
Chapter 5
Order-Theoretic Fixed Point Theory

Fixed point theory serves as an essential tool for various branches of mathematical

analysis and its applications. Loosely speaking, there are three main approaches in this

theory. The �rst is the metric approach in which one makes use of the metric properties

of the underlying spaces and self-maps. (A prime example of this approach is Banach�s

Contraction Mapping Theorem.) The second approach is the topological one in which

one utilizes the topological properties of the underlying spaces and continuity of self-

maps. (The prime example of this approach is Brouwer�s Fixed Point Theorem.) Finally,

the third approach is the order-theoretic approach. In this approach, one assumes that

the underlying space is a certain type of a poset, and seeks conditions under which an

order-preserving self-map has a �xed point. The main objective of this chapter is to

sketch the elements of this approach and its applications.

We begin our exposition with an overview of various completeness conditions for

posets; these play an essential role in the order-theoretic approach to �xed point theory.

Before get to the main analysis, we also provide a brief discussion on the nature of �xed

point theory at large, and point to some of its applications. The �rst �xed point result

that we report here is the Tarski-Kantorovitch Theorem�this is one of the few �xed point

theorems that actually �nd �xed points by means of a constructive (iterative) process.

We then move on to the most famous order-theoretic �xed point theorem, namely, the

Knaster-Tarski Theorem. This result tells us not only that any order-preserving map on

a complete lattice has a �xed point, but also that the collection of all �xed points of such

a map is a complete lattice itself (relative to the lattice order inherited from the domain

of the self-map). The �nal three sections of the chapter consider more advanced �xed

point theorems. Moreover, throughout the chapter, we provide several applications

ranging from fractal geometry, set theory, analysis of complementarity problems and

game theory. These aim to demonstrate in what way one can make use of order-theoretic

�xed point theory in practice.
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1 Fixed Point Theory

Informally speaking, �xed point theory is a branch of mathematics that attempts to

identify all self-maps (or self-correspondences) under which at least one element is left

invariant. Consequently, the following de�nition is the starting point of �xed point

theory.

De�nition. Let X be a nonempty set and f a self-map on X: By a �xed point of f; we
mean an element x of X such that x = f(x): The set of all �xed points of f is denoted

as Fix(f):

It is also not uncommon that one is interested in �nding a common �xed point of a

given collection of self-maps. This prompts the following:

De�nition. Let X be a nonempty set and F a nonempty collection of self-maps on X:

By a �xed point of F �or by a common �xed point of the maps in F �we mean

an element x of X such that x = f(x) for each f 2 F : The set of all �xed points of F
is denoted as Fix(F):

A natural extension of these de�nitions to the case of set-valued self-maps is given

next.

De�nition. Let X be a nonempty set and � a self-correspondence on X: By a �xed
point of �; we mean an element x of X such that x 2 �(x): The set of all �xed points
of � is denoted as Fix(�): Similarly, where F stand for a nonempty collection of self-

correspondences on X; by a �xed point of F, we mean an element x of X such that

x 2
T
f�(x) : � 2 Fg:

There are many circumstances in which knowing when a given self-map or a self-

correspondence, has a �xed point may pay great dividends. For instance, �xed point

theory is commonly used to establish whether or not a solution to a given equation

exists. To illustrate this, suppose we are interested in solving an equation like

g(x) = 0;

where g is a self-map on a nonempty subset X of a linear space such that the origin 0

of the space belongs to X: An indirect way of examining if there is a solution to this

equation is to check if idX � g has a �xed point. (Here idX is the identity function on
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X:) In fact, there is quite a bit of leeway in how we may choose to reduce the problem of

solving this equation to a �xed point problem. For instance, if h is an injective self-map

on X with h(0) = 0; then we have

g(x) = 0 i¤ x 2 Fix(idX � h � g):

The following three applications aim to make a bit more precise how �xed point

theory is used in practice. We shall return to these applications later as the chapter

develops.

Application 1. (Solving Functional Equations) Let T be an arbitrary nonempty set, h
a self-map on T; and H a bounded real map on T �R: Consider the following problem:
Under what conditions on h and H is there a bounded real map g on T that satis�es

the functional equation

g = H(�; g � h);

that is, g(t) = H(t; g(h(t))) for every t 2 T? Such problems arise frequently when

working with di¤erential and/or integral equations, and in certain dynamic optimization

problems in which a solution is characterized by means of a functional equation. As we

shall see shortly, �xed point theory is a valuable tool for solving problems such as these.

Application 2. (Simultaneous Linearization of A¢ ne Maps) Let X be a linear space

and recall that a self-map f on X is said to be a¢ ne if

f(�x+ (1� �)y) = �f(x) + (1� �)f(y)

for every x; y 2 X and real number �: Suppose we are given a nonempty collection of

a¢ ne self-maps on X: Question: When is it possible to translate X by a vector x� so

that each f in F becomes a linear self-map on the resulting linear space.1

This is, in fact, a common �xed point problem. To see this, let us make two simple

observations about a¢ ne maps. First, note that if f is an a¢ ne self-map on a linear

space Y; then there exists a linear self-map Lf on Y such that f = Lf + f(0Y ); where

0Y is the origin of Y: Indeed, letting Lf := f � f(0Y ); we see that

Lf (�x) = f(�x+ (1� �)0Y )� f(0Y )

= �f(x) + (1� �)f(0Y )� f(0Y )

= �(f(x)� f(0Y ))

= �Lf (x);

1The translation of X by x� is the linear space whose ground set is X+x� := fx+x� : x 2 Xg �this
is none other than X �and whose addition and scalar multiplication operations are (x+ x�; y+ x�) 7!
x+ y + x� and �(x+ x�) 7! �x+ x�, respectively. Clearly, the origin of this linear space is x�:
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for every (�; x) 2 R� Y; and

Lf (x+ y) = f(2(1
2
x)� (�y))� f(0Y )

= 2f(1
2
x)� f(�y)� f(0Y )

= 2(f(1
2
x)� f(0Y ))� (f(�y)� f(0Y ))

= 2Lf (
1
2
x)� Lf (�y);

which, in view what we have seen previously, means Lf (x + y) = Lf (x) + Lf (y); for

every x and y in Y: Conclusion: Lf is a linear self-map on Y such that f = Lf + f(0Y ):

As an immediate consequence of this observation, we �nd that an a¢ ne map f on Y is

linear i¤ f(0Y ) = 0Y :

Now, suppose there exists a �xed point of F ; say, x�; and let Y stand for the trans-

lation of X by x�: Then, f(0Y ) = f(x�) = x� = 0Y for every f in F ; and hence, each
f 2 F is a linear self-map on Y: Conversely, if Y is the translation of X by some x�
in X such that every f in F is a linear self-map on Y; then f(x�) = f(0Y ) = 0Y = x�

for every f in F ; that is, x� 2 Fix(F): Conclusion: Simultaneous linearization of the
self-maps in F by translation is possible if, and only if, these maps have a common �xed
point.

Application 3. (Nash Equilibrium) A strategic game is a means of modeling the

strategic interaction of a group of two or more individuals. As our purpose is only to

illustrate how �xed point theory is useful for game theory, we shall concentrate here on

the case where there are only two players in this group.

Formally speaking, a 2-person strategic game is a list (X1; X2; u1; u2); where X1

and X2 are nonempty sets, and u1 and u2 are real functions on X1 � X2: By way of

interpretation, we think of X1 as containing all possible actions that are available to

player 1; and similarly for player 2: The outcome of the game is obtained when both

players choose an action �hence an outcome of the game is any element of X1 � X2.

(The product set X1 � X2 is thus often referred to as the outcome space of the game

at hand.) In turn, the map u1 corresponds to the objective function of player 1; and

similarly for u2: If u1(x1; x2) > u1(y1; y2); for instance, we understand that player 1 is

better o¤ in the situation that obtains when (s)he has taken action x1 and player 2 has

taken action x2; relative to the outcome (y1; y2):

To de�ne an equilibrium notion for strategic games, we need to identify those out-

comes such that, once reached, there is no tendency for them to be altered. Thus,

it appears natural to de�ne an outcome as an equilibrium if there is no incentive for

any individual to change her action, given the action of the other player at this out-

come. Consequently, we say that an outcome (x�1; x
�
2) of a 2-person strategic game

4



G := (X1; X2; u1; u2) is a Nash equilibrium of G if

u1(x
�
1; x

�
2) � u1(x1; x

�
2) and u2(x

�
1; x

�
2) � u2(x

�
1; x2)

for every x1 2 X1 and x2 2 X2:We denote the set of all Nash equilibria of G by NE(G).2

What does the notion of Nash equilibrium have to do with �xed point theory? A lot,

actually. It turns out that any Nash equilibrium of a strategic game G corresponds to a
�xed point of a particular self-correspondence on the outcome space of G, and conversely.
To see this, consider the correspondence �1 : X2 � X1 de�ned by

�1(x2) := fx1 2 X1 : u1(x1; x2) � u1(!; x2) for all ! 2 X1g:

(That is, �1(x2) is the set of all actions of player 1 that maximizes her payo¤s when

player 2 plays x2 �this is why �1 is called the best response correspondence of
player 1.) We de�ne the correspondence �2 : X1 � X2 analogously. Finally, we de�ne

the self-correspondence � on X1 �X2 by

�(x1; x2) := �1(x2)� �2(x1):

The importance of this correspondence stems from the fact that

(x�1; x
�
2) 2 NE(G) i¤ (x�1; x

�
2) 2 �(x�1; x�2):

In particular, a Nash equilibrium for the game G exists i¤ there is a �xed point of the
self-correspondence �: And further, if, by using �xed point theory, we were able to say

something about the nature of �xed points of �; then we would be learning about the

nature of Nash equilibria of the game G:

2 Completeness Conditions for Posets

Order-theoretic �xed point theory is concerned with the existence (and properties) of

�xed points of self-maps de�ned on certain types of ordered sets. To this end, one uses

the structure of ordered sets (acting as both the domain and codomain) in tandem with

that of the involved self-maps. And for this, we almost always need our ordered sets to

possess some sort of a �completeness�property. Before we move on to order-theoretic

�xed point theory proper, therefore, we shall consider in this section various types of

completeness notions for posets.

2Given its immense popularity in the economics literature at large, we take here the appeal of the

notion of Nash equilibrium at face value. To get an idea about the nature of hypotheses underlying the

strategic behavior presumed by Nash equilibrium, see Osborne and Rubinstein (1994).
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We have so far considered mainly two notions of �completeness�for a poset, namely,

chain-completeness and completeness as a lattice. Fixed point theory is actually very

pleasant when one deals with self-maps de�ned on complete lattices. Unfortunately,

in many applications we are forced to deal with posets that are not even lattices.

Chain-completeness property is more commonly encountered in practice, but there are

nonetheless instances in which we need to deal with posets that are �complete� in an

alternative sense. We begin this section by introducing two such alternatives to the

chain-completeness property, and then revisit this property, providing this time a fuller

account for it.

2.1 Conditionally Complete Posets

Recall that every nonempty subset of real numbers that is bounded from above has a

supremum. (In fact, this property �often called the �completeness axiom��singles R
out among all ordered �elds (up to ordered �eld isomorphism).) It is thus natural to

formulate this property in the general context of posets.

De�nition. Let (X;<) be a poset. We say that (X;<) is conditionally complete ifW
S exists for every nonempty subset S of X such that x < S holds for at least one x

in X:

Put di¤erently, a poset (X;<) is conditionally complete i¤ any nonempty subset S
of X with an <-upper bound in X has a <-supremum in X. Easy examples show that

this notion is distinct from chain-completeness.

Example 2.1.1. R is conditionally complete (by its construction), but it is not chain-
complete �for instance, supN does not exist in R: Conversely, a chain-complete poset
does not have to be conditionally complete. For instance, where e1 and e2 are the

unit 2-vectors, the poset (fe1; e2g [ f(a; a) : 2 � a > 1g;�) is chain-complete, but not
conditionally complete.

Example 2.1.2. Z is conditionally complete, because any nonempty set of integers that
is bounded from above must have a maximum element. On the other hand, Q is not

conditionally complete. For instance, fr 2 Q : r2 < 2g is a subset of Q that is bounded
from above, and yet, a bit of algebra shows that if q is the �-supremum of this set in

Q; we must have q2 = 2; a property no rational number can satisfy.

Example 2.1.3. Let X be a nonempty set and B(X) the Banach space of all bounded

real maps on X: (Recall Example 2.1.4 of Appendix.) Consider the partial order �
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de�ned on B(X) pointwise: f � g i¤ f(x) � g(x) for each x 2 X: We claim that

(B(X);�) is conditionally complete. Indeed, if F is a nonempty set of bounded real

maps on X such that h � F for some h in B(X); then, the map f � : X ! R with

f �(x) := supff(x) : f 2 Fg;

is well-de�ned (because R is conditionally complete). Furthermore, f � belongs to B(X);
because f �(x) � h(x) � khk1 for each x in X: Obviously, f � is the �-supremum of F
in B(X); so we are done showing that (B(X);�) is a conditionally complete poset.

The dual of the conditional completeness property would require every nonempty set

with a lower bound in a poset to have an in�mum. As one would expect, conditional

completeness already guarantees this dual property to hold.

Proposition 2.1.1. Let (X;<) be a conditionally complete poset. Then,
V
T exists for

every nonempty subset T of X such that T < x holds for some x 2 X:

Proof. Let T be a nonempty subset of X with a <-lower bound in X, and de�ne

S := fx 2 X : T < xg; the set of all <-lower bounds for T in X: Then S is a nonempty
subset of X with an <-upper bound, so, by conditional completeness,

W
S exists in X.

As T < x for every x 2 S; we have t < S for every t 2 T; and hence, T <
W
S; that

is,
W
S is a <-lower bound for T in X: Suppose z 2 X is another <-lower bound for T;

that is, T < z: Then, z 2 S; and hence
W
S < z: It follows that

V
T exists in X and

equals
W
S:

The following is an immediate consequence of this observation.

Corollary 2.1.2. If (X;<) is a conditionally complete poset, then so is (X;4):

Example 2.1.4. (C[0; 1];�) is not conditionally complete. Where fm 2 C[0; 1] is de�ned
by fm(t) := tm; for each m = 1; 2; :::; for instance, the zero function is an �-lower bound
for ff1; f2; :::g but there is no �-in�mum of ff1; f2; :::g in C[0; 1]: Applying Proposition
2.1.1 establishes our claim.

We conclude by making note of the fact that the conditional completeness property

behaves well with respect to taking the product of posets. Put precisely:

Proposition 2.1.3. The product (X�Y;<) of two posets (X;<X) and (Y;<Y ) is condi-
tionally complete if, and only if, both (X;<X) and (Y;<Y ) are conditionally complete.
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As in the case of Proposition 7.2.1 of Chapter 1, this is an obvious consequence of

the fact that, for any subset S of X � Y; we have
W
S = (

W
A;
W
B); where A is the

projection of S in X and B is the projection of S in Y:

Example 2.1.5. Both (Zn;�) and (Rn;�) are conditionally complete posets.

2.2 Countably Chain-Complete Posets

Chain-completeness is by far the most commonly used order-completeness property in

�xed point theory. As we shall see, however, iterative �xed point theorems can make

do with the weaker version of this property in which we posit the existence of suprema

only for countable chains.

De�nition. Let (X;<) be a poset. We say that (X;<) is countably chain-complete
if every countable <-chain in X has a <-supremum in X.

Before considering some examples, we will provide two characterizations of the count-

able chain-completeness property. To this end, we shall need the following bit of termi-

nology from order theory.

