x 7→
∑∞ hi(x) is a continuous map on X.

Proof. Assume that
∑∞Mi < ∞. Then, for every x in X, the series∑∞ hi(x) is absolutely convergent, and hence, convergent. (This should

be familiar from calculus —recall the “comparison test”—but it is easy to
prove directly as well.) Next, define fm := h1 + · · · + hm for each positive
integer m, and set f := lim fm (pointwise). We are to prove that f is
continuous. To this end, take any ε > 0, and notice that

∑∞Mi < ∞
implies Mk +Mk+1 + · · · < ε/3 for some k large enough. Then,

|f(z)− fk(z)| ≤ |hk+1(z) + hk+2(z) + · · ·| ≤ |hk+1(z)|+ |hk+2(z)|+ · · · < ε
3

for every z ∈ X. Now fix any x ∈ X and use the continuity of fk to pick an
open set U in X such that x ∈ U and fk(U) ⊆ (fk(x) − ε/3, fk(x) + ε/3).
Then,

|f(x)− f(y)| ≤ |f(x)− fk(x)|+ |fk(x)− fk(y)|+ |fk(y)− f(y)| < ε

for every y ∈ U. In view of the arbitrariness of ε and x, we conclude that f
is continuous.

Exercises

1.1. Show that the map f : R3 → R, defined by

f(x1, x2, x3) := sin

(
ln(|x2|+ 1)

x21 + x23 + 1

)
is continuous. (Hint: Use Proposition 1.3.)
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1.2. Consider the map f : R2 → R, defined by f(0, 0) := 0 and f(x1, x2) :=
x1x2/(x

2
1 + x22) for any (x1, x2) 6= (0, 0). Show that f(·, x2) and f(x1, ·) are

continuous maps for any real numbers x1 and x2, but f is not continuous.
(Thus, in general, coordinatewise continuity does not imply continuity.)

1.3. Let X := (−∞, 0) ∪ [1,∞) and define f ∈ RX by f(t) := t if t < 0, and
f(t) := t − 1 if t ≥ 1. Show that f is a continuous bijection but f−1 is not
continuous.

1.4. Define the real map ‖·‖1 on C[0, 1] by

‖f‖1 :=

∫ 1

0

|f(x)| dx,

and check that ‖·‖1 is a norm on C[0, 1]. Let X denote the metric space C[0, 1]
whose metric is induced by ‖·‖1 , and let Y stand for C[0, 1] as a metric space
relative to the sup-metric.

a. Show that the identity function from Y onto X is continuous.

b. Consider the sequence (fm) inC[0, 1], defined by fm(x) := m1/3 max{0, 1−
mx}, and check that ‖fm‖1 ↓ 0 and ‖fm‖∞ ↑ 0. Conclude that the identity
function from X onto Y is not continuous. Thus, the metrics induced by ‖·‖1
and ‖·‖∞ are not equivalent.

1.5. Let n be a positive integer, and show that the self-map f on Rn×n, defined
by f(A) := AT , is continuous.

1.6. For any Gδ-subset of a metric space, there is a self-map on that space
which is continuous exactly on that set. (Compare with Proposition 1.1.) We
prove this in this exercise in the context of R. Take any Gδ-subset S of R so
that S =

⋂∞
Oi for a sequence (Om) in OR. Consider the self-map f on R

defined as:

f(x) :=

 1/m, if x ∈ Q and n is the minimum integer with x ∈ R\Om
−1/m, if x ∈ R\Q and n is the minimum integer with x ∈ R\Om
0, if x ∈ S.

Show that f is continuous at x iff x ∈ S.

1.7. Let X be a metric space and f ∈ C(X). Prove: If f(x) > 0 for some
x ∈ X, then there is an open set O in X with f(y) > 0 for every y ∈ O.

1.8. Complete the proof of Proposition 1.2.

1.9. Let Y be a metric subspace of a metric space X. Prove: If f ∈ C(Y ),
then there can be at most one F ∈ C(cl(Y )) with F |Y = f.

1.10. LetX and Y be metric spaces, and f ∈ C(X,Y ). Prove: If f is surjective
and S is a dense subset of X, then f(S) is a dense subset of Y.
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1.11. Let S be a nonempty closed subset of a metric space X, and put Om :=
{x ∈ X : dist(x, S) < 1/m} for any positive integer m. Show that each Om is
open and we have S = O1 ∩ O2 ∩ · · ·. Conclude that every closed subset of a
metric space is Gδ, while every open subset of it is Fσ.

1.12. This is another take on Exercise 4.20 of Chapter 1. Let S and T be
two disjoint closed sets in a metric space X. Define the real map f on X
by f(x) := dist(x, S)− dist(x, T ). Now put O := {x ∈ X : f(x) < 0} and
U := {x ∈ X : f(x) > 0}. Check that O and U are disjoint open sets in X
with S ⊆ O and T ⊆ U.

1.13. (Urysohn’s Lemma for Metric Spaces) Let A and B be two nonempty
disjoint closed sets in a metric space X. Then, there is a continuous function
f : X → [0, 1] such that f |A = 0 and f |B = 1. Prove this result by defining the
map f by

f(x) :=
dist(x,A)

dist(x,A) + dist(x,B)
.

1.14. Let S be a nonempty closed subset of a metric space and O an open set
in X which contains S. Use Urysohn’s Lemma of the previous exercise to prove
that there is a continuous f : X → [0, 1] such that f |S = 1 and f |X\O = 0.

1.15. Let X be a metric space. We have already noted that C(X) is a linear
space (relative to the pointwise defined operations of scalar multiplication and
addition). Prove that C(X) is finite-dimensional iff X is a finite set. (Hint:
Suppose |X| = ∞. For any m ∈ N, pick any distinct x1, ..., xm+1 ∈ X and
O1, ..., Om+1 ∈ OX such that xi ∈ Oi for each i and Oi ∩ Oj = ∅ for any
distinct i and j.)

