
Chapter 6
The Brézis-Browder Ordering Principle
and its Applications

This chapter is based on a basic optimization theorem, namely, the Brézis-Browder

Ordering Principle, which can be established using only the rudiments of order theory.

Loosely speaking, this result identi�es a large collection of preordered sets on which,

starting from anywhere, we can construct an increasing sequence that leads us to a

point beyond which the value of an order-preserving real function cannot increase. As we

shall see, this principle, and its generalizations, serve to unify various results of nonlinear

analysis on �xed point theory and optimization. It is thus a brilliant illustration of how

order theory may serve when dealing with problems that have, at face value, little to do

with preorders.

Put speci�cally, we begin this chapter by introducing the Brézis-Browder Ordering

Principle, and then consider one of its important generalizations, namely, Altman�s Or-

dering Principle. The major part of the chapter is, however, concerned with �using�

these optimization theorems within the broad context of nonlinear analysis. In partic-

ular, we use here Altman�s Ordering Principle to deduce a number of important metric

�xed point theorems, each generalizing the all important Contraction Mapping Theorem

in di¤erent ways. We then move on to optimization theory, and use the Brézis-Browder

Ordering Principle to deduce the Ekeland Variational Principle, a pillar of nonlinear

analysis. We conclude the present chapter with another application, this time to con-

vex analysis, by proving the fundamental Bishop-Phelps Theorem on the denseness of

support points of a closed convex set in its boundary.

1 A Selection of Ordering Principles

1.1 The Brézis-Browder Ordering Principle

We begin with a simple, but surprisingly far-reaching, theorem, which was proved by

Haim Brézis and Felix Browder in 1976. This theorem identi�es a large collection of
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preordered sets (X;%) on which the following optimization problem is sure to have a

solution for some y in X and any bounded order-preserving real map F on X:

Maximize F (z)

subject to z 2 X and z % y:

This is the class of all (X;%) in which all %-increasing sequences are %-bounded, or
put di¤erently, that of preordered sets (X;%) such that there is an %-upper bound for
fx1; x2; :::g in X for any %-increasing sequence (xm) in X.

The Brézis-Browder Ordering Principle. Let (X;%) be a preordered set such that
every %-increasing sequence in X is %-bounded. Let F : X ! R be an order-preserving
map that is bounded from above.1 Then, for every x in X; there is a y 2 x" such that
F (y) = maxF (y"):

Note. While it is often met in applications, the condition supF (X) <1 is a bit of an overkill

here. In fact, all we need is that supF (x") <1 for each x 2 X: This will be clear from the way

we establish the result below.

Relegating its proof to the next section, we note here that the Brézis-Browder Or-

dering Principle is often used in the following format:

Corollary 1.1.1. Let (X;%) be a preordered set such that every %-increasing sequence
in X is %-bounded. Let F : X ! R+ be an order-reversing map. Then, for every x in
X; there is a y 2 x" such that F (y) = F (z) for every z 2 y":

Proof. Apply the Brézis-Browder Ordering Principle with respect to the map �F:

We shall need the following auxiliary concept in what follows.

De�nition. Let (X;%) be a preordered set. We say that a function F : X ! R is

strictly %-increasing if it is order-preserving and

x � y implies F (x) > F (y)

for every x; y 2 X: Strictly %-decreasing real functions on X are de�ned analogously.

The following is a straightforward consequence of the Brézis-Browder Ordering Prin-

ciple. It clari�es in what way we can think of this principle as an optimization theorem

that concerns the existence of maximal elements of a preordered set.

1That is, supF (X) <1:
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Corollary 1.1.2. Let (X;%) be a preordered set such that every %-increasing sequence
in X is %-bounded. If there exists a strictly %-increasing map F : X ! R that is

bounded from above, then

MAX(x";<) 6= ; for every x 2 X:

Clearly, if X is �nite, all requirements of this result are automatically met. Thus,

Corollary 1.1.2 is a generalization of the obvious fact that every �nite preordered set has

at least one maximal element (Proposition 5.1 of Chapter 1).

In passing, we note that it is easy to extend the Brézis-Browder Ordering Principle

to the case of a sequence of order-preserving maps by applying this result successively.

Corollary 1.1.3. Let (X;%) be a preordered set such that every %-increasing sequence
in X is %-bounded. For each positive integer m; let Fm : X ! R be an order-preserving
map that is bounded from above. Then, for every x in X; there is a y 2 x" such that
Fm(y) = maxFm(y

") for every m = 1; 2; :::

Proof. Pick an arbitrary x in X: By the Brézis-Browder Ordering Principle, there

is a y1 2 x" such that F1(y1) = maxF1(y
"
1): Applying this principle again, we �nd a

y2 2 y"1 such that F2(y2) = maxF2(y
"
2): Continuing this way inductively (and invoking

the Axiom of Choice), we obtain an%-increasing sequence (ym) inX such that Fm(ym) =

maxFm(y
"
m) for each m = 1; 2; ::: By hypothesis, there is a y in X with y % fy1; y2; :::g:

Clearly, y % x and as F is order-preserving, we have Fm(ym) = Fm(y) for each m:

Furthermore, if z 2 y"; then z 2 y"m; and hence, as F is order-preserving, Fm(ym) =

Fm(z) for each m: It follows that Fm(y) = Fm(z) for every z 2 y" and m = 1; 2; :::; as

we sought.

1.2 Altman�s Ordering Principle

There are various generalizations of the Brézis-Browder Ordering Principle that are

found useful in applications. The following is a prime example of such a generalization,

which was obtained by Mieczyslaw Altman in 1982.

Altman�s Ordering Principle. Let (X;%) be a preordered set such that every %-
increasing sequence in X is %-bounded. Let G : X � X ! R be a function such that
G(x; �) is order-reversing and supG(x"; x) <1 for every x in X: Assume that Gj% � 0
and

lim inf G(xm+1; xm) = 0
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for every %-increasing sequence (xm) in X. Then, for every x in X; there is a y 2 x"
such that G(z; y) = 0 for each z 2 y":

It is easy to see that the Brézis-Browder Ordering Principle is a special case of this

result. Indeed, given a preordered (X;%) as in above, and an F : X ! R as in the

Brézis-Browder Ordering Principle, it is readily checked that the map G : X �X ! R,
de�ned by G(x; y) := F (x) � F (y); satis�es the requirements of Altman�s Ordering
Principle. By the latter result, therefore, for every x in X there is a y 2 x" such that
G(�; y) vanishes on y"; that is, F (z) = F (y) for every z 2 y": This is, of course, exactly
what the Brézis-Browder Ordering Principle asserts.