De�nition. Let (X;%) be a preordered set. We say that a sequence (xm) in X is %-
increasing if xm+1 % xm for each positive integer m; and %-decreasing if xm % xm+1

for each m:

Note. Given a preordered set (X;%), a sequence (xm) in X is %-increasing i¤ the map m 7! xm

is an order-preserving map from (N;�) into (X;%):

The characterization that we have in mind is:

Proposition 2.2.1. The following are equivalent for any poset (X;<):
(a) (X;<) is countably chain-complete;
(b)

W
fx1; x2; :::g exists for any <-increasing sequence (xm) in X;

(c)
W
D exists for every countable <-directed subset D of X:

Proof. It is obvious that (a) implies (b), and (c) implies (a) (because every <-chain in
X is <-directed). To see that (b) implies (c), let D be a countable <-directed subset of
X. By Lemma 7.6.2 of Chapter 4, there is a countable collection fD1; D2; :::g of �nite
<-directed subsets of X such that D1 � D2 � � � � and D = D1 [D2 [ � � �:Clearly, there
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must be a <-maximum of each Di; say, xi; i = 1; 2; ::: Then (xm) is an <-increasing
sequence in X: By (b), there is a <-supremum of fx1; x2; :::g; say, x; in X: As it is easily
veri�ed that

W
D = x; we are done.

Proposition 2.2.1 characterizes countable chain-completeness by means of one seem-

ingly weaker and one seemingly stronger property. In particular, the equivalence of (a)

and (b) in Proposition 2.2.1 often simpli�es the process of verifying the countable chain-

completeness of a poset, while that of (b) and (c) is useful for showing that a poset is

not countably chain-complete.

Example 2.2.1. Let X be a Hausdor¤ topological space, and denote the collection of

all nonempty compact subsets of X by k(X): It is easy to see that (k(X);�) need not
be a countably chain-complete poset. (For instance, the �-chain f[0;m] : m = 1; 2; :::g
of compact intervals does not have a �-supremum in k(R).) However, (k(X);�) is a
countably chain-complete poset. Indeed, if (Sm) is a sequence of nonempty compact

subsets of X such that S1 � S2 � � � �; then S := fS1; S2; :::g is obviously a collection of
closed subsets of S1 with the �nite intersection property, and hence, as S1 is compact,T
S must be a nonempty compact set in X: (Recall Propositions 1.5.3 and 1.5.5 of

Appendix.) This shows that the �-supremum of any �-increasing sequence in k(X)
exists in k(X): By Proposition 2.2.1, then, (k(X);�) is countably chain-complete.

Example 2.2.2. (Zn;�) is not countably chain-complete. After all, Zn itself a countable
�-directed set without a �-supremum in Zn.

We conclude by noting that, just like the chain-completeness property, and for the

same reason �recall Proposition 7.2.1 of Chapter 1 �the countable chain-completeness

property is preserved under taking the product of �nitely many posets.

2.3 Chain-Complete Posets, Revisited

Recall that a chain-complete poset is one in which every chain has a supremum. We have

already seen a number of examples of chain-complete posets in Section 7.2 of Chapter 1.

In particular, we have proved there that every nonempty compact subset of Rn is chain-
complete, but we were then unable to extend this result outside the realm of Euclidean

spaces. We are now in a position to remedy this situation.

Let us �rst introduce the following terminology.

9



De�nition. A triplet (X; d;<) is said to be a partially ordered (compact) metric
space if (X; d) is a (compact) metric space and (X;<) is a poset such that < is closed-
continuous (relative to the metric topology of (X; d)).3 We say that (X; d;<) is a parti

Proposition 2.3.1. Let (X; d;<) be a partially ordered compact metric space. Then,
(X;<) is a chain-complete poset.

Proof. Pick an arbitrary <-chain S in X: We wish to show that
W
S exists. Note �rst

that cl(S) is also a <-chain in X: To see this, take any points x and y in cl(S) so that
xm ! x and ym ! y for some sequences (xm) and (ym) in S (Example 1.1.2 of Chapter

4). De�ne M := fi 2 N : xi < yig and N := fi 2 N : yi < xig: As S is a <-chain, we
have M [ N = N; and hence either M or N is an in�nite set. Suppose M is in�nite.

Then, there exists a strictly increasing sequence (mk) of integers such that xmk
! x;

ymk
! y and xmk

< ymk
for each positive integer k: Thus, it follows from the closed-

continuity of < that x < y: Similarly, if N is an in�nite set, we �nd y < x: Conclusion:

cl(S) is a <-chain in X:
We may now use Corollary 3.2.2 of Chapter 4 to conclude that max(cl(S);<) 6= ;:

Let x� be the <-maximum element of cl(S):We claim that x� =
W
S: Obviously, x� < S:

Suppose y 2 X also satis�es y < S: As < is lower semicontinuous, y < cl(S); and hence,
because x� belongs to cl(S); we have y < x�; as we sought. That is, x� =

W
S:

Here is a substantial generalization of what we were able to show in Example 7.2.5

of Chapter 1.

Example 2.3.1. Let (X;�) be a partially ordered linear space, that is, � is a partial

order on the linear space X which is de�ned as

x � y i¤ x 2 y + C

for some convex cone in X with C \�C = f0g: (Recall Example 3.1.7 of Chapter 1.) If
X is a Banach space (that is, it is a complete normed linear space), and if C is closed in

X, then (X;�) is said to be an ordered Banach space. As the closedness of C entails
that � is closed-continuous, an immediate application of Proposition 2.3.1 yields: Every
nonempty compact subset of an ordered Banach space is chain-complete (relative to the

vector partial order of the space).

Example 2.3.2. Consider the poset (B(X);�) we considered in Example 2.1.3. As
B(X) is a Banach space (Example 2.4.4 of Appendix), and it is easily checked that � is

3Recall Section 3.1 of Chapter 3.
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a closed-continuous partial order on B(X); the poset (B(X);�) is an ordered Banach
space. This space is not chain-complete, while it is conditionally complete. However,

by our previous example, we can say that (F ;�) is chain-complete for any nonempty
compact subset F of B(X):

We now turn to a characterization of the chain-completeness property in terms of

directed sets. This result, which is due to Markowsky (1976), is the exact analogue

of the equivalence of conditions (a) and (c) in Proposition 2.2.1 in the absence of the

countability hypothesis.

Proposition 2.3.2. A poset (X;<) is chain-complete if, and only if,
W
D exists for every

<-directed subset D of X.

Proof. The �if�part of our assertion is trivially true. To see its �only if�part, assume
that (X;<) is chain-complete, and let D stand for the collection of all nonempty <-
directed subsets of X without a <-supremum. To derive a contradiction, we assume
that D 6= ;: Then, by Theorem 7.4.1 of Chapter 4, there is a %card-minimum of D; say,
D: Obviously, D is an in�nite set (as any member of D is). Therefore, by Theorem 7.6.3,
there is a �-chain A of <-directed subsets of X such that D =

S
A and D �card A for

each A 2 A: As D is a %card-minimum of D; none of the members of A may belong

to D; that is, every member A of A has a <-supremum, say, xA; in X. But, as A is

a �-chain, fxA : A 2 Ag is a <-chain, and hence it has a <-supremum, say, x; in X
(because (X;<) is chain-complete). But, as D =

S
A; we have x < D; while if y < D;

then y < A for each A 2 A; and hence y < x; that is, x is the <-supremum of D in X:

This contradicts D being a member of D:

We have not yet given an example of a countably chain-complete poset which is not

chain-complete. We now use Proposition 2.3.2 to provide such an example. (See also

Exercise 2.11 below.)

Example 2.3.3. Let X stand for the collection of all countable subsets of R: As the union
of countably many countable sets is countable, (X ;�) is a countably chain-complete
poset. However, by Proposition 2.3.2, (X ;�) is not chain-complete. For example, the
collection Y of all �nite subsets of R is a �-directed subset of X : But, R is the only
�-upper bound for Y in 2R; which means that Y does not have a �-supremum in X :
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Note. Obviously, R can be replaced with any uncountable set in Example 2.3.3. It follows

that there are important posets that are countably chain-complete but not chain-complete. For

instance, as there is a Borel non-measurable subset of R (a consequence of the Axiom of Choice),
the Borel �-algebra on R does not constitute a chain-complete poset under the inclusion ordering.
As a consequence, we �nd that the pointwise ordering of the collection of all Borel measurable real

functions (random variables) on R yields a countably chain-complete, but not a chain-complete,
poset.

Our �nal order of business in this section is to explore the connection between the

chain-completeness of a lattice with its completness. It is plain that the latter implies

the former. However, it turns out that a chain-complete lattice is in some sense half way

being a complete lattice.

Proposition 2.3.3. Let (X;<) be a chain-complete lattice. Then,
W
S exists in X for

every nonempty subset S of X:

Proof. Take an arbitrary nonempty subset S of X; and consider the following property
that a subset T of X may or may not satisfy:

F Any <-upper bound for S is an <-upper bound for T:

Let L stand for the collection of all <-chains in X that satis�es property F: Clearly,
L 6= ; because fxg 2 L for any x in S: Then, (L;�) is a poset. We wish to apply Zorn�s
Lemma to this poset.

Take any �-chain A in L. Obviously, for any element x of X with x < S; we

have x < A for each A 2 A. Thus,
S
A is a subset of X that satis�es property F.

Furthermore,
S
A is a <-chain, because, for every x and y in

S
A; there exists a set in

A that contains both x and y (because A is a �-chain), and hence either x < y or y < x

holds (because A is a <-chain for every A 2 A): Conclusion: (L;�) is an inductive
poset.

By Zorn�s Lemma, there is a �-maximal element of L; say, Y: As Y is a <-chain
in X, and (X;<) be a chain-complete, y :=

W
Y exists in X. We wish to show that

y =
W
S: First, let us show that y is an <-upper bound for S: To this end, suppose this

is not true, that is, assume y < x is false for some x in S: Then, x_ y � y; so s_ y does
not belong to Y: And yet, it is easily checked that Y [ fs _ yg is a <-chain such that
Y [fs_ yg satis�es property F; contradicting the �-maximality of Y in L: Conclusion:
y is an <-upper bound for S: Furthermore, for any element z of X with z < S; we have

z < Y (because Y satis�es property F), and hence z <
W
Y = y: Therefore, y is the

<-minimum of all <-upper bounds for S in X; which means that y is the <-supremum
of S in X:

12



Corollary 2.3.4. Let (X;<) be a lattice. Then, (X;<) is a complete lattice if, and only
if, both (X;<) and (X;4) are chain-complete lattices.

Proof. The �only if� part is trivially true. To prove the converse, assume that the

lattices (X;<) and (X;4) are both chain-complete. Then, by Proposition 2.3.3,
W
S

and
V
S exist in X for every nonempty subset S of X. Thus, in particular,

W
X andV

X exist. As
V
; =

W
X and

W
; =

V
X; therefore, we may conclude that

W
S andV

S exist for every subset S of X, that is, (X;<) is a complete lattice.

Exercises

2.1. Let M be the collection of all subsets of N which are either �nite or co�nite, that is, M :=

fS � N : minfjSj ; jNnSjg < 1g: Show that the poset (M;�) is neither countably chain-complete nor
conditionally complete.

2.2. Let (X;<) be a poset and C the collection of all <-chains in X: Is (C;�) conditionally complete?

2.3. Let (X;<X) and (Y;<Y ) be two conditionally complete posets, and let F stand for the collection

of all
W
-preserving maps from X into Y: De�ne the partial order < on F by f < g i¤ f(x) <Y g(x) for

every x 2 X; and prove that (F ;<) is a chain-complete poset. Is this poset conditionally complete?

2.4. Let (X;<) be a poset, Y an <-antichain in X and A the collection of all <-antichains in X that

contain Y: Is (A;�) chain-complete?

2.5. Prove that every woset is conditionally complete.

2.6. Let (X;<) be a poset and f a self-map on X. Prove that f(
W
S) =

W
f(S) for every countable

<-chain S in X i¤ f (
W
fx1; x2; :::g) =

W
ff(x1); f(x2); :::g for every <-increasing sequence (xm) in X:

2.7. Let I be a nonempty (index) set and let (Xi;<i) be a (countably) chain-complete poset for each
i 2 I: Let X be the collection of all maps from I into

S
fXi : i 2 Ig such that f(i) 2 Xi: (By the Axiom

of Choice, X is nonempty.) De�ne the binary relation < on X by f < g i¤ f(i) <i g(i) for each i 2 I:
Prove that (X;<) is a (countably) chain-complete poset.

2.8. Is the direct sum of two (conditional/countably) chain-complete posets � recall Exercise 3.9 of

Chapter 1 �itself (conditional/countably) chain-complete?

2.9. Let (X;<) be a poset such that min(X;<) 6= ; and x _ y exists for every x; y 2 X: Prove:
a. If every nonempty <-directed subset D of X has a <-supremum in X; then (X;<) is a complete

lattice.

b. Every chain-complete lattice with a minimum element must be a complete lattice.

2.10. We say that a poset (X;<) is Noetherian (or that it satis�es the ascending chain condition)
if every <-chain in X has a <-maximum. For any given poset, prove the following implications:

�nite =) Noetherian =) chain-complete =) inductive

Also show that the converse of none of these implications hold in general.

2.11. Let 
 stand for the �rst uncountable ordinal, and � the collection of all ordinals � with 
 �ord �:
Show that � is countably chain-complete, but not chain-complete.

13



2.12. Prove or disprove: (k(X);�) is chain-complete for any Hausdor¤ topological space X:

2.13. (Baranga-Popescu) Let (X;<) be a countably chain-complete poset and (xm;n) a double sequence
in X such that xm;n+1 < xm;n and xm+1;n < xm;n for every positive integers m and n: Prove:

a. (
W
fxm;1; xm;2; :::g) and (

W
fx1;n; x2;n; :::g) are <-increasing sequences in X for any m and n in

N:
b.
W
f
W
fxm;1; xm;2; :::g : m = 1; 2; :::g =

W
fx1;1; x2;2; :::g:

2.14. Let (X;<) be a chain-complete poset. Show that (X;<) is conditionally complete i¤
V
S exists

for every nonempty subset S of X:

2.15. Let (X;<) be a chain-complete poset with a <-minimum. Suppose that every �nite subset S
of X that is <-bounded from above has a <-supremum in X: Prove that (X;<) must be conditionally
complete.

3 Iterative Fixed Point Theorems

3.1 A Prelude

Loosely put, order-theoretic �xed point theory attempts to identify those situations in

which an order-preserving self-map on a poset has a �xed point, and for the cases in

which this can be done, tries to analyze the order structure of the set of all �xed points of

the self-map at hand. To hint at what sort of things can be accomplished in this regard,

we provide next three order-theoretic �xed point theorems. As they deal only with �nite

posets, these results are rather simplistic �we shall obtain far reaching generalizations of

them subsequently. Our aim here is just to illustrate the basic nature of order-theoretic

arguments in �xed point theory.

Proposition 3.1.1. Let (X;<) be a �nite poset and f a <-preserving self-map on X.
If there exists an x� in X with f(x�) < x�; then f has a �xed point. Furthermore,

Fix(f) \ x"� has a <-minimum element.

Proof. As f is <-preserving and f(x�) < x�, we have

� � � < f(f(x�)) < f(x�) < x�:

For each positive integer m; let xm := fm(x�): (Here f 1 := f , f 2 := f � f; and so on.)
Notice that if x1 = x�; then x� is a �xed point of f; and we are done. Otherwise, we

have x1 � x�: Yet, if x2 = x1; then x1 is a �xed point of f; and we are done again.

Otherwise, we have x2 � x1: As X is �nite �say, n := jXj �continuing this way leads
us to either a �xed point of f in at most n� 1 steps or an enumeration fx�; x1; :::; xn�1g
of X with xn�1 � � � � � x1 � x�: In the latter case, xn�1 is the <-maximum of X: So, as

14



f(xn�1) < f(xn�2) = xn�1; we must have f(xn�1) = xn�1: Moreover, it is obvious that

the �xed point x of f that we �nd by this method is the <-minimum element of X with

x < x�:

It is sometimes possible to extend an order-theoretic �xed point theorem proved in

the case of a self-map that satisfy certain properties to the case of a �nite collection of

self-maps all of which satisfy that property. The key requirement for this is that these

self-maps commute.

De�nition. Let X be a nonempty set and F a collection of self-maps on X:We say that
F is a commutative collection if F 6= ; and f � g = g � f for every f and g in F :

The following is a typical example of how one can turn a �xed point theorem for a

self-map into a common �xed point theorem for a commutative collection of self-maps.