1.16. (Dieudonné’s Proof of the Tietze Extension Theorem for Metric Spaces)
Let S be a nonempty closed subset of a metric space X, and let f : S → [1, 2]
be a continuous function. Define F : X → [1, 2] by

F (x) :=


1

dist(x, T )
infy∈S f(y)d(x, y), if x ∈ X\S

f(x), if x ∈ S.
,

Then, F is continuous function on X with F |S = f. Prove!

1.17. (Interchanging Limits) Let X be a metric space, (xk) a convergent
sequence in X, and (ϕm) a uniformly convergent sequence in C(X). Show that
the double sequence (ϕm(xk)) converges to the same number whether we first
let k ↑ ∞ and then m ↑ ∞, or do the converse.
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2 Stronger Notions of Continuity

2.1 Uniform Continuity

The notion of continuity is an inherently local one. If f is a continuous map
from a metric space X into another metric space Y , we know that, for any
x ∈ X, “the images of points nearby x under f are close to f(x),”but we
do not know if the word “nearby” in this statement depends on x or not.
A global property would allow us to say something like this: “Give me any
ε > 0, and I can give you a δ > 0 such that, for any point x ∈ X, the images
of points at most δ-away from x under f are at most ε-away from f(x).”
This property says something about the behavior of f on its entire domain,
not only in certain neighborhoods of the points in its domain. It is called
uniform continuity.

Definition. Let X and Y be two metric spaces. We say that a function
f : X → Y is uniformly continuous if for every ε > 0, there is a δ > 0
(which may depend on ε) such that

dY (f(x), f(y)) < ε for every x, y ∈ X with dX(x, y) < δ,

that is, there is a δ > 0 such that f(BX(x, δ)) ⊆ BY (f(x), ε) for every
x ∈ X.

Obviously, a uniformly continuous function is continuous. On the other
hand, a continuous function need not be uniformly continuous. For instance,
consider the self-map f on R++ defined by f(x) := 1/x. You probably sense
that this function is not uniformly continuous. It has a relatively peculiar
behavior near 0; it is continuous, but the nature of its continuity at 1 and at
0.0001 seems somewhat different. In a manner of speaking, closer we are to
0, the harder it gets to verify that f is continuous (in the sense that, in our
ε-δ definition, for any given ε > 0, we need to choose smaller and smaller
δ > 0 as we get closer to 0.) We can verify this intuition by showing that
there does not exist a δ > 0 such that f(B(x, δ) ∩ R++) ⊆ B(f(x), 1) for
every x > 0. Indeed, for any δ > 0, if we choose y = x+δ/2, the requirement
that f(y) ∈ B(f(x), 1) means δ

2 < x(x + δ
2), which obviously cannot hold

for small enough x > 0.
Here is another example.

Example 2.1. Consider the real function f on (0, 1] defined by f(x) :=
sin(1/x). This function is continuous, being the composition of two contin-
uous functions. It is, however, not uniformly continuous. Indeed, for any
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δ > 0 (however small), there are two points x and y in (0, δ) such that
f(x) = 1 and f(y) = −1, so |f(x)− f(y)| = 2, while |x− y| < δ.

Example 2.2. For any given positive integer n, take n many metric spaces
X1, ..., Xn, and let X be the product of these spaces. Then, for any k ∈
{1, ..., n}, the kth projection map on X is uniformly continuous. Indeed,
where ρ is the product metric on X, we have

dk(projk(x), projk(y)) = dk(xk, yk) ≤ ρ(x, y).

Thus, for any ε > 0, we have dk(projk(x),projk(y)) < ε for any x, y ∈ X
with ρ(x, y) < ε.

Remark. A continuous map from a metric space X into another metric
space Y remains continuous if we remetrize X by a metric equivalent to
dX , and similarly for Y. This is not true for uniform continuity. Remetriz-
ing the domain of a uniformly continuous map f with an equivalent metric
may render f not uniformly continuous. (Can you give an example to illus-
trate this?) Remetrization with strongly equivalent metrics, however, leaves
uniformly continuous maps uniformly continuous.

Continuity implies Uniform Continuity on [a, b]

We have seen above that a continuous real map on an interval of R need
not be uniformly continuous. However, all goes well if the interval under
consideration is closed and bounded, that is, for real maps that are defined on
such intervals, the properties of continuity and uniform continuity coincide.
We prove this useful result, which we will later generalize substantially, next.

Proposition 2.1. (Heine) Let a and b be two real numbers such that a ≤ b.
A real map f on [a, b] is continuous if, and only if, it is uniformly continuous.

Proof. Take any f ∈ C[a, b], and to derive a contradiction, assume that
f is not uniformly continuous. Then, there is an ε > 0 such that we can
find two sequences (xm) and (ym) in [a, b] with

|xm − ym| < 1
m and |f(xm)− f(ym)| ≥ ε, m = 1, 2, ... (1)

(Why?) By the Bolzano-Weierstrass Theorem, there exists a subsequence
(xmk

) of (xm) which converges to a real number x in [a, b]. It then follows
from the first part of (1) that ymk

→ x as well. Thus, as f is continuous
at x, we have lim f(xmk

) = f(x) = lim f(ymk
), which, of course, entails
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|f(xM )− f(yM )| < ε for some integer M large enough, contradicting the
second part of (1).

Separability of C[0, 1]

Here is a nice application of Proposition 2.1.

Example 2.3. C[0, 1] is separable. (Recall that C[0, 1] is endowed with the
sup-metric.) We will prove this by using the continuous piecewise linear
functions with kinks occurring at rational points with rational values. (A
much more general version of this theorem will be proved later in the text.)
The details are as follows.