It remains to prove Altman�s Ordering Principle.

Proof of Altman�s Ordering Principle. For any x in X; we de�ne

�(x) := supG(x"; x):

As Gj% � 0; we have G(z; y) � 0 for each y 2 X and z 2 y": Therefore, if the result
were false, there would exist an element x1 in X such that, for any y in X;

y % x1 implies G(z; y) > 0 for some z 2 y": (1)

On the other hand, by de�nition of �(x1); there exists an x2 in X with

x2 % x1 and �(x1) � G(x2; x1) + 1
2
:

Similarly, by de�nition of �(x2); there exists an x3 in X with

x3 % x2 and �(x2) � G(x3; x2) + 1
3
:

Continuing this way inductively �and, of course, invoking the Axiom of Choice �we

�nd an %-increasing sequence (xm) in X with

�(xm) � G(xm+1; xm) + 1
m+1

; m = 1; 2; :::

By hypothesis, there is a y in X with y % fx1; x2; :::g: Moreover, (1) entails that there is
a z 2 y" with G(z; y) > 0: By transitivity of %; we have z % xm; and hence, G(z; xm) �
�(xm); for every positive integer m: Thus,

0 < G(z; y) � G(z; xm) � �(xm) � G(xm+1; xm) + 1
m+1

for each m; where the second inequality follows from the facts that y % xm and G(z; �)
is order-reversing. Using the hypothesis lim inf G(xm+1; xm) = 0; therefore, we �nd

0 < G(z; y) � 0; a contradiction.
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Altman�s Ordering Principle is often used in the following format:

Corollary 1.2.1. Let (X;%) be a preordered set such that every %-increasing sequence
in X is %-bounded. Let G : X � X ! R be a function such that Gj% � 0, G(x; �) is
order-preserving and inf G(X; x) > �1; for every x in X; while

lim supG(xm+1; xm) = 0

for every %-increasing sequence (xm) in X. Then, for every x in X; there is a y 2 x"
such that G(z; y) = 0 for each z 2 y":

Proof. Apply Altman�s Ordering Principle with respect to the map (x; y) 7! �G(x; y):

Just as in the case of the Brézis-Browder Ordering Principle, we can deduce a re-

sult on the existence of maximal elements in a preordered set from Altman�s Ordering

Principle.

Corollary 1.2.2. Let (X;%) be a preordered set such that every %-increasing sequence
in X is %-bounded. If there is a map G as in Altman�s Ordering Principle such that

Gj� > 0; then
MAX(x";%) 6= ; for every x 2 X:

There are several other variants of the Brézis-Browder Ordering Principle. We will

consider some of these in the following set of exercises.

Exercises

1.1. Let R be a binary relation on a nonempty set X such that for every sequence (xm) in X with � � �R
x2 R x1 there is an x 2 X with x R xm for each m: Let F : X ! R+ be a map such that (i) x R y

implies F (x) � F (y); and (ii) x R y and F (x) = F (y) imply x = y: Show that for every x in X there

is a y in MAX(X;R) with y tran(R) x:

1.2. Let (X;%) be a preordered set and G : X � X ! R a bounded function such that the map

x 7! supG(x"; x) is order-reversing. Prove: If fx1; x2; :::g" 6= ; and lim inf G(xm+1; xm) � 0 for every
%-increasing sequence (xm) in X, then, for every x in X; there is a y 2 x" such that G(z; y) � 0 for

each z 2 y":

1.3. Let (X;%) be a preordered set and Gm a real map on X � X that satisfy all requirements of

Altman�s Ordering Principle, m = 1; 2; ::: Besides, assume that

Gm(x; y) +Gm(y; z) = Gm(x; z) for each x; y; z 2 X and m = 1; 2; :::

Prove: For every x in X; there is a y 2 x" such that Gm(z; y) = 0 for each z 2 y" and m = 1; 2; :::
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1.4. Let (X; d;<) be a partially ordered metric space and F : X ! R+ an arbitrary function. Suppose
(i) x" is closed in (X; d); (ii) F is strictly <-decreasing; and (iii) fx1; x2; :::g is relatively compact in
(X; d) for every <-increasing sequence (xm) in X: Prove that MAX(X;<) 6= ;:

1.5. (Turinici�s Ordering Principle) Let (X;%) be a preordered set and G : X �X ! R a map with
G � 0 and Gj4X

= 0: Assume that for every " > 0 there is a � > 0 such that, for every x; y; z 2 X;

x % y % z and maxfG(x; z); G(y; z)g < � imply G(x; y) < ":

Prove: If fx1; x2; :::g" 6= ; and lim inf G(xm+1; xm) = 0 for every %-increasing sequence (xm) in X,
then, for every x in X; there is a y 2 x" such that G(z; y) = 0 for each z 2 y":

1.6. Let (X;%) and G be as in the previous exercise, and, in addition, assume that % \G�1(0) = 4X :

Prove that MAX(x";%) 6= ; for every x 2 X:

2 Applications to Fixed Point Theory

At �rst sight, it may not be clear how a result like the Brézis-Browder Ordering Principle

can be used in practice. In fact, despite its elementary standing, this principle provides

a powerful method for investigating the behavior of various types of nonlinear operators.

In this section, we shall outline this technique in the context of �xed point theory.