Proposition 3.1.2. Let (X;<) be a �nite poset and F a commutative collection of

<-preserving self-maps on X. If there exists an x� in X with f(x�) < x� for each f 2 F ;
then F has a �xed point. Furthermore, Fix(F) \ x"� has a <-minimum element.

Proof. As X is �nite, so is F ; so our claim can be proved by induction. If jFj = 1; then
the assertion is true by Proposition 3.1.1. Assume, then, jFj = 2; say, F = ff; gg: By
Proposition 3.1.1, Fix(f) \ x"� is not empty. Furthermore, as f and g commute, for any
x in X; the equation x = f(x) implies

f(g(x)) = g(f(x)) = g(x);

that is, g(x) is a �xed point of f: Therefore,

g(Fix(f) \ x"�) � Fix(f) \ x"�;

that is, the map ĝ := gjFix(f)\x"� is a self-map on Fix(f) \ x
"
�:
4 By Proposition 3.1.1,

Fix(f) \ x"� has a <-minimum element, say, x��: Then, ĝ(x��) < x��; so we can apply

Proposition 3.1.1 to the poset (Fix(f) \ x"�;<) and the map ĝ to �nd that Fix(ĝ) \ x"��
has a <-minimum element. But a moment�s re�ection shows that

Fix(g) \ Fix(f) \ x"� = Fix(ĝ) \ x"��;

so we are done. The proof is completed by proceeding inductively.

4Commutativity of F is essential for securing this property, and arises in many �xed point theorems
for collections of self-maps in this manner.

15



Note. There is actually nothing too surprising about requiring the set F to be commutative

in common �xed point theorems such as Proposition 3.1.2. After all, if x 2 Fix(F) for some
nonempty collection F of self-maps, then f(g(x)) = f(x) = x = g(x) = g(f(x)): That is, the

members of F must commute on the set of �xed points of F :

Finally, we extend Proposition 3.1.1 to the context of upper order-preserving self-

correspondences (Section 3.1 of Chapter 2).

Proposition 3.1.3. Let (X;<) be a �nite poset and � a upper <-preserving self-
correspondence on X. If there exists an x� in X with y < x� for some y 2 �(x�);

then � has a �xed point.

Proof. This can be proved just like Proposition 3.1.1. By hypothesis, x1 < x� for

some x1 2 �(x�): As � is upper <-preserving, we have �(x1) <� �(x�); and hence,
x2 < x1 for some x2 2 �(x1): Letting n := jXj ; and continuing this way, we obtain an
n-tuple (x�; x1; :::; xn�1) such that xn�1 < � � � < x1 < x�; x1 2 �(x�) and xi+1 2 �(xi)
for each i 2 [n � 2]: If x1 = x� or xi+1 = xi for some i 2 [n � 2]; we are done.
Otherwise, xn�1 is the <-maximum of X; while, because � is upper <-preserving, we
have �(xn�1) <� �(xn�2) 3 xn�1: It follows that xn�1 2 �(xn�1); and we are done.

Note. Unlike the previous two propositions, Fix(�) \ x"� need not possess a <-minimum in the

context of Proposition 3.1.3. For instance, if X contains the 2-vectors 0 := (0; 0); e1; e2 and

1 := (1; 1); � is the usual order of R2; and � is the self-correspondence on X that maps every

member of X to fe1; e2;1g; we have Fix(�) = fe1; e2;1g: (As we shall see in Section 7, this
situation would not arise if � were weakly order-preserving and sublattice-valued.)

3.2 The Tarski-Kantorovitch Fixed Point Theorem

As simple as it is, the basic argument behind Proposition 3.1.1 is quite telling. We

begin from a point x� in the domain of f with f(x�) < x�; and then observe that

the iterations of x� under f yields an <-increasing sequence, namely, (fm(x�)): Let
S := ff(x�); f2(x�); :::g; and notice that, only on the basis of the <-preserving nature
of f; we can conclude that

f(
W
S) <

W
f(S) =

W
S: (1)

The trouble is to show that
W
S < f(

W
S):When X is �nite, this holds readily, because,

then, S is �nite, and hence it has a <-maximum, that is,
W
S 2 S: But then f(

W
S) 2 S;

and hence
W
S < f(

W
S) holds. When X is not �nite, of course, this argument breaks

down. However, (1) shows that if we were to have f(
W
S) =

W
f(S); then we would be

guaranteed of a �xed point even if X is not �nite (but has enough structure to warrant

that
W
S exists). This observation prompts the notion of order-continuity.
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De�nition. Let (X;<) be a countably chain-complete poset and f a self-map on X. We
say that f is <-continuous if

f
�_

fx1; x2; :::g
�
=
_
ff(x1); f(x2); :::g

for every <-increasing sequence (xm) in X.

It is easy to see that<-continuity is a more stringent requirement than<-preservation.
Indeed, where (X;<) is a poset, if f is a <-continuous self-map on X; then, for any x
and y in X with x < y; we have x = x _ y; and hence

f(x) = f(x _ y) = f(x) _ f(y)

because (y; x; x; :::) is a <-preserving sequence in X; and this implies f(x) < f(y):

Conclusion: Every order-continuous self-map is order-preserving. The converse is, of

course, false. (Recall Examples 1.2.1 and 1.2.2 of Chapter 2.)

For future reference, we make note of the following characterization of order-continuity:

Lemma 3.2.1. Let (X;<) be a countably chain-complete poset and f a self-map on X:
Then, f is <-continuous if, and only if, f(

W
D) =

W
f(D) for every countable <-directed

subset D of X:

Proof. We only need to prove the �only if� part. To this end, let D be a countable

<-directed subset of X, and �nd an <-increasing sequence (ym) in D such that
W
D =W

fy1; y2; :::g; as in the proof of Proposition 1.2.2. Then, by <-continuity of f;W
f(D) <

_
ff(y1); f(y2); :::g

= f
�_

fy1; y2; :::g
�

= f(
W
D):

As we obviously have f(
W
D) <

W
f(D) (because f is <-preserving), we may conclude

that f(
W
D) =

W
f(D); as we sought.

It is time to recall the reason we have introduced the notion of order-continuity.

The Tarski-Kantorovitch Theorem. Let (X;<) be a countably chain-complete poset
and f a <-continuous self-map on X. If there exists an x� in X with f(x�) < x�; then

(Fix(f) \ x"�;<) is a countably chain-complete poset with a <-minimum element.
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Proof. Let x� be an element of X with f(x�) < x�: Then, as f(x�) < x� and f is

<-preserving, we have
� � � < f(f(x�)) < f(x�) < x�:

Thus, letting f 1 := f; and fm+1 := f � fm for each positive integer m; we see that

x :=
W
ff(x�); f2(x�); :::g exists in X; because (X;<) is countably chain-complete. Fur-

thermore, as f is <-continuous,

f(x) =
_

fff(x�); f2(x�); :::g

=
_
ff 2(x�); f3(x�); :::g

= x

where the last equality follows from the fact that (fm(x�)) is <-increasing. Thus: x 2
Fix(f):

Now, let y be another �xed point of f with y < x�: As f is <-preserving, we have
y = f(y) < f(x�): Furthermore, again because f is <-preserving,

y = f(y) = f(f(y)) < f(f(x�)) = f 2(x�):

Continuing this way inductively, therefore, we �nd that y is an <-upper bound for
ff(x�); f2(x�); :::g in X: As x is the <-minimum of such <-upper bounds, we must have
y < x; as desired.

It remains to prove that (Fix(f) \ x"�;<) is countably chain-complete. To this end,
pick an arbitrary sequence (xm) in Fix(f) with � � � < x2 < x1 < x�; and notice that

f
�_

fx1; x2; :::g
�
=

_
ff(x1); f(x2); :::g

=
_
fx1; x2; :::g;

where
W
fx1; x2; :::g is the <-supremum of fx1; x2; :::g in X: But then

W
fx1; x2; :::g be-

longs to Fix(f) \ x"�; and hence it is the <-supremum of fx1; x2; :::g in this set. In view
of Proposition 1.2.1, we may thus conclude that (Fix(f) \ x"�;<) is countably chain-
complete.

Note. The condition �f(x�) < x� for some x� 2 X� is automatically met when (X;<) has a
<-minimum element. Thus: The �xed point set of any order-continuous self-map on a countably
chain-complete poset is a countably chain-complete poset with a minimum element.

Note. A remarkable feature of the Tarski-Kantorovitch Theorem is the iterative formula it gives
for �nding a �xed point. Under the conditions of this result,

W
ff(x�); f2(x�); :::g is a �xed point

of f for any x� in X with f(x�) < x�:
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Note. In the computer science literature, various versions of the Tarski-Kantorovich Theorem
are often referred to as Kleene�s Fixed Point Theorem.

It is easy to extend the Tarski-Kantorovitch Theorem to the context of �nite commu-

tative collections of order-continuous self-maps by means of an argument that is identical

to the one we gave for deducing Proposition 3.1.2 from Proposition 3.1.1. In our next

result, we do this for countable commutative collections, thereby obtaining a substantial

generalization of the Tarski-Kantorovitch Theorem.

Corollary 3.2.2. Let (X;<) be a countably chain-complete poset and F a countable

commutative collection of <-continuous self-maps on X. If there exists an x� in X with

f(x�) < x� for each f 2 F ; then (Fix(F) \ x"�;<) is a countably chain-complete poset
with a <-minimum element.

Proof. De�ne
hFi := ff1 � � � � � fk : k 2 N and f1; :::; fk 2 Fg;

and let

D := ff(x�) : f 2 hFig:

It is plain that D is a nonempty countable subset of X: We wish to show next that

D is <-directed. To this end, take two arbitrary members f and g of hFi and notice
that f(x�) < x� and g(x�) < x�: (This follows from the properties of F by induction.)

Furthermore, because F is commutative, so is hFi ; and hence f � g = g � f: Therefore,
as both f and g are <-increasing,

g(f(x�)) < g(x�) and g(f(x�)) = f(g(x�)) < g(x�);

that is, g(f(x�)) is an <-upper bound for ff(x�); g(x�)g: Conclusion: D is a countable

<-directed subset of X:
By Proposition 2.1.1, therefore, x :=

W
D exists in X: We wish to show that x is a

common �xed point of the maps in hFi : Fix any f in hFi : First, notice that f(D) � D;

so we obviously have
W
D <

W
f(D): On the other hand, as f(x�) < x�; we have

f(g(x�)) = g(f(x�)) < g(x�) for every g 2 hFi ;

and hence,
W
f(D) <

W
D: Thus, by Lemma 3.2.1,

f(x) = f(
W
D) =

W
f(D) =

W
D = x:

As f was chosen arbitrarily in hFi ; we may thus conclude that x 2 Fix(F) \ x"�:
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Reasoning as in the second paragraph of the proof of the Tarski-Kantorovitch Theo-

rem, we can also show that any �xed point y of F with y < x� must be an<-upper bound
for D; and it follows that x =

W
D is the <-minimum element of Fix(F)\x"�: Moreover,

the argument we gave in the third paragraph of the proof of the Tarski-Kantorovitch

Theorem applies here with only obvious modi�cations to show that (Fix(F) \ x"�;<) is
countably chain-complete.

Note.While the Tarski-Kantorovitch Theorem does not need anything other than mathematical
induction, we have used the Axiom of Countable Choice for proving Corollary 3.2.2 (because

Proposition 1.2.2 relies on this axiom).

Before we consider some substantial applications of the Tarski-Kantorovitch The-

orem, we provide a quick illustration of how this theorem can be used for �solving�

functional equations.

Application. (Solving Functional Equations) We consider a particular instance of the
functional equation introduced in Application 1 of Section 1. Put precisely, let T be an

arbitrary nonempty set, h a self-map on T and H : T � R ! R a bounded function

which is increasing and continuous in its second component. We would like to �nd out

if there is a bounded real function g on T such that

g(t) = H(t; g(h(t))) for every t 2 T: (2)

We can solve this problem by means of �xed point theory in the following manner.

De�ne

X := fg 2 B(T ) : kgk1 � kHk1g:

(Here, as usual, B(T ) stands for the collection of all bounded real maps on T; and k�k1
stands for the sup-norm, that is, kgk1 := supfjg(t)j : t 2 Tg and similarly for kHk1 :)
We endow X with the pointwise partial order � �that is, f � g i¤ f(t) � g(t) for

every t 2 T . It is easy to see that (X;�) is a complete lattice (and hence, it is, trivially,
countably chain-complete). Indeed, for any nonempty subset S of X; and for any t in

T; fg(t) : g 2 Sg is a set of real numbers bounded from above. Therefore, f : T ! R
is well-de�ned by f(t) := supfg(t) : g 2 Sg: Obviously, f =

W
S and it belongs to X:

As
W
; equals the constant function on T that equals �kHk1 ; then, every subset of X

has a �-supremum. Conclusion: (X;�) is a complete lattice.
Next, consider the operator � : X ! RT de�ned by

�(g)(t) := H(t; g(h(t))) for every t 2 T:
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(Here, as usual, RT stands for the set of all real maps on T:) Obviously, the sup-norm
of every function in the range of � is at most kHk1 ; so we have �(X) � X; that is,

� is a self-map on X: Besides, there is a map g� in X with �(g�) � g� �for instance,

consider the constant map t 7! �kHk1 : Finally, note that if (gm) is a sequence in X
with � � � � g2 � g1; then (gm) converges to

W
fg1; g2; :::g pointwise, and as H is increasing

and continuous in its second component,

sup�(gm)(t) = supH(t; gm(h(t))

= H(t; sup gm(h(t))

= �(g)(t)

for each t 2 T; establishing that � is �-continuous. We can now invoke the Tarski-

Kantorovitch Theorem to conclude that � has a �xed point. But this means that there

is a g in X such that (2) holds, that is, there is a solution to our functional equation in

X: Furthermore, again by the Tarski-Kantorovitch Theorem, we see that the collection

of all such solutions forms a countably chain-complete poset under the partial order �;
and possesses a �-minimum element.

As we shall explore in the exercises below, common �xed point theorems such as

Corollary 3.2.2 can be used to solve certain systems of functional equations in a similar

way.

3.3 An Application to Fractal Geometry

An iterated function system on a topological space X is a nonempty �nite collection

F := ff1; :::; fng of continuous self-maps on X: The Hutchinson-Barnsley operator
induced by such a system is the self-map F on k(X) de�ned by

F (S) := f1(S) [ � � � [ fm(S);

where, as usual, k(X) stands for the collection of all nonempty compact subsets of X: (F

is a self-map on k(X) because, being continuous, each fi maps compact sets to compact

sets.) If a subset of X is a �xed point of the Hutchinson-Barnsley operator induced by

F ; we say that that set acts as an attractor under F ; and refer to it as an F-attractor.
There are various theorems that provide su¢ cient conditions that ensure the exis-

tence of sets that act as attractors under a given iterated function system. Perhaps the

most famous of these is Hutchinson�s Theorem that says that if the topological space

X under consideration is a complete metric space and each self-map of the iterated

function system F at hand is a contraction �that is, Lip(f) < 1 for each f 2 F ; recall

21



Section 2.8 of Appendix �then there exists a (unique) F-attractor �such an attractor is
said to be self-similar under F : (We will prove this in Chapter 5 by an order-theoretic
method.) As an application of the Tarski-Kantorovitch Fixed Point Theorem, we shall

establish here another such theorem, due to Jachymski, Gajek and Pokarowski (2000),

on the existence of sets that act as attractors under iterated function systems.

Theorem 3.3.1. Let X be a Hausdor¤ topological space and F an iterated function

system on X: If X is compact, then there is an F-attractor.

Proof. Our main task is to prove that the Hutchinson-Barnsley operator F induced by
F is a �-continuous self-map on k(X). To this end, take any sequence (Sm) of nonempty
compact subsets of X with � � � � S2 � S1: Let us �rst prove that

f

 1\
i=1

Si

!
=

1\
i=1

f(Si) for every f 2 F : (3)

The � part of this assertion is obvious. To prove the converse containment, �x any f

in F , and take any y in f(S1) \ f(S2) \ � � �: Then, for each positive integer i there is
an xi 2 Si with y = f(xi). We set Ti := f�1(y) \ Si; and note that xi 2 Ti; for each i:
As f is continuous and X is Hausdor¤ (so that singletons are closed in X), f�1(y) is a

closed subset of X: On the other hand, as Si is a compact subset of X; and X (hence

Si) is Hausdor¤, Si is a closed subset of X; for each i (Proposition 1.5.3 of Appendix).