We say that a real map f on [0, 1] is a continuous piecewise linear function
if f is either affi ne, or it is continuous and there is a positive integer m ≥ 2
and real numbers a0, ..., am such that (i) 0 = a0 < · · · < am = 1; (ii) f is
differentiable everywhere except at the points a1, ..., am−1; and (iii) f ′ is con-
stant on (ai−1, ai) for each i = 1, ...,m. Let us also say that such a function is
rational (with some abuse of terminology) if a1, ..., am−1, f(a0), ..., f(am) are
all rational numbers. Finally, let us denote the set of all continuous piecewise
linear functions on [0, 1] by PL[0, 1], and that of all rational members of this
set by PLrat[0, 1]. Evidently, there is a bijection between the set

⋃
m≥1Q2m

and PLrat[0, 1]. (Yes?) As the former set is countable, therefore, PLrat[0, 1]
is a countable subset of PL[0, 1]. It is also an easy exercise to show that
PLrat[0, 1] is a dense subset of PL[0, 1]. (Exercise!) Therefore, if we can
show that PL[0, 1] is dense in C[0, 1], we can conclude that PLrat[0, 1] is
dense in C[0, 1] —recall Exercise 7.5 of Chapter 1 —and hence conclude that
C[0, 1] is separable.

Take any f ∈ C[0, 1] and ε > 0. We wish to show that there is a g ∈
PL[0, 1] with ‖f − g‖∞ ≤ ε. (In view of part (b) of Proposition 4.4 of
Chapter 1, this will prove that the closure of PL[0, 1] is the entireC[0, 1].) At
this point we invoke Proposition 2.1 to note that f is uniformly continuous,
so there is a δ > 0 such that |f(x)− f(y)| < ε/2 for every x, y ∈ [0, 1] with
|x− y| ≤ δ. Now take finitely many points a0, ..., am such that 0 = a0 < ··· <
am = 1 and |ai − ai−1| < δ for each i = 1, ...,m. Define the real map g on
{a0, ..., am} by setting g(ai) := f(ai) for each i = 0, ...,m, and then extend
this map to [0, 1] by linear interpolation. Let us denote this extended map,
which obviously belongs to PL[0, 1], also by g. Then, for any i = 1, ...,m,
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and any x in the interval [ai−1, ai], we have

|f(x)− g(x)| ≤ |f(x)− f(ai)|+ |f(ai)− g(x)|
< ε

2 + |g(ai)− g(x)|
≤ ε

2 + |g(ai)− g(ai−1)|
= ε

2 + |f(ai)− f(ai−1)|
< ε.

(The third inequality here follows from the fact that g is linear on the interval
[ai−1, ai].) It follows that |f(x)− g(x)| < ε for every x ∈ [0, 1], and hence
‖f − g‖∞ ≤ ε, as we sought.

2.2 Lipschitz Continuity

It is not uncommon that we need to work with a continuity notion that is
even stronger than uniform continuity. Indeed, the following concept is used
quite frequently in metric space theory and its applications.

Definition. Let X and Y be two metric spaces and f : X → Y a function.
If there is a real number K > 0 such that

dY (f(x), f(y)) ≤ KdX(x, y) for every x, y ∈ X, (2)

we say that f is K-Lipschitz. If f is K-Lipschitz for some K > 0, it
is said to be Lipschitz continuous. (If f is Lipschitz continuous, then
inf{K > 0 : f is K-Lipschitz}, which is denoted by Lip(f), is called the
Lipschitz constant of f .)

We have already seen some examples of Lipschitz continuous functions.
Clearly, the identity function on any metric space is 1-Lipschitz. Similarly,
the norm of a normed linear space (Example 1.7) and any projection map
on a product metric space (Example 2.2) are 1-Lipschitz functions. More-
over, the linear map we have looked at in Example 1.6 is Lipschitz con-
tinuous. For another example, notice that any self-map on R of the form
x 7→ ax is Lipschitz continuous. More generally, a differentiable real func-
tion f on a nonempty open set O in R is Lipschitz continuous, provided that
supx∈O |f ′(x)| <∞. Indeed, for such an f, we have Lip(f) ≤ supx∈O |f ′(x)|.
(Proof. Apply the Mean Value Theorem.)

Example 2.4. Let S be a nonempty subset of a metric space X. The map
dist(·, S) is 1-Lipschitz. (In particular, dist(·, z) is 1-Lipschitz for every
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z ∈ X.) Indeed, for any x and y in X, the triangle inequality for the metric
d of X yields

dist(x, S) ≤ inf
z∈S

(d(x, y) + d(y, z)) = d(x, y) + dist(y, S),

and similarly, dist(y, S) ≤ d(y, x)+ dist(x, S). Thus |dist(x, S)− dist(y, S)| ≤
d(x, y) for each x, y ∈ X.

Extensions of Lipschitz Maps

There is a beautifully simple result about the extensions of Lipschitz real
maps which says that every such map on a metric subspace of a given metric
space can be extended to a Lipschitz real map that is defined on the entire
space. (We will later worry about such extension problems for continuous
functions; things will then be much more complicated.) In fact, we can per-
form this extension without increasing the Lipschitz constant of the original
function.

The Kirzbraun-McShane Theorem. Let S be a nonempty set in a metric
space X and f : S → R a Lipschitz map. Then, there is a Lipschitz function
F : X → R such that F |S = f and Lip(F ) = Lip(f).

Proof. Put K := Lip(f), and define F : X → R by

F (x) := inf
w∈S

(f(w) +Kd(w, x)).

Let us first show that F is real-valued, that is, F (x) > −∞ for each x ∈ X.
To this end, fix any (x, y) ∈ X×S, and note that |f(w)− f(y)| ≤ Kd(w, y),
and hence f(w) ≥ f(y) − Kd(w, y), for every w ∈ S. So, by the triangle
inequality for d,

f(w) +Kd(x,w) ≥ f(y)−Kd(w, y) +Kd(x,w)

≥ f(y)−Kd(x, y)

for every w ∈ S, and it follows that F (x) ≥ f(y)−Kd(x, y) > −∞.
Since we have f(x) ≤ f(w) + Kd(x,w) for all x,w ∈ S, it is plain that

F |S = f. To complete the proof, fix any points x and y in X, and take
any ε > 0. By definition of F , there is a z ∈ S such that F (x) + ε ≥
f(z) + Kd(x, z), while F (y) ≤ f(z) + Kd(y, z) (because z ∈ S). Then, by
Lipschitz continuity of f and the triangle inequality,

F (y)− F (x) ≤ f(z) +Kd(y, z)− (f(z) +Kd(x, z)) + ε

≤ Kd(x, y) + ε.
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Interchanging the roles of x and y, and noting that ε > 0 is arbitrary here,
we get |F (x)− F (y)| ≤ Kd(x, y). Since x and y are arbitrary points in X,
we find that Lip(F ) = Lip(f), as we sought.

