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Chapter 6
Connectedness

1 Connectedness

Among the topological properties, the two most important ones are those
called connectedness and compactness. The former one plays an essential
role in almost all geometric applications of topology, and is the subject
matter of this chapter.

Intuitively speaking, a connected topological space is one that cannot
be split into two separate pieces. But, of course, without clarifying by
what we mean by “piece” here, this is not particularly telling. After all,
any space X equals to the union of X\{x} and {x} for any point x in X.
Indeed, by “piece”here, we mean an open set. Thus, a disconnected space
is one that can be partitioned into two open sets —even if these two open
sets may share a boundary (in an intuitive sense), this boundary does not
belong to the space. For instance, we like to think of (0, 1) as connected,
and [0, 1) t (1, 2) as disconnected. Similarly, it is natural to view R2 as
connected, and {x ∈ R2 : x1 6= 0} as disconnected.

1.1 Connected Spaces

Here is the definition that formalizes our geometric intuition.

Definition. A topological space X is said to be connected if there do
not exist two nonempty and disjoint open subsets O and U of X such that
O t U = X. (We refer to a topological space which is not connected as
disconnected.) In turn, a nonempty subset S of X is said to be connected
in X (or a connected subspace of X) if S is a connected topological
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space relative to the subspace topology. By convention, we consider ∅ as
connnected in X as well.

Remark. By taking the complements of the open sets that appear in this
definition, we can also define the property of connectedness by using closed
sets: A topological space is connected iff there do not exist two nonempty
and disjoint closed subsets C and D of X such that C tD = X.

The importance of this notion will become clear as we progress in this
chapter. For the moment, let us have a look at some simple examples.

Example 1.1. Let X be a discrete space. Then, for any x in X, the sets
{x} and X\{x} are disjoint open subsets of X. Thus: A discrete space is
connected iff it contains only one point.

Example 1.2. Every indiscrete space is connected.

Example 1.3. The Sierpiński space is connected. More generally, endowing
any nonempty set with the included point topology yields a connected space,
for no two distinct sets in such a space may be disjoint.

Example 1.4. Q is not connected in R. For instance, {(−∞, π)∩Q, (π,∞)∩
Q} is a partition of Q. Similarly, R\Q is not connected in R.

In fact, as we demonstrate next, the situation is crystal clear in the
context of R.

Example 1.5. Let us show that any interval I is connected in R. To derive
a contradiction, suppose we could write I = O t U for two nonempty and
disjoint open subsets O and U of I. Pick any a ∈ O and b ∈ U and let a < b
without loss of generality. Define

c := sup{t ∈ O : t < b},

and note that a ≤ c ≤ b and hence c ∈ I (because I is an interval). If c ∈ O,
then c 6= b (since O ∩ U = ∅), so c < b. But, since O is open, there is an
ε > 0 such that b > c+ ε ∈ O, which contradicts the choice of c. If, on the
other hand, c does not belong to O, then a < c ∈ U (because I = O t U).
Then, given that U is open, (c − ε, c) ⊆ U, and hence (c − ε, c) ∩ O = ∅,
which means that sup{t ∈ O : t < b} ≤ c− ε, contradiction.

Conversely, let I be a connected subspace of R, but assume that I is not
an interval. The latter hypothesis implies that there are two points a and b
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in I such that (a, b)\I 6= ∅. Let us pick any c in (a, b)\I, and define O :=
I ∩ (−∞, c) and U := I ∩ (c,∞). Then, O and U are nonempty and disjoint
open subsets of I while O t U = I, contradicting the connectedness of I.
Conclusion: A nonempty subset of R is connected iff it is an interval.

Example 1.6. The Sorgenfrey line is disconnected. For example, (−∞, 0)
and [0,∞) are open subsets of this space whose union is the entire space.

Characterization of Connectedness with Clopen Sets

The following result provides an elementary characterization of connected
metric spaces which is sometimes useful.

Proposition 1.1. A topological space X is connected if, and only if, the only
clopen subsets of X are ∅ and X.

Proof. If S is a nonempty and proper subset of X that is clopen, then
X cannot be connected, because X = S t (X\S). Conversely, assume that
X is disconnected. In this case we can find nonempty and disjoint open
subsets O and U of X such that O t U = X. But then U = X\O, so O is
both open and closed.

For instance, another way of seeing that a discrete space is disconnected
(unless it is a singleton) is by observing that every subset of such a topolog-
ical space is clopen. Similarly, the Sorgenfrey line is disconnected, because
(−∞, a) is clopen in this space (for any real number a).

Characterization of Connectedness with Continuous Surjections

Our next characterization of connectedness is also simple, but as we shall
see, it is surprisingly useful.

Proposition 1.2. A topological space X is connected if, and only if, there
is no continuous surjection from X onto S0.

Proof. If there is a continuous surjection f : X → S0, then f−1(−1)
and f−1(1) are two nonempty and disjoint open subsets of X whose union
equals X, so X is disconnected. Conversely, if X is disconnected, there exist
two nonempty and disjoint open subsets O and U of X with O t U = X.
Then, f : X → S0, defined as f(x) := −1 if x ∈ O, and f(x) := 1 if x ∈ U,
is a continuous surjection.

What makes this observation works is that, being discrete, S0 is a dis-
connected space. Indeed, the following is a straightforward consequence:
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Corollary 1.3. There is no continuous surjection from a connected topolog-
ical space X onto a disconnected space Y.

Proof. As Y is disconnected, Proposition 1.2 entails that there is a
continuous surjection from Y onto S0. If there were a continuous surjection
g from X onto Y, therefore, f ◦ g would be a continuous surjection from X
onto S0. By Proposition 1.2, this implies that X is disconnected.

An immediate implication of Corollary 1.3 is this: Every continuous map
from a connected space X into a discrete space Y is constant. Indeed, if
f ∈ C(X,Y ), where X is connected and Y discrete, then f is a continuous
surjection from X onto the discrete space f(X), and Corollary 1.3 implies
that |f(X)| = 1.

Here is an illustration of how useful Corollary 1.3 is.

Example 1.7. GL(n) is disconnected for any n ≥ 2. Indeed, we have seen
in Example 1.14 of Chapter 2 that the determinant is a continuous real map
on Rn×n. Therefore, the restriction of this map to GL(n) is a continuous
map from GL(n) into R\{0}. Moreover, for any nonzero real number x, the
determinant of the n× n matrix A, where a11 = x, aii = 1, and aij = 0 for
every distinct i, j = 1, ..., n, is x. Thus, the restriction of det to GL(n) is
a continuous surjection from GL(n) onto R\{0}. As R\{0} is disconnected
— because R\{0} = (−∞, 0) t (0,∞) — it follows from Corollary 1.3 that
GL(n) cannot be connected.

Similarly, O(n) is disconnected for any n ≥ 2. We can actually prove this
using Proposition 1.2 directly. After all, the restriction of the determinant
function to O(n) yields a continuous surjection from O(n) onto S0, so O(n)
cannot be connected. The situation with SO(n) is markedly different, but
we will look into this later.

Two Applications

As simple as it is, Proposition 1.2 packs quite a punch. Recall that every
continuous real function on R has the intermediate value property, that is,
for every such f and real numbers a and b with f(a) < f(b), the entire
interval [f(a), f(b)] is contained in the range of f. This is a useful fact which
we know from elementary calculus. As an immediate corollary of Proposition
1.2, we now obtain a substantial generalization of this result —apparently,
all that matters here is the connection of R.

The Intermediate Value Theorem. Let X be a connected topological space,
and f ∈ C(X). If x and y are two points of X such that f(x) < f(y), then
[f(x), f(y)] ⊆ f(X).
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Proof. Take any x, y ∈ X with f(x) < f(y), and let c be any real
number with f(x) < c < f(y). To derive a contradiction, suppose that c
does not belong to f(X). Then, we may define g : X → R by

g(z) :=
f(z)− c
|f(z)− c| .

Clearly, g is a continuous function with g(X) ⊆ S0. Moreover, g(x) = −1
and g(y) = 1, so g is a continuous surjection from X onto S0. In view of
Proposition 1.2, this contradicts the connectedness of X.

As another application, we consider:

Brouwer’s Fixed Point Theorem (on R). Take any real numbers a and b
with a < b, and let f be a continuous self-map on [a, b]. Then, f has a fixed
point, that is, f(x) = x for some x ∈ [a, b].

Proof. Put X := [a, b], and to derive a contradiction, suppose f has no
fixed points. Then, we may define g : X → R by

g(x) :=
f(x)− x
|f(x)− x| .

Clearly, g is a continuous function with g(X) ⊆ S0.Moreover, as f(a) ∈ [a, b]
and f(a) 6= a, we have f(a) > a, so g(a) = 1. Similarly, f(b) < b, so
g(b) = −1. Thus, g is a continuous surjection from X onto S0. Proposition
1.2 then implies that X is not connected, a contradiction.

Warning. The full structure of [a, b] is essential for this result, not only its con-
nectedness. For instance, x 7→ x2 is a continuous self-map on (0, 1) without a fixed
point. Similarly, x 7→ x+ 1 is a continuous self-map on R without a fixed point.

1.2 Application: On the Continuity of Preorders

Among the many notions of continuity that one can consider for preorders defined
on a topological space, the two most commonly used are closed-continuity and
open-continuity. Put precisely, we say that a preorder % on a topological space
X is closed-continuous if % is a closed subset of X × X, and that it is open-
continuous if its asymmetric part � is open in X ×X.

It is easy to show that these notions are equivalent for a total preorder %, but in
general, they are distinct. For instance, the standard partial order of R2 is closed-
continuous, but not open-continuous. Similarly, the partial order < on R2 defined
by x < y iff either x = y or x1 > y1 and x2 > y2, is open-continuous but not closed-
continuous. In fact, these observations are manifestations of a general situation.
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For, in 1971, David Schmeidler has shown that, unless it is total, no preorder on a
connected topological space can possibly possess both of these continuity notions.
This is a startling result which tells us that one often has to make a choice about
the notion of continuity to impose when studying non-total preorders. Besides, the
proof of it is a beautiful illustration of what one can achieve with connectedness in
practice.

Schmeidler’s Theorem. Let X be a connected topological space, and % a preorder
on X with � 6= ∅. If % is both closed- and open-continuous, then it must be total.

Proof. For any x ∈ X, we will use the following notation throughout the proof:
↓x := {z ∈ X : x � z} and x↓ := {z ∈ X : x % z},

with ↑x and x↑ being defined dually.
Now take any x, y ∈ X with x � y. Notice that z ∼ x implies that z belongs

to ↑y, and z ∼ y implies that z belongs to ↓x. Thus: ↓x ∪ ↑y = x↓ ∪ y↑. It follows
that ↓x∪ ↑y is clopen under the conditions of the theorem. By Proposition 1.1,
therefore, we conclude: ↓x ∪ ↑y = X for every x, y ∈ X with x � y.

Next, suppose there are two elements a and b of X that are not comparable
with respect to %. Take any x, y ∈ X with x � y. Then, as we have just found
out, either x � a or a � y. Suppose the former case is true. In that case, using our
previous observation one more time, we see that ↓x∪ ↑a = X. Then ↓x∪ ↑a contains
b, and as a and b are not %-comparable, this means x � b. It follows that ↑a∩ ↑b is
an open subset of X which is nonempty (because it contains x) and which is not the
entire X (because it does not contain a). On the other hand, ↑a∩ ↑b equals a↑∩ b↑,
because if a ∼ z ∈ b↑, or b ∼ z ∈ a↑, we contradict the %-comparability of a and
b. Thus, ↑a∩ ↑b is a nonempty proper subset of X which is both open and closed,
but this contradicts Proposition 1.1. As the case a � y would yield a contradiction
in a similar manner, Schmeidler’s Theorem is proved.

1.3 Properties of Connected Spaces

Connectedness is a Topological Invariant

Since the definition of connectedness involves only the topology of a given
topological space, it is plain that this property is a topological invariant.
More formally, this is an immediate consequence of the fact that continuous
images of a connected space remain connected. This is an easy to prove, but
an extremely important, observation.