Therefore, each Ti is a closed subset of X; and hence of S1 (because S1 is closed in X):

So, as (Tm) is a nested sequence, that is, � � � � T2 � T1; and S1 is compact, we have

T1 \ T2 \ � � � 6= ;: (Recall Proposition 1.5.5 of Appendix.) But, for any x in this set, we
have f(x) = y and x 2 S1\S2\�� �; that is, y 2 f(S1\S2\�� �); as we sought. Given that
f was arbitrarily chosen in F ; we conclude that (3) holds for any �-increasing sequence
(Sm) in k(X).

We are now ready to prove that F is a �-continuous self-map on k(X). First, notice
that, as each f in F is continuous, we have f(S) 2 k(X) for every S 2 k(X) and

f 2 F : As F is �nite, therefore, it follows that F (k(X)) � k(X). Next, to prove that
F is �-continuous, take any sequence (Sm) of nonempty compact subsets of X with

� � � � S2 � S1; and use (3) to �nd
1T
i=1

(f1(Si) [ � � � [ fn(Si)) =

� 1T
i=1

f1(Si)

�
[ � � � [

� 1T
i=1

fn(Si)

�
= f1

� 1T
i=1

Si

�
[ � � � [ fn

� 1T
i=1

Si

�
;

that is,
1\
i=1

F (Si) = F

 1\
i=1

Si

!
:
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Conclusion: F is a �-continuous self-map on k(X):
The proof is now easily completed. We know from Example 1.2.1 that (k(X);�) is

a countably chain-complete poset. Moreover, if X is compact, then F (S) � S holds for

some S 2 k(X); namely, for S = X: Therefore, when X is compact, we can invoke the

Tarski-Kantorovitch Theorem to conclude that Fix(F ) 6= ;; which was to be proved.

Of course, the Tarski-Kantorovitch Theorem gives us more information than the mere

existence of an attractor under the conditions of Theorem 3.3.1. In particular, there is

apparently a �-maximum F-attractor for any iterated function system F on a compact
Hausdor¤ topological space. This set is found by intersecting the images of X under all

iterations of the induced Hutchinson-Barnsley operator, that is, it is found as

F (X) \ F (F (X)) \ � � �.

If we require further properties from the contents of F; we can make more precise con-

clusions. For instance, an easy consequence of Theorem 3.3.1 is the following special

case of Hutchinson�s Theorem.

Corollary 3.3.2. Let (X; d) be a compact metric space and F an iterated function system
on X: If each f in F is a contraction, then there is a unique self-similar set under F :

Proof. By Theorem 3.3.1, there is an F-attractor. Suppose each f in F is a contraction
so that � := maxfLip(f) : f 2 Fg < 1; and suppose S and T are two F-attractors. Let
F be the Hutchinson-Barnsley operator induced by F : For any f in F and x 2 X; we

have

d(f(x); F (T )) = inf minfd(f(x); g(y)) : g 2 Fg
� inf d(f(x); f(y))

� � inf d(x; y)

= �d(x; T );

where inf is taken over all y in T: As T = F (T ); it follows that

supfd(f(x); T ) : f 2 F and x 2 Sg � � supfd(x; T ) : x 2 Sg:

Now, for any " > 0 there is an x" 2 S such that d(x"; T ) > supfd(x; T ) : x 2 Sg � ":

As S = F (S); we have x" = f(x) for some f 2 F and x 2 S; which means that the

left-hand side of the inequality above is at least as large as d(x"; T ); whence

supfd(f(x); T ) : f 2 F and x 2 Sg > supfd(x; T ) : x 2 Sg � ":
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In view of the arbitrariness of "; therefore, we �nd

� supfd(x; T ) : x 2 Sg � supfd(x; T ) : x 2 Sg:

As � < 1; this implies supfd(x; T ) : x 2 Sg = 0: As T is compact, and hence closed,

this means that S � T (Proposition 3.1.1 of Appendix). Replacing the roles of S and T

in this argument, we �nd that T � S as well, and we are done.

Note. Implicit in the argument above is the fact that if each f in F is Lipschitz continuous, then,
where we view k(X) as a metric space by using the Hausdor¤metric dH �Section 3.2 of Appendix

�the Hutchinson-Barnsley operator F induced by F is also Lipschitz continuous, and we have

Lip(F ) = maxfLip(f) : f 2 Fg: Thus, if each f in F is a contraction, then � := Lip(F ) < 1;

and for any two F-attractors S and T , we have dH(S; T ) = dH(F (S); F (T )) � �dH(S; T ); which
is possible only if S = T:

Example 3.3.1. (The Cantor Set) Recall the construction of the (ternary) Cantor set:
We begin with dividing the interval [0; 1] into three equal subintervals (using 0; 1

3
; 2
3
and

1 as the division points) and then remove the interior of the middle of these subintervals

(namely, (1
3
; 2
3
)); next we divide each of the remaining two intervals into three equal

subintervals and then remove the interior of the middle of these subintervals from each

decomposition (namely, (1
9
; 2
9
) and (7

3
; 8
3
)); and we continue this way ad in�nitum. The

Cantor set is the collection of all points that survive this process. (It is an uncountable

closed (in fact, perfect) subset of [0; 1] with no interior.)

Now consider the self-maps f1 and f2 on [0; 1] de�ned by

f1(t) :=
1
3
t and f2(t) :=

1
3
t+ 2

3
:

Then, letting F stand for the Hutchinson-Barnsley operator induced by ff1; f2g on
k([0; 1]); we �nd

F ([0; 1]) =
�
0; 1

3

�
[
�
2
3
; 1
�
;

and

F (F ([0; 1])) =
��
0; 1

9

�
[
�
6
9
; 7
9

��
[
��
2
9
; 1
3

�
[
�
8
9
; 1
��
;

and so on. Corollary 3.3.2 says that there is a unique self-similar set under ff1; f2g �
this is none other than the Cantor set.

Example 3.3.2. (The Sierpinski Triangle) Consider the iterated function system ff1; f2; f3g
on the set fx 2 R2+ : x1 + x2 � 1g; where

f1(x) :=
1
2
x; f2(x) :=

1
2
x+ 1

2
e1 and f3(x) :=

1
2
x+ 1

2
e2:

By Corollary 3.3.2, there is a unique self-similar set under ff1; f2; f3g. (Draw a picture
to get a sense of the shape of this set.) This set is known as the Sierpinski triangle,
and it is one of the most famous fractals in R2:
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3.4 Application: The Contraction Mapping Theorem

There are various ways in which one can apply order-theoretic �xed point theory to derive

�xed point theorems in contexts that have, apparently, nothing to do with partially

ordered sets. We shall demonstrate this in this section in the context of the most

famous theorem of metric �xed point theory.

Recall that a self-map f on a metric space (X; d) is said to be a contraction if

d(f(x); f(y)) � Kd(x; y) for every x; y 2 X;

where K is a real number in [0; 1): One of the most fundamental results of �xed point

theory, which was proved by Stefan Banach in 1920, says that any such map has a unique

�xed point, provided that the metric space at hand is complete.

The Contraction Mapping Theorem. Every contraction on a complete metric space
has a unique �xed point.

Note. Every textbook on �xed point theory provides an extensive coverage of the Contraction
Mapping Theorem and its applications and generalizations. Two introductory references that

de�nitely stand out in this regard are the the second chapter of Goebel and Kirk (1990) and the

�rst chapter of Agarwal and O�Regan (2001). For a comprehensive outlook, see the beautiful

survey by Kirk (2001).

The Contraction Mapping Theorem has far reaching applications in various branches

of nonlinear analysis, and is one of the principal tools for establishing the existence of

solutions for various types of operator equations. It also has numerous generalizations,

a notable one of which is the following �xed point theorem of Rakotch (1962).

Theorem 3.4.1. Let (X; d) be a complete metric space and f a self-map on X with

d(f(x); f(y)) �  (d(x; y))d(x; y) for every x; y 2 X; (4)

where  : R+ ! [0; 1) is a continuous and decreasing function. Then, f has a unique

�xed point.

Our objective here is to deduce this result from the Tarski-Kantorovitch Theorem

by �embedding our metric space in a poset.�

Let (X; d) be a metric space, and consider the binary relation <d on X �R+ de�ned
by

(x; a) <d (y; b) if and only if d(x; y) � b� a:
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Obviously, <d is re�exive. It is also antisymmetric, because (x; a) <d (y; b) <d (x; a)
means d(x; y) � minfa� b; b�ag which is possible only if d(x; y) = 0 and a = b: Finally,

<d is transitive, because (x; a) <d (y; b) <d (z; c) implies

d(x; z) � d(x; y) + d(y; z)

� b� a+ c� b

= c� a

so that (x; a) <d (z; c): It is in this sense that we say: Every metric space can be embedded
in a poset.

Note. The partial order <d considered above was introduced by DeMarr (1965) whose goal
was to study the notion of �order convergence�by using metric convergence. In turn, Baranga

(1991) has shown how to use this partial order to deduce the Contraction Mapping Theorem

from the Tarski-Kantorovitch Theorem. We follow a simpli�ed version of Baranga�s method here

to establish Theorem 3.4.1.

We shall proceed in three simple steps.

Lemma 3.4.2. Let (X; d) be a metric space and ((xm; am)) an <d-increasing sequence
in X � R+: Then, (xm) is a Cauchy sequence in (X; d) and (am) converges.

Proof. As ((xm; am)) is <d-increasing, we have am � am+1 � d(xm; xm+1) � 0 for each
positive integer m: Thus, (am) is a decreasing sequence of nonnegative real numbers, so

it converges. Moreover,

1X
i=1

d(xi; xi+1) �
1X
i=1

ai � ai+1 = a1 � lim am+1 <1;

so (xm) is a Cauchy sequence in (X; d):

Lemma 3.4.3. Let (X; d) be a complete metric space and ((xm; am)) an <d-increasing
sequence in X � R+: Then, for any x 2 X and a � 0;

(x; a) =
_
f(x1; a1); (x2; a2); :::g if and only if xm ! x and am # a:

In particular, (X;<d) is a countably chain-complete poset.

Proof. Assume that xm ! x and am # a for some (x; a) in X � R+: Notice that for
any positive integers k and l with k > l; we have d(xk; xl) � al � ak; so letting k ! 1
yields d(x; xl) � al � a: Thus: (x; a) <d (xl; al) for each l = 1; 2; :::, that is, (x; a) is
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an <d-upper bound for f(x1; a1); (x2; a2); :::g: Now, let (y; b) be another such <d-upper
bound. Then, d(xm; y) � am � b for each m; so letting m ! 1 yields d(x; y) � a � b;

that is, (y; b) <d (x; a): Thus: (x; a) is the <d-minimum of all <d-upper bounds for
f(x1; a1); (x2; a2); :::g; as we sought.
Conversely, let (x; a) be the <d-supremum of f(x1; a1); (x2; a2); :::g: As (X; d) is com-

plete, Lemma 3.4.2 guarantees that xm ! x0 and am # a0 for some (x0; a0) in X � R+:
By the �if�part of the present lemma, we must have (x0; a0) = (x; a):

Lemma 3.4.4. Let (X; d) be a complete metric space and f a self-map on X such that

(4) holds for some continuous and bounded self-map  on R+: Then, the self-map F on
X � R+; de�ned by

F (x; a) := (f(x);  (a)a);

is <d-continuous.

Proof. Let ((xm; am)) be an <d-increasing sequence in X �R+: By Lemma 3.4.2, (xm)
is Cauchy in (X; d); so it converges to some x in X; while, again, am # a for some real
number a � 0: By Lemma 3.4.3, we have (x; a) =

W
f(x1; a1); (x2; a2); :::g: Furthermore,

as f is continuous �this follows readily from (4) and the hypothesis that  is bounded �

we have f(xm)! f(x) while  (am)am !  (a)a (because  is continuous), so, applying

Lemma 3.4.3 again, we see that
W
fF (x1; a1); F (x2; a2); :::g = (f(x);  (a)a): That is,

F
�_

f(x1; a1); (x2; a2); :::g
�
= (f(x);  (a)a) =

_
fF (x1; a1); F (x2; a2); :::g;

as we sought.

Theorem 3.4.1 is now easily proved.

Proof of Theorem 3.4.1. It is obvious that f can have at most one �xed point, for (4)
would fail for two distinct �xed points x and y of f: To prove existence of a �xed point,

we pick an arbitrary element x� of X; and choose any real number b > 0 large enough

that d(x�; f(x�)) < (1 �  (b))b: Then, where F is as de�ned in Lemma 3.4.5, we have

F (x�; b) <d (x�; b): In account of Lemmas 3.4.2 and 3.4.4, therefore, we may apply the
Tarski-Kantorovitch Theorem to �nd an (x; a) in X � R+ such that (x; a) = F (x; a);

which means x = f(x) and a = 0 by de�nition of F:

Note. By the Tarski-Kantorovtich Theorem, the �xed point (x; a) of F above equals
W
fF (x�; b); F 2(x�; b); ; :::g:

Thus, implicit in the proof above that the �xed point of f would obtain as the limit of the se-

quence (fm(x�)) for any choice of x� in X:
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It is, in fact, not di¢ cult to provide a direct proof for Theorem 3.4.1 (by showing

that (fm(x) is Cauchy in (X; d) for any x 2 X). Our focus here is instead on the

�method�as opposed to the �result.�In the next chapter, we will obtain various other,

and deeper, metric �xed point theorems by means of a similar order-theoretic method,

thereby unifying an apparently sparse collection of �xed point theorems.

Exercises

3.1. Let (X;<) be a �nite lattice, and f a <-preserving self-map on X: Show that there exists a positive
integer k such that

fk(
V
X) =

V
Fix(f):

3.2. Let X be a compact topological space and C(X) the Banach space of all continuous real maps on X

(under the sup-norm). Show that any �-increasing and continuous self-map � onC(X) is �-continuous.

3.3. Let T be an arbitrary nonempty set, h a self-map on T; and G and H two bounded real maps on

T �R which are increasing and continuous in their second components. Assume that G(�;H) = H(�; G);
and prove that there is a g 2 B(T ) such that

G(t; g(h(t))) = H(t; g(h(t))) for every t 2 T:

Hint. This is a common �xed point problem.

3.4. Let (X;<) be a countably chain-complete lattice such that_
fx1; x2; :::g ^

_
fy1; y2; :::g =

_
fx1 ^ y1; x2 ^ y2; :::g

for every <-increasing sequences (xm) and (ym) in X: Let F be a nonempty �nite collection of <-
continuous self-maps on X: Prove that the self-map F on X; de�ned by F (x) :=

V
ff(x) : f 2 Fg; is

<-continuous.

3.5. Let X be a nonempty set and F a nonempty �nite collection of self-maps on X such that��f�1(x)�� < 1 for each x 2 X and f 2 F : Let S be a nonempty subset of X with f(S) � S for each
f 2 F : Prove that

T =
[
ff(T ) : f 2 Fg for some nonempty T � S:

3.6. Let X be a �rst-countable topological space such that
T1

Si 6= ; for any sequence of nonempty
closed subsets of X with S1 � S2 � � � �. Let F be an iterated function system on X and F the

Hutchinson-Barnsley operator induced by F : Prove that there is a nonempty closed subset S of X such

that (i) S = F (S); and (ii) T � S for every closed subset T of X with T = F (T ):

3.7. (DeMarr) Let (X; d) be a metric space. Prove that (X; d) is complete i¤ (X�R+;<d) is Dedekind
�-complete, that is, the <d-supremum exists for every countable <d-chain in X � R+ which is <d-
bounded from above, and the <d-in�mum exists for every countable <d-chain in X � R+ which is

<d-bounded from below.