We will later use this theorem to obtain a powerful generalization of
what we have found in Example 2.3.

Exercises

2.1. For any real number λ, consider the real maps f : R2 → R and gλ :
R → R, defined by f(x, y) := x + y and gλ(x) := λx. Show that these maps
are uniformly continuous. Also show that (x, y) 7→ xy is not a uniformly
continuous map on R2.

2.2. Let X, Y and Z be metric spaces and f : X → Y and g : Y → Z
uniformly continuous maps. Show that g ◦ f is uniformly continuous.

2.3. Let X be a metric space and let U(X) denote the set of all uniformly
continuous real maps on X. Show that U(X) is a linear subspace of C(X).

2.4. Let X be a metric space and take any uniformly continuous real maps f
and g on X.

a. Does fg need to be uniformly continuous?
b. Suppose ‖f‖∞ <∞, and show that fg is uniformly continuous.

2.5. Let n be a positive integer,X and Y metric spaces, and f1, ..., fn uniformly
continuous real maps from X into Y. Show that x 7→ (f1(x), ..., fn(x)) is a
uniformly continuous map from X into Y n, where we view Y n as metrized by
the product metric.

2.6. Let X and Y be two metric spaces whose metrics are denoted by dX and
dY , respectively. We say that a map f : X → Y is a dilation if there is a real
number λ > 0 such that

dY (f(x), f(y)) = λdX(x, y) for every x, y ∈ X.

a. Prove that every dilation is injective and uniformly continuous.
b. Show that if f : X → Y is a dilation, then f−1 ∈ C(f(X), X).

2.7. Let X and Y be two normed linear spaces, and f : X → Y a function.
(As usual, we view X and Y as metric spaces induced by their norms.) Assume
that f is linear, that is, f(λx+y) = λf(x)+f(y) for every λ ∈ R and x, y ∈ X.
Prove that f is uniformly continuous iff it is continuous at 0.

2.8. (Lipschitz Spaces) Take any metric space X, and let Lip(X) be the set
of all bounded and Lipschitz continuous real maps on X.

a. Show that Lip(X) is a linear subspace of B(X).
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b. Show that the real map ‖·‖L defined on Lip(X) by

‖f‖L := ‖f‖∞ + Lip(f),

is a norm on Lip(X).

2.9. (Hölder Spaces) Take any metric space X, and real numbers K > 0 and
α ≥ 0. Let HölK,α(X) be the set of all bounded real maps on X such that

|f(x)− f(y)| ≤ Kd(x, y)α for all x, y ∈ X,

and put Hölα(X) :=
⋃
K>0HölK,α(X) for each α ≥ 0. (Any member of Hölα(X)

is said to be a real Hölder map on X.) Notice that HölK,1(X) is the set of all
bounded K -Lipschitz real maps on X, Höl1(X) = Lip(X,R), and Höl0(X) =
B(X).

a. Show that x 7→
√
x belongs to Höl1/2(R+), but this map is not Lipschitz.

b. Show that every Hölder map on X is uniformly continuous.

c. Prove that Hölα(X) equals the set of all constant real maps on X for
every α > 1. (For this reason, we restrict attention to the case where α ∈ [0, 1].)

d. Show that HölK,α(X) and Hölα(X) are linear subspaces of B(X) for
every K > 0 and α ∈ [0, 1].

e. For any α ∈ [0, 1], show that the real map ‖·‖α defined on Hölα(X) by

‖f‖α := ‖f‖∞ + sup

{
|f(x)− f(y)|
d(x, y)α

: x, y ∈ X, x 6= y

}
,

is a norm on Hölα(X), and we have ‖f‖1 = ‖f‖L .
f. Show that 0 ≤ α < β ≤ 1 implies Hölβ(X) ⊆ Hölα(X).

3 Homeomorphisms of Metric Spaces

3.1 Open and Closed Maps

Definition. Let X and Y be two metric spaces and f : X → Y a function.
We say that f is an open map if f(O) is an open subset of Y for every
open subset O of X. Similarly, we say that f is a closed map if f(C) ∈ CY
for every C ∈ CX .

Open maps will be of great importance for us in this course. But for now,
let us just note that “openness”and “continuity”are distinct properties for
a function that maps a metric space into another.

Example 3.1. Let X stand for the metric space (R, d) where d is the discrete
metric. Then, the identity function on R is a continuous, but neither open
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nor closed, map when viewed as a function fromX into R. (Here, we consider
the codomain as metrized by the usual absolute value metric.) On the other
hand, this map is open and closed, but not continuous, when viewed as a
function from R into X.

Example 3.2. Consider the functions f : [0, 1] → {0, 1} and g : [0, 1] ∪
[2, 3]→ [0, 2] defined as

f(x) :=

{
1, if x ∈ [0, 1/2]
0, otherwise

and g(x) :=

{
x, if x ∈ [0, 1]
x− 1, otherwise.

(We consider the domain and codomains of these functions as metric sub-
spaces of R.) It is easily checked —plot the graphs! —that f is a surjection
which is open and closed, but not continuous. On the other hand, g is a con-
tinuous surjection which closed but not open. (Exercise: Give an example
of a continuous surjection which is open but not closed.)

3.2 Homeomorphisms

Definition and Examples

Let X and Y be two metric spaces. If f : X → Y is a bijection such
that both f and f−1 are continuous, we say that f is a homeomorphism
between X and Y. In view of part (b) of Proposition 1.2, an alternative way
of saying this is that f : X → Y is a homeomorphism iff it is an invertible
map which is both continuous and open. If there exists such a function, we
say that X and Y are homeomorphic (or that “X is homeomorphic to
Y ”). We denote this situation by writing

X ∼= Y.