Proposition 1.4. Let X and Y be two topological spaces, and f : X → Y a
continuous function. If X is connected, then f(X) is connected in Y.

Proof. Note first that f is a continuous map from X onto f(X). More-
over, if f(X) is not connected (as a subspace of Y ), we can find two nonempty
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and disjoint open subsets O and U of f(X) such that O t U = f(X). But
then, f−1(O) and f−1(U) are nonempty open, and disjoint, subsets of X,
and we have f−1(O) t f−1(U) = f−1(O t U) = X. Conclusion: X is not
connected.

Corollary 1.5. Connectedness is a topological invariant.

Proposition 1.4 is surprisingly useful. For instance, notice that the Inter-
mediate Value Theorem is an immediate consequence of this result (and the
fact that any connected subspace of R is an interval). As another example,
we see now that there is no continuous surjection from R onto either Q or
R\Q, because R is connected while neither Q nor R\Q is.

We may also use Proposition 1.4 to ascertain the connectedness of some
interesting topological spaces. Here are a few illustrations of this sort.

Example 1.8. Is RP1 connected? This does not seem like a trivial question
from the outset. Yet, as we have noted earlier, the function f from [0, 2π)
onto S1, defined by f(θ) := (cos θ, sin θ), is a continuous bijection. Since, be-
ing an interval, [0, 2π) is connected, Proposition 1.4 therefore ensures us that
S1 is connected. Being homeomorphic to S1, therefore, RP1 is connected.
(Recall Example 4.7 of Chapter 4.)

Example 1.9. We know from Example 3.12 of Chapter 2 that S1\{z} ∼= R
for any z ∈ S1. By Corollary 1.5, therefore, we may conclude that deleting
a point from the unit circle leaves a connected subspace of R2.

Example 1.10. We have noted in Chapter 2 that [0, 2π) and S1 are not
homeomorphic, but did not provide a proof. We are now in a position to
settle this matter. Suppose, to derive a contradiction, there is a homeomor-
phism f from [0, 2π) onto S1. Pick any real number t from the open interval
(0, 2π), and put z := f(t) and g := f |[0,2π)\{t}. Then, g is a homeomor-
phism from [0, 2π)\{t} onto S1\{z}. (Recall Proposition 4.5 of Chapter 4.)
Since we know from the previous example that S1\{z} is connected in R2,
and connectedness is a topological invariant, we must then conclude that
[0, 2π)\{t} is connected in R, but this is false, because [0, 2π)\{t} is not an
interval.

Union of Connected Spaces

There is no reason for the intersection of two connected topological spaces
to be connected. (For instance, the intersection of the unit circle S1 with the
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line segment [−1, 1]× {0} in R2 is a doubleton (hence discrete) subspace of
R2.) Similarly, the union of two disjoint connected subspaces of a topological
space is rarely connected. (For instance, the union of two disjoint closed
intervals is disconnected.) However, it is quite a pleasant fact that the
union of any collection of connected spaces is connected, provided that the
intersection of this collection is nonempty. We now look into this matter,
and in fact prove something a bit more general.

Lemma 1.6. Let O and U be two nonempty and disjoint open sets in a
topological space X, and let S be a connected subspace of X. If S ⊆ OtU ,
then either S ⊆ O or S ⊆ U.

Proof. To derive a contradiction, suppose S intersects both O and U.
Then, O ∩ S and U ∩ S are nonempty and disjoint open subsets of S whose
union is S, contradicting S being connected in X.

Proposition 1.7. Let Y be a nonempty collection of connected subspaces of
a topological space X. If there is a connected subspace Z of X such that
Z ∩ Y 6= ∅ for each Y ∈ Y, then Z ∪

⋃
Y is connected in X.

Proof. Put W := Z ∪
⋃
Y, and suppose Z is connected, but W is not

connected, in X. Then, there are two nonempty and disjoint open sets O
and U in W such that O tU =W. Since Z ⊆ O tU, Lemma 1.6 (where W
plays the role of X) implies that either Z ⊆ O or Z ⊆ U. Without loss of
generality, let us suppose that Z ⊆ O. But, by the same reasoning, either
Y ⊆ O or Y ⊆ U for each Y ∈ Y. Since Z ∩ Y 6= ∅ and Z ⊆ O, this is
possible only if Y ⊆ O, for each Y ∈ Y. But this means that W ⊆ O, that
is, U = ∅, a contradiction.

Corollary 1.8. Let Y be a nonempty collection of connected subspaces of
a topological space X. If Z ∩ Y 6= ∅ for every Y, Z ∈ Y, then

⋃
Y is

connected in X. In particular, if
⋂
Y 6= ∅, then

⋃
Y is connected in X.

Proof. Pick any Z in Y, and apply Proposition 1.7 to the collection
{Z ∪ Y : Y ∈ Y}.

Once again, we use these observations to identify new connected spaces.

Example 1.11. Rn is connected for any n ≥ 1. We already know this to be
true for n = 1. For n > 1, define Y (y) := {λy : λ ∈ R} for any n-vector y,
and put Y := {Y (y) : y ∈ Rn}. (That is, Y is the collection of all straight
lines in Rn that go through the origin.) Obviously, Y (y) ∼= R, so Y (y) is
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connected in Rn, for any n-vector y. Since
⋂
Y 6= ∅ —this set contains the

origin of Rn —and Rn =
⋃
Y, Corollary 1.8 entails that Rn is connected.

Example 1.12. Sn is connected for any n ≥ 1. Let x and y be two distinct
points on Sn, and put A := Sn\{x} and B := Sn\{y}. Then, A ∼= Rn ∼= B
(by Example 3.13 of Chapter 2), so both A and B are connected in Rn+1.
Since Sn = A∪B, therefore, Corollary 1.8 entails that Sn connected in Rn+1.

Example 1.13. Rn\{0} is connected for any n ≥ 2. The argument we gave
in Example 1.11 does not work here, but we may still settle the matter by
using Proposition 1.7. To see this, fix any integer n ≥ 2, and put

λSn−1 := {λx : x ∈ Sn−1} and Z := {(a, 0, ..., 0) ∈ Rn : a > 0},

for any λ > 0. (Draw the sets 1
2S
1, S1 and 2S1, as well as R++ × {0}, in

R2 to get the feel of the argument.) Each of these sets is connected in Rn.
Moreover,

Rn\{0} = Z ∪
⋃
λ>0

λSn−1.

Since Z intersects λSn−1 for every λ > 0, therefore, Proposition 1.7 entails
that Rn\{0} is connected in Rn, as we sought.

Remark. (The Problem of Dimension) Let us pose for a moment and ask
the following, seemingly innocent, question: Are Rm and Rn homeomorphic
for any distinct positive integers m and n? This is a fundamental problem
which has shaped a good part of the development of topology in its early
years. It was settled by L. E. J. Brouwer in 1910 in the negative by means
of methods which were then revolutionary, and it is rightly viewed as one of
the jewels of the subject. Unfortunately, to this day, no elementary proof
for Brouwer’s Invariance of Domain Theorem is found. We will be able
to prove this result much later in the text, after working our way through
topological fixed point theory. However, it is worth noting that Example
1.13 settles at least a (very) special case of the problem right away: R and
Rn are not homeomorphic for any n ≥ 2.

We can prove this by using the method we adopted in Example 1.10.
Suppose, to derive a contradiction, there is a homeomorphism f from R
onto Rn (with n ≥ 2). Put t := f−1(0) and note that the restriction of f to
R\{t} is a homeomorphism from R\{t} onto Rn\{0}. Since connectedness
is a topological invariant, and R\{t} is not connected, therefore, we must
then conclude that Rn\{0} is not connected, in contradiction to what we
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have found in Example 1.13. (We could say all this more informally, but still
correctly, as follows: Deleting a point from R and Rn (with n ≥ 2) yields two
topological spaces, one disconnected and the other connected. This means
that R and Rn cannot be homeomorphic.)

Closure of a Connected Space

It is a rather pleasant fact that the closure of a connected subspace of a topo-
logical space is connected. The following result actually proves something a
bit more general.

Proposition 1.9. Let Y and Z be two subspaces of a topological space X
such that Z ⊆ Y ⊆ cl(Z). If Z is connected in X, so is Y.

Proof. Assume that Z is connected in X, and to derive a contradiction,
suppose Y is not a connected subspace of X. Then, there are open sets O
and U in X such that O ∩ Y and U ∩ Y are nonempty and disjoint sets
whose union is Y. Consider Z as a subspace of Y, and use Lemma 1.6 to
conclude that either Z ⊆ O ∩ Y or Z ⊆ U ∩ Y. Without loss of generality,
let us suppose that Z ⊆ O ∩ Y (which means that Z ∩ U ∩ Y = ∅). Now
pick any x in U ∩ Y . Since x ∈ Y ⊆ cl(Z), every open neighborhood of x in
X intersects Z. In particular, U ∩ Z 6= ∅, but this means that Z intersects
U ∩ Y, a contradiction.

Corollary 1.10. The closure of a connected subspace of a topological space
is connected.

Here is an illustration of how we may use these results to verify the
connectedness of certain spaces.

Example 1.14. (The Deleted Comb Space) Consider the set

Y := {(0, 1)} ∪ ([0, 1]× {0}) ∪
( ∞⋃
i=1

({
1
i

}
× [0, 1]

))

as a subspace of R2. (This space is sometimes called the deleted comb
space.) Then, Y is connected in R2. To see this, define

Z := ([0, 1]× {0}) ∪
( ∞⋃
i=1

({
1
i

}
× [0, 1]

))
,

and notice that Z is connected by Proposition 1.7. Since Z ⊆ Y ⊆ cl(Z),
therefore, Proposition 1.9 implies that Y is connected in R2.
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1.4 Connected Components and Cuts

Connected Components

Every topological space is made up of connected pieces. This is a triviality
(as every space is the union of its singleton subsets), but if we require the
connected “pieces”be as large as possible, things get much more interesting.
Indeed, if one can achieve such a decomposition —and one can! —we can use
it to simplify the geometric analysis of a given topological space. We thus
develop this idea in this section.

A connected component of a topological space X is defined as a
maximal connected subspace of X (with respect to set inclusion). Put more
precisely, a subspace Y of X is a connected component of X iff (i) Y is
connected in X; and (ii) Y is not a proper subset of any connected subset
of X.

Example 1.15. Let X be a topological space and x a point in X. Let Y
be the set of all connected subsets of X that contain x. (This collection
is nonempty, for it surely contains {x}.) Then, by Corollary 1.8,

⋃
Y is a

connected set inX.Moreover, by definition, this set contains every connected
subset of X which contains x. Thus:

⋃
Y is a connected component of X.

We usually refer to this set as the connected component of X that contains
x, and denote it by C(x).

Example 1.16. Every connected component of a discrete space is a singleton.
The same holds for Q and the Sorgenfrey line as well.

Connected components of a topological space X constitute a partition
of X. Indeed, no two distinct connected components Y and Z of X may
intersect, for otherwise, Y ∪Z would be a connected subspace of X (Corol-
lary 1.8) such that Y ⊂ Y ∪ Z, contradicting Y being a maximal connected
subspace of X. Moreover, where Y is the collection of all connected com-
ponents of X, we have X =

⊔
Y, because x ∈ C(x) ∈ Y for every x ∈ X.

Conclusion: Y is a partition of X. It is plain from this observation that Y is
a singleton iff it equals {X}, that is, X has a single connected component
iff it is connected.

It is worth noting that every connected component of a topological space
X is closed in X. (This is an immediate consequence of the fact that the
closure of every connected subset of X is connected in X.) In particular,
every connected component of X is open, provided that X has finitely many
connected components. (Indeed, if Y is finite, then either Y = {X}, and our
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assertion is trivially true, or |Y| ≥ 2, and any Y in Y is the complement of
the closed set

⊔
Y\{Y }.)

Warning. Finiteness hypothesis is essential for the previous observation. Indeed,
in general, a connected component need not be open. For instance, the connected
components of Q are the singleton subsets of Q, which are, of course, not open in
Q.