3.8. (Nieto-Rodriguez-Lopez) Let (X; d) be a complete metric space and < a partial order on X: Let

f be a continuous and <-increasing self-map on X such that f(x�) < x� for some x� 2 X: Prove: If
there is a number 0 � K < 1 such that

d(f(x); f(y)) � Kd(x; y) for every x; y 2 X with x < y;

then f has a �xed point.
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4 Tarski�s Fixed Point Theorems

4.1 The Knaster-Tarski Theorem

As useful as the Tarski-Kantorovitch Theorem is, its order-continuity requirement is not

met in a variety of applications of order-theoretic �xed point theory. Indeed, in most

cases we know nothing about the self-map at hand other than that it is order-preserving.

The following fundamental result shows that we can also handle such cases with ease,

provided that the poset under consideration behaves suitably.

Tarski�s Fixed Point Theorem. Let (X;<) be a conditionally complete poset with a
<-minimum and a <-maximum. Then, for every <-preserving self-map f on X; Fix(f)
contains a <-minimum and a <-maximum element.

Proof. Let f be a <-preserving self-map on X. De�ne S := f! 2 X : f(!) < !g; and
observe that S is nonempty (because there is a<-minimum inX); while the<-maximum
element of X is an <-upper bound for S: As (X;<) is conditionally complete, therefore,
x� :=

W
S exists. Observe that, for any y 2 S; we have f(y) < y and x� < y: The

latter expression implies that f(x�) < f(y); so combining this with the former, we �nd

f(x�) < y for every y 2 S: Thus f(x�) is an <-upper bound for S in X; which implies
f(x�) < x�: In turn, this yields f(f(x�)) < f(x�) which means that f(x�) 2 S: But then,
since x� is the <-supremum of S in X; we have x� < f(x�): Since < is antisymmetric,

we must then have x� = f(x�); that is, x� is the <-maximum element of Fix(f):

By Corollary 1.3.2, (X;4) is a conditionally complete poset. Clearly, there is a 4-
minimum and a 4-maximum in X: So, applying what we have just established to the

poset (X;4); we see that there is a 4-maximum, that is, <-minimum, element of Fix(f);
completing the proof.

Note. One can also prove Tarski�s Fixed Point Theorem by means of trans�nite induction. One

such proof, due to Echenique (2005), is outlined in Exercise 4.6 below.

The following is a brilliant consequence of Tarski�s Fixed Point Theorem; it is surely

one of the most celebrated of all �xed point theorems. Simply put, this result says that

the �xed point set of an order-preserving self-map on a complete lattice inherits the

lattice structure of that poset, that is, it is a complete lattice itself under the original

partial order.

The Knaster-Tarski Theorem. Let (X;<) be a complete lattice and f a <-preserving
self-map on X: Then, (Fix(f);<) is a complete lattice.
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Proof. By Tarski�s Fixed Point Theorem, Fix(f) is a nonempty set with a <-minimum
element. Take an arbitrary subset S of Fix(f): We wish to show that the <-supremum
of S in Fix(f) exists. If S = ;; then the <-supremum of S in Fix(f) is the <-minimum
element of Fix(f); so it exists. Assume, then, S is nonempty, and de�ne x� :=

W
S;

the <-supremum of S in X: Now, obviously, (x"�;<) is a conditionally complete poset
with a <-minimum (namely, x�) and a <-maximum (namely, that of X): Besides, by

Proposition 1.2.2 of Chapter 2, and since f(S) = S,

f(x�) = f(
W
S) <

W
f(S) =

W
S = x�;

and hence, y < x� implies f(y) < f(x�) < x�; that is, f(x"�) � x"�: We may thus apply

Tarski�s Fixed Point Theorem to conclude that there is a <-minimum element, say, x;

of Fix(f) \ x"�: As x < x� =
W
S; we obviously have x < S: Furthermore, if y is a �xed

point of f with y < S; then y <
W
S = x�; and hence y < x: It follows that x is the

<-supremum of S in Fix(f): Conclusion: Every subset of Fix(f) has a <-supremum.
By Proposition 7.1 of Chapter 1, we are done.

Note. Notice that, in the proof above, the <-supremum we found for S in Fix(f) need not be

the same with the <-supremum of S in X: Indeed, (Fix(f);<) need not be a sublattice of (X;<)
under the conditions of the Knaster-Tarski Theorem. For example, consider the complete lattice

([0; 2]2;�); and the self-map f on [0; 2]2 de�ned by f(ei) = ei; i = 1; 2; and

f(x) :=

(
(0; 0); if x1 + x2 � 1
(2; 2); if x1 + x2 > 1

for any x in [0; 2]2 distinct from the unit 2-vectors e1 and e2: Then, Fix(f) := f(0; 0); e1; e2; (2; 2)g;
which is a complete lattice under �. Clearly, (Fix(f);�) is not a sublattice of ([0; 2]2;�):

Note. There is not a unanimous agreement in the literature about how to attribute the results
above � indeed, a dose of arbitrariness seems inescapable in this regard. The �rst theorem of

the above nature was obtained by Bronislaw Knaster in 1927, albeit in the context of a complete

lattice of sets. Alfred Tarski obtained both of the results above in 1938 (although Tarski�s �ndings

remain unpublished until 1955). As Knaster was the �rst to initiate the order-theoretic approach

toward �xed point theory, but the extensions of Tarski are substantial, we opted in the naming

above �this is in conformity with a good fraction of the literature.

Here is an immediate illustration of what the Knaster-Tarski Theorem can do for us.

Example 4.1.1. For any given positive integer n; let a and b be two n-vectors with
a � b; and de�ne I := [a1; b1]� � � � � [an; bn]: Let fi : I ! R be an increasing function,
and set f := (f1; :::; fn): As (I;�) is a complete lattice and f is obviously �-preserving,
the Knaster-Tarski Theorem says that f is sure to have a �xed point, provided it is a

self-map, that is, a � f(a) � f(b) � b:
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We shall consider two substantial applications of the Knaster-Tarski Theorem below.

Before we move on to these applications, however, let us see how we can use this theorem

to improve on what we know about the functional equation we have worked on above

with the Tarski-Kantorovitch Theorem.

Application. (Solving Functional Equations) We consider again the functional equa-
tion introduced in Application 1 of Section 1. Put precisely, let T be an arbitrary

nonempty set, h a self-map on T and H : T � R ! R a bounded function which is

increasing in its second component. (Notice that no continuity assumption is made on

H:) Then, there is a bounded real function g on T such that

g(t) = H(t; g(h(t))) for every t 2 T;

and furthermore, the collection of all such g makes up a complete lattice under the

pointwise partial order � on B(T ): Indeed, as we have proved above, (X;�); where
X := fg 2 B(T ) : kgk1 � kHk1g; is a complete lattice. In addition, the operator
� : X ! RT , de�ned by �(g)(t) := H(t; g(h(t))) for every t 2 T; is a �-preserving
self-map on X (because H is increasing in its second component). Our assertion is thus

an immediate consequence of the Knaster-Tarski Theorem.

4.2 Application: The Schröder-Bernstein Theorem

Recall that two nonempty sets A and B are thought of as �equally crowded� if the

elements of these sets can be put in one-to-one correspondence with each other. This

way of looking at things allows us to compare the contents of two in�nite sets, and

conforms fully with intuition in the case of �nite sets. (To wit, two �nite sets are

�equally crowded�i¤ they contain the same number of elements, and no two sets, one

�nite and the other in�nite, is �equally crowded.�)

A logical next step is, of course, to say that A is �less crowded�than B; if there exists

an injection from A into B: After all, this means that A and a subset of B are �equally

crowded.� (For instance, N is �less crowded� than Z and R:) We would then like to
declare A and B as �equally crowded�i¤A is �less crowded�than B; and conversely, B

is �less crowded�than A: This is true indeed, but it is hardly a trivial fact. It is instead

one of the major �ndings of Cantorian set theory. It goes by the name:

The Schröder-Bernstein Theorem. Let A and B be two nonempty sets such that there
is an injection from A into B; and also, there is an injection from B to A: Then, there

is a bijection from A onto B:
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It turns out that one can deduce this result from the Knaster-Tarski Theorem. We

�rst derive the following intermediate step which makes the logic of the argument trans-

parent.

Banach�s Decomposition Theorem. Let X and Y be two nonempty sets and take any

two functions f : X ! Y and g : Y ! X: Then, X can be written as the union of two

disjoint sets X1 and X2; and Y can be written as the union of two disjoint sets Y1 and

Y2, such that f(X1) = Y1 and g(Y2) = X2:

Proof.5 We de�ne the self-map F on 2X by

F (S) := Xng(Y nf(S));

and observe that B � A implies F (B) � F (A) for any A and B in 2X : We may thus

apply the Knaster-Tarski Theorem (with respect to (2X ;�) and F ) to conclude that
there exists a set S � X such that F (S) = S. Then g(Y nf(S)) = XnS, and hence
letting X1 := S; X2 := XnS; Y1 := f(S); and Y2 := Y nf(S) completes the proof.

The Schröder-Bernstein Theorem is an easy corollary of Banach�s Decomposition

Theorem.

Proof of the Schröder-Bernstein Theorem. Let A and B be two nonempty sets,

and take any two injections f : A ! B and g : B ! A: By Banach�s Decomposition

Theorem, there exist a partition fA1; A2g of A and a partition fB1; B2g of B such that

F := f jA1 is a bijection from A1 onto B1; and G := gjB2 is a bijection from B2 onto A2:

But then h : A! B; de�ned by

h(x) :=

(
F (x); if x 2 A1
G�1(x); if x 2 A2

;

is a bijection, and we are done.

5The idea of the proof is this: Suppose the assertion is true, so there exists such a decomposition of

X and Y: Then X is such a set that when you subtract the image f(X1) from Y; you end up with a

set the image of which under g is XnX1; that is, g(Y nf(X1)) = XnX1: But the converse is also true,
that is, if we can get our hands on an X1 � X with g(Y nf(X1)) = XnX1; then we are done. Thus:
The assertion is true i¤ we can �nd a (possibly empty) subset S of X with g(Y nf(S)) = XnS; that is,
a �xed point of F !
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4.3 Application: Nonlinear Complementarity Problems

Consider the following problem: Given a real n-vector b and a real n � n matrix M;

�nd a real n-vector x such that

x � 0; Mx+ b � 0 and hx;Mx+ bi = 0;

where 0 is the origin of Rn: This problem is called the linear complementarity prob-
lem.6 It is studied extensively within optimization theory, because the problem of

existence and uniqueness of solutions to any dual pair of linear, even quadratic, opti-

mization problems can be reduced to such a problem. (See Murty (1988) for an extensive

account of the linear complementarity problem, and its relations with linear and non-

linear programming.)

A natural generalization of the linear complementarity problem is the so-called non-
linear complementarity problem: Given a real map F on Rn+; �nd an n-vector x
such that

x � 0; F (x) � 0 and hx; F (x)i = 0: (5)

This problem too is studied extensively in the literature on mathematical programming;

see, for instance, Karamardian (1969, 1971) and Moré (1974a,b) for an introduction to

the theory of nonlinear complementarity problems.

Note. Here is a quick motivation for studying the nonlinear complementarity problem. Let g
be a di¤erentiable real map on Rn+ and consider the optimization problem:

Minimize g(x) such that x � 0:

You might recall that a nonnegative n-vector x is a solution to this problem i¤ rg(x) � 0 and
hx;rg(x)i = 0: That is, setting F = rg; we see that all solutions to the minimization problem
above are contained within the collection of all solutions to (5):

One of the main existence theorems for nonlinear complementarity problems, due to

Moré (1974b), states that if F is continuous,

hx� y; F (x)� F (y)i � 0 for every n-vectors x;y � 0;

and F (x�) > 0 for at least one n-vector x�� 0; then there exists a solution to (5). We
shall now use the Knaster-Tarski Theorem to derive another existence theorem in which

the continuity assumption is dropped and the monotonicity condition is altered.

6A solution (x;y) to the system of linear inequalities x � 0; y � 0 and y = Mx+ b is said to be
complementary if x and y are orthogonal to each other, that is, hx;yi = 0: This is the reason behind
the title �linear complementarity problem.�
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Theorem 4.3.1. Let F : Rn+ ! Rn be a function such that idRn+ � F is increasing

and F (x�) � 0 for some n-vector x�� 0: Then, there exists a solution to the nonlinear
complementarity problem (5).

Proof. Let X stand for the set of all n-vectors x with x� � x � 0: Obviously, (X;�) is
a complete lattice. Next, de�ne f : X ! Rn by

f(x) := (x� F (x)) _ 0:

The importance of this function stems from the following observation:

Claim. An n-vector x 2 X satis�es (5) i¤ x 2 Fix(f):

Proof of Claim. For any x in X; we have

x ^ F (x) = x+ (0 ^ �(x� F (x))

= x� (0 _ (x� F (x))

= x� f(x);

That is:

x ^ F (x) = x� f(x) for every x 2 X: (6)

Now, if x satis�es (5), then xiFi(x) = 0 for each i 2 [n]; where Fi is the ith component
function of F: Thus, for any solution x to (5), we have x^F (x) = 0: If x belongs to X;
therefore, we get x = f(x) from (6). Conversely, if x 2 Fix(f); then,

F (x) = x� (x� F (x)) = f(x)� (x� F (x)) � 0

while we obviously have x � 0: Moreover, by (6), x ^ F (x) = 0; that is, minfxi; Fi(x)g
= 0 for each i 2 [n]: It follows that hx; F (x)i = 0; as we sought.

It remains to prove that f has a �xed point. First, note that, for any x in X; we

have x� � x; and hence, by our monotonicity hypothesis, x� � F (x�) � x � F (x). As

F (x�) � 0; therefore,

x� � (x� � F (x�)) _ 0 � (x� F (x)) _ 0 = f(x):

Thus: f(X) � X: Furthermore, the hypothesis that idRn+ � F is increasing implies that

f is increasing, that is, �-preserving. Applying the Knaster-Tarski Theorem, therefore,
we are done.
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Note. The Knaster-Tarski Theorem actually allows us to say more about the solutions to (5)

here. Indeed, thanks to this theorem and our Claim above, we see that, for every nonnegative

n-vector x� with F (x�) � 0, the collection of all solutions to (5) which are bounded from above

by x� forms a complete lattice relative to the partial order � of Rn:

Note. For similar existence results for nonlinear complementarity problems, see Fujimoto (1984)
and Chitra and Subrahmanyam (1987).

Exercises

4.1. Give an example to show that (X;<) cannot be taken merely to be a lattice in the Knaster-Tarski
Fixed Point Theorem.

4.2. Give an example of a self-map f on a complete lattice (X;<) such that (Fix(f);<) is a sublattice
of (X;<); but it is not a subcomplete sublattice of (X;<):

4.3. Let (X;<) be a conditionally complete poset with a <-minimum and a <-maximum. Let f and g
be two <-preserving self-maps on X such that f(x) < g(x) for every x 2 X: Prove: Fix(f) <wFix(g):
(Recall Section 3.1 of Chapter 2.)

Hint. For any x in Fix(g); use Tarski�s Fixed Point Theorem for (x";<) and f jx" :

4.4. Let (X;<) be a complete lattice and F a commutative collection of <-preserving self-maps on X:
Prove: Fix(F) is a complete lattice.

4.5. Use the Knaster-Tarski Fixed Point Theorem to prove that every closed set in Rn contains a largest
(�-maximum) perfect subset. (A set S in Rn is called perfect i¤ every point in S is an accumulation
point, that is, for every x in S there is a sequence in Snfxg that converges to x:)

4.5. Let (X;�) be an ordered Banach space such that limxm exists for every �-increasing sequence
(xm) in X which is �-bounded from above. Suppose there are two elements x� and x� of X such that

x� � f(x�) � f(x�) � x�: Prove that Fix(f) \ x"� \ x�# has a �-minimum and a �-maximum element.

Hint. (X;�) is conditionally complete.