2.1 Order-Theoretic Approach to Metric Fixed Point Theory

Let (X; d) be a metric space and f a self-map on X. Often in metric �xed point theory

we are given some kind of control over the magnitude of displacement of the points of X

under f; and then try to determine if this structure forces f to map at least one point

to itself. In many problems of this sort, our control over the displacement of the points

of X under f is given through an inequality like

d(x; f(x)) � �G(f(x); x) for every x 2 X (2)

for some function G : X �X ! R. The issue at stake is to �nd conditions on d and G
such that (2) would ensure the existence of a �xed point of f:

Ordering principles we covered in the previous section provide a method of attack

toward solving such �xed point problems. Here is the main idea. First, de�ne the binary

relation %d;G on X by

y %d;G x i¤ d(x; y) � �G(y; x):

In terms of this binary relation, we may express (2) as:

f(x) %d;G x for every x 2 X: (3)
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Next, suppose that (X;%d;G) and �G satisfy all requirements of Altman�s Ordering

Principle, or more to the point, assume that (X;%d;G) and G satisfy all requirements of
Corollary 1.2.1. By the latter result, then, there exists a y in X such that G(z; y) = 0

for every z 2 X with z %d;G y: But then, 0 = �G(z; y) � d(z; y) whenever z %d;G y;
that is,

z %d;G y implies z = y:

As f(y) %d;G y holds by (3), therefore, we �nd that f(y) = y; establishing that f has a
�xed point.

This is all good and well, but our argument is based on the hypothesis that �(X;%d;G)
and G satisfy all requirements of Corollary 1.2.1.�As the binary relation %d;G is de�ned
only indirectly through the primitives d and G; this situation is less than ideal. But,

nevertheless, our problem is now reduced to �nding conditions on d and G that would

ensure that (X;%d;G) and G satisfy all requirements of Corollary 1.2.1. As we shall see
shortly, compared to the original one, this is a much easier problem.

For ease of reference, we introduce the following terminology.

De�nition. Let X be any nonempty set and G a real function on X �X: We say that
G is re�exive if G(x; x) = 0 for every x in X; skew-symmetric if G(x; y) = �G(y; x)
for every x and y in X; and transitive if G satis�es the triangle inequality, that is,

G(x; z) � G(x; y) +G(y; z) for every x; y and z in X:

For example, every metric on a nonempty set X is re�exive and transitive. Similarly,

for any real function F on X and any subadditive self-map � on R with �(0) = 0;

the map (x; y) 7! �(F (x) � F (y)) is a re�exive and transitive real function on X �X:
(Subadditivity of � means that �(a + b) � �(a) + �(b) for every a and b in X:) If, in

addition, � is an odd function, that is, �(�t) = ��(t) for every real number t; then
(x; y) 7! �(F (x)� F (y)) is skew-symmetric as well.

Lemma 2.1.1. Let (X; d) be a metric space and G : X � X ! R a re�exive and

transitive function such that inf G(X; x) > �1 for each x in X. Then, (X;%d;G) is a
preordered set and G(x; �) and �G(�; x) are order-preserving maps from (X;%d;G) into R
for every x in X: Furthermore, every %d;G-increasing sequence in X is Cauchy in (X; d):

Proof. That %d;G is re�exive follows readily from the re�exivity of G: On the other

hand, for any x; y; z 2 X with z %d;G y %d;G x; the transitivity of d and G yield

d(x; z) � d(x; y) + d(y; z)

� �G(y; x)�G(z; y)
� �G(z; x);
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and hence z %d;G x; establishing that %d;G is transitive. Besides, for any x; y; z 2 X
with z %d;G y; we have

�G(x; y) � �G(x; z)�G(z; y) � �G(x; z);

where the �rst inequality follows from the transitivity of G and the second from the

fact that z %d;G y entails �G(z; y) � 0: Conclusion: G(x; �) is order-preserving. That
�G(�; x) is order-preserving as well is similarly proved.
To prove the �nal assertion of the lemma, take any %d;G-increasing sequence (xm) in

X: Then, as G is transitive, and xM %d;G � � � %d;G x1; we have, by induction,

MX
i=1

d(xi; xi+1) � �
MX
i=1

G(xi+1; xi) � �G(xM ; x1)

for every positive integerM: But, as �G(�; x1) is order-preserving, (�G(xm; x1)) is an in-
creasing real sequence. As this sequence is bounded from above (because inf G(X; x1) >

�1); it converges. Therefore, letting M !1 in the inequality above, we �nd

1X
i=1

d(xi; xi+1) <1;

which is the same thing as saying that (xm) is a Cauchy sequence in (X; d):

Note. If G were, in addition, skew-symmetric in Lemma 2.1.1, then (X;%d;G) would be a poset.

Lemma 2.1.2. Let (X; d) be a complete metric space and G : X�X ! R a re�exive and
transitive function such that G(�; x) is lower semicontinuous and bounded from below

for each x in X: Then, fx1; x2; :::g is %d;G-bounded and

lim supG(xm+1; xm) = 0

for every %d;G-increasing sequence (xm) in X.

Proof. We begin by noting that, for any z inX; G(�; z)+d(z; �) is a lower semicontinuous
real map on (X; d): Therefore, in view of Proposition 1.8.3 of Appendix, the principal

�lter z" in (X;%d;G) is a closed set in (X; d):
Now, take any %d;G-increasing sequence (xm) in X. By Lemma 2.1.1 this sequence

is Cauchy in (X; d); and hence, as (X; d) is complete, we have d(xm; x)! 0 for some x

in X: But, for any positive integer m; we have

fxm; xm+1; :::g � x"m;
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so, as the latter set is closed, it contains x: It follows that x %d;G fx1; x2; :::g; that is,
fx1; x2; :::g is %d;G-bounded. Furthermore, as �G(�; x) is an order-preserving map from
(X;%d;G) into R by Lemma 2.1.1, and inf G(X; x) > �1; the real sequence (G(xm; x))
is decreasing and bounded from below, so, it converges. Therefore, as

G(xm+1; xm) � G(xm+1; x)�G(xm; x); m = 1; 2; :::;

we must have

lim supG(xm+1; xm) � 0:

Combining this observation with the fact that xm+1 %d;G xm implies G(xm+1; xm) � 0

for each m, we �nd lim supG(xm+1; xm) = 0; as we sought.

If (X; d) and G satisfy the requirements of Lemma 2.1.2, therefore, (X;%d;G) and G
satisfy all requirements of Corollary 1.2.1, and the argument we gave at the begining of

this section becomes operational. We thus reach to the following �xed point theorem.