The following proposition summarizes this discussion:

Proposition 1.11. The collection of all connected components of a topolog-
ical space X is a partition of X which consists of closed (and connected)
subsets of X. If X has finitely many connected components, then each of
these components are clopen in X (but, in general, a connected component
need not be open).

An easy application of Proposition 1.4 (and Proposition 4.5 of Chapter 4)
shows that a homeomorphism from a topological spaceX onto another space
Y maps any given connected component of X onto a connected component
of Y. We thus have the following generalization of Corollary 1.5.

Proposition 1.12. The number of connected components of a topological
space is a topological invariant.

This fact is sometimes useful in distinguishing between topological spaces.

Example 1.17. [1, 2] t [3, 4] and [1, 2] t [3, 4] t [5, 6] are not homeomorphic
spaces (as subspaces of R), as the first one has 2 connected components
while the second has 3 connected components.

Cuts

Let us explore ways of making connectedness arguments for distinguishing
between topological spaces a bit further. Let X be a connected topological
space. We say that a point x in X is a cutpoint of X if X\{x} is a
disconnected subspace of X. If Y is another connected topological space,
and f : X → Y is an homeomorphism, then f |X\{x} is an homeomorphism
from X\{x} onto Y \{f(x)}. It follows that the number of cutpoints, as
well as the number of non-cutpoints, of a topological space is a topological
invariant.

Example 1.18. Any nondegenerate interval I has uncountably many cut-
points. As the unit circle has no cutpoints, we conclude: I and S1 are not
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homeomorphic. Similarly, no bounded semiclosed interval is homeomorphic
to an open interval, for the former space has one non-cutpoint while the
latter has none.

Example 1.19. Consider the following subspaces of R2:

8 0 I
The first of these spaces has one cutpoint, the second has no cutpoints, and
the third has infinitely many cutpoints. No two of these spaces can thus be
homeomorphic.

Let X be a connected topological space. For any positive integer n,
a point x in X is said to be an n-vertex of X if X\{x} has exactly n
connected components. (Note. An n-vertex of X is necessarily a cutpoint
of X for every n ≥ 2.) Just as in the case of the number of cutpoints,
the number of n-vertices of a topological space is a topological invariant
(because the image of a connected component under an homeomorphism is
a connected component).

Example 1.20. Consider the following subspaces of R2:

T I H
The first of these spaces has a one 3-vertex, the second and third have no
3-vertices, while the third one has two 3-vertices. It follows that no two of
these spaces are homeomorphic.

1.5 Products and Quotients of Connected Spaces

Finite Products of Connected Spaces

Let X and Y be two topological spaces. If these spaces are connected, then
so is their product X × Y. We can prove this by expressing X × Y as the
union of a collection of connected subspaces of X × Y any one of which
intersect some (fixed) element of this collection. Here is one way to do this.
Fix a point x in X, and note that Z := {x} × Y is a connected subspace of
X×Y, being homeomorphic to Y. Similarly, X×{y} is a connected subspace
of X × Y, and we have Z ∩ (X × {y}) 6= ∅ (because (x, y) belongs to this
set) for any y ∈ Y. Since

X × Y = Z ∪
⋃
y∈Y

(X × {y}),
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therefore, Proposition 1.7 says that X × Y is connected, as we sought.
The converse of this observation is also true, that is, X×Y is connected

only if both X and Y are connected. Indeed, the projection map projX :
X×Y → X (where projX(x, y) := x) is a continuous surjection (by definition
of the product topology), so, by Proposition 1.4, connectedness of X × Y
implies that of X, and similarly, that of Y.

By induction, we may express these findings a bit more strongly as: The
product of finitely many topological spaces is connected if, and only if, each
of these spaces is connected.

Arbitrary Products of Connected Spaces

We can actually do better than this. Indeed, with a little bit of effort, we
can extend this result to the case of arbitrary products of topological spaces.

Theorem 1.13. Let I be a nonempty set, Xi a topological space for each
i ∈ I, and X the topological product of {Xi : i ∈ I}. Then, X is connected
if, and only if, Xi is connected for each i ∈ I.

Proof. The “only if”part of our assertion follows again from the con-
tinuity of the projection maps and Proposition 1.4. To prove its “if”part,
let I stand for the set of all nonempty finite subsets of I, fix any y in X,
and for any J ∈ I, define XJ := {x ∈ X : x(i) = y(i) for each i ∈ I\J}. For
each J ∈ I, it is plain that XJ is homeomorphic to the topological product
of {Xj : j ∈ J}, so by what we have shown above, it is connected. We now
define

Z :=
⋃
J∈I

XJ .

Then, Corollary 1.8 ensures that Z is a connected subset of X, because
y ∈ XJ for each J ∈ I. On the other hand, cl(Z) = X. (To see this, fix an
arbitrary x in X, and for each J ∈ I, define xJ : I → X as

xJ(i) :=

{
x(i), if i ∈ J
y(i), if i ∈ I\J.

Then, (xJ) is a net in Z with the index poset (I,⊇). Furthermore, for any
given i in I, we have xJ(i)→ x(i), because choosing any J∗ ∈ I with i ∈ J,
we have xJ(i) = x(i) for all J ∈ I with J ⊇ J∗. By Proposition 1.5 of
Chapter 5, then, xJ → x, and hence, by Proposition 5.2 of Chapter 4, we
find cl(Z) = X.) As Z is a connected dense subset ofX, applying Proposition
1.9 completes our proof.
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Example 1.21. Theorem 1.13 provides an alternative method for estab-
lishing the connectedness of certain topological spaces. For instance, this
result shows readily that the 2-dimensional torus T2 is connected, because
T2 ∼= S1 × S1.

Example 1.22. We have seen in Example 1.13 that deleting a point from
Rn leaves a connected space for any n ≥ 2. To give an alternative proof for
this, we may check that the map f : Rn\{0} → Sn−1 × R++, defined by

f(x) :=

(
x

‖x‖2
, ‖x‖2

)
,

is an homeomorphism, and then apply Theorem 1.13.

Example 1.23. R∞, as well as the Hilbert cube, is connected.

We can also use Theorem 1.13 to determine the connected components
of a product space in terms of those of its coordinate spaces.

Corollary 1.14. Let I be a nonempty set, Xi a topological space for each
i ∈ I, and X the topological product of {Xi : i ∈ I}. Then, for any x ∈ X,
the connected component of X that contains x is the product of {Ci : i ∈ I}
where Ci is the connected component of Xi that contains x(i) for each i ∈ I.

Proof. Take any point x in X, and note that Theorem 1.13 implies
that Xi∈ICi is a connected subspace of X which contains x, so we have
Xi∈ICi ⊆ C(x). To prove the converse containment, take any y ∈ C(x), and
notice that proji(C(x)) is a connected subset of Xi which contains both x(i)
and y(i), for each i ∈ I. It follows that y(i) ∈ Ci for each i ∈ I, that is, y ∈
Xi∈ICi, and we are done.

Quotients of Connected Spaces

Finally, we note that connectedness also behaves well with respect to the
quotient topology.

Proposition 1.15. Let X be a topological space, and ∼ an equivalence
relation on X. If X is connected, so is X/∼.

Proof. This is an immediate consequence of Proposition 1.4 and the
continuity of the quotient map π∼.

Warning. The converse of Proposition 1.15 is false. For instance, X/∼ is connected
for any topological space X, where ∼ equals X ×X.
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Exercises

1.1. Show that any infinite set is connected relative to the cofinite topology.

1.2. Prove:
a. No subspace of R is homeomorphic to S1.
b. No open subspace of R is homeomorphic to Rn for any n ≥ 2.
c. (Invariance of Dimension for Manifolds) No 1-manifold is homeomorphic

to an n-manifold for any n ≥ 2.

1.3. Give examples in R2 to show that (i) the interior of a connnected set
need not be connected; and (ii) a set whose interior is connected need not be
connected.

1.4. Show that the following sets are connected in R2:
a. (The Comb Space) ([0, 1]× {0}) ∪

(⋃∞
i=1

({
1
i

}
× [0, 1]

))
∪ ({0} × [0, 1]).

b. (Topologist’s Sine Curve) ({0}×[−1, 1])∪
{(
t, sin 1t

)
: 0 < t ≤ 1

}
. (Hint:

Use Corollary 1.10.)

c. {x ∈ R2 : either x1 or x2 is rational}.

1.5. (A Generalization Example 1.5) A topological space X is said to be a
linear continuum if it is endowed with the <-order topology, where < is
a linear order on X which satisfies the following two properties: (i) Every
nonempty subset of X which is bounded from above in X (with respect to <)
has a least upper bound in X; and (ii) for any x, y ∈ X with x � y, there is a
z in X with x � z � y. Prove that every linear continuum is connected.

1.6. Show that R∞ is not connected relative to the box topology. Conclude
that the countable product of a collection of connected topological spaces need
not be connected relative to the box topology, yet another illustration of the
shortcomings of the box topology. (Hint: Check that `∞ is clopen in R∞
relative to the box topology.)

1.7. Consider the letters of the English alphabet as subspaces of R2:

A B C D E F G · · · Q · ··

Identify which of these subspaces are homeomorphic to each other. (Hint:
There are 9 equivalence classes with respect to the equivalence relation “is
homeomorphic to.”One of these is {Q}.)

1.8. Use Proposition 1.4 to show that there is no continuous self-map f on R
such that f(Q) ⊆ R\Q and f(R\Q) ⊆ Q.

1.9. Let S be a subset of of a topological space X. Prove: If Y is a connected
subspace of X which intersects both S and X\S, then Y ∩ ∂S 6= ∅. (Hint:
S ∩ Y is clopen in Y .)
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1.10. Let S be a subset of of a topological space X. Prove that S is not
connected inX iff there are nonempty subsets A andB of S such that S = A∪B
and A∩ cl(B) = ∅ = cl(A) ∩B (where the closures are taken in X).

1.11. Let A and B be two connected subsets of a topological space X such
that A∩ cl(B) 6= ∅. Prove that A ∪B is connected in X.

1.12. Let X be a topological space, and (Ym) a sequence of connected sub-
spaces of X. Prove: If Ym ∩ Ym+1 6= ∅ for every m = 1, 2, ..., then

⋃∞
Yi is

connected in X.

1.13. Let X be a topological space such that for every x, y ∈ X there is a
connected subspace Y (x, y) of X such that {x, y} ⊆ Y (x, y). Prove that Y
is connected. Next, use this fact to prove that Rn\S is connected in Rn for
any countable subset S of Rn and any integer n ≥ 2. (In particular, Rn\Qn is
connected.)

1.14. Let X and Y be topological spaces, and let us say that a map f : X → Y
is locally constant if for every x ∈ X, there is an open neighborhood O of x
in X such that f |O is constant. Show that if X is connected, Y is a T1-space,
and f is a locally constant map in C(X), then f is constant.

1.15. Let X and Y be topological spaces, and take any f ∈ C(X,Y ). Show
that if X is connected, so is graph(f). (Hint: Recall Exercise 1.11 of Chapter
5.)

1.16. (The Borsuk-Ulam Theorem on S1) Let f : S1 → R be a continuous
map. Show that there is a point x on S1 such that f(x) = f(−x). Thus, for
instance, there are two antipodal points on the equator at which temperatures
(or humidity, or fogginess, etc.) are the same. (Hint: Apply the Intermediate
Value Theorem to the map x 7→ f(x)− f(−x) on S1.)

1.17. (“Baby” Fundamental Theorem of Algebra) Prove that a polynomial
function on R of odd degree has at least one real root. (Hint: Use the Inter-
mediate Value Theorem.)

1.18. Let X and Y be two topological spaces, and f : X → Y an identification
map. (Recall Exercise 3.21 of Chapter 5.) Prove: If Y is connected, and f−1(y)
is connected for each y ∈ Y, then X is connected. (Hint: Show that if S is a
clopen subset of X, then f(S) is clopen in Y .)