It is obvious that X ∼= X and X ∼= Y implies Y ∼= X. Moreover, if X ∼= Y
and Y ∼= Z (where Z is another metric space), then using the fact that the
composition of continuous functions is continuous, we readily verify that
X ∼= Z. Thus, when considered as a binary relation on a given nonempty
collection of metric spaces, ∼= is an equivalence relation.

Let us now look at some simple examples.

Example 3.3. [0, 1) ∼= R+. Indeed, it is easy to check that the map x 7→
x/(1− x) is a homeomorphism between [0, 1) and R+.

Example 3.4. (0, 1) ∼= (a, b) for any real numbers a and b with a < b.
For, the map x 7→ (b − a)x + a is a homeomorphism between (0, 1) and
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(a, b). On the other hand, we have (−1, 1) ∼= R. For instance, x 7→ tan(π2x)
is a homeomorphism between (−1, 1) and R. (The inverse of this map is
x 7→ 2

π arctanx.) Combining these observations, we find that (a, b) ∼= R for
any real numbers a and b with a < b.

Warning. We will prove later that neither (0, 1) nor R+ is homeomorphic to [0, 1].

Example 3.5. If two metrics d and D on a nonempty set X are equivalent,
then (X, d) and (X,D) are homeomorphic. In fact, d and D are equivalent
iff idX is a homeomorphism between the metric spaces (X, d) and (X,D).
(Yes?)

Example 3.6. C[0, 1] ∼= C[a, b] for any real numbers a and b with a < b.
Indeed, the map F : C[a, b]→ C[0, 1], defined by F (f)(x) := f((b−a)x+a)
for every x ∈ [0, 1], is a homeomorphism between C[a, b] and C[0, 1].

Example 3.7. R cannot be homeomorphic to any discrete metric space X. If
there were a homeomorphism f from R onto X, then for any given x in X,
f−1({x}) would be open in R, because {x} is open in X. Yet f−1({x}) is a
singleton, and hence, not open in R.

Being a homeomorphism is a good deal more demanding than being a
continuous bijection. Indeed, Exercise 1.3 provides an example of a contin-
uous bijection which is not a homeomorphism. Here is another example.

Example 3.8. We denote the unit circle in R2 by S1. (That is, S1 := {x ∈ R2 :
‖x‖2 = 1}.) Then, the function f from [0, 2π) onto S1, defined by f(θ) :=
(cos θ, sin θ), is a continuous bijection. (This follows from the continuity of
the cosine and sine functions and Example 1.12.) The inverse of this map
is, however, not continuous at (1, 0). (Note. This does not show that [0, 2π)
and S1 are not homeomorphic, because, in principle, we may be able to find
another map between these spaces which is actually a homeomorphism. We
will later prove, however, that these spaces are indeed not homeomorphic.)

The following elementary proposition provides us with an easy method
for verifying if two closed sets of real numbers are homeomorphic. We will
use this simple criterion later in the text in a rather nontrivial way.

Proposition 3.1. Every strictly increasing (or decreasing) surjection be-
tween two nonempty closed subsets of R is a homeomorphism.
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Proof. Let X and Y be two nonempty closed subsets of R, and take any
strictly increasing surjection f : X → Y. Strict monotonicity of f implies
its injectivity, so f is a bijection. To derive a contradiction, suppose f is
not continuous at some point x in X. Then, by Proposition 1.2, there is a
sequence (xm) in X such that xm → x but f(xm) → f(x) fails. Therefore,
there are an ε > 0 and either a strictly increasing or strictly decreasing
subsequence (xmk

) of (xm) such that |f(x)− f(xmk
)| ≥ ε for each k. (Yes?)

Let us assume the former possibility (the analysis in the latter case being
analogous), and relabelling if necessary, let us denote this subsequence also
by (xm), so (xm) is a strictly increasing sequence in X with xm ↑ x and
f(x) − f(xm) ≥ ε for each m. Since f is strictly increasing, (f(xm)) is a
strictly increasing sequence in Y which is bounded above by f(x). As Y is
closed, therefore, (f(xm)) converges to some point y in Y, and of course,
f(x) − y ≥ ε. Since f is surjective, y = f(z) for some z ∈ X. Clearly,
f(x) > y = f(z). Since f is strictly increasing, this implies that x > z. But
then, as xm ↑ x, we have x > xM > z for an integer M large enough, and it
follows that f(x) > f(xm) > f(xM ) > f(z) for each m ≥M, whence letting
m ↑ ∞ yields f(x) ≥ y = f(z) > f(xM ) > f(z), a contradiction. Thus, f is
continuous at x, and given the arbitrary choice of x, we may conclude that
f is a continuous bijection.

To complete the proof, note that f−1 is a strictly increasing bijection
from Y onto X, so applying what we have found above to this function, we
find that f−1 is continuous as well.

Classification of Metric Spaces up to Homeomorphism

Why are homeomorphisms of interest? Because such maps lead us to a
useful classification of metric spaces. Indeed, if X and Y are homeomorphic
metric spaces, then the open sets of Y can be obtained from those of X
by mere relabelling of the elements of X, and vice versa. That is, if f is a
homeomorphism between X and Y, then O ∈ OX iff f(O) ∈ OY . It follows
that any property that depends only on the collection of the open subsets
of a metric space would be shared by homeomorphic spaces. For instance,
if f is a homeomorphism from X onto Y, then a set S is closed in X iff f(S)
is closed in Y, a sequence (xm) in X is convergent iff (f(xm)) is convergent
in Y, we have cl(f(S)) = f(cl(S)) for any set S in X, and g ∈ C(X) iff
g = h◦f for some h ∈ C(Y ), and so on. Thus, quite a major part (although
not all) of the structures of two homeomorphic metric spaces are identical.

Example 3.9. Let X and Y be homeomorphic metric spaces. Then, X is
separable iff Y is separable. (Why?)
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Example 3.10. Boundedness property need not be preserved under a home-
omorphism. Indeed, we have noted already that [0, 1) and R+ are home-
omorphic. More generally, it follows from Example 3.5 that (X, d) and
(X,min{1, d}) are homeomorphic for any metric space (X, d). Thus, every
metric space is homeomorphic to a bounded metric space.