Theorem 2.1.3. Let (X; d) be a complete metric space and G : X �X ! R a re�exive
and transitive function such that G(�; x) is lower semicontinuous and bounded from
below for each x in X: If f is a self-map on X such that

d(x; f(x)) � �G(f(x); x) for every x 2 X;

then Fix(f) 6= ;:

Notice that the notion of �order� is absent in this result �at face value, Theorem

2.1.3 has nothing to do with order theory. Instead, order theory, in the garb of a

generalization of the Brézis-Browder Ordering Principle, acts as an instrument in this

context to deliver us this powerful �xed point theorem. But, in fact, this theorem is

surprisingly powerful. As we shall see shortly, Theorem 2.1.3 admits a number of major

results of metric �xed point theory as special cases.

2.2 The Contraction Mapping Theorem

In Section 3.4 of Chapter 5 we have deduced the Contraction Mapping Theorem as

a consequence of the Tarski-Kantorovitch Theorem. We next show that this famous

theorem is, in fact, an immediate consequence of Theorem 2.1.3. Indeed, let (X; d) be a

complete metric space and f a self-map on X such that

d(f(x); f(y)) � Kd(x; y) for every x; y 2 X; (4)
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whereK is a real number in [0; 1): Setting y = f(x) in this inequality, we �nd d(f(x); f(f(x))) �
Kd(x; f(x)); which is equivalent to

d(x; f(x)) � 1
1�K (d(x; f(x))� d(f(x); f(f(x))));

for any x in X: Therefore, de�ning G : X �X ! R by

G(y; x) := 1
1�K (d(y; f(y))� d(x; f(x)));

we �nd that

d(x; f(x)) � �G(f(x); x) for every x; y 2 X: (5)

As it is routine to check that G satis�es all requirements of Theorem 2.1.3, therefore,

this result ensures that f has a �xed point, while, of course, (4) implies readily that f

cannot have more than one �xed points.

In fact, the present method of can be used to obtain many other such results at one

stroke. For instance, suppose, instead of (4), we are given only that

d(f(x); f(y)) � k(d(x; f(x)) + d(y; f(y))) for every x; y 2 X; (6)

where 0 < k < 1
2
: Setting y = f(x) in this inequality, we �nd

d(f(x); f(f(x))) � k
1�kd(x; f(x));

and hence by multiplying this inequality with �1 and adding d(x; f(x)) to both sides,
we arrive at

d(x; f(x)) � 1�k
1�2k (d(x; f(x))� d(f(x); f(f(x))));

for any x in X: Therefore, de�ning G : X �X ! R by

G(y; x) := 1�k
1�2k (d(y; f(y))� d(x; f(x)));

we again arrive at (5). Thus, by Theorem 2.1.3, we obtain the following generalization

of the Contraction Mapping Principle, which is sometimes called Kannan�s Fixed point

Theorem:

Proposition 2.2.1. Let (X; d) be a complete metric space and f a self-map on X that

satis�es (6). Then, f has a unique �xed point.

As we shall explore in the exercises below, many other variants of the Contraction

Mapping Theorem can be derived through this method.
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2.3 Caristi�s Fixed Point Theorem

As a further application of our order-theoretic method of approach to �xed point the-

ory, we next consider the following famous generalization of the Contraction Mapping

Theorem, which was proved by James Caristi in 1976.

Caristi�s Fixed Point Theorem. Let f be a self-map on a complete metric space
(X; d) such that

d(x; f(x)) � '(x)� '(f(x)) for all x 2 X (7)

for some lower semicontinuous function ' : X ! R which is bounded from below. Then,
f has a �xed point:

Note. It is easy to see that this theorem generalizes the Banach Fixed Point Theorem. Indeed,

if f satis�es (4) for some K 2 [0; 1), then (7) is satis�ed for ' : X ! R de�ned by '(x) :=
1

1�K d(x; f(x)): Clearly, ' is continuous and ' � 0:

Caristi�s Fixed Point Theorem is, in fact, a substantial generalization of the Con-

traction Mapping Theorem. While the former result requires the involved self-map to

have the contraction property (which is much stronger than continuity), the latter does

not even require that self-map to be continuous. It is thus remarkable that we can prove

the latter as easily as the former through our order-theoretic method. Indeed, de�ning

G : X �X ! R by
G(y; x) := '(y)� '(x);

we see that (7) is the same thing as saying that

d(x; f(x)) � �G(f(x); x) for every x; y 2 X:

As it is obvious that G satis�es all requirements of Theorem 2.1.3, therefore, this result

ensures that f has a �xed point, and we are done.

Note. The original proof of Caristi�s Fixed Point Theorem in Caristi (1976) was through an

iterative trans�nite induction argument. An order-theoretic proof for this result was given �rst

by Kirk (1976). While these proofs utilize the Axiom of Choice, it is known that Caristi�s Fixed

Point Theorem can be proved without resorting to this axiom. (See, for instance, Mańka (1988)

and Jachymski (1997).)

Note. Using the Axiom of Choice, Caristi�s Fixed point Theorem is extended to set-valued maps
in a straightforward manner. Let � be a self-correspondence on a complete metric space (X; d);

and ' : X ! R a lower semicontinuous function that is bounded from below. If for every x in

X there is a y in �(x) such that

d(x; y) � '(x)� '(y);

then, � has a �xed point. All we need to do is to apply the original theorem to the map x 7! yx

where yx is chosen in �(x) so that d(x; yx) � '(x)� '(yx):
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2.4 Nadler�s Fixed Point Theorem

In our �nal application of the Brézis-Browder Ordering Principle to �xed point theory, we

shall extend the Contraction Mapping Theorem to the context of self-correspondences,

that is, we shall prove that every contractive self-correspondence on a complete metric

space has a �xed point. Let us �rst clarify what we mean by �contractive�here.

Notation. Given a metric space (X; d); by cb(X) we mean the set of all nonempty
closed and bounded subsets of X (relative tot he metric topology induced by d):

De�nition. Let (X; d) be a metric space, and � a cb(X)-valued self-correspondence on
X: We say that � is contractive if there exists a real number 0 � K < 1 with

dH(�(x);�(y)) � Kd(x; y) for every x; y 2 X: (8)

(Here dH stands for the Hausdor¤ metric on cb(X) induced by d:)

The fact that all contractive self-correspondences (with closed and bounded values)

on a complete metric space has a �xed point was proved by Sam Nadler in 1969 by a

method that parallels the classical proof of the Contraction Mapping Theorem. Our

proof is, again, order-theoretic.