2 Total Disconnectedness

2.1 Totally Disconnected Spaces

First Impressions

Partitioning a topological space X into its connected components provides
a way of evaluating how “connected” that space is. Loosely speaking, the
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coarser this partition is, the more connected the space at hand is. In par-
ticular, X is connected iff it has only one connected component (namely,
itself). At the other extreme is when this partition is the finest possible
partition of X, that is, when every element of it is a singleton. Unlike how it
may first appear, this case is not really pathological, and we will encounter
it repeatedly in various parts of this book.

Definition. A topological space X is said to be totally disconnected if
every connected component of X is a singleton.

That is, a topological space X is totally disconnected iff the only con-
nected subspaces of X are singletons. In particular, if, for every distinct
points x and y in X, there is a clopen subset of X that contains x but not
y, then X must be totally disconnected. (Proof. If X is not totally dis-
connected, there exists a connected component C of X that contains two
distinct points, say, x and y. But then, there is no clopen subset O of X
with x ∈ O and y ∈ X\O, for otherwise, O ∩C would be a clopen subset of
C which is neither ∅ nor C, contradicting C being a connected subspace of
X.)

Here are some examples of totally disconnected spaces.

Example 2.1. Every discrete space is totally disconnected. But a totally
disconnected space need not be discrete; for instance, Q is a totally dis-
connected space which is not discrete. Similarly, the Cantor set is totally
disconnected, but it is not discrete. In fact, it follows from Example 1.5 that
a subspace of R is totally disconnected iff it does not contain a nondegenerate
interval.

Example 2.2. The Sorgenfrey line is totally disconnected. We leave the
proof as an exercise.

Properties of Totally Disconnected Spaces

Every totally disconnected space is, per force, a T1-space. Indeed, any single-
ton subset of a topological spaceX is connected. IfX is totally disconnected,
therefore, every singleton subset of it must be a connected component. As
every connected component of a space is closed, therefore, every singleton
in X is closed.

Proposition 2.1. Every totally disconnected space is T1.
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Warning. A totally disconnected space need not be Hausdorff. To give an example
for this, put Y := {3, 4, ...}, and letO be the set of all subsets O of N such that either
O ⊆ Y or O = UtV for some U ⊆ {1, 2} and V ⊆ Y such that Y \V is finite. Then,
O is a topology on N (with respect to which {i} is clopen for any i = 3, 4, ...). Let us
denote by X the topological space that arises by endowing N with the topology O.
This space is not Hausdorff, because every open neighborhood of 1 intersects every
open neighborhood of 2. On the other hand, X is totally disconnected. Indeed,
suppose S is a subset of X with at least two points. If S ∩ Y is not empty, then
{i} is a nonempty clopen subset of S for any i ∈ S ∩ Y, so S is not connected. If
S ∩ Y = ∅, then S = {1, 2}, and in that case both {1} and {2} are open in S, so
S is again not connected.

It is plain that total disconnectedness is a topological invariant. It is
also easy to see that replacing the topology of a totally disconnected space
with a finer topology yields a totally disconnected space as well. Slightly less
obvious is the fact that total disconnectedness is hereditary. This follows
from the following elementary observation:

Lemma 2.2. Every connected subset S of a subspace Y of a topological
space X is connected in X as well.

Proof. Suppose S is not connected in X. Then, there are open subsets
O and U of X such that O ∩ S and U ∩ S are nonempty disjoint sets with
S = (O ∩ S) t (U ∩ S). But then O′ := O ∩ Y and U ′ := U ∩ Y are open
subsets of Y . Moreover, since S ⊆ Y, the sets O′∩S and U ′∩S are nonempty,
disjoint, and satisfy S = (O′∩S)t(U ′∩S). It follows that S is not connected
in Y, a contradiction.

Proposition 2.3. Total disconnectedness is a hereditary property.

Proof. Let X be a totally disconnected space and Y a subspace of X.
Take any x in Y. Since the only connected set in X that contains x is {x},
Lemma 2.2 entails that there cannot be another connected set in Y that
contains x. Thus, the connected component of Y that contains x is {x} as
well.

In passing, we note that an immediate application of Corollary 1.14
shows that the topological product of any given nonempty collection of to-
tally disconnected spaces is totally disconnected. For instance, N∞ is a
totally disconnected space.
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2.2 Zero-Dimensional Spaces

First Impressions

There is a class of topological spaces which relates closely to totally discon-
nected spaces. This class is quite important for descriptive set theory, and
it will also play some role in our treatment of general topology. We thus
introduce them here.

A topological space X whose topology is generated by a collection of
clopen sets is said to be zero-dimensional. (There is a pretty good reason
for choosing this terminology, but we will not elaborate on this matter here.)
Put equivalently, X is zero-dimensional iff for every point x in X and every
open neighborhood O of x in X, there is a clopen subset V of X with
x ∈ V ⊆ O.

Example 2.3. Every discrete space is zero-dimensional. But the converse of
this is not true. For instance, the boundary of any subset of Q is empty, so
every subset of Q is clopen. Thus, Q is a zero-dimensional space which is not
discrete. One can also show easily that the Cantor set is zero-dimensional.
In fact, as you are asked to prove below, a subspace of R is zero-dimensional
iff it does not contain a nondegenerate interval.

Properties of Zero-Dimensional Spaces

We have seen above that a totally disconnected space X is sure to be T1,
but it need not be Hausdorff. The situation is more satisfactory for zero-
dimensional spaces. For such spaces, T0-property turns out to be equivalent
to the Hausdorff condition. (Due to this fact, one often works only with
zero-dimensional Hausdorff spaces; some authors even include the Hausdorff
property in the definition of zero-dimensionality.)

Proposition 2.4. Every zero-dimensional T0-space X is Hausdorff.

Proof. Take any distinct points x and y in X. Since X is T0, one of
these points, say, x, has an open neighborhood O that does not contain the
other. But, as X is zero-dimensional, there is a clopen subset V of X such
that x ∈ V ⊆ O. Then, V and X\V are disjoint open sets in X with x ∈ V
and y ∈ X\V .

It is plain that zero-dimensionality is a topological invariant and is hered-
itary. It is also straightforward that the topological product of any given
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nonempty collection of zero-dimensional spaces is zero-dimensional. For in-
stance, the topological product of an infinite collection of discrete spaces is
zero-dimensional (but it is not discrete).

Zero-Dimensionality vs. Total Disconnectedness

As we have noted above, there is a close connection between the notions of
zero-dimensionality and total disconnectedness. For one thing, the former
implies the other for all T0-spaces.

Proposition 2.5. Every zero-dimensional T0-space X is totally disconnected.

Proof. Suppose X is not totally disconnected. Then, there is a con-
nected component C of X which contain two distinct points, say, x and y.
Since X is a T0-space, there is an open neighborhood of either x or y that
does not contain the other point. Without loss of generality, then, suppose
x ∈ O and y ∈ X\O for some open subset O of X. As X is totally discon-
nected, there is a clopen set V in X with x ∈ V ⊆ O. Then, V ∩ C is a
nonempty proper subset of C which is clopen in C, contradicting C being
connected.

We will give two examples to show that the converse of this result is false,
in general. The setting of our first example is the classical sequence space `2.
As its variations are subjects of topological investigation even today, we will
work out this example in detail here. The analysis of our second example
is a bit tedious, but as its setting is R2, it is a bit easier to visualize. We
present this example in Exercise 2.7.

Example 2.4. (The Erdös Space) We put X := Q∞ ∩ `2, and view this as a metric
subspace of `2. (As it was studied first by the great Paul Erdös (in 1940), X is called
the Erdös Space.) Recall that Q∞ is totally disconnected (being the product of a
collection of totally disconnected spaces). As the topology of X is finer than that
of Q∞, therefore, X is totally disconnected as well.

The hard part of the argument is to show that X is not zero-dimensional. Put
0 := (0, 0, ...), and take any open neighborhood of 0 in X with O ⊆ {x ∈ X :
‖x‖2 < 1}. Suppose there is a clopen set V in X such that 0 ∈ V ⊆ O. Then, there
is an open subset U of `2 such that V = U∩X.Moreover, without loss of generality,
we may take U ⊆ {x ∈ `2 : ‖x‖2 < 1}. The key ingredient of the argument is the
following:

Claim. There exists a sequence (rm) of rational numbers such that

(r1, ..., rm, 0, 0, ...) ∈ U and dist((r1, ..., rm, 0, 0, ...), `2\U) ≤ 1
m

for every positive integer m.
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Proof . Put r1 = 0. Next, take any integer m ≥ 2, and suppose r1, ..., rm−1 are
chosen as required by the claim. Consider the sequences (r1, ..., rm−1, im , 0, ...) for
each i = 0, ...,m. Notice that (r1, ..., rm−1, 0, ...) belongs to U while (r1, ..., rm−1,
m+1
m , 0, ...) does not (because the 2-norm of the latter sequence exceeds 1). Thus,
there is an i in {0, ...,m} such that (r1, ..., rm−1, im , 0, ...) belongs to U and (r1, ...,
rm−1,

i+1
m , 0, ...) does not. We set rm := i

m where i is so chosen. Since∥∥(r1, ..., rm−1, im , 0, ...)− (r1, ..., rm−1, i+1m , 0, ...)
∥∥
2
≤ 1

m ,

we then have dist((r1, ..., rm, 0, 0, ...), `2\U) ≤ 1
m .

Let (rm) be a sequence as found in the Claim above. Then,
∑m

ri < 1 for each
m, and hence,

∑∞
ri ≤ 1. Thus, r := (rm) belongs to X. On the other hand, since

r is summable,

‖(r1, ..., rm, 0, ...)− r‖2 =
∞∑

i=m+1

r2i ↓ 0,

that is, (r1, ..., rm, 0, ...) → r in `2, as m ↑ ∞. It then follows that dist(r, `2\U) =
0, so r does not belong to V. But, r belongs to the closure of V in X (since
(r1, ..., rm, 0, ...) ∈ V for each m). We must then conclude that V is not closed in
X, contradicting V being clopen in X.1

It is a shame that the notions of zero-dimensionality and total discon-
nectedness do not coincide for Hausdorff spaces. If they did, this would
have provided us with two different methods of looking at the same phe-
nomenon, thereby making the verification of these properties a bit more
practical. Fortunately, zero-dimensionality and total disconnectedness are
actually equivalent in the context of a fairly large class of Hausdorff spaces.
We will return to this matter in the next chapter.

Exercises

2.1. Show that Q, R\Q, and the Cantor set are totally disconnected subspaces
of R.

2.2. Show that the Sorgenfrey line is totally disconnected. Then, use this fact
to prove that a function from R into the Sorgenfrey line is continuous iff it is
a constant map.

2.3. Show that every ultrametric space is zero-dimensional (and hence totally
disconnected). (Hint: Recall Exercise 4.6 of Chapter 1.)

2.4. Show that a subspace of R is zero-dimensional iff it does not contain a
nondegenerate interval.

1One can deduce from this example that every nonempty clopen subset of the Erdös
space is unbounded. This is the reason why this space is not zero-dimensional.
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2.5. Let X be a topological space, and let C stand for the collection of all
connected components of X. Consider the binary relation ∼ on X defined
by x ∼ y iff x and y belong to the same connected component of X. Verify
that ∼ is an equivalence relation on X, and then show that X/∼ is a totally
disconnected space.

2.6. (The Knaster-Kuratowski Fan) Let C denote the Cantor set, and for
any t in C, let A(t) stand for the line segment between (t, 0) and ( 12 ,

1
2 ) in R

2.
For any t in C which is an endpoint of an interval deleted in the construction
of the Cantor set, put B(t) := {(a, b) ∈ A(t) : b ∈ Q}. For any other t in
C, put B(t) := {(a, b) ∈ A(t) : b ∈ R\Q}. Finally, define X :=

⋃
{B(t) :

t ∈ C}, and view this set as a subspace of [0, 1]2. Prove that X is connected
while X\{( 12 ,

1
2 )} is totally disconnected. (Thus, deleting a single point from

a connected space may well result in a totally disconnected space.)