4.6. (Echenique) Let (X;<) be a complete lattice and f an <-increasing self-map on X:
a. Pick any ordinal � with � >ordcard(X); and de�ne g : #� ! X as follows: g(0) :=

V
X and

g(�) :=
W
ff(g(�)) : � 2 #�g for each ordinal � in #� with � >ord 0: Show that g is an order-preserving

map from (#�;�ord) into (X;<) such that g(�+ 1) = f(g(�)) for every � in #�:

b. Show that f� 2 #� : g(�+1) = g(�)g 6= ; and the �ord -minimum of this set is the <-minimum
of Fix(f):

4.7. (Björner) Let (X;<) be a complete lattice and f a <-reversing self-map on X: Assume that there
is no x in X with f(x) � x = f(f(x)); and prove that there is a unique �xed point of f:

4.8. Let X be a nonempty set and � a self-correspondence on X: De�ne the self-map f on 2X by

f(S) := Xn�(S); and show that there is a subset T of X such that T � f(T ) and T = f(f(T )):
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5 Converse of the Knaster-Tarski Theorem

5.1 Davis�Converse

There is a very nice converse to the Knaster-Tarski Theorem, which we shall explore in

this section. Let us �rst agree on the following terminology.

De�nition. Let (X;<) be a poset. If every <-preserving self-map on X has at least one

�xed point, we say that (X;<) has the �xed point property.

In this jargon, for instance, the Knaster-Tarski Theorem can be restated as: Every

complete lattice has the �xed point property. Our objective in this section is to prove

that, among all lattices, only the complete ones possess this property. This is:

Davis� Converse. Let (X;<) be a lattice that has the �xed point property. Then,
(X;<) is a complete lattice.

Combining the Knaster-Tarski Theorem with Davis�s Converse, we obtain one of the

most beautiful results of order theory:

The Knaster-Tarski-Davis Theorem. Let (X;<) be a lattice. Then, every<-preserving
self-map on X has a �xed point if, and only if, (X;<) is a complete lattice.

Our main objective in this section is to prove Davis�Converse. We shall follow a bit

of an indirect route to this end, and introduce �rst a new concept that plays an essential

role in �xed point theory.

5.2 Retractions of Posets

De�nition. Let (X;<) be a poset and S a nonempty subset of X. Then, a <-preserving
self-map on X is called a <-retraction from X onto S if r(x) = x holds for every x 2 S:
If such a map exists, then we say that S is a <-retract of X:

Note. Given a poset (X;<); a nonempty subset S of X is a <-retract of X i¤ r(X) = S for

some <-preserving self-map r on X with r � r = r:

Here are a few examples of order-retractions.

Example 5.2.1. For any poset (X;<), the identity function on X is a <-retraction from
X onto X:
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Example 5.2.2. Let (X;<) be a �nite poset with n := jXj, and f a <-preserving self-
map on X: Then, f � � � � � f; where � is applied n! � 1 many times, is a <-retraction
from X onto some subset of X: We leave the (easy) proof of this as an exercise.

Example 5.2.3. Let (X;<) be a poset, and x an element of X: Then, x" is a <-retract
of X: Indeed, r : X ! x" de�ned by

r(z) :=

(
z; if z 2 x"

x; otherwise;

is a <-retraction from X onto x":

Example 5.2.4. (Du¤us-Rival-Simonovitz) Let (X;<) be a poset and Y a �-maximal
<-chain in X. Then, Y is a <-retract of X: To see this, let D be a well-ordering on Y:
We de�ne r : X ! Y by

r(x) := the D -minimum element of fy 2 Y : y = x or y on xg;

and leave it as an exercise to verify that r is a <-retraction from X onto Y .

Retracts play an important role in �xed point theory. One of the main reasons for

this is the fact that any retract of a poset (X;<) inherits the �xed point property of
that poset (provided that (X;<) has this property to begin with, of course). This fact
is often useful in reducing a di¢ cult �xed point problem to an �easier�one, and in fact,

this is exactly how we shall establish Davis�Converse below.

Proposition 5.2.1. Let (X;<) be a poset with the �xed point property, and S a <-
retract of X: Then, (S;<) has the �xed point property.

Proof. If f is a <-preserving self-map on S, and r is a <-retraction from X onto S;

then f � r is a <-preserving self-map on X: Therefore, as (X;<) has the �xed point
property, f � r must have a �xed point, say x; in X: Clearly, x = f(r(x)) 2 S: Since r is
a <-retraction, then, r(x) = x; which implies that x is a �xed point of f:

Note. As we shall use order-retractions only to prove Davis�Converse in this text, we do not
pursue the related theory any further here. If you are interested in this topic, see Chapter 4 of

Schröder (2002).
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5.3 Proof of Davis�Converse

We begin with establishing a special case of this result.

Lemma 5.1. Let (X;<) be a loset. Then, (X;<) has the �xed point property if, and
only if, every subset of X has a <-supremum and an <-in�mum.

Proof. The �if�part is a special case of the Knaster-Tarski Theorem. To see the �only
if�part, assume that (X;<) has the �xed point property. Take any nonempty subset S
of X: To derive a contradiction, let us assume �rst that there is no <-upper bound for
S in X: This means that S is <-co�nal in X; that is, "x \ S 6= ; for every x 2 X: Take
any well-ordering D of S; and de�ne f : X ! S by

f(x) := the D -minimum element of "x \ S:

As f(x) � x; there is no �xed point of f: But f is <-preserving. To see this, take
any x and y in X with x � y; and suppose f(x) < f(y) is false. Then, as (X;<)
is a loset, we have f(y) � f(x): As f(x) � x; therefore, we have f(y) � x; so we

have f(y) D f(x) by de�nition of f(x): On the other hand, as x � y; we obviously

have f(x) D f(y) by de�nition of f: Thus, f(x) = f(y); contradicting the supposition

f(y) � f(x): Conclusion: f is a <-preserving self-map on X with no �xed point. As

this contradicts the hypothesis that (X;<) has the �xed point property, we conclude:
There is at least one <-upper bound for S in X:
Now, to derive a contradiction, assume that

W
S does not exist in X. Let U stand for

the collection of all <-upper bounds for S inX: As we have just seen that U is nonempty,W
S may not exist only if there is no <-minimum in U; which means "x \ U 6= ; for

every x 2 U: Thus, the map g : U ! U with

g(x) := the D -minimum element of "x \ U;

is well-de�ned. Furthermore, using the same argument we used in the previous para-

graph, we see that g is <-preserving. Finally, notice that U 6= X; for otherwise S would

be a singleton and
W
S would exist trivially. Besides, by de�nition of U; for every x in

XnU there must exist an ! in S with ! � x: Thus, the map h : XnU ! S, with

h(x) := the D -minimum element of "x \ S;

is also well-de�ned. As in the case of f we considered above, h is <-preserving.
To complete the proof, we de�ne the self-map F on X as

F (x) :=

(
g(x); if x 2 U
h(x); otherwise:
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As we have x � g(x) for every x 2 U; and h(x) � x for every x 2 XnU; this map is
�xed point free. It is, however, <-preserving. To see this, take any two elements x and
y of X with x � y: If y belongs to U; then x � y implies that x 2 U as well, and

hence, we �nd F (x) < F (y) because g is <-preserving. If y does not belong to U; but
x does, then F (x) 2 U; that is, F (x) is an <-upper bound for S; while F (y) 2 S; so we
again have F (x) < F (y): Finally, if neither x nor y belongs to U; then we trivially have

F (x) < F (y) because h is <-preserving. Conclusion: F is a <-preserving self-map on X
with no �xed point. As this contradicts the hypothesis that (X;<) has the �xed point
property, we conclude that

W
S exists.

We have now established that
W
S exists for every nonempty subset S of X: Applying

this �nding to (X;4); we �nd that
V
S also exists for every nonempty subset S of X:

Thus, in particular,
W
X and

V
X exist. As

V
; =

W
X and

W
; =

V
X; therefore, we

may conclude that
W
S and

V
S exist for every subset S of X:

Curiously, Lemma 5.3.1 brings us at the brink of establishing Davis�Converse. The

idea is to extend an arbitrarily given chain in a lattice with the �xed point property to

a �-maximal chain in that poset to which we retract the entire lattice. We may then
apply Lemma 5.3.1 to the extended lattice to show that our original chain must have a

supremum and an in�mum.

Proof of Davis�Converse. Let (X;<) be a lattice that has the �xed point property.
We wish to show that (X;<) is a complete lattice. By Corollary 2.3.4, it is enough to
show an arbitrarily chosen <-chain, say, Y; in X has a <-supremum and an <-in�mum.
To prove this, we �rst use the Hausdor¤ Maximal Principle to �nd a �-maximal

<-chain Z in X with Y � Z. Then, as we have noted in Example 5.2.4, (Z;<) is a
retract of (X;<); and hence, by Proposition 5.2.1, (Z;<) has the �xed point property.
By Lemma 5.3.1, therefore, every <-chain in Z �in particular, Y �has a <-supremum
and an <-in�mum.

Exercises

5.1. Prove the assertion made in Example 5.2.4.

5.1. Let (X;<) be a lattice. Prove that (X;<) is inductive i¤ Fix(f) 6= ; for each self-map f with
f(x) < x for every x 2 X: Also, give an example to show that this is not valid for every poset.
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6 The Abian-Brown Fixed Point Theorem

6.1 The Abian-Brown Theorem

In many applications the domain of the equation we wish to solve is not a complete lat-

tice, so the Knaster-Tarski Theorem does not apply. In addition, the Tarski-Kantorovitch

Theorem often fails to remedy this situation, because this result is based on a demanding

order-continuity requirement. In this section, we shall instead use the Bourbaki-Witt

Theorem to obtain a �xed point theorem that will improve our standing on both of these

fronts. Put simply, our objective is to replace the ��niteness�requirement in Proposition

3.1.1 with �chain-completeness.�

We �rst show that in the context of the Bourbaki-Witt Theorem we would be guar-

anteed a minimum �xed point, if the self-map under consideration were order-preserving

and the involved poset had a minimum element.

Lemma 6.1.1. Let (X;<) be a chain-complete poset with a <-minimum, and f a

<-preserving self-map on X such that f(x) < x for every x 2 X: Then, there is a

<-minimum element of Fix(f):

Proof. We have Fix(f) 6= ? by the Bourbaki-Witt Theorem. De�ne

Y := fx 2 X : Fix(f) < xg;

which is nonempty (because there is a <-minimum in X); and let S be any <-chain in Y:
By chain-completeness of (X;<); we have x :=

W
S 2 X: As S � Y; we have Fix(f) < y

for all y 2 S; and this implies Fix(f) <
W
S = x: Thus x is the <-supremum of S in

Y: Conclusion: (Y;<) is chain-complete. Moreover, if x 2 Y; then as f is <-preserving,
Fix(f) < x implies

Fix(f) = f(Fix(f)) < f(x);

that is, f(x) 2 Y: Conclusion: f(Y ) � Y: Applying the Bourbaki-Witt Theorem again,

then, we �nd that f jY has a �xed point, say, y: Obviously, Fix(f) < y; and we are done.

We now proceed to relax the requirement that �f(x) < x for every x 2 X�in the

Bourbaki-Witt Theorem with �f(x�) < x� for some x� 2 X:�The idea is to concentrate
on the collection of those elements x of X with f(x) < x < x�; and to apply Lemma

6.1.1 on this particular subset of X:

The Abian-Brown Theorem. Let (X;<) be a chain-complete poset and f a<-preserving
self-map on X. If there exists an x� in X with f(x�) < x�; then Fix(f) \ x"� has a <-
minimum and a <-maximal element.
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Proof. De�ne
Y := fx 2 X : f(x) < x < x�g;

which is a nonempty set (because it contains x�). We wish to show that (Y;<) is chain-
complete: To this end, let S be any <-chain in Y: De�ne y :=

W
S; the <-supremum of

S in X; which exists by chain-completeness of (X;<): As S < x�; we obviously have

y < x�: Furthermore, by Proposition 1.2.2 of Chapter 2,

f(y) = f(
W
S) <

W
f(S):

But, we have f(x) < x for every x 2 S; and hence,
W
f(S) < S: As y is the <-minimum

of all <-upper bounds for S; therefore, we have
W
f(S) < y: Combining this with our

previous observation, and using the transitivity of <, we may conclude that f(y) < y:

This means that y 2 Y; and hence y is the <-supremum of S in Y: Conclusion: (Y;<)
is chain-complete.

It is also easily seen that f(Y ) � Y: Indeed, for any x in X with f(x) < x < x�; we

have

f(f(x)) < f(x) < x < x�

because f is <-preserving, and it follows that f(x) 2 Y: Conclusion: f jY is a self-map
on Y: Then, as f(x) < x for every x in Y; we may apply Lemma 6.1.1 to the poset (Y;<)
and self-map f jY on Y to �nd that there is a �xed point of f in Y; say y; such that

Fix(f) \ Y < y:

As any �xed point of f with x < x� belongs to Fix(f) \ Y; we are done.
It remains to prove that there is a <-maximal element of Fix(f) \ x"�: To this end,

we use the Hausdor¤ Maximal Principle to �nd a �-maximal <-chain, say, Z; in Y:
As (Y;<) is chain-complete, the <-supremum of Z in Y; say, z; exists. In particular,

f(z) < z: Furthermore, f(f(z)) < f(z) < x�; that is, f(z) 2 Y; and therefore, f(z) � z

cannot hold, for otherwise Z [ ff(z)g would be a <-chain in Y; contradicting the �-
maximality of Z among all <-chains in Y: Thus: f(z) = z: Furthermore, there cannot

be a �xed point w of f in Y with w � z; for otherwise Z [fwg would be a <-chain in Y;
and this would again contradict the �-maximality of Z: Thus, z is a <-maximal �xed
point of f in Y:

Note. It is worth noting that we were able to establish the existence of a <-minimum element

of Fix(f) \ x"� above without using the Axiom of Choice.

The following simple examples show that the existence of a �xed point would not be

guaranteed if any one of the requirements of the Abian-Brown Theorem were relaxed.
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Example 6.1.1. The self-map f on [0; 1]; de�ned as

f(x) :=

(
1; 0 � x < 1

2

0; otherwise,

lacks a �xed point. This shows that the <-preservation requirement cannot be omitted
in the statement of the Abian-Brown Theorem (nor can it be replaced by <-reversion.)

Note. In fact, for every chain-incomplete poset (X;<) there is a <-preserving self-map f on X
such that f(x�) < x� for some x� in X and yet Fix(f) = ;: (This is Markowsky�s Converse.)
You will be asked to prove this in an exercise below.

Example 6.1.2. Let X := fx; yg; and note that (X;4X) is a chain-complete poset.

On the other hand, the self-map f on X; de�ned by f(x) := y and f(y) := x; lacks a

�xed point. This shows that the requirement that there be an x� in X with f(x�) < x�;

cannot be omitted in the statement of the Abian-Brown Theorem.

Example 6.1.3. The self-map f on R; de�ned by f(x) := x + 1; lacks a �xed point.

This shows that the chain-completeness requirement cannot omitted in the statement of

the Abian-Brown Theorem (nor can it be replaced by conditional chain-completeness).

Example 6.1.4. Under the conditions of the Abian-Brown Theorem, Fix(f)\x"� does not
have to possess an <-maximum element. For instance, let X := fx; y; zg; and consider
the re�exive binary relation < on X with fx; yg � z and x on y: Then, obviously, (X;<)
is chain-complete with a <-minimum, and yet Fix(idX) = fx; y; zg:

We can actually deduce more from the Abian-Brown Theorem about the structure

of the involved sets of �xed points. Recall that the �xed point set of an order-preserving

self-map on a complete lattice is itself a complete lattice (the Knaster-Tarski Theorem).

We actually have a similar situation in the context of the Abian-Brown Theorem as well.

Indeed, the �xed point set of an order-preserving self-map on a chain-complete poset

with a minimum is itself a chain-complete poset with a minimum. (The proof of this

parallels that of the Knaster-Tarski Theorem, and is thus left as an exercise here.)

Corollary 6.1.2. Let (X;<) be a chain-complete poset that has a <-minimum, and
f a <-preserving self-map on X. Then, (Fix(f);<) is a chain-complete poset with a
<-minimum.

Corollary 6.1.3. Every chain-complete poset with a minimum element has the �xed

point property.
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Our next variation of this theme is a generalization of the Abian-Brown Theorem.