Nadler�s Fixed Point Theorem. Let (X; d) be a complete metric space, and � a

contractive cb(X)-valued self-correspondence on X: Then, � has a �xed point.

Proof. Let K be any number in the interval [0; 1) such that (8) holds. We �rst note

that the de�nition of the Hausdor¤ metric and (8) imply

d(y;�(y)) � dH(�(x);�(y)) � Kd(x; y) (9)

for every x 2 X and y 2 �(x): For a reason that will become transparent shortly, let us
�x a positive real number � small enough that 1

1+�
> K: As d(x;�(x)) = inffd(x; y) :

y 2 �(x)g; for every x in X we can �nd a �x in �(x) such that

1
1+�
d(x; �x) � d(x;�(x)):

Combining this inequality with (9), then,�
1
1+�

�K
�
d(x; �x) � d(x;�(x))� dH(�x;�(�x)):

So, where G : X �X ! R is de�ned by

G(y; x) :=
�

1
1+�

�K
��1 �

d(y;�(y))� dH(x;�(x))
�
;

12



we have d(x; �x) � �G(y; x): It is readily checked that G is a re�exive and transitive

function such that G(�; x) is bounded from below for each x 2 X: Therefore, Lemmas
2.1.1 and 2.1.2 ensure that we may apply Corollary 1.2.1 to conclude that there is a

y in X such that G(z; y) = 0 for each z 2 X with z <d;G y: As �y <d;G y; therefore,
d(y; �y) � �G(�y; y) = 0: It follows that y = �y 2 �(y); and we are done.

Exercises

2.1. Deduce the Contraction Mapping Theorem directly from the Brézis-Browder Ordering Principle.

2.2. (Ćiríc) Let (X; d) be a complete metric space and f a continuous self-map on X such that

d(f(x); f(y)) � Kmaxfd(x; y); d(x; f(x)); d(y; f(y)); d(x; f(y)); d(y; f(x))g

for some real number K in (0; 1): Prove that f has a unique �xed point.

2.3. (Clarke�s Fixed Point Theorem) Let (X; d) be a complete metric space, and for any x and y in X;
de�ne

[x; y]d := fz 2 X : d(x; z) + d(z; y) = d(x; y)g:

Let f be a continuous self-map on X with the following property: There exists a number K 2 (0; 1)
such that, for any x 2 Xnff(x)g; there is a z in [x; f(x)]dnfxg with

d(f(x); f(z)) � Kd(x; z):

Use the Brézis-Browder Ordering Principle to prove that f has a �xed point.

2.4. Let (X; d) be a complete metric space and G : X �X ! R a re�exive and transitive function such
that G(�; x) is lower semicontinuous and bounded from below for each x in X: If f is a self-map on X

and ' is a strictly increasing and continuous self-map on R+ such that '(0) = 0 and

d(x; f(x)) � '(�G(f(x); x)) for every x 2 X:

a. (Khamsi) Let xm := 1 + � � �+ 1=m and ym := 1=(m+ 1)2 + 1=(m+ 2)2 + � � � for each positive
integer m; and de�ne X := fx1; x2; :::g. Next, de�ne G : X �X ! R by G(xk; xl) = yk � yl, consider
the self-map f on X de�ned by f(xm) := xm+1 for each m; and the self-map ' on R+ de�ned by

'(t) :=
p
t: Use these speci�cations to show that f need not have a �xed point under conditions above.

b. Prove: If ' is superadditive, that is, '(a)+'(b) � '(a+ b) for every a; b � 0; then f has a �xed
point.

Hint. Work with the preorder %'�1�d;G :

2.5. (Bröndsted�s Proof for Caristi�s Fixed Point Theorem) Let (X; d) be a complete metric space and
' a lower semicontinuous real map on X: The Bröndsted order induced by d and ' are de�ned on
X by x <d;' y i¤ d(x; y) � '(y)� '(x):

a. Prove that (X;<d;') is a chain-complete poset.
b. Combine the previous observation with the Bourbaki-Witt Theorem to prove Caristi�s Fixed

Point Theorem.
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3 Applications to Variational Analysis

Another context in which the Brézis-Browder Ordering Principle leads us to new results

is optimization theory. We shall provide two applications below to illustrate this matter.

3.1 Existence of Maxima on Noncompact Domains

In our next application we use the Brézis-Browder Ordering approach to prove a ex-

tension of the Baire Maximum Value Theorem, which gives su¢ cient conditions for a

real function on a complete metric space to possess a maximum. As completeness is,

in general, a much less stringent requirement than compactness, this observation is of

major importance for optimization theory.

Takahashi�s Existence Theorem. Let (X; d) be a complete metric space and � : X ! R
an upper semicontinuous map that is bounded from above. Suppose that, for every

x 2 X with �(x) < sup�(X); there exists a z 2 Xnfxg with �(z) � �(x) + d(x; z):

Then, � achieves its maximum, that is, �(x�) = sup�(X) for some x� 2 X:

Proof. De�ne G : X �X ! R

G(y; x) := �(x)� �(y):

Clearly, G is re�exive and transitive, while G(x; �) is lower semicontinuous and bounded
from below. Therefore, in account of Lemmas 2.1.1 and 2.1.2, we may apply Corollary

1.2.1 to conclude that there is an x� in X such that �(x�) = �(z) for each z 2 X with

z <d;G x�: Now, if �(x�) < sup�(X); then, by hypothesis there is a z 2 X; distinct from
x�; with d(x�; z) � �(z) � �(x�). Then, �(x�) < �(z) while z <d;G x�; a contradiction.
Thus, �(x�) = sup�(X); and we are done.

Note. Takahashi�s Existence Theorem is actually an immediate consequence of Caristi�s Fixed

Point Theorem. Indeed, if � fails to achieves its maximum, then by hypothesis of Takahashi�s

Existence Theorem, for every x in X there is a zx in Xnfxg such that �(zx) � �(x) + d(x; zx):
While the map x 7! zx does not have a �xed point by construction, Caristi�s Fixed Point Theorem

says that it does.