∗2.7. Let C denote the Cantor set. For any t in C which is an endpoint of
an interval deleted in the construction of the Cantor set, put A(t) := {t} ×
([0, 1] ∩Q), and for any other t in C, put A(t) := {t} × ([0, 1]\Q). Prove that⋃
{A(t) : t ∈ C} is a totally disconnected, but not zero-dimensional, subspace

of [0, 1]2.

2.8. Let X be a second countable zero-dimensional space.

a. Show that the topology of X is generated by a countable basis B that
consists of clopen sets.

b. Show that we can choose B in part (a) so that it consists of pairwise
disjoint sets.

2.9. Prove: A second-countable topological space is zero-dimensional iff for
every disjoint closed subsets A and B of X, there is a clopen set S in X with
A ⊆ S and B∩S = ∅. (Hint: For the “only if”part, use the previous exercise.)

3 Local Connectedness

Any topological space X can be expressed as the union of a collection of its
pairwise disjoint connected subspaces. This is not particularly interesting,
for, trivially, we have X =

⋃
{{x} : x ∈ X}. A bit more interesting is

the fact that we can choose the subspaces in this expression as the maximal
connected sets inX; we have seen this in Section 1.3. But this decomposition
alone does not provide us with any information about X. (The number of
subspaces involved in the decomposition gives information, yes, but not the
fact that we can express X as such.) After all, any topological space can be
expressed in this way.

The situation would be quite different, if we could say something more
about the structure of the subspaces that we use in the said decomposition.
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For instance, it is particularly important if we can express X as the union
of a collection of its pairwise disjoint, connected and open subspaces. (This
is certainly not true universally. For instance, every connected component
of Q is a singleton, and no singleton is open in Q.) There is actually a
close relative of the connectedness property which allows us to achieve such
a decomposition. This is a “localized” version of connectedness, and is
studied in this section.

3.1 Locally Connected Spaces

First Impressions

We begin with the formal definition of local connectedness property.

Definition. A topological space X is said to be locally connected at
a point x in X, if for every open neighborhood O of x in X, there is a
connected open subset U of X such that x ∈ U ⊆ O. We say that X is
locally connected if it is locally connected at every x in X.

Intuitively speaking, local connectedness asks for finding an open and
connected set within “arbitrarily” small open neighborhoods of any given
point in the space. As such, this propety is of “local”nature. (By contrast,
“connectedness” is not a local property; the phrase “X is connected at x”
has no meaning.)

We can characterize locally connected spaces in terms of their bases.
Indeed, if there is a basis for the topology of X which consists of connected
sets in X, then, obviously, X is locally connected. (Recall Proposition 2.1 of
Chapter 4.) Conversely, if X is locally connected, then it is readily verified
that the set of all connected open subsets of X is a basis for the topology of
X. We thus have the following characterization:

Proposition 3.1. A topological space X is locally connected if, and only if,
the topology of X is generated by a basis that consists of connected subsets
of X.

Examples

Here are a few examples.

Example 3.1. Every discrete space is locally connected. (Indeed, the set
of all singletons in it is a basis for the discrete topology.) Similarly, every
indiscrete space is locally connected.
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Example 3.2. R (or any nonempty interval in R) is locally connected, be-
cause the set of all open intervals is a basis for the standard topology of R.
On the other hand, Q is not locally connected.

Example 3.3. Let X be a nonempty set, and take any x∗ ∈ X. Then,
{{x, x∗} : x ∈ X} is a basis for the included point topology on X induced by
x∗, and {x, x∗} is connected in X relative to this topology. Thus, endowing
a nonempty set with the included point topology yields a locally connected
space.

Example 3.4. The Sorgenfrey line is not locally connected (at any point of
R). For instance, [0, 1) is an open neighborhood 0 in this space, and any
open subset U of the Sorgenfrey line with 0 ∈ U ⊆ [0, 1) is of the form [0, a)
for some real number 0 < a ≤ 1. As [0, a) = [0, a/2) t (a/2, a), no such U is
connected in the Sorgenfrey line, and our assertion is proved.

Connected Components of a Locally Connected Space

We have motivated the notion of local connectedness above by saying that
this notion would allow us partition a topological space into connected and
open sets. Before we get deeper into the theory of locally connected spaces,
let us fulfill this promise. We will in fact obtain this fact as a special instance
of a characterization of locally connected spaces. Indeed, as we will shortly
prove, not only that every connected component of a locally connected space
is open, but a topological space every open subspace of which obeys this
property must be locally connected.

Lemma 3.2. Let X be a topological space and Y an open subspace of X.
If S is a subset of Y which is connected in X, then S is connected in Y as
well.

Proof. Let S be a subset of Y which is not connected in Y. Then
S = (A ∩ S) t (B ∩ S) for two open subsets A and B of Y such that A ∩ S
and B ∩ S are disjoint and nonempty. Given that Y is open in X, A and B
are open in X as well, so this implies that S is not connected in X.

Proposition 3.3. A topological space X is locally connected if, and only if,
any connected component of any open subspace of X is open in X.

Proof. Suppose X is locally connected, and let Y be any open subspace
of X. Let C be a connected component of Y, and take any x in C. Then,
since X is locally connected and Y is open, there is a connected and open
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subset U of X such that x ∈ U ⊆ Y. As C is the connected component of Y
that contains x, and U is a connected subset of Y that contains x (Lemma
3.2), we have x ∈ U ⊆ C. This proves that C is open in X. Conversely,
suppose any connected component of any open subspace of X is open in X.
Take any x ∈ X and O ∈ OX(x). Let C stand for the connected component
of O that contains x. Obviously, x ∈ C ⊆ O. Moreover, by our hypothesis,
C is open in X, while it is obvious that C is connected in X. In view of
the arbitrary choice of x and O, therefore, we conclude that X is locally
connected.

Corollary 3.4. Every connected component of a locally connected space is
open.

Example 3.5. We have noted above that neither Q nor the Sorgenfrey line
is locally connected. These observations are special cases of a general fact.
Indeed, connected components of a totally disconnected space X are its
singleton subsets, so, if this space is locally connected, Corollary 3.4 entails
that all of its singleton subsets are open. But this, of course, means that
X is a discrete space. Thus: A topological space is totally disconnected and
locally connected iff it is discrete.

It is sometimes easier to work with the characterization of local connect-
edness given in Proposition 3.3 as opposed to the definition of this property.
We will see a few instances of this in what follows.

Remark. Let X be a topological space, and Y a partition of X. We say
that Y is a topological partition of X if the topology of X is the disjoint
union topology on X induced by Y, that is, OX equals

⋃
{OY : Y ∈ Y},

where OY is the subspace topology on Y for each Y ∈ Y. (Relative to this
topology, a set O in X is open iff O =

⊔
{OY : Y ∈ Y} where OY is some

open subset of Y for each Y ∈ Y; this is in full concert with the definition
we gave in Exercise 1.6 of Chapter 4.)

It is easy to prove that if each Y in Y is an open subset of X, then Y
is a topological partition of X. (Proof. Put Z :=

⊔
Y, and endow Z with

the disjoint union topology. Let f be the identity function from Z onto X.
(Then, obviously, f |Y is the inclusion map on Y for each Y ∈ Y.) If O is an
open subset of Z, then for each Y ∈ Y, there exists an OY ∈ OY such that
O =

⊔
{OY : Y ∈ Y}, and it follows that f(O) =

⊔
{OY : Y ∈ Y}. As each

Y is open in X, so is each OY , so we find that f(O) is open in X. Thus: f is
an open map. Besides, if O is an open set in X, then f−1(O) =

⊔
{O ∩ Y :

Y ∈ Y} ∈ OZ , so f is continuous as well. Conclusion: X ∼= Z.)
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Every topological space is a partition of its connected components. How-
ever, this partition need not be a topological partition. For instance, Q is
not a topological partition of its connected components (because every con-
nected component of Q is a singleton, but the topology of Q (as a subspace
of R) is not discrete). In view of what we have found in the preceding para-
graph and Corollary 3.4, however, we have very nice suffi cient condition
for topologically partitioning a given topological space into its connected
components: Every locally connected space is a topological partition of its
connected components.

Connectedness vs. Local Connectedness

The following two examples show that connectedness and local connected-
ness are non-nested properties (in the sense that neither implies the other).

Example 3.6. A locally connected space need not be connected. For instance,
[0, 1)t (1, 2] is a locally connected, but not connected, subspace of R. Simi-
larly, every nonsingleton discrete space is an example of a locally connected
space which is not connected.

Example 3.7. A connected space need not be locally connected. Consider the
comb space X of Exercise 1.4.a, which is a connected subspace of R2. That
this space is not locally connected is easily seen by using Proposition 3.3.
Indeed, consider the open subspace Y := B((0, 12),

1
2) ∩X of X. It is plain

that {0} × (0, 1) is a connected component of Y, but this set is not open in
X.

Continuous Image of a Locally Connected Space

Unlike the situation with connected spaces, the continuous image of a lo-
cally connected space need not remain locally connected. For instance, if X
stands for the set Q of all rationals endowed with the discrete topology, then
idX is a continuous bijection from the locally connected space X onto the
locally disconnected space Q. However, certain types of continuous maps do
transmit local connectedness of their domain to their images.

Let X and Y be two topological spaces and f : X → Y a function. As we
have noted in Exercise 3.21 of Chapter 5, f is said to be an identification
map if it is surjective and

O is open in Y iff f−1(O) is open in X

for any subset O of Y.We now show that the image of any locally connected
space under an identification map is locally connected.
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Lemma 3.5. Let X be a locally connected topological space. If there is
an identification map from X onto a topological space Y , then Y must be
locally connected.

Proof. Let Y be a topological space and f : X → Y an identification
map. Let O be an arbitrary open subspace of Y, and C any connected
component of O. In view of Proposition 3.3, our proof will be complete if
we can show that C is open in Y. And, as f is an identification map, it
is enough to show that f−1(C) is open in X to this end. Take, then, an
arbitrary point x in f−1(C). (We will prove that x belongs to the interior of
f−1(C) by finding an open neighborhood of x within f−1(C).) Since f−1(O)
is an open subset of the locally connected space X, there is a connected
U ∈ OX(x) such that x ∈ U ⊆ f−1(O). Then, f(U) ⊆ C, because C is a
connected component of O which contains f(x), and by Proposition 1.4 and
Lemma 3.2, f(U) is a connected set in O which contains f(x). Therefore,
x ∈ U ⊆ f−1(C). In view of the arbitrary choice of x, we may conclude that
f−1(C) is open in X. The proof of the lemma is now complete.

It is easily verified that a continuous and open map f : X → Y is
an identification map from X onto f(X). As an immediate consequence of
Lemma 3.5, therefore, we get the following companion to Proposition 1.4.

Corollary 3.6. Let X and Y be two topological spaces, and f : X → Y a
continuous and open map. If X is locally connected, then so is f(X).

And this gives:

Corollary 3.7. Local connectedness is a topological invariant.

It is also easy to check that every continuous and closed surjection from
a topological space onto another is an identification map. By Lemma 3.5,
therefore, we get the following companion to Proposition 1.4.

Corollary 3.8. Let X be a locally connected topological space. If there is a
continuous and closed surjection from X onto a topological space Y , then
Y must be locally connected.

Warning. Surjectivity requirement is essential for Corollary 3.8 in the sense that
Corollary 3.6 would not remain valid if we replaced “open” with “closed” in its
statement. (The argument fails in this case because a continuous and closed map
f : X → Y need not be an identification map from X onto f(X).) For instance,
where X stands for the space we have considered in Example 3.7 (the comb space),
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the map f : [0, 1]→ X, defined by f(t) := (0, t), is continuous and closed, and yet
f([0, 1]) is not locally connected (at any point but (0, 0)).

Subspaces of a Locally Connected Space

Local connectedness is, of course, not hereditary. (For instance, R is locally
connected, but Q is not.) However, an open subspace of a locally connected
space is sure to be locally connected.

Proposition 3.9. Let X be a topological space, and O an open subspace of
X. If X is locally connected, so is O.

Proof. Assume that X is locally connected. Take any x in O, and let
U be an open subset of O with x ∈ U ⊆ O. Since O is open in X, U is open
in X as well, and hence, there is a connected open subset V of X such that
x ∈ V ⊆ U. By Lemma 3.2, V is connected and open in O, so we are done.