3.3 Examples: Sn−1 and Dn

We would like to look at some more examples of homeomorphisms here.
These are not particularly interesting for metric analysis, but as we shall
see, they are essential for topology. Indeed, they have a more geometric
nature than the examples we have looked at so far.

The stage for our examples is the n-dimensional Euclidean space Rn,
where n is a positive integer. As usual, we consider Rn as a normed linear
space (and hence as a metric space) relative to the Euclidean norm ‖·‖2.
(Reminder. ‖x‖2 := (x21 + · · · + x2n)1/2 and ‖x‖∞ := max{|x1| , ..., |xn|} for
any n-vector x.) The lead roles are played by the following subsets of Rn:

Sn−1 := {x ∈ Rn : ‖x‖2 = 1} and Dn := {x ∈ Rn : ‖x‖2 ≤ 1}.

Here Sn−1 is called the (n− 1)-sphere and Dn the n-disc. In practice, one
usually refers to the 1-sphere as the unit circle, and to the 2-sphere as the
unit sphere. (Note. S0 = {−1, 1} and S1 := {(cos θ, sin θ) : 0 ≤ θ < 2π}.)

Throughout this text, we consider Sn−1 and Dn as metric subspaces of
Rn.

Example 3.11. Dn ∼= [0, 1]n. We can prove this by exhibiting an explicit
homeomorphism. Let us first consider the real map λ on Rn\{0} defined
by λ(x) := ‖x‖2 / ‖x‖∞. We know that ‖·‖2 is a continuous function on
Rn from Example 1.7. As a very special case of Example 1.12 (or by using
the sequential characterization of continuity), we also see that ‖·‖∞ is a
continuous function on Rn. Being the composition of ‖·‖∞ and the map
t → 1/t on R\{0} (Example 1.1), therefore, the map x 7→ 1/ ‖x‖∞ is a
continuous function on Rn\{0}. Being the product of two continuous maps,
then, λ is a continuous map on Rn\{0} (Example 1.9). We now define
f : Dn → [0, 1]n as

f(x) :=

{
λ(x)x, if x 6= 0
0, if x = 0.

This map is invertible. Indeed, the inverse of f is the map g : [0, 1]n → Dn
given by g(x) := 1

λ(x)x for any x ∈ R
n\{0}, and g(0) = 0. Thus, f is
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bijective. On the other hand, an immediate application of what we have
proved in Example 1.9 shows that f is continuous on Rn\{0}. By using
the sequential characterization of continuity, we can also readily show that
f is continuous at 0 as well. Thus: f is continuous. But precisely the
same arguments show that g is continuous as well. Conclusion: f is a
homeomorphism.

In R2 (and also R3) we can see the geometric intuition behind the con-
struction of f. After all, all that this map does is to stretch the unit disc to
the unit square radially (and without ripping). Conversely, g performs the
opposite operation by contracting the unit square radially back to the unit
disc.

Example 3.12. S1\{z} ∼= R for any z ∈ S1. (That is, removing any single
point from the unit circle results in a metric space which is homeomorphic
to the real line.) It is obvious that S1\{x} ∼= S1\{y} for any x and y in S1
(why?), so it is enough to prove our claim for the case where z = (0, 1). We
do this by means of a famous method called the stereographic projection.
The idea is best described geometrically. Consider those straight lines in R2
radiating from (0, 1) and extending in a way to cross the x-axis (i.e. R×{0}).
Clearly, any such line will cross S1 and R×{−1} exactly once, and mapping
these crossing points to each other yields the homeomorphism we are after.

We can of course provide an analytic description of our homeomorphism
by computing the points of intersection of S1 and R×{−1} with such lines.
After a few computations, we would find that this method yields the home-
omorphism f : S1\{(0, 1)} → R where f(x) := 2x1/(1 − x2). (Verify!) It is
also easy to show that the inverse of this map takes any real number a to
the point (4a/(a2 + 4), (a2 − 4)/(a2 + 4)) in S1.

Example 3.13. Sn\{z} ∼= Rn for any z ∈ Sn. This is also proved by
the method of stereographic projection. All we have to do is to describe
the homeomorphism analytically by computing the intersections of Sn and
Rn−1 × {−1} with rays that radiate from the n-vector z = (0, ..., 0, 1). We
omit the details as they involve no new ideas.

Example 3.14. Sn−1 ×R++ ∼= Rn\{0}. Indeed, the map f : Sn−1 ×R++ →
Rn\{0}, defined by

f(x, λ) := λx,

is a homeomorphism, whose inverse is the function that maps any nonzero
n-vector y to (y/ ‖y‖2 , ‖y‖2).
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3.4 Embeddings

A map f from a metric space X into another, say, Y, is said to be an
embedding if it is continuous, injective and has a continuous inverse on
f(X). In other words, a map f : X → Y is an embedding iff it is injective,
f ∈ C(X,Y ) and f−1 ∈ C(f(X), X), that is, f is an embedding iff it is a
homeomorphism between X and f(X). If there exists such a map, we say
that “X can be embedded in Y.”Put differently, X can be embedded in Y
iffX is homeomorphic to a metric subspace of Y.

In topology and functional analysis, one often encounters surprising re-
sults that allow us to embed abstract spaces in certain familiar metric spaces.
Such theorems are often referred to as “embedding theorems,”and we will
indeed see quite a few such theorems in this course. Here is one beautiful
example.

Theorem 3.1. Every separable metric space can be embedded in the Hilbert
cube.

Proof. Let X be a separable metric space (with metric d) and define the
metric D on X by D(x, y) := min{1, d(x, y)}. (We know that d and D are
equivalent metrics on X.) Let Y be a countable dense subset of X, which we
enumerate as {y1, y2, ...}. We wish to show that f : X → [0, 1]∞, defined by
f(x) := (D(x, y1), D(x, y2), ...), is a homeomorphism between X and f(X).
That f is a continuous injection is easily verified. (Exercise!) To show that
f−1 ∈ C(f(X), X), take any x, x1, x2, ... ∈ X such that f(xm) → f(x). We
will be done if we can show that xm → x.