3.2 Ekeland�s Variational Principle

The following result, which was established originally by Ivar Ekeland in 1974, is one of

the most basic tools for establishing the existence of solutions, or approximate solutions,

for optimization problems who fail to satisfy the compactness requirement of the Baire
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Maximum Value Theorem. Once again, we can prove it easily by combining Altman�s

Ordering Principle with Lemmas 2.1.1 and 2.1.2.

The Ekeland Variational Principle. Let (X; d) be a complete metric space and � : X !
R an upper semicontinuous map that is bounded from above. Then, for every " > 0 and
z in X with �(z) > sup�(X)� "; there exists an element y of X such that

d(z; y) < 1 and �(y) > �(x)� "d(x; y) for every x 2 Xnfyg:

Proof. Fix any real number " > 0; and any z in X with �(z) > sup�(X) � ": De�ne
G : X �X ! R

G(y; x) :=
1

"
(�(x)� �(y)) ;

and note that G is re�exive and transitive while G(x; �) is lower semicontinuous and
bounded from below. Therefore, in account of Lemmas 2.1.1 and 2.1.2, we may apply

Corollary 1.2.1 to conclude that there is a y in X such that y <d;G z and �(y) = �(z)
for each z 2 X with z <d;G y: But y <d;G z entails

"d(y; z) � �(y)� �(z)
� sup�(X)� �(z)
< ";

and hence d(z; y) < 1: Moreover, if �(y) � �(x) � "d(x; y) held for some x in X;
distinct from y; we would have �(x) > �(y) while x <d;G y; a contradiction. Thus,
�(y) > �(x)� "d(x; y) for every x in Xnfyg; and we are done.

Note. Disguising its order-theoretic background, we can also deduce this result from Caristi�s

Fixed Point Theorem. To see this, let (X; d) and � : X ! R be as in the Ekeland Variational
Principle, but assume that there is an ("; z) 2 R++ �X such that (i) �(z) > sup�(X)� "; and
(ii) for every y 2 X with d(z; y) � 1; there is an xy 2 X with �(y) � �(x) � "d(x; y) distinct
from y: De�ne

T := fy 2 X : d(y; z) � 1

"
(�(y)� �(z))g:

Then, T is a closed subset of X; so (T; d) is a complete metric space. Furthermore, for any y in

T; we have

d(y; z) � 1

"
(�(y)� �(z)) � 1

"
(sup�(X)� �(z)) � 1

by (i). Consider, then, the map f : T ! X de�ned by f(y) = xy: We have f(T ) � T because

d(xy; z) � d(xy; y) + d(y; z)

� 1

"
(�(xy)� �(y)) +

1

"
(�(y)� �(z))

=
1

"
(�(xy)� �(z)):

15



Moreover, relative to the metricD := "d (which is strongly equivalent to d); we haveD(y; f(y)) �
��(y) � (��(f(y))) for each y 2 T: So, f must have a �xed point by Caristi�s Fixed Point

Theorem, while by its de�nition, it cannot.

In passing, we note that there is a useful geometric interpretation for the Ekeland

Variational Principle when the underlying metric space is a Banach space. To illustrate

this, let X be a Banach space (whose norm we denote by k�k as usual). For this special
case, and any real number " � 0; let us de�ne

C" := f(x; t) 2 X � R : " kxk � tg;

which is a closed convex cone in X � R: Now take any real map � on X: It is easily
veri�ed that

(y; �(y)) + C" = f(z; s) 2 X � R : " kz� yk � s� �(y)g

for any " � 0: This formulation shows us that an element y of X is the unique maximizer

of � on X i¤

(x; �(x)) =2 (y; �(y)) + C0 for any x 2 Xnfyg:

Of course, when � is an upper semicontinuous function such that sup�(X) < 1; it
need not have a maximizer, and thus this statement need not hold. Yet, the Ekeland

Variational Principle tells us that this statement �almost�holds in the sense that for

any " > 0; however small, there is an element y" of X such that

(x; �(x)) =2 (y"; �(y")) + C" for any x 2 Xnfy"g:

(See Figure ??) It is in this sense that the Ekeland Variational Principle provides su¢ cent

conditions for the existence of an �"-maximizer�of a real function.

Just so we are clear about how important these results are for optimization theory,

and hence the power of the Brézis-Browder method is not lost on the reader, we conclude

this section by a brief application of the Ekeland Variational Principle.

Application. (Approximate Stationary Points) Suppose we want to maximize a bounded
di¤erentiable real function on Rn; but we realize that the maximum of our function is

not attained. Thus, �equate the partial derivatives to zero� rule does not help to see

around which points in its domain the value of our function is �approximately�equal to

its supremum value. A natural condition for this seems to be that the partial derivatives

of our function being close to zero. This intuition is quite correct, but giving a proof

for it by means of elementary methods is surprisingly di¢ cult. The Ekeland Variational

Principle, however, settles the matter very e¢ ciently.
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Let � be a real function on Rn all of whose partial derivatives @1�; :::; @n�, and
hence its gradient r�; exist. Assume further that � is bounded from above, that is,

sup�(Rn) < 1: We wish to show that, in this case, there is a sequence (ym) of n-

vectors such that

�(ym)! sup�(Rn) and r�(ym)! 0:

(Such a sequence is referred to as a Palais-Smale sequence in nonlinear analysis.)
Let � := sup�(Rn); which is a real number by hypothesis. By the Ekeland Variational

Principle, for every positive integer m; there is some ym in Rn such that

(E1) �(ym) � �(x)� 1
m
kx� ymk for every x 2 Rn; and

(E2) kzm � ymk < 1 for some sequence (zm) in Rn with �(zm) > �� 1
m
:

Now �x any positive integer m; and index i in [n]: Setting x as ym+ "ei; where ei is the

ith unit n-vector, in (E1), we �nd

�(ym + "ei)� �(ym)
j"j � 1

m
for every real number ":

It is easily seen that this implies @�i �(y
m) � � 1

m
and @+i �(y

m) � 1
m
. As the ith partial

derivative of � exists, therefore j@i�(ym)j � 1
m
: As i is an arbitrary index here, therefore,

letting m!1 yields r�(ym)! 0; as we sought. Furthermore, by using (E1) and (E2)

together,

� � �(ym) � �(zm)� 1
m
kzm � ymk > �� 2

m
:

Letting m!1 yields �(ym)! �; and we are done.