Warning. A closed subspace of a locally connected space need not be locally
connected. For instance, {0, 1, 12 ,

1
3 , ...} is a closed subspace of R which is not

locally connected.

There is a certain converse to Proposition 3.9. It turns out that a topo-
logical space that can be partitioned into locally connected and open sub-
spaces is itself locally connected.

Proposition 3.10. Let X be a topological space. If there is a partition O
of X that contains locally connected open subsets of X, then X is locally
connected.

Proof. Exercise.

3.2 Products and Quotients of Locally Connected Spaces

Finite Products of Locally Connected Spaces

We now turn to taking products of locally connected spaces. As in the case
of connected spaces, the news is again good in the case of finite products.

Let X and Y be two topological spaces. If these spaces are locally
connected, then so is their product X × Y. Indeed, if BX is a basis for the
topology of X which consists of connected subsets of X, and BY is a similar
basis for the topology of Y, then {A × B : (A,B) ∈ BX × BY } is a basis
for the product topology on X × Y that consists of sets that are connected
in X × Y. Conversely, if X × Y is connected, then, because the projection
map from X × Y onto X (mapping (x, y) to x) is a continuous and open
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surjection, Corollary 3.4 implies that X is locally connected, and similarly
for Y.

By induction, we may express this finding a bit more strongly as: The
product of finitely many topological spaces is locally connected if, and only
if, each of these spaces is locally connected.

Example 3.8. Rn is locally connected for any n ≥ 1.

Infinite Products of Locally Connected Spaces

Unlike the situation with the connectedness property, local connectedness
does not behave well with respect to infinite products.

Example 3.9. Let us view the set {0, 1}∞ of binary sequences as a topo-
logical space relative to the product topology (where we take {0, 1} as a
discrete space). The only nonempty connected subsets of this space are the
singletons. (Indeed, suppose S is a connected component of {0, 1}∞ which
contains two distinct binary sequences, say, (xm) and (ym). Then, xk 6= yk
for some k ∈ N. But then projk(S) = {0, 1}, contradicting Proposition 1.4.)
It follows that the only way {0, 1}∞ is locally connected is if this space is
discrete. But, by definition of the product topology, no singleton in {0, 1}∞
is open —why? —so this space is not discrete. Conclusion: {0, 1}∞ is not
locally connected.

This example shows that the product of countably many locally con-
nected spaces may well fail to be locally connected. And indeed, Example
3.9 is not an idle one. An infinite product of locally connected spaces is never
locally connected, unless all but finitely many of the component spaces are
connected. We prove this important fact next.

Theorem 3.11. Let I be a nonempty set, Xi a topological space for each
i ∈ I, and X the topological product of {Xi : i ∈ I}. Then, X is locally
connected if, and only if, (i) Xi is locally connected for each i ∈ I, and (ii)
Xi is connected for all but finitely many i ∈ I.

Proof. Let us first suppose that X is locally connected. Since proji is
continuous and open surjection from X onto Xi, it follows from Corollary
3.4 that Xi is locally connected, for each i ∈ I. Next, take any connected
component C of X. Local connectedness of X implies that C is open in
X (Corollary 3.4). Consequently, there is an element of the basis for the
product topology on X that fits within C. That is, for each i ∈ I, there is
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an Oi ∈ OXi such that Oi = Xi for all i ∈ I\J and B := Xi∈IOi ⊆ C, where
J is a finite subset of I. But then, for any i ∈ I\J, we have

Xi = proji(B) ⊆ proji(C),

that is, Xi = proji(C), which implies that Xi is connected.
Conversely, let us suppose that each Xi is locally connected, and that

K := {i ∈ I : Xi is not connected} is a finite set. Take any x in X and
any O ∈ OX(x). By definition of the basis for the product topology on X,
there is a finite subset J of I, and for each i ∈ I, there is an open subset
Oi of Xi such that Oi = Xi for all i ∈ I\J and x ∈ Xi∈IOi ⊆ O. Since each
Xi is locally connected, there is a connected open set Ui in Xi such that
x(i) ∈ Ui ⊆ Oi, for each i ∈ J ∪K. We define

Vi :=

{
Ui, if i ∈ J ∪K,
Xi, otherwise,

and note that Xi∈IVi is a connected open set in X (Theorem 1.13). As we
have

x ∈ Xi∈IVi ⊆ Xi∈IOi ⊆ O,

we may thus conclude that X is locally connected at x. In view of the
arbitrary choice of x in X, then, our proof is complete.

Quotients of Locally Connected Spaces

As the final result of this section, we show that a quotient space always
inherits local connectedness of its mother space. Thus, unlike the case of
infinite products, connectedness and local connectedness behave identically
in the context of quotient spaces.

Proposition 3.12. Let X be a topological space, and ∼ an equivalence
relation on X. If X is locally connected, so is X/∼.

Proof. Assume that X is locally connected. Take an arbitrary open set
O in X/∼, and let C be an arbitrary connected component of O (viewed as
a subspace of X/∼). In view of Proposition 3.3, our proof will be complete
if we can show that C is open in X/∼. And, by definition of the quotient
topology, openness of C is equivalent to the openness of π−1∼ (C), so we will
be done if we can show that π−1∼ (C) ∈ OX . To this end, take any point x in
π−1∼ (C), and let D be the connected component of π−1∼ (O) which contains
x. Since π−1∼ (O) is open in X, and X is locally connected, D is open in
X (Proposition 3.3). Moreover, π∼(x) ∈ π∼(D) ⊆ C (because π∼(D) is
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connected). It follows that x ∈ D ⊆ π−1∼ (C). In view of the arbitrary choice
of x in π−1∼ (C), this proves that π

−1
∼ (C) is open in X.

Exercises

3.1. Is {1, 12 ,
1
3 , ...} locally connected (as a subspace of R)? How about

{0, 1, 12 ,
1
3 , ...}?

3.2. Let X be a nonempty set endowed with the cofinite topology. Show that
X is locally connected. (Hint: The subspace topology on any nonempty subset
of X is the cofinite topology.)

3.3. Let X be an infinite set, and view this set as a topological space relative
to the cocountable topology. Is X locally connected?

3.4. Let X be an infinite set, and view this set as a topological space relative
to the Fort topology (Exercise 1.3 of Chapter 4). Is X locally connected?

3.5. Prove Proposition 3.10.

3.6. Prove that a topological space X is locally connected iff ∂C ⊆ ∂Y holds
for any subspace Y of X and any connected component C of Y.

3.7. A topological space X is said to be weakly locally connected if for
every x ∈ X and O ∈ OX(x), there is a connected set S in X such that
x ∈ S ⊆ O. Prove that X is weakly locally connected iff it is locally connected.
(Hint: Use Proposition 3.3.)

3.8. Let us say that a metric space X satisfies property (∗), if for every ε > 0,
there are finitely many connected sets S1, ..., Sk in X such that

⋃k
Si = X

and diam(Si) < ε for each i = 1, ..., k. (Here k depends on ε.) Prove that if X
satisfies property (∗), then it is weakly locally connected (relative to the metric
topology), and conclude that any such metric space is locally connected.

4 Path-Connectedness

4.1 Path-Connected Spaces

There is another, even more intuitive, way of thinking about the “connect-
edness”of a topological space. Loosely put, the idea is based on one’s ability
to “connect” any two points in a given space by means of an arc without
ever leaving the space. This idea, which we will formalize in this section,
turns out to be essential for geometric applications of topology.

Paths

Definition. Let X be a topological space. A path in X is a continuous map
from the unit interval [0, 1] into X. If f is a path in X, we refer to f(0) as
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the initial point of f and f(1) as the terminal point of f. (The range of
f, that is, f([0, 1]), is sometimes referred to as an arc induced by f.) For
any points x and y in X, by a path from x to y in X, we mean a path in
X whose initial point is x and terminal point is y.

Let f be a path from x to y in a topological space X. Intuitively, we may
think of f as allowing us to travel from the initial point x to y in unit time.
In this interpretation, f(t) is thought of as where we are in our journey at
time t.

Example 4.1. Let X be a normed linear space (which we view as a topo-
logical space relative to the metric topology induced by the norm of X).
Then, for any points x and y in X, the map f : [0, 1] → X, defined by
f(t) := (1− t)x+ ty, is a path from x to y in X.

Example 4.2. Let X be a topological space, and f a path in X. Then, the
map g : [0, 1]→ X, defined by g(t) := f(1− t), is a path from f(1) to f(0)
in X. (We may think of g as allowing us to travel from f(1) to f(0) along
the arc induced by the path f —for, f([0, 1]) = g([0, 1]) —but in the opposite
direction.)

Example 4.3. There is a natural way of composing two paths in a topological
space, provided that the teminal point of one path is the initial point of the
other. To wit, let X be a topological space, and take two paths f and g in
X such that f(1) = g(0). We define f ∗ g : [0, 1]→ X by

f ∗ g(t) :=
{
f(2t), if 0 ≤ t ≤ 1

2
g(2t− 1), if 12 ≤ t ≤ 1.

In view of the Pasting Lemma, f ∗ g is a path from f(0) to g(1) in X. (We
may think of f ∗ g as allowing us to travel from f(0) to g(1) along the arc
induced by f in the first half of the journey, and then continuing along the
arc induced by g in the remaining part of the journey.)

Path-Connected Spaces

Definition. A topological space X is said to be path-connected if for any
two points x and y in X, there is a path from x to y in X. In turn, a subset
S of X is said to be path-connected in X if either S = ∅ or S is a
path-connected topological space as a subspace of X.

The following characterization may at times simplify the matter of check-
ing for the path-connectedness of a given space.
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Lemma 4.1. Let X be a topological space and x∗ a point in X. Then, X is
path-connected if, and only if, there is a path from x∗ to any point in X.

Proof. Suppose that there is a path from x∗ to any point in X, and
take any two points x and y in X. If f is a path from x∗ to x, and h a path
from x∗ to y, then h ∗ g is a path from x to y, where g : [0, 1] → X is the
path from x to x∗, defined by g(t) := f(1− t).

Here is a first set of examples.

Example 4.4. A discrete space is path-connected iff it contains only one
point. Indeed, as [0, 1] is connected, Corollary 1.3 entails that there cannot
be a path between any two distinct points of a discrete space.

Example 4.5. Every indiscrete space is path-connected.

Example 4.6. The Sierpiński space is path-connected. More generally,
endowing any nonempty set X with the included point topology induced
by a point, say x∗, in X yields a path-connected space. Indeed, for any
point x in X, the map f : [0, 1] → X, defined by f(t) := x∗ for 0 ≤ t < 1,
and f(1) := x, is a path from x∗ to x. By Lemma 4.1, therefore, X is
path-connected.

Example 4.7. Let X be a normed linear space, and recall that a nonempty
subset S of X is said to be convex if it contains the line segment between
any two of its points. (That is, S is convex iff (1 − t)x + ty ∈ S for every
x, y ∈ S and t ∈ [0, 1].) For any (fixed) x and y in X, it is readily checked
that the map t 7→ (1 − t)x + ty is ‖x− y‖-Lipschitz, so this map is a path
from x to y in X. It follows that any convex subset of S —in particular, X —
is path-connected in X. In particular, Rn, Dn and any open (or closed) ball
in Rn is path-connected for any n ≥ 1.

Path-Connectedness vs. Connectedness

We will see other examples in due course. For now, let us identify the
relation between “connectedness”and “path-connectedness.”First, we show
that the latter property is stronger.

Proposition 4.2. Every path-connected space X is connected.

Proof. SupposeX is not connected so thatX = OtU for two nonempty
and disjoint open subsets O and U of X. Pick any point x and y in X such
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that x ∈ O and y ∈ U. Then, {x, y} is a discrete space, as a subspace of X.
Since [0, 1] is connected, therefore, Corollary 1.3 says that there is no path
from x to y in X, that is, X is not path-connected.

The converse of this proposition is false.