Fix an arbitrarily small ε ∈ (0, 1). As Y is dense in X, we can find a
positive integer k such that d(x, yk) < ε/4, while ρ(f(xm), f(x))→ 0 implies
D(xm, yi) → D(x, yi) for each i (Proposition 5.1 of Chapter 1). Therefore,
there is a positive integer M such that d(xm, yk) < d(x, yk) + ε/2 for every
m ≥M. It follows that d(xm, x) ≤ d(xm, yk)+d(x, yk) < ε for every m ≥M.
As ε is arbitrary in (0, 1) here, we may then conclude that xm → x. �

One can use this result to prove that every separable metric space can
be embedded in `2 (Exercise 3.9). This is one more bit of evidence of the
importance of the classical sequence space `2 for mathematical analysis.

To give another example of an “unexpected”embedding theorem, recall
that a Gδ-subset of a separable metric space X need not be a closed subset
of that space. For instance, R\Q is a Gδ-subset of R which is not closed.
However, it turns out that any Gδ-subset of X can be embedded as a closed
set in the product of X and R∞.
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Theorem 3.2. Let S be a Gδ-subset of a separable metric space X. Then,
S is homeomorphic to a closed subset of X × R∞.

Proof. Let O be a countable subset of OX with S =
⋂
O. For con-

creteness, we assume that O is countably infinite, and enumerate it as
{O1, O2, ...}. For each positive integer i, we set Ci := X\Oi, and define
f : S → X × R∞ by f(x) := (x, 1/d(x,C1), 1/d(x,C2), ...). It is readily
checked that f is an embedding. To complete the proof, we check that f(S) is
closed in X×R∞. To this end, take any (xm) in S with f(xm)→ (x, (ak)) for
some x ∈ X and (ak) ∈ R∞. Clearly, continuity of f implies f(xm)→ f(x),
so we have (x, (ak)) = f(x), and it remains to show that x ∈ S. Suppose
this is false. Then, x ∈ X\S, so x does not belong to some O ∈ O, or put
differently, x ∈ Ci for some i ∈ N. But by definition of f, we have xm → x
(in X), and it follows that d(xm, Ci)→ 0. Thus, the (i+ 1)th term of f(x)
diverges to ∞ as m ↑ ∞, which means ai =∞, a contradiction.

3.5 Isometries

The notion of a homeomorphism provides one with just one method of clas-
sifying metric spaces. And there is a sense in which this is not the most
natural one. If all one cares about are the open sets in a given metric space
—and in topology this is the case, but we are working with metric spaces
for the moment —then, sure, “identifying”two homeomorphic metric spaces
makes sense. As we have noted above, this is because we can relabel in
this case the points in one of these spaces to obtain the other one in a
way that preserves the open sets. But this relabeling may fail to preserve
the distances between the points, and this is obviously a problem if we are
interested in the “metric” structure of our metric spaces (and not only in
their topologies). In that case, we need a more refined method of classifying
metric spaces, which we will now discuss.

Let X and Y be two metric spaces. A function f : X → Y is said to be
an isometric embedding if

dY (f(x), f(y)) = dX(x, y) for every x, y ∈ X.

If there exists such a map, we say that “X can be isometrically embedded
in Y.”Notice that every isometric embedding f from X into Y is injective.
Moreover, such an f is necessarily 1-Lipschitz, and similarly, f−1 is a 1-
Lipschitz map from f(X) onto X. Thus, every isometric embedding is an
embedding (but not conversely). Of course, an isometric embedding from X
into Y need not be surjective. If it is, we refer to it simply as an isometry,
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and if there is such a map, we say that “X and Y are isometric.”(Thus, f is
an isometric embedding from X into Y iff it is an isometry between X and
f(X).) Again, it is plain that every isometry is an homeomorphism (but
not conversely).

Let us look at a few examples.

Example 3.15. For any real numbers a and b, define the self-map fa,b on R
by fa,b(x) := ax+ b. Then, fa,b is an isometry iff a = 1.

Example 3.16. We can extend the previous example to the context of the
n-dimensional Euclidean space Rn for any positive integer n. For any real
n × n matrix A and real n-vector b, define the self-map fA,b on Rn by
fA,b(x) := Ax + b. Some straightforward calculations show that this map
is an isometry iff A is an orthogonal matrix, that is, fA,b is an isometry iff
A ∈ O(n). (Note. The 2-norm of any column of an orthogonal matrix A is
1, while any two distinct columns of such a matrix A are orthogonal in the
sense that

∑n
i=1 aikail = 0 for any distinct k, l = 1, ..., n.) One can actually

prove something much more powerful than this: A self-map f on Rn is an
isometry iff f = fA,b for some A ∈ O(n) and b ∈ Rn. (We will not prove
this result here in the interest of time.)

Example 3.17. (R as a metric space) We have metrized R in Example
1.3 of Chapter 1 by taking a strictly increasing surjection f from R onto
[−1, 1], and defining the metric d : R×R→ R+ by d(x, y) := |f(x)− f(y)| .
Thus, by its very definition, R is isometric to [−1, 1]. It is in this sense that
our metrization makes R “identical” to [−1, 1]. (We have also said in that
example that “R lives within R in a fairly natural manner.”This can now be
formalized as saying that R can be embedded in R, albeit, not isometrically.)

Example 3.18. It is plain that if X and Y are isometric metric spaces, and
X is bounded, then Y must be bounded as well. So, for instance, (0, 1)
and R are not isometric, while they are homeomorphic. Similarly, as R is
unbounded and R is bounded, R cannot be embedded in R isometrically.

Example 3.19. Every metric subspace of a metric space is isometrically
embedded in that space.