Exercises

3.1. Let (X; d) be a complete metric space and � : X ! R an upper semicontinuous map that is

bounded from above. Prove: For every " > 0; there exists an element y of X such that

�(y) > �(x)�
p
"d(x; y) for every x 2 Xnfyg:

3.2. Derive the Clarke Fixed Point Theorem we gave in Exercise 2.1 by using the Ekeland Variational

Principle.

Hint. Apply the Ekeland Variational Principle to �nd an "-minimum y of the map x 7! d(x; f(x))

where 0 < " < 1�K: The supposition that y is not a �xed point of f yields a contradiction.

3.3. Let � : Rn ! R be a di¤erentiable function such that

�(x)

kxk ! 1 as kxk ! 1:

Prove that r� is a surjection.
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3.4. (A Converse to the Ekeland Variational Principle) Let (X; d) be a metric space. Assume that for
every upper semicontinuous map � : X ! R that is bounded from above, and for every " > 0, there

exists an element y of X such that

�(y) � sup�(X)� " and �(y) � �(x)� "d(x; y) for every x 2 X:

Prove that (X; d) must be complete.

Hint. Take any Cauchy sequence (xm) in X; and apply the hypothesis of our claim to the map

x 7! lim d(x; xm):

4 An Application to Convex Analysis

4.1 The Bishop-Phelps Theorem

Let X be a (real) normed linear space (whose norm is denoted by k�k as usual). Recall
that the collection of all continuous linear real maps on X is a linear space under the

pointwise de�ned operations of addition and scalar multiplication. We denote this col-

lection by X�; and note that any L in X� is bounded on the closed unit ball of X, that

is,

kLk� := sup fjL(x)j : x 2 X and kxk � 1g <1:

(It is also easy to check that L 7! kLk� is a norm on X�; so (X�; k�k�) is a normed linear
(in fact, Banach) space.)

One of the main pillars of in�nite-dimensional convex analysis is that we can use

continuous linear functionals on X to �separate� disjoint convex subsets of X in the

following manner.

The Separating Hyperplane Theorem. Let X be a normed linear space and A and B

two nonempty convex subsets of X such that int(B) 6= ;: If A\ int(B) = ;; then there
is an L 2 X� and � 2 R such that

L(A) � � � L(B) and � > L(int(B)):

For any nonzero L 2 X� and real number �; we think of L�1(�) as a closed hy-

perplane that divides the space X into two parts. In concert with this interpretation,

fx : L(x) � �g and fx : L(x) � �g are called closed halfspaces associated with L�1(�);
and fx : L(x) > �g and fx : L(x) < �g the open halfspaces associated with L�1(�):
Geometrically speaking, then, the Separating Hyperplane Theorem is a bit more general

than saying that for any two disjoint convex sets one of which is open, there is a closed

hyperplane that contains one of the open one of these sets in one of its open halfspaces

18



and the other one in its complementing closed halfspace. This result is one of the most

important consequences of the Hahn-Banach Theorem of linear functional analysis, and

has numerous applications in convex analysis. As such, it is proved in any graduate text

on functional analysis, so we will not give a proof for it here. Instead, we would like to

point out two useful corollaries of the Separating Hyperplane Theorem. The �rst one of

these show how we may improve the conclusion of this result when one of the two sets

at hand is closed and the other compact.

Corollary 4.1.1. Let X be a normed linear space and A and B two nonempty disjoint

closed and convex subsets of X such that A is compact. Then, there is an L 2 X� such

that

minL(A) > supL(B):

Proof. Given that A is compact, a routine argument shows that A � B is a closed

subset of X: As A \ B is empty, therefore, the origin 0 of X belongs to the open

set Xn(A � B): So, there is an " > 0 such that N"(0) is contained in Xn(A � B):
Therefore, by the Separating Hyperplane Theorem, L(A � B) � � > L(N"(0)); and

hence L(A) � L(B) � � > 0; which implies inf L(A) > supL(B): But as A is compact
and L is continuous, we have inf L(A) = minL(A):

Let S be a nonempty subset of a normed linear space X: We say that an element

x of S is a support point of S if there is a closed hyperplane that passes through x
and that contains S entirely in one of its closed halfspaces, that is, if there is a nonzero

continuous linear functional L on X such that L(x) = maxL(S): We denote the set of

all support points of S by supp(S):

As a major consequence of the Separating Hyperplane Theorem, we now show that

every boundary point of a convex set with nonempty interior in X is a support point.

The Supporting Hyperplane Theorem. LetX be a normed linear space and S a convex

subset of X: Then, every support point of S belongs to the boundary of S: Furthermore,

if int(S) 6= ;; then
supp(S) = bd(S):

Proof. Let x be an element of S that does not belong to bd(S): Then, x is in the interior
of S: Take an arbitrary nonzero L in X�: By linearity, there is a z in X with L(z) > 0:

Furthermore, given that x is in the interior of S; there is an " > 0 such that x+ "z 2 S:
As L(x + "z) > L(x); then, L(x) < maxL(S): Conclusion: x is not a support point of

S: Conversely, suppose x is an element of bd(S) and int(S) 6= ;: Then, setting A := fxg
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and B := Snfxg; and applying the Separating Hyperplane Theorem, shows that x is a
support point of S:

Unfortunately, the nonempty interior requirement cannot be omitted in the Sup-

porting Hyperplane Theorem. (For instance, let X be the linear space of all real se-

quences all but �nitely many terms of which are zero, view this space as a normed

linear space relative to the sup-norm, and check that there is no support point of the

set f(xm) 2 X : xM > 0 and xM+1 = xM+2 = � � � = 0 for some M 2 Ng.) However, if X
is a Banach space and S is a nonempty closed and convex subset of X; we are at least

ensured that the set of all support points of S is dense in the boundary of S: This is:

The Bishop-Phelps Theorem. Let X be a Banach space and S a closed and convex

subset of X: Then,

cl(supp(S)) = bd(S):

This result, which was proved by Errett Bishop and Robert Phelps in 1961, is of great

importance for in�nite-dimensional convex analysis and vector optimization theory. In

the following section, we shall prove it by means of our order-theoretic approach (based

on the Brezis-Browder Ordering Principle).