Example 4.8. Consider the deleted comb space Y we have introduced in
Example 1.14. We have seen in that example that Y is connected. We will
now show that this space is not path-connected by showing that there is
no path from, say, point (1, 0) in Y to the point (0, 1). (Only the choice of
the terminal point is essential for the argument.) To derive a contradiction,
suppose there is a path f from (1, 0) to (0, 1) in Y. Let f1 and f2 be the first
and second component maps of f, that is, f1 := proj1 ◦ f, and similarly for
f2. Then, f1 and f2 are self-maps on [0, 1] with

f(t) = (f1(t), f2(t)) for each t ∈ [0, 1].

Since (0, 1) is a limit point of f([0, 1]) —otherwise, f([0, 1]) would not be
connected in Y —there must be a sequence (tm) in [0, 1] such that

0 < · · · < f1(t3) < f1(t2) < f1(t1) and (f1(tm), f2(tm))→ (0, 1).

(Why?) By the Bolzano-Weiestrass Theorem, there is a convergent subse-
quence of (tm), which we may denote again by (tm), relabelling if necessary.
Let t denote the limit of (tm). Since f is continuous, we have f(t) = (0, 1).
On the other hand, for any positive integer m, the 2-vectors f(tm) and
f(tm+1) belong to different spokes of Y. As any connected subset of Y that
contains two points in two different spokes must contain the part of the
x-axis between these spokes —why? —and for any m, the image of the in-
terval between tm and tm+1 under f is connected (Proposition 1.4), there
is some sm in that interval such that f2(sm) = 0. Obviously, sm → t, so
f(sm)→ f(t) by continuity of f, but this implies f2(t) = 0, a contradiction.

4.2 Properties of Path-Connected Spaces

Path-Connectedness is a Topological Invariant

The following is the counterpart of Proposition 1.4 for path-connected spaces.

Proposition 4.3. Let X and Y be two topological spaces, and f : X → Y a
continuous function. If X is path-connected, then f(X) is path-connected
in Y.
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Proof. Let y1 and y2 be any two points in f(X) so that f(x1) = y1 and
f(x2) = y2 for some x1, x2 ∈ X. Then, for any path g from x1 to x2 in X,
the map f ◦ g is a path from y1 to y2 in Y.

Corollary 4.4. Path-connectedness is a topological invariant.

Union of Connected Spaces

As in the case of connectedness, there is no reason for the intersection of
two connected topological spaces to be connected. Similarly, the union of
two disjoint path-connected subspaces of a topological space is typically not
path-connected. However, again as in the case of connectedness, the union
of any collection of path-connected spaces is path-connected, provided that
the intersection of this collection is nonempty.

Proposition 4.5. Let Y be a nonempty collection of path-connected sub-
spaces of a topological space X. If

⋂
Y 6= ∅, then

⋃
Y is path-connected

in X.

Proof. Let x∗ be a point in
⋂
Y, and take any point y in the subspace⋃

Y on X. Then, y is in Y for some Y ∈ Y, and since Y is path-connected,
there is a path f from x∗ to y in Y. But then, where ιY : Y ↪→

⋃
Y is the

inclusion map, ιY ◦ f is a path from x∗ to y in
⋃
Y. In view of Lemma 4.1,

we may then conclude that
⋃
Y is path-connected.

Example 4.9. The comb space (Exercise 1.4), which is the closure of the
deleted comb space we have found not to be path-connected above, is path-
connected. To see this, put

A := {0} × [0, 1] and B := ([0, 1]× {0}) ∪
( ∞⋃
i=1

({
1
i

}
× [0, 1]

))
.

It is readily checked that B is path-connected in R2. (Indeed, for any x :=
(x1, x2) in B, consider the maps f and g from [0, 1] into B, defined by
f(t) := (tx1, 0) and g(t) := (x1, tx2). Then, f is a path from (0, 0) to (x1, 0),
and g a path from (x1, 0) to x, in B. Thus, g ∗ f is a path from (0, 0) to x in
B.) As A is obviously path-connected, and A∩B contains (0, 0), Proposition
4.5 entails that A ∪B is path-connected, as we claimed.

Warning. The analogue of Proposition 1.9 is apparently false in the case of path-
connectedness. The set B in the previous example is path-connected in R2. The
closure of this set is precisely the comb space, that is, A ∪ B, which we have just
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proved to be path-connected. But the deleted comb space Y is not path-connected
even though B ⊆ Y ⊆ cl(B).

Example 4.10. Sn is path-connected for any n ≥ 1. To see this, define

H1 := {x ∈ Sn : xn+1 ≥ 0} and H2 := {x ∈ Sn : xn+1 ≤ 0}.

Our claim will follow from Proposition 4.5 if we can show thatH1 andH2 are
path-connected in Rn+1. But, for any x and y inH1, the map f : [0, 1]→ H1,
defined by

f(t) :=
(1− t)x+ ty
‖(1− t)x+ ty‖2

,

is a path from x to y in H1. Thus, H1 is path-connected in Rn+1. As H1
and H2 are homeomorphic, H2 is path-connected in Rn+1 as well.2

Path-Components

Just as in the case of connectedness, we can decompose any topological space
into path-connected parts. The idea is the same as the one we explored in
Section 1.3.

A path-component (or a path-connected component) of a topo-
logical space X is defined as a maximal path-connected subset of X (with
respect to set inclusion).

Example 4.11. Let X be a topological space and x a point in X. Let Y be
the set of all path-connected subsets of X that contain x. (This collection
is nonempty, for it surely contains {x}.) In view of Proposition 4.5, then,⋃
Y is the largest path-connected set in X that contains x. Thus,

⋃
Y is

a path-component of X. (Clearly, this set consists of all points y in X to
which there is a path from x in X.)

Two distinct path-components of X cannot intersect. (Proof. Suppose
otherwise, and apply Proposition 4.5.) It is also immediate from the previous
example that every point in X is in some path-component of X. Thus: The
set of all path-components of X is a partition of X. Since a path-component
of X is connected in X (Proposition 4.2), this partition is coarser than
the partition of all connected components of X. In particular, every path-
component of X itself partitions into its connected components.

2One could, of course, prove the path-connectedness of Sn directly as well, but this
would not be as easy. Notice, for instance, that a map like f would not work for this
purpose, for this map would be ill-defined at 1/2 when connecting a point x in Sn to −x.
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Warning. Unlike its connected components, a path-component of a topologi-
cal space need not be closed. For instance, the set B in Example 4.9 is a path-
component of the deleted comb space, but B is not closed in that space.

The path-components of a topological space are open precisely when
every point in the space is contained in a path-connected open set.

Lemma 4.6. Let X be a topological space. Then, every path-component
of X is open if, and only if, every point in X has a path-connected open
neighborhood.

Proof. Exercise.

Corollary 4.7. Let X be a topological space such that every point in X has
a path-connected open neighborhood. Then, every path-component of X is
clopen.

Proof. Let Y stand for the set of all path-components of X, and take
any Y ∈ Y. By Lemma 4.6, every element of Y is open. In particular, both
Y and the union of all elements of Y other than Y are open sets. Since
X =

⋃
Y, it follows that Y is an open set whose complement is also open

in X.

Proposition 4.8. A topological space is path-connected if, and only if, it is
connected and every point in X has a path-connected open neighborhood.

Proof. The “only if”part of the assertion follows from Proposition 4.2
and the fact that X is an open neighborhood of any point of X. To see
its “if” part, we use the hypothesis of the assertion, and Corollary 4.7, to
conclude that any one path-component of X equals X (being a nonempty
set that is clopen in X), which means that X is path-connected.

Here is a nice application of this observation.

Example 4.12. For any positive integer n, an open subset of Rn is path-
connected iff it is connected. Indeed, suppose O is a nonempty connected
open subset of Rn (which we view as a subspace of Rn). As O is open, for
each point x in O, there is an ε > 0 with B(x, ε) ⊆ O. As B(x, ε) is convex,
it is path-connected, so since we also know that O is connected, we may
apply Proposition 4.8 to conclude that O is path-connected.
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4.3 Path-Connectedness of Classic Matrix Spaces

4.3.1 Path-Connectedness of SO(n)

We have seen in Example 1.7 that both GL(n) and O(n) are disconnected for any
n ≥ 2. It turns out that the situation is quite different for SO(n) for any n. Not
only is SO(n) connected, but it is path-connected. We prove this fact here, but be
warned that our argument uses a bit of linear algebra.

We use the following additional notation in what follows. First, In stands for
the n × n identity matrix by In, and ei denotes the ith unit n-vector, i = 1, ..., n.
Second, the linear span of any finitely many n-vectors z1, ..., zk are denoted by
span{z1, ..., zk}. We also define span(∅) := {0}.) Finally, the orthogonal comple-
ment of a subset Y of Rn is denoted by Y ⊥. This is the linear subspace of Rn every
element z of which satisfies 〈y, z〉 = 0 for every y ∈ Y.3

Now, obviously, SO(1) is a singleton, so there is nothing to prove when n = 1.
We thus assume n ≥ 2 in what follows. Our goal is to prove that, in SO(n), there
is a path from any given orthogonal n×n matrix A with det(A) = 1 to In.We will
establish this in two steps.

[Step 1] Take any orthonormal (linear) basis {x1, x2, ..., xn} for Rn. We claim:
There is a path g in SO(n) such that g(0) = In and g(1)xi = ei for each i = 1, ..., n.

We will prove this inductively. First, we observe that there is an orthonormal
basis {x1, x′2, ..., x′n} for Rn such that e1 ∈ span{x1, x′2}. Indeed, if x1 and e1 are
linearly dependent, we may let x′2 be any n-vector in Sn−1 that is orthogonal to x1,
and use the Gram-Schmidt orthogonalization process to find an orthonormal basis
{x, x′2, ..., x′n} for Rn. If x1 and e1 are linearly independent, then we use the Gram-
Schmidt orthogonalization process to find an orthonormal basis {x1, x′2, ..., x′n} for
Rn such that x′2 ∈ span{x1, e1}.4 (Note. span{x1, x′2} = span{x1, e1}.)

Now, there is clearly an angle θ ∈ [0, 2π) such that rotating x1 (counterclock-
wise) by θ we obtain e1 in the linear span of x1 and x′2. Viewing this rotation
taking place in Rn means that our rotation leaves every vector in the linear sub-
space span{x′3, ..., x′n} intact. From linear algebra, therefore, it follows that there
is an orthogonal matrix B such that

e1 = B

[
R(θ)
0n−2

0n−2
In−2

]
B−1x1 where R(θ) :=

[
cos θ
− sin θ

sin θ
cos θ

]
and 0n−2 stands for the (n − 2) × (n − 2) matrix of zeros. With this in mind, we

3For any n-vectors x and y, by 〈x, y〉, we mean the standard inner product on Rn, that
is, 〈x, y〉 := x1y1 + · · ·+ xnyn. Moreover, throughout this section, we denote the 2-norm
on Rn simply by ‖·‖ (as opposed to ‖·‖2).

4 If n = 2, what we propose to do is trivial. If n ≥ 3, then, given that
x1 and e1 are linearly independent, there is a linear basis {x1, e1, z3, ..., zn} for Rn.
Then, applying the Gram-Schmidt orthogonalization process to the normalized basis
{x1, e1, z3/ ‖z3‖ , ..., zn/ ‖zn‖} yields an orthonormal basis {x1, x′2, ..., x′n} where x′2 =
e1 − (x1,1)x1.
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define the map g1 : [0, 1]→ Rn×n by

g1(t) := B

[
R(tθ)
0n−2

0n−2
In−2

]
B−1.

It is readily checked that g1(t) is orthogonal for any t, so g1 is a continuous map
from [0, 1] into SO(n). Moreover, g1(0) = In, g1(1)x1 = e1 and g1(1)z = z for all
z ∈ {x1, e1}⊥.