Example 3.20. In Example 2.1 of Chapter 1, we said that we may think of
Rn as a metric subspace of Rn+1, even though this is not formally correct
(because Rn is not a subset of Rn+1). We may now formalize what we mean
by this. True, Rn is not a metric subspace of Rn+1, but it is isometrically
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embedded in Rn+1 in a natural manner. Indeed, the map (x1, ..., xn) 7→
(x1, ..., xn, 0) is an isometry from Rn onto Rn × {0}. In the same way, we
can always “think of”Rk as a metric subspace of Rl whenever k < l.

Embedding a metric space into another isometrically is quite demanding.
After all, being able to do this would mean that the former metric space is
indistinguishable (from the point of view of metric analysis) from a metric
subspace of the latter space. It is thus doubly surprising that there are
some general isometric embedding theorems that allow us to isometrically
embed even arbitrary metric spaces within special types of metric spaces.
Some of these theorems are quite deep, and will not concern us here. But
there are still a few that are quite startling, and yet not so diffi cult to prove.
For instance, it is fairly easy to show that every metric space X can be
isometrically embedded in B(X). This is called the Kuratowski Embedding
Theorem, and you are asked to prove it in Exercise 3.14. As the final result
of this chapter, we will instead show that if X is separable, then we can
actually embed it isometrically in a rather familiar metric space which is
independent of X!

The Fréchet Embedding Theorem. Every separable metric space can be
isometrically embedded in `∞.

Proof. Let X be a separable metric space, and let Y be a countable
dense subset of X, which we enumerate as {y1, y2, ...}. Fix any x∗ ∈ X,
and define Φ : X → R∞ by Φ(x) := (d(x, ym) − d(ym, x∗)). By the reverse
triangle inequality, |Φ(x)m| ≤ d(x, x∗) for every m, and hence, Φ(X) ⊆ `∞.
Now fix any x and y in X, and note that

|Φ(x)m − Φ(y)m| = |d(x, ym)− d(y, ym)| ≤ d(x, y)

for each m, that is, ‖Φ(x)− Φ(y)‖∞ ≤ d(x, y). On the other hand, as Y is
dense in X, there is a subsequence (ymk

) of (ym) such that ymk
→ x. Since

d(x, ·) and d(y, ·) are continuous (in fact, 1-Lipschitz), we have d(x, ymk
)→ 0

and d(y, ymk
)→ d(y, x). Then,

|Φ(x)mk
− Φ(y)mk

| = |d(x, ymk
)− d(y, ymk

)| → d(x, y),

and hence ‖Φ(x)− Φ(y)‖∞ ≥ d(x, y). We proved: d∞(Φ(x),Φ(y)) = d(x, y)
for every x, y ∈ X.

In particular, the Hilbert cube can be isometrically embedded in the
(nonseparable!) `∞. Please note that this is not at all a trivial statement.
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For instance, the identity map from the Hilbert cube [0, 1]∞ into `∞ is not
an embedding, for it is not a continuous map from [0, 1]∞ into ([0, 1]∞, d∞).
(Why? Recall Example 5.6.)

Exercises

3.1. When viewed as metric subspaces of R, are {1, 12 ,
1
3 , ...} and N homeo-

morphic? Isometric?

3.2. Are [0, 1]∞ and [0, 2]∞ homeomorphic? Isometric?

3.3. Let X :=
⋃∞

(2i − 2, 2i − 1], and consider the self-map f on X defined
as f(x) := x/2 if x ∈ (0, 1], f(x) := (x − 1)/2 if x ∈ (2, 3], and f(x) := x − 2
otherwise. Show that f is a continuous bijection. Note that f−1(0, 1] = (0, 1]∪
(2, 3], and use the Intermediate Value Theorem to conclude that f is not a
homeomorphism.

3.4. Show that (x, y) 7→ x + y and (x, y) 7→ xy are open, but not closed, real
maps on R2.

3.5. Given a metric space X, and any points x and y in X, define

ΛX(x, y) := {z ∈ X : dX(x, y) = dX(x, z) + dX(z, y)}.

a. Show that if f is an isometry from X onto a metric space Y, then

ΛY (f(x), f(y)) = f(ΛX(x, y)) for all x, y ∈ X.

b. Use the previous exercise to prove that Rn,1 and Rn,2 are not isometric
for any n ≥ 2, while the map x 7→ x is a homeomorphism between these spaces.
(Hint: If f is an isometry from Rn,1 to Rn,2, so is f − f(0), so we may assume
f(0) = 0 without loss of generality. Now notice that f maps the unit circle in
Rn,1 onto that in Rn,2.)

3.6. Prove the following:
a. Rm × Rn ∼= Rm+n for any positive integers m and n.

b. R2 ∼= {x ∈ R2 : ‖x‖2 < 1 and x2 > 0}.
c. S1 ∼= ∂([0, 1]2).

d. R2\{0} ∼= R2\D2.

3.7. Let A and B be two finite subsets of Rn with |A| = |B| . Prove that
Rn\A ∼= Rn\B.

3.8. Show that S1 ∼= (−∞,∞], where we think of the latter set as a metric
subspace of R.

3.9. Let n be a positive integer. Show that {x ∈ Rn : ‖x‖p = 1} ∼= Sn−1 for
any p ∈ [1,∞].
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3.10. Show that the products of countably many homeomorphic metric spaces
is homeomorphic. Conclude that if we metrized [0, 1] × [0, 12 ] × · · · by the
product metric, we would obtain a metric space that is homeomorphic to the
Hilbert cube. Now combine this fact with Theorem 3.1 to conclude: Every
separable metric space can be embedded in `2.

3.11. Show that the metric space X∞ we have defined in Exercise 1.8 of
Chapter 1 is homeomorphic to X∞ ×X∞.

3.12. Let X and Y be two metric spaces, and f : X → Y a homeomorphism.
Prove that f(cl(S)) = cl(f(S)) and f(∂(S)) = ∂(f(S)).

3.13. Show that the map f we defined in Theorem 3.2 is an embedding from
S into X × R∞.

3.14. (The Kuratowski Embedding Theorem) Let X be a metric space, fix
any x∗ ∈ X, and define f : X → RX by

f(x)(y) := d(x, y)− d(y, x∗).

Show that f is an isometric embedding from X into B(X).
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