4.2 A Proof of the Bishop-Phelps Theorem

The argument is motivated by the discussion that follows the proof of Ekeland�s Vari-

ational Principle in Section 3.2. Let X be a Banach space and S a nonempty closed

subset of X: For any real number k � 0 and nonzero continuous linear map L : X ! R
with �1 < supL(S) <1; we de�ne

Ck;L := fx 2 X : kxk � kL(x)g;

which is easily checked to be a closed and convex cone inX such that Ck;L\�Ck;L = f0g:
(It is also easy to prove that Ck;L contains only the origin of X if k kLk� < 1 and that
int(Ck;L) is nonempty if k kLk� > 1:) Consider the vector partial order �Ck;L on X
induced by Ck;L �recall Example 3.1.7 of Chapter 1 �and de�ne the map G : S�S ! R
by

G(y; x) := k(L(x)� L(y)):

It is readily veri�ed that �Ck;L \(S � S) equals <d;G where d is the metric induced by
the norm of X: Furthermore, as X is Banach and S is closed in X; S is a complete

metric space relative to the metric d: Therefore, in account of Lemmas 2.1.1 and 2.1.2,
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we may apply Corollary 1.2.1 to conclude that, for every x in S there is a y in S such

that

L(z) = L(y) for every z 2 S with z � y 2 Ck;L:

So, if z belongs to S \ (y + Ck;L) �recall that y + Ck;L := fy + x : x 2 Ck;Lg �we have

kz � yk � k(L(y)� L(z)) = 0;

so z = y: We proved:

The Bishop-Phelps Lemma. Let X be a Banach space and S a nonempty closed subset

of X: Take any k > 0 and nonzero L 2 X�: Then, for every x in S; there is a y in S such

that

kx� yk � k(L(y)� L(x)) and fyg = S \ (y + Ck;L):

Note. As in the case of our previous applications, we can again deduce the Bishop-Phelps Lemma
from Caristi�s Fixed Point Theorem. To see this, let X; S; k and L be as in this lemma, but

assume that there is an x 2 S such that for every y 2 S with kx� yk � k(L(y)�L(x)), there is
an xy 2 S \ (y + Ck;L) distinct from y: De�ne

T := fy 2 S : kx� yk � k(L(y)� L(x))g:

Then, T is a closed subset of X; so we can regard T as a complete metric space (relative to the

metric induced by norm of X). De�ne f : T ! X de�ned by f(y) = xy; which is �xed point

free. But f(T ) � T because, for every y 2 T; we have xy 2 y + Ck;L and hence

kx� xyk � kx� yk+ ky � xyk
� k(L(y)� L(x)) + k(L(xy)� L(y))
= k(L(xy)� L(x));

that is, xy 2 T: Besides, for every y 2 T; we have

ky � f(y)k � �kL(y)� (�kL(f(y)))

because xy 2 y + Ck;L. So, by the Caristi Fixed Point Theorem, f must have a �xed point, a
contradiction.

Let S be a nonempty subset of a normed linear space X: We say that an element x

of S is a conical support point of S if there is a closed convex cone C in X such that

C \�C = f0g; int(C) 6= ; and fxg = S \ (x+C): Then, a straightforward application
of the Bishop-Phelps Lemma entails the following:

Lemma 4.2.1. Let S be a closed and convex subset of a Banach space X. Then, the
conical support points of S are dense in the boundary of S:
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Proof. Without loss of generality, we may assume that S is a proper subset of X:

Let x be a boundary point of S and �x an arbitrary " > 0: Pick any z 2 XnS with
kx� zk < "=2; and use Corollary 4.1.1 to �nd an L 2 X� such that L(z) > supL(S):

Then L is nonzero, that is, kLk� > 0; so we may assume that kLk� = 1 (otherwise we
would work with the map L= kLk�). By the Bishop-Phelps Lemma, there is a y in S
such that

kx� yk � 2(L(y)� L(x))
< 2(L(z)� L(x))
� 2 kLk� kz � xk
< "

and fyg = S \ (y+C2;L). As the latter equality shows that y is a conical support point
of S; and " > 0 was arbitrarily chosen, we are done.

In view of this result, all we need to prove the Bishop-Phelps Theorem is to establish

that every conical support point of the set S in that result is, in fact, a support point

of S: We conclude this chapter doing exactly this.

Lemma 4.2.2. Let S be a closed and convex subset of a nontrivial normed linear space.
Then, every conical support point of S is a support point of S:

Proof. Let x be a conical support point of S so that there is a closed convex cone C in
X such that C \�C = f0g; int(C) 6= ; and fxg = S \ (x+ C): As C \�C = f0g; the
origin 0 cannot belong to int(C); so x is not an interior point of x + C: Then S does

not intersect int(x + C); so we may apply the Separating Hyperplane Theorem to �nd

an L 2 X� and � 2 R such that L(S) � � � L(x + C) and � > L(int(x + C)): Then,
�L is a nonzero continuous linear functional on X such that �L(x) = max(�L(S)); so
x is a support point of S:

As we have mentioned above, combining Lemmas 4.2.1 and 4.2.2 completes the proof

of the Bishop-Phelps Theorem, provided that X is a nontrivial Banach space. If X is

trivial, that is, it contains only its origin, the claim holds trivially.

Exercises

3.1. Let C be the positive cone of `1; that is, the set of all nonnegative summable real sequences, and
note that C has an empty interior (relative to the metric induced by the 1-norm). Prove that (xm) is

a support point of C i¤ there is a nonzero linear functional such that L(C) � R+ and L((xm)) = 0:
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Hint. Use the Bishop-Phelps Theorem.

3.2. Deduce the Bishop-Phelps Lemma from Ekeland�s Variational Principle.

3.3. (The Dual Bishop-Phelps Theorem) Let S be a nonempty closed and convex subset of a Banach
space X such that supfkxk : x 2 Sg <1: Prove that the set of all L in X� such that L(x) = maxL(S)

for some x 2 X is dense in X� (relative to the metric induced by the norm k�k�):
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