In the second stage of our induction, we repeat this argument for the orthonor-
mal basis {g1(1)x2, ..., g1(1)xn, g1(1)x1}. This yields a continuous map g2 : [0, 1]→
SO(n) such that g2(0) = In, g2(1)g1(1)x2 = e2 and g2(1)g1(1)z = z for all z ∈
{g1(1)x2, e2}⊥.We note that the last property implies g2(1)g1(1)x1 = g2(1)e1 = e1
because e1 is orthogonal to both e2 and g1(1)x2. (The latter is true because mul-
tiplying every element of an orthogonal basis by an orthogonal matrix results in
an orthogonal basis.) Continuing this way inductively, therefore, we end up with
n many continuous maps g1, ..., gn from [0, 1] into SO(n) such that gi(0) = In and
gn(1) · · · g1(1)xi = ei for each i = 1, ..., n. Putting g := gn · · · g1 thus completes the
proof of our claim.

[Step 2] Take any A ∈ SO(n). Let xi stand for the ith column vector of A —
that is, xi := Aei —for each i = 1, ..., n. That A is orthogonal is the same thing as
saying that {x1, ..., xn} is an orthonormal basis. Let g be the path found in Step
2. As g(0) = In and g(1)xi = ei for each i = 1, ..., n, we have g(1) = A−1. Thus,
f : [0, 1] → Rn×n, defined by f(t) := g(t)−1, is a path from In to A in SO(n).
In view of the arbitrary choice of A and Lemma 4.1, we conclude that SO(n) is
path-connected.

We proved:

Fact 4.1. SO(n) is path-connected for any n ≥ 1.

4.3.2 Path-Components of GL(n)

We now turn to the problem of determining just how disconnected GL(n) is. The
answer turns out to be quite clean: GL(n) has exactly two path-components (and
hence connected components), namely, GL+(n) := {A ∈ GL(n) : det(A) > 0} and
GL−(n) := {A ∈ GL(n) : det(A) < 0}. We now prove this by using Fact 4.1.

Take any n×n invertible matrix A with det(A) > 0. Our goal is to find a path
from A to an element of SO(n) in GL(n). Since we have seen above that SO(n)
is path-connected, this will mean that there is a path from A to In in GL(n), and
hence, in view of Lemma 4.1, it will prove that GL+(n) is path connected. Since
GL+(n) ∼= GL−(n), this is all we need.

Let us begin by putting xi := Aei for each i = 1, ..., n. In other words, xi
is the ith column of A for each i. Since A is invertible therefore, x1, ..., xn are
linearly independent, and hence {x1, ..., xn} is a linear basis for Rn. We apply
the Gram-Schmidt orthogonalization process to this basis to obtain the orthogonal
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basis {y1, ..., yn}, where y1 := x1 and

yk := xk −
k−1∑
i=1

〈xk, yi〉
〈yi, yi〉

yi for each k = 2, ..., n.

Then, {y1/ ‖y1‖ , ..., yn/ ‖yn‖} is an orthonormal basis for Rn, so the n× n matrix
B whose ith column is yi/ ‖yi‖ for each i, is an orthogonal matrix.

Next, we define g1 : [0, 1]→ Rn by g1(t) := x1, and gk : [0, 1]→ Rn by

gk(t) := xk − t
k−1∑
i=1

〈xk, yi〉
〈yi, yi〉

yi for each k = 2, ..., n.

Clearly, each gi is continuous. Moreover, the linear span of {g1(t), ..., gk(t)} is the
same as {x1, ..., xk} for each t and k. In particular, {g1(t), ..., gn(t)} is a linear basis
for Rn for every t ∈ [0, 1].

Finally, we define fi : [0, 1]→ Rn by fi(t) := gi(t)/ ‖gi(t)‖ for each i = 1, ..., n,
and f : [0, 1]→ Rn×n by letting f(t) stand for the n×n matrix whose ith column is
the n-vector fi(t). Then, f(0) = A and f(1) = B, and since each fi is continuous,
so is f. (Yes?) Moreover, for each t in [0, 1], {f1(t), ..., fn(t)} is a linear basis
for Rn, which means that f(t) is invertible. Thus, f is a path from A to B in
GL(n). Since det(A) > 0, this implies that det(B) > 0 as well (because, otherwise,
det(f(t)) = 0 for some t ∈ (0, 1) by the Intermediate Value Theorem, contradicting
f([0, 1]) ⊆ GL(n)). Since B is orthogonal, this means that det(B) = 1, that is,
B ∈ SO(n).

As we have noted above, in view of the arbitrary choice of A in GL+(n) and
path-connectedness of SO(n), this argument proves:

Fact 4.2. GL(n) has exactly two path-components, namely, GL+(n) and GL−(n),
for any n ≥ 1.

Similarly, O(n) has exactly two path-components, namely, {A ∈ O(n) : det(A) =
1} and {A ∈ O(n) : det(A) = −1}, for any n ≥ 1. This is readily deduced from
Fact 4.2.

4.4 Products and Quotients of Path-Connected Spaces

Path-connectedness is, obviously, not hereditary. But, as in the case of con-
nectedness, this property behaves well when it comes to taking the product
of any collection of path-connected spaces.

Proposition 4.9. Let I be a nonempty set, Xi a topological space for each
i ∈ I, and X the topological product of {Xi : i ∈ I}. Then, X is path-
connected if, and only if, Xi is path-connected for each i ∈ I.
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Proof. If X is path-connected, then Xi must be path-connected by
Proposition 4.3, because proji is a continuous map from X onto Xi, for
every i ∈ I. Conversely, suppose Xi is path-connected for each i ∈ I, and
take any two points x and y in X. Then, for each i ∈ I, there is a path fi
from x(i) to y(i) in Xi. We define the map f : [0, 1]→ X by f(t)(i) := fi(t)
for each t ∈ I. Obviously, f(0) = x and f(1) = y, while, as we have seen in
Example 1.11 of Chapter 5, f is continuous. Thus, f is a path from x to y
in X. In view of the arbitrary choice of x and y, therefore, we may conclude
that X is path-connected.

The situation is equally pleasant when it comes to taking quotients.

Proposition 4.10. Let X be a topological space, and ∼ an equivalence
relation on X. If X is path-connected, so is X/∼.

Proof. This is an immediate consequence of Proposition 4.3 and the
continuity of the quotient map π∼.

Exercises

4.1. Is the Sorgenfrey line path-connected?

4.2. A set S in a normed linear space X is said to be star-shaped if there is
a point x in S such that (1− t)x+ ty ∈ S for every y ∈ S and t ∈ [0, 1]. Show
that any such set in X is path-connected.

4.3. For any positive integer n, an open subset of Sn is path-connected iff it
is connected. (That is, we can replace Rn with Sn in Example 4.12.) Prove!

4.4. Let X be a path-connected topological space, and S a nonempty subset
of X such that ∂S is path-connected. Show that cl(S) is path-connected in X.

4.5. Prove: A nonempty subset of R is path-connected iff it is an interval.

4.6. We have introduced the topologist’s sine curve in Exercise 1.3, and noted
there that this space is connected. Show now that the topologist’s sine curve
is not path-connected.

4.7. Take any integer n ≥ 2, and let S be a countable subset of Rn. Show
that Rn\S is path-connected.

4.8. For every real number i, put Xi := [0, 1] × {i}. Now let X stand for⊔
{Xi : i ∈ R}, and define the linear order < on X as:

(a, i) < (b, j) iff i > j, or i = j and a ≥ b.

In this exercise, we consider X as a topological space relative to the <-order
topology on X.
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a. Show that X is a linear continuuum, and deduce that it is connected.

b. Show that the path-components of X are precisely the sets Xi. (Thus,
X has one connected component but uncountably many path-components.)

4.9. Let I be a nonempty set, Y a topological space, and X the product of
{Y : i ∈ I}. Let 4X be the diagonal of X, that is, 4X := {x ∈ X : x(i) = x(j)
for every i, j ∈ I}. Show that if Y is path-connected, so is 4X . (Hint: Check
that f : Y →4X , defined by f(y)(i) := y for each i ∈ I, is continuous.)

4.10. Let (xm) be a sequence of path-connected subsets of a topological space
X such that Xm ∩ Xm+1 6= ∅ for every m ∈ N. Prove that

⋃∞
Xi is path-

connected.

4.11. Use the previous exercise to give an alternative proof for the fact that
every open connected subset of Rn is path-connected (for any n ∈ N).

A topological space X is said to be locally path-connected at a point x
in X if for every open neighborhood O of x in X, there is a path-connected
open subset U of X such that x ∈ U ⊆ O. We say that X is locally path-
connected if it is locally path-connected at every x in X. The theory of
such spaces parallels that of locally connected spaces. The following exercises
(except the last one) sketches some highlights of this theory.

4.12. It follows readily from Proposition 4.2 that every locally path-connected
space is locally connected. The converse is false. Prove this by showing that
endowing a countably infinite set by the cofinite topology yields a locally con-
nected, but not locally path-connected, topological space.

4.13. A topological space X is locally path-connected if, and only if, every
path-component of every open subspace of X is open. Prove!

4.14. Prove: Every connected and locally path-connected topological space is
path-connected. (Hint: Use the previous exercise and connectedness to show
that such a space may have at most one path-component.)

4.15. Prove: Connected components and path-components of a locally path-
connected space coincide.

4.16. Show that local path-connectedness is a topological invariant, but a
continuous image of a locally path-connected space need not be locally path-
connected.

4.17. Show that the topological product of finitely many locally path-connected
spaces is locally path-connected, but this is not necessarily true in the case of
infinite products.

The next (easy but lengthy) exercise re-expresses some of the development we
have sketched in this chapter in algebraic terms. This is meant to (only!) hint
at how certain topological constructs look like from an algebraic topological
perspective.
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4.18. For any topological space Z, we let H0(Z) stand for the set of all
continuous maps from Z into Z, that is, H0(Z) := C(Z,Z). It is plain that
H0(Z) is a linear space (with respect to pointwise defined operations of addition
and scalar multiplication). We note that if Z is connected, then H0(Z) is none
other than the set of all integer-valued constant maps on X (Corollary 1.3).

LetX and Y be two topological spaces. For any continuous map f : X → Y,
we define f∗ : H0(Y )→ H0(X) by

f∗(ϕ) := ϕ ◦ f.

a. For any f ∈ C(X,Y ), show that f∗ is an homomorphism between the
groups H0(Y ) and H0(X), that is, f∗(ϕ1 + ϕ2) = f∗(ϕ1) + f∗(ϕ2) for any
ϕ1, ϕ2 ∈ H0(Y ).

b. Take any topological space Z, and show that (g ◦ f)∗ = f∗ ◦ g∗ for every
f ∈ C(X,Y ) and g ∈ C(Y, Z).
c. Let Z be a topological space, and consider the binary relation ∼Z on

Z defined by x ∼Z y iff there is a path from x to y in Z. Show that ∼Z is
an equivalence relation on Z. The quotient set Z/∼Z is denoted by π0(Z) in
algebraic topology.

d. For any continuous function f : X → Y, show that x ∼X y implies
f(x) ∼Y f(y), and conclude that the map f∗ : π0(X)→ π0(Y ) is well-defined
by

f∗([x]∼X ) := [f(x)]∼Y .

Take any topological space Z, and show that (g ◦ f)∗ = g∗ ◦ f∗ for every
f ∈ C(X,Y ) and g ∈ C(Y, Z).
e. For any continuous function f : X → Y, show that f∗ is a bijection if f

is an homeomorphism.

f. If |π0(X)| = 1, then H0(X) contains only constant maps, but not con-
versely. Why?

g. Take any f ∈ H0(X). Notice that π0(Z) identified with Z, so we can
consider f∗ in this case as a map from π0(X) into Z, and then define the
function ψ : H0(X)→ Zπ0(X) by ψ(f) := f∗. Considering H0(X) and Zπ0(X)
as abelian groups, prove that ψ is an injective homomorphism. Describe in
what way Proposition 4.2 is contained in this result. Is ψ surjective in general?
What if X were an open subspace of Rn (for some n ∈ N)?
h. Assume that X is locally path-connected. Prove that ψ is a group

isomorphism.

i. Let ∼X be as defined in part c, and consider π0(X) as a topological
space relative to the quotient topology. Prove that

π∗∼X : H
0(π0(X))→ H0(X)

is a group isomorphism.
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