We consider a collection of self-maps the contents of which are partially ordered, and

provide a natural su¢ cent condition for the �xed point sets of the involved maps to be

monotonic relative to that order. Put exactly:

Proposition 6.1.4. Let (X � �;<) be the product of a chain-complete poset (X;<X)
that has a <X-minimum and a poset (�;<�). If f : X ��! X is an order-preserving

map, then

Fix(f(�; �)) <wX Fix(f(�; �))

for every � and � in � with � �� �:

Proof. Let f : X��! X be an order-preserving map, and take any � and � in � with

� �� �: By the Abian-Brown Theorem, both Fix(f(�; �)) and Fix(f(�; �)) are nonempty
sets. We wish to show that Fix(f(�; �)) is ranked higher than Fix(f(�; �)) by both the
upper and lower set-orderings induced by <X (Section 3.1 of Chapter 2).
Take any x� in Fix(f(�; �)): Then, as f(x�; �) is <�-increasing, we have

f(x�; �) < f(x�; �) = x�:

It thus follows from the Abian-Brown Theorem that Fix(f(�; �)) \ x"� 6= ;: Conclusion:
Fix(f(�; �)) <� Fix(f(�; �)):
Next, take any x� in Fix(f(�; �)): Observe that, for any y in X with x� < y; we have

x� = f(x�; �) < f(y; �)

because f(x�; �) is order-preserving. Thus, f(x#�; �) � x#�: Then, applying Corollary

6.1.2 to the poset (x#�;<) and the restriction of the self-map f(�; �) to x#�; we �nd that
Fix(f(�; �)) \ x#� 6= ;: Conclusion: Fix(f(�; �)) <� Fix(f(�; �)):

Another generalization of the Abian-Brown Theorem obtains if we consider commu-

tative collections of order-preserving self-maps on a chain-complete poset.

Proposition 6.1.5. Let (X;<) be a chain-complete poset and F a commutative collec-

tion of <-preserving self-maps on X. If there exists an x� in X with f(x�) < x� for each

f 2 F ; then Fix(F) \ x"� has a <-minimum and a <-maximal element.

Proof. De�ne
Y := fx 2 X : f(x) < x < x� for each f 2 Fg;
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which is a nonempty set (because it contains x�). By the Hausdor¤Maximal Principle,

there is a �-maximal <-chain, say, Z; in Y: De�ne z :=
W
Z; the <-supremum of Z

in X; which exists by chain-completeness of (X;<): But as z < Z; and each f in F is

<-preserving,

f(z) < f(x) < x < x� for every x 2 Z and f 2 F ;

and hence f(z) <
W
Z = z < x� for every f 2 F : Thus, for an arbitrarily �xed g in F ;

we have

f(g(z)) = g(f(z)) < g(z) < x� for every f 2 F ;

that is, g(z) 2 Y . Therefore, g(z) � z cannot hold, for otherwise Z [ fg(z)g would
be a <-chain in Y; contradicting the �-maximality of Z among all <-chains in Y: As
g(z) < z; then, we can conclude that g(z) = z: As g was chosen arbitrarily in F ; it
follows that z 2 Fix(F) \ x"�: Furthermore, there cannot be a w in Fix(F) \ x"� with
w � z; for otherwise Z [ fwg would be a <-chain in Y; which would again contradict
the �-maximality of Z: Thus, z is a <-maximal �xed point of F in Y:

To prove that Fix(F) \ x"� has a <-minimum as well, consider the set

W := fx 2 X : Fix(F) \ x"� < xg;

which is nonempty (because it contains x�): Now, if S is a <-chain in W; and w :=W
W; the <-supremum of S in X; then, as Fix(F) \ x"� < x for every x 2 W; we �nd

Fix(F) \ x"� <
W
W = w; that is, w 2 W: That is, (W;<) is a chain-complete poset.

Furthermore, we have f(W ) � W for each f 2 F : Indeed, if u 2 W; then Fix(F)\x"� < u;

and hence

Fix(F) \ x"� = f(Fix(F) \ x"�) < f(u) for every f 2 F :

Therefore, by what we have established in the previous paragraph, the maps in ff jW :

f 2 Fg have a common �xed point. By de�nition of W , this point is the <-minimum
element of Fix(F) \ x"�:

Note. Proposition 6.1.5 is, essentially, due to DeMarr (1964).

We conclude this section by stating the �dual form�of the Abian-Brown Theorem.

Corollary 6.1.6. Let (X;<) be a poset in which every <-chain has an <-in�mum in

X: If X has a <-maximum, and f is a <-preserving self-map on X, then, Fix(f) has a
<-maximum and a <-minimal element.

As f is <-preserving i¤ it is 4-preserving, this result obtains readily by applying the
Abian-Brown Theorem to the poset (X;4):
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6.2 An Application to Fixed Set Theory

Fixed sets of self-maps, that is, those nonempty sets that are equal to their images under

a given self-map, appear in various branches of mathematics. For instance, in dynamical

systems, the global attractors of a semi�ow is de�ned as a maximal attracting set which

is �xed under every member of the �ow and, as we have seen in Section 3.3, a self-similar

set is de�ned in fractal geometry as a compact set �xed under a certain type of self-

correspondence. We shall see in the next section that �xed sets play an important role

in game theory as well.

In this subsection, we shall prove a basic existence theorem for compact �xed sets of

certain forms of �continuous�self-correspondences as an application of the Abian-Brown

Theorem. Let us �rst clarify what we mean by a ��xed set�here.

De�nition. Let � be a self-correspondence on a nonempty set X: A nonempty subset S
of X is called a �xed set of � if S = �(S); that is,

S =
[
f�(x) : x 2 Sg:

An easy application of the Abian-Brown Theorem shows that every self-correspondence

� on a compact topological space X is sure to possess a largest compact �xed set, pro-

vided that � is a closed self-correspondence in the sense that it maps closed subsets of
X to closed subsets of X, that is, �(S) is closed in X for every closed subset S of X:

This result is a substantial generalization of Theorem 3.3.1.

Theorem 6.2.1. LetX be a compact topological space, and � a closed self-correspondence

on X: Then, there exists a �-maximum compact �xed set of �:

Proof. Let c(X) stand for the collection of all nonempty closed subsets of X; and de�ne
the map f : c(X)! 2X by

f(S) := �(S):

As � is a closed correspondence, we have f(c(X)) � c(X); that is, f is a self-map on

c(X): Moreover, obviously, (c(X);�) is a poset with a �-maximum (namely, X), and

f is �-preserving. It is also easy to see that every �-chain in c(X) has an �-in�mum
in c(X): Indeed, if S is a �-chain in c(X); then S is a collection of closed subsets of X
with the �nite intersection property. Therefore, as X is compact, we have

T
S 6= ;; and

hence
T
S is the �-in�mum of S in c(X):

We now apply Corollary 6.1.5 to the poset (c(X);�) and the self-map f to �nd that
Fix(f) has a �-maximum element. But, as every closed subset of X is compact (because
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X is compact), Fix(f) is exactly the collection of all compact �xed sets of �; and we are

done.

A natural question is if we could also prove that the collection of all compact �xed sets

of � constitute a complete lattice (with respect to �) under the conditions of Theorem
6.2.1. We cannot invoke the Knaster-Tarski Fixed Point Theorem in the argument we

gave above to do this, because (c(X);�) is, in general, not even a lattice. In fact, the
following example shows that there is no hope of improving Theorem 6.2.1 in this regard.

Example 6.2.1. Consider the single -valued self-correspondence � on [0; 1] whose graph
is depicted in Figure 6.2.1. Clearly, A := [0; 2

3
] and B := [1

3
; 1] are closed �xed sets of �;

but there is no closed �xed set of � that is the �-in�mum of fA;Bg: Indeed, if there was
such a set, say C; it would contain every closed subset S of [1

3
; 2
3
] with 1

2
=2 S; so, as C is

closed, it would also contain 1
2
: But then �(C) = C cannot hold �because 1

2
=2 �([1

3
; 2
3
])

�so C is not a �xed set of �:
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s
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Figure 6.2.1

Note. As you are asked to show as an exercise, however, the collection of all �xed sets of �

constitute a complete lattice under the conditions of Theorem 6.2.1.

The condition of �closedness� for a self-correspondence is in general quite hard to

verify. However, recall that every compact-valued upper hemicontinuous correspondence

maps compact sets to compact sets (Proposition 1.7.7 of Appendix). Furthermore, every

closed subset of a compact topological space is compact, and every compact set in a Haus-

dor¤ topological space is closed (Propositions 1.5.1and 1.5.3 of Appendix). Therefore,

every closed-valued upper hemicontinuous self-correspondence on a compact Hausdor¤

topological space is a closed correspondence. Applying Theorem 6.2.1, therefore, we

�nd:
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Corollary 6.2.2. Let X be a compact Hausdor¤ topological space, and � a closed-

valued upper hemicontinuous self-correspondence onX: Then, there exists a�-maximum
compact �xed set of �:

Note. Even in the case of single-valued correspondences, closedness is in general much weaker
than upper hemicontinuity. For instance, the self-correspondence � on [0; 1], de�ned by �(0) :=

f0g and �(x) := f1g whenever 0 < x � 1; is closed but not upper hemicontinuous.

It is obvious that the compactness requirement of X cannot be omitted in Corollary

6.2.2. We conclude with an example that shows that dropping the upper hemicontinuity

is not an option either.

Example 6.2.2. Consider the self-correspondence � on [0; 1] de�ned as �(0) := f1g;
�(1) := f1

2
g; and

�(x) := fx
2
; 1g whenever 0 < x < 1:

It is an easy exercise to verify that there is no closed �xed set of �:

Note. For a more detailed development of �xed set theory, see Ok (2004) and Ok (2009).

6.3 An Application to Game Theory: Rationalizability

Let G := (X1; X2; u1; u2) be a 2-person strategic game, and de�ne the best response

correspondences �1; �2 and � as in Application 3 of Section 1. Then, for any nonempty

subsets S1 and S2 of X1 and X2; respectively, the statement

�(S1 � S2) � S1 � S2 (7)

means that S1 contains all best responses of player 1 to any action that player 2 may

take in S2; and similarly for S1: Not all elements of S1 need to be a best response for

some x2 2 S2; however. If we wish to exclude such a situation, we need to strengthen

(7) to

�(S1 � S2) = S1 � S2:

In game theory, the �-maximum such (nonempty) product set is said to be the point-
rationalizable set of outcomes in G. This set is the largest subset of outcomes that may
come out as a consequence of rational play, provided that each player holds degenerate

beliefs with respect to the play of her opponent. The notion of point-rationalizability

was introduced by Bernheim (1984) �but see also Pearce (1984) �where the following

theorem, which we shall obtain as a consequence of the Abian-Brown Theorem, was

proved by iteration methods.
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Theorem 6.3.1. Let G := (X1; X2; u1; u2) be a 2-person strategic game such that

� X1 and X2 are compact metric spaces; and

� u1 and u2 are continuous real maps on X1 �X2:

Then, there exists a (�-maximum) compact point-rationalizable set of outcomes in G.

Proof. Let us �rst show that �1 is a closed correspondence. To see this, let S2 be an
arbitrarily chosen closed subset of X2:We wish to show that �1(S2) is a closed subset of

X1: To this end, take any sequence (xm1 ) in �1(S2) such that x
m
1 ! x1 for some x1 2 X1:

Fix an arbitrary ! in X1: Then, by de�nition of �1; there exists a sequence (xm2 ) in S2
such that

u1(x
m
1 ; x

m
2 ) � u1(!; x

m
2 ) for each m = 1; 2; ::: (8)

As S2 is a closed subset of the compact metric space X2; it must itself be compact, and

hence (xm2 ) must have a subsequence that converges to some x2 in S2 (Theorem 2.5.1 of

Appendix). Relabelling if necessary, we denote this subsequence again by (xm2 ): Then,

in view of (8) and the continuity of u1; we �nd

u1(x1; x2) � u1(!; x2):

Given that ! is arbitrary in X1 here, we may thus conclude that x1 2 �1(x2) � �1(S2):
Therefore, �1(S2) is a closed set.

To complete the proof, de�ne

Y := fS1 � S2 : S1 2 c(X1) and S2 2 c(X2)g:

It is readily checked that every �-chain in Y has an �-in�mum. Consider, then, the
function f : Y ! X1 �X2 de�ned by

f(S1 � S2) := �1(S2)� �2(S1):

As we have seen above that �1; and analogously �2; are closed correspondences, f is a

self-map on Y: As f is obviously �-preserving, and there is obviously a �-maximum of

Y; namely X1 �X2, therefore, we may apply Corollary 6.1.5 to conclude that there is a

�-maximum set S1�S2 in Fix(f): This set is compact (because the cartesian product of
compact sets is compact), and it corresponds to the point-rationalizable set of outcomes

in G.

Remark. Theorem 6.3.1 is not the most general result we can deduce about the existence
of point-rationalizable sets. First, the argument above can be modi�ed to work when X1

and X2 are compact Hausdor¤ topological spaces. Second, as shown in Ok (2004), the

requirement of continuity of u1 can be relaxed to upper semicontinuity, provided that

we assume also that the map x2 7! maxfu1(!; x2) : ! 2 X1g is lower semicontinuous.

48



6.4 An Application to Markov Processes7

Our �nal application in this section is to the theory of stochastic processes. Loosely

speaking, our objective here is to use the Abian-Brown Theorem to prove that a Markov

process that is monotone in a suitable sense must possess a stationary distribution. We

begin with introducing some preliminaries.

Let (X; d) be a metric space. In what follows, we denote by B(X) the Borel �-algebra
on X �this is the �-minimum �-algebra on X that contains all open (hence closed) sets

in (X; d) �and let 4(X) stand for the collection of all Borel probability measures on X,
That is, p 2 4(X) i¤ p is a measure on B(X) with p(X) = 1: (Both B(X) and 4(X)
depend on the metric d; but as we shall not vary d in the following discussion, we do

not use a notation that makes this explicit.)

A sequence (pm) in4(X) is said toweakly converge to a Borel probability measure
p �we denote this by writing pm

w! p �ifZ
fdpm !

Z
fdp for every f 2 Cb(X):

(Here, and throughout this subsection, integration is over the entire X; so we write
R

instead of
R
X
to simplify our notation. Also, we recall that Cb(X) is the set of all

continuous and bounded real maps on X (relative to the metric topology of (X; d)).

We wish to introduce a metric on 4(X) such that convergence with respect to this
metric is the same as weak convergence. It will su¢ ce for our purposes to do this when

(X; d) is compact, so we assume this to be the case. Then, the Banach space C(X)

of all continuous real maps on (X; d) is separable. (See Section 2.7 of Appendix.) Let

ff1; f2; :::g be a dense subset of X, and de�ne the real map d on 4(X)�4(X) by

d(p;q) :=
1X
i=1

1

2i kfik1

����Z fidp�
Z
fidq

���� :
It is well-known that d is a metric on 4(X) such that

pm
w! p i¤ d(pm;p)! 0 (9)

for any p;p1;p2; ::: in 4(X): Furthermore, one can show that compactness of (X; d)

ensures that (4(X);d) is compact as well.

Note. It is not di¢ cult to prove that d is a metric on4(X): The only nontrivial thing about this
is that d(p;q) = 0 implies p = q: But an elementary argument shows that d(p;q) = 0 impliesR
fdp =

R
fdq for every f 2 Cb(X): Now take any nonempty closed set S in X; and note that

7This section assumes familiarity with the basics of measure theory and Lebesgue integration.
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the real map gm on X; de�ned by gm(x) := 1=(1 +md(x; S)); is continuous and bounded, for

each m = 1; 2; ::: As 1 � gm ! 1S ; therefore, by the Dominated Convergence Theorem,

p(S) = lim

Z
gmdp = lim

Z
gmdq = q(S):

Thus: p and q agree on the collection of all closed sets in (X; d): As fS 2 B(X) : p(S) = q(S)g
is a �-algebra, therefore, it must contain B(X) entirely.

Note. Establishing (9) and that (4(X);d) is compact requires some e¤ort, but we omit the
proofs of these claims here because they are not order-theoretic. (See, for instance, Chapter E

of Ok (2010).)

Enter, order theory. Let (X; d;<) be a partially ordered metric space. (We say that
this space is a partially ordered Polish space if (X; d) is complete and separable.) In
what follows, we denote the collection of all <-increasing Borel subsets of X by B"(X);
and that of all continuous and order-preserving maps from (X;<) into R by C"(X): The
notation B"(X) is similarly understood (as the set of bounded and order-preserving real

maps on X):

The stochastic dominance order induced by < is the partial order <SD on 4(X)
de�ned by

p <SD q i¤ p(S) � q(S) for every S 2 B"(X):

(Intuitively, we can think of the situation p <SD q as p assigning, relative to q; larger
probabilities to the outcomes that are ranked higher in terms of<. For instance, p <SD q
entails that the probability that an outcome in x" will obtain is higher in the case of

p than it is in the case of q; and this, for any x in X:) The following characterization

of <SD �this was put on record �rst by Kamae, Krengel and O�Brien (1977, 1978) �is
extremely useful.

Theorem 6.4.1. Let (X; d;<) be a partially ordered Polish space. Then, for any two
Borel probability measures p and q on X; the following are equivalent:

(a) p <SD q;

(b) p(S) � q(S) for every closed S 2 2X" ;

(c)
R
fdp �

R
fdq for every Borel measurable f 2 B"(X):

Relegating the proof of this result to the end of this section, we note that, when

the metric space at hand is compact, there is an even tighter characterization of the

stochastic dominance order:
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Theorem 6.4.2. Let (X; d;<) be a partially ordered compact metric space. Then, for
any two Borel probability measures p and q on X;

p <SD q i¤
Z
fdp �

Z
fdq for every f 2 C"(X):

The importance of this result for our present purposes stems from the following

observation.

Corollary 6.4.3. Let (X; d;<) be a partially ordered compact metric space. Then,
(4(X);<SD) is a chain-complete poset.

Proof. We have already noted above that (4(X);d) is a compact metric space, and
<SD is a partial order on4(X):We show next that <SD is closed-continuous (relative to
the metric topology induced by d). Indeed, let (pm) and (qm) be two sequences in4(X)
such that pm <SD qm for eachm; and take any p and q in4(X) with d(pm;p)! 0 and

d(qm;q)! 0. Then, by (9) and because Cb(X) = C(X) here, we haveZ
fdpm !

Z
fdp and

Z
fdpm !

Z
fdp

for every f 2 C(X); and hence, using Theorem 6.4.2, we �nd p <SD q, establishing
closed-continuity of <SD. Our main assertion now follows from Proposition 2.3.1.

Let (X; d;<) be a partially ordered metric space. A map Q : X � B(X) ! [0; 1] is

said to be a transition function on (X; d) if

Q(x; �) 2 4(X) for every x 2 X

and Q(�; S) is a Borel measurable map on X for every S 2 B(X):We say that such a Q
is an increasing transition function on (X; d;<) if x 7! Q(x; �) is an order-preserving
map from (X;<) into (4(X);<SD); that is, if it is such that

x < y implies Q(x; �) <SD Q(y; �)

for every x; y 2 X:
We can use a transition function Q to de�ne a discrete-time Markov process in which

Q(x; S) represents the conditional probability that, starting from x; the next movement

of the system results in a state in S: With this interpretation, then,
R
Q(�; S)dp is the

probability that the system will be in a state in S in the next movement. Consequently,
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we de�ne theMarkov operator induced by the transition function Q as the self-map

T on 4(X) with

T (p)(S) :=

Z
Q(�; S)dp for every S 2 B(X):

We say that p is a stationary distribution induced by Q if p is invariant under T;

that is, T (p) = p:

The following result is a sharpening of a main theorem of Hopenhayn and Prescott

(1992).

Theorem 6.4.4. Let (X; d;<) be a partially ordered compact metric space with a
<-minimum. Then, any increasing transition function Q on (X; d;<) induces a <SD-
minimum and a <SD-maximal stationary distribution.

Proof. Let Q be an increasing transition function on (X; d;<) and let T be the Markov
operator induced by Q: As the set of all stationary distributions induced by Q is Fix(T );

we will be done if we can show that the Abian-Brown Theorem applies to the map T:

Let us �rst prove that T is <SD-preserving. Let p and q be two Borel probability
measures on X such that p <SD q: Let S be any <SD-increasing Borel subset of X:
As Q is increasing, x < y implies Q(x; �) <SD Q(y; �); which, in view of the de�nition
of <SD; implies Q(x; S) � Q(y; S): That is: Q(�; S) 2 B"(X): But then, using the

characterization of <SD given in part (c) of Theorem 6.4.1,

T (p)(S) =

Z
Q(�; S)dp �

Z
Q(�; S)dq = T (q)(S):

Conclusion: T is <SD-preserving.
Now, if x� is the <-minimum of X; then the Borel probability measure p� on X

de�ned by p�(S) = 1 for every S 2 B(X) with x� 2 S; and p�(S) = 0 for every other

S in B(X) �this is the probability measure that puts full mass on x� �is, clearly, the
<SD-minimum of 4(X):
Combining these observations with Corollary 6.4.3 and then invoking the Abian-

Brown Theorem yields our main assertion.

Note. For a number of interesting variations on this theme, see Hopenhayn and Prescott (1992)
and Heikkilä (2005). The former reference also provides several macroeconomic applications.

It remains to prove Theorems 6.4.1 and 6.4.2. The proof of the latter result requires

a technique that we shall cover in Chapter 8, so we relegate its proof there. In turn, to

prove Theorem 6.4.1, we shall use the following well-known result of probability theory.
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Ulam�s Theorem. Let (X; d) be a Polish space. Then, for any p 2 4(X) and any Borel
subset S of X;

p(S) = supfp(T ) : T is compact in (X; d) and T � Sg:

The proof is not di¢ cult, but again, as it is not order-theoretic, we shall not give it

here. (See, instead, Section B.2.2 of Ok (2010).) With Ulam�s Theorem in our arsenal,

we now attack Theorem 6.4.1.

Lemma 6.4.5. Let (X; d;<) be a partially ordered Polish space. Then, for any p 2
4(X) and any <-increasing Borel subset S of X;

p(S) = supfp(T ) : T is closed in (X; d) and T 2 2S# g:

Proof. Take any p 2 4(X) and S 2 B"(X): Let T be a nonempty compact subset of S:
As S is <-increasing, T " � S: Furthermore, T " is closed in (X; d): To see this, let (xm)

be a sequence in T " with d(xm; x) ! 0 for some x 2 X: Then, there exists a sequence

(ym) in T such that xm < ym for each m: As T is compact, there is a strictly increasing

sequence (mk) of positive integers and an element y of T such that d(ymk
; y)! 0: As <

is closed-continuous, we have x < y; which shows that x 2 T ": Conclusion: For every

compact subset T of S; there is a set, namely, T "; in 2S# which is closed in (X; d): Our

claim thus follows from Ulam�s Theorem.

Proof of Theorem 6.4.1. An immediate application of Lemma 6.4.5 shows that the
statements (a) and (b) of Theorem 6.4.1 are equivalent. As the indicator function of

a set in B"(X) (on X) is a Borel measurable map in B"(X); that (c) implies (a) is

also straightforward. To prove the converse implication, take any Borel measurable

map f in B"(X); and set  := �kfk1 : For any negative real number �; we de�ne
S(�) := f�1([�;1)); which belongs to B"(X): Finally, we de�ne

fm :=  +
1

m

1X
i=0

1S(+ i
m)
; m = 1; 2; :::

Since f is bounded, we have S(�) = ; for � small enough, so, for every positive integer
m, there is a km 2 N such that fm :=  + 1

m

Pkm
i=0 1S(+ i

m)
: (In particular, this shows
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that each fm is well-de�ned.) Then,Z
fmdp =  +

1

m

kmX
i=0

p(S
�
 + i

m

�
)

�  +
1

m

kmX
i=0

p(S
�
 + i

m

�
)

=

Z
fmdp

for each m: But kfm � fk1 ! 0, so letting m!1 yields
R
fdp �

R
fdq; as we sought.

Exercises

6.1. Let (X;<) be a chain-complete poset and f a <-reversing self-map on X with x� < f(x�) for some
x� 2 X: Prove that f � f has a �xed point.

6.2. Let X be a topological space and Y a nonempty compact subset of X: Let C be the collection of all
closed subsets S of X such that S \ Y 6= ;: If f is a nonempty commutative collection of �-preserving
self-maps on C, then there is an S in C with f(S) = S for each f 2 F :

6.3. Prove Corollary 6.1.2.
Hint. Imitate the argument we gave for the Knaster-Tarski Theorem.

6.4. Let (X;<) be an inductive poset and F a nonempty collection of self-maps f on X such that

f(x) < x for every x 2 X and f 2 F : Prove that Fix(F) 6= ;:

6.5. Let (X;�) be an ordered Banach space and f an a¢ ne self-map on a nonempty convex and
compact subset S of X: Suppose that fk is �-preserving and fk(x�) � x� for some integer k � 2 and
x� 2 S. Show that f has a �xed point.

Hint. For any �xed point x of fk; de�ne xi := f i(x�) for each i 2 [k � 1]; and consider the point
1
k (f(x1) + � � �+ f(xk�1)):

6.6. Let (X;<) be a chain-complete poset that has a <-minimum, and F the collection of all <-
preserving self-maps on X: De�ne F : F ! X by

F (f) := the <-minimum �xed point of f:

True or false: F is an order-preserving map from (F ;�) into (X;<).

6.7. (Rival) Let (X;<) be a chain-complete poset and f a <-preserving self-map on X such that

f � f = f and f(x) and x are <-comparable for every x in X: Prove that (X;<) has the �xed point
property i¤ (f(X);<) has the �xed point property.

6.8. Let X be a compact topological space and (�;<) a poset. Let � : X��� X be a correspondence

such that (i) �(�; �) is a closed self-correspondence on X for each � 2 �; and (ii) �(S; �) � �(S; �) for
every S 2 c(X) and (�; �) 2 �2 with � � �: Prove that there exists a map f : �! c(X) such that

� < � implies �(f(�); �) = f(�) � f(�) = �(f(�); �)
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for every � and � in �.

6.9. Let (X;�) be an ordered Banach space and f a �-preserving self-map on X: Suppose there are
two elements x� and x� of X such that x� � f(x�) � f(x�) � x�; and f(x"� \ x�#) is relatively compact
in X: Then, Fix(f) \ x"� \ x�# has a �-minimum and a �-maximum element.

Hint. Let Y := cl(f(x"�\x�#)) and apply the Abian-Brown Theorem with respect to (Y;�) and f jY :

6.10. (Guo-Niu) Let (X;�) be an ordered Banach space and f a continuous self-map on X: Suppose
there are two elements x� and x� of X and a continuous map g : [0; 1] ! x"� \ x�# such that (i)
x� � f(x�) � f(x�) � x�; (ii) g(0) = x�; (iii) g(1) = x�; and (iv) f(g(t)) and g(t) are �-comparable for
every t in [0; 1]: Prove that f has a �xed point.

6.11. (Heikkilä) Let (X;<) be a poset with a <-minimum, and assume that
W
S exists for every

nonempty subset S of X such that (S;<) is a woset. Prove that (X;<) has the �xed point property.

6.12. Let (X;<) be a chain-complete poset that has a <-minimum, and F the collection of all <-
preserving self-maps on X such that f(x) < x for all x 2 X: De�ne the binary relation � on F by f � g
i¤ f(x) < g(x) for every x 2 X: Prove that (F ;�) is a chain-complete poset that has <-minimum and

<-maximum elements, and where f� is the <-maximum element of F ; we have

f�(x) 2 Fix(f)

for every x 2 X and every f 2 F :
Hint. Show that f�(x) 2 Fix(f�) for every x 2 X and that f� � f = f � f� for each f 2 F :

6.13. Let (X � Y;<) be the product of two chain-complete posets (X;<X) and (Y;<Y ) each with
<-minimum elements. Let F be a <-preserving self-map on X � Y; and de�ne FX : X � Y ! X by

FX(x; y) := the �rst component of F (x; y); and similarly for FY :

a. For any y in Y; de�ne the self-map gy on X by gy(x) := FX(x; y); and show that there is a

<X -minimum element of Fix(gy):

b. For each y in Y; let '(y) stand for the <X -minimum element of Fix(gy); and de�ne f : Y ! Y

by

f(y) := FY ('(y); y):

Prove that there is a <Y -minimum element of Fix(f):

c. Prove that there is a <-minimum element of Fix(F ):

6.14. (Markowsky�s Converse) Let (X;<) be a poset such that every <-preserving self-map f on X
has a �xed point, provided that f(x�) < x� for some x� in X: Prove that (X;<) is chain-complete.

7 Fixed Points of Order-Preserving Correspondences

7.1 Zhou�s Fixed Point Theorem

There are various extensions of the Knaster-Tarski Theorem in the context of self-

correspondences. In this section we shall derive one such result, and then show how

this result can be used to prove the existence of Nash equilibria of certain types of

strategic games.
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We begin with establishing a weaker result than our ultimate objective.

Lemma 7.1.1. Let (X;<) be a complete lattice and � a weakly <-preserving self-
correspondence on X such that (�(x);<) is a subcomplete sublattice of (X;<) for every
x in X: Then, Fix(�) contains a <-minimum and a <-maximum element.

Proof. De�ne
Y := fx 2 X : x < y for some y 2 �(x)g;

and note that Y is nonempty (as it contains the <-maximum element of X). We wish

to show that x� :=
V
Y is the <-minimum element of Fix(�) in X:

By de�nition of Y; for each x in Y there is a yx 2 �(x) with x < yx: As x < x�

implies �(x) <w �(x�); and yx 2 �(x); there exists a zx in �(x�) such that x < yx < zx;

for every x 2 Y: Now, as (�(x�);<) is a subcomplete sublattice of (X;<), we have
y� :=

V
�(x�) 2 �(x�): Furthermore,

x� =
V
Y <

^
fyx : x 2 Y g <

^
fzx : x 2 Y g < y�

so that x� < y�: (Note: This proves that x� 2 Y:) But then �(x�) <w �(y�); so, as
y� 2 �(x�); we have y� < z for some z 2 �(y�); which means that y� 2 Y; and hence,

y� < x�: Conclusion: x� = y� 2 �(x�): As Fix(�) � Y; it is obvious that x� is the

<-minimum element of Fix(�):

Next, de�ne Z := fx 2 X : y < x for some y 2 �(x)g and set x� :=
W
Z: An

argument analogous to the one we gave in the previous paragraph establishes that x� is

the <-maximum element of Fix(�) in X:

Note. We shall talk about the Axiom of Choice in the next chapter. However, for the readers

who are already familiar with this concept, let us note that this axiom is not needed for Theorem

7.1.1. This is not true for the proof, because as it stands, we have stipulated in it the existence of

the maps x 7! yx and x 7! zx without actually de�ning them. We did this only for expositional

purposes, however. In particular, these maps can be de�ned directly by setting yx :=
W
(�(x)\x#)

and zx :=
W
(�(x�)\ y#x); for each x 2 X: (These maps are well-de�ned because, for each x in X;

(�(x) \ x#;<) and (�(x�) \ y#x;<) are subcomplete sublattices of (X;<):)

It turns out that we can do much better than Lemma 7.1.1. Put speci�cally, we

show next that, under the conditions of this result, Fix(�) not only has minimum and

maximum elements, but it is actually a full-�edged complete lattice itself. This result,

which was proved by Lin Zhou in 1994, is a genuine generalization of the Knaster-Tarski

Theorem. Besides, the idea behind it is identical to that behind the Knaster-Tarski

Theorem: If S is a nonempty subset of Fix(�); then the supremum of S in Fix(�)
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should be the minimum �xed point of � that is larger than the supremum of S in the

mother lattice, say x. So, if we can apply Lemma 7.1.1 to the restriction of � to x"; we

should be able to �nd the supremum of S in Fix(�):

Zhou�s Fixed Point Theorem. Let (X;<) be a complete lattice and � a weakly <-
preserving self-correspondence on X such that (�(x);<) is a subcomplete sublattice of
(X;<) for every x in X: Then, (Fix(�);<) is a complete lattice.

Proof. By Lemma 7.1.1, Fix(�) is a nonempty subset of X with a <-minimum element.
Take any subset S of Fix(�); and set x :=

W
S; the <-supremum of S in X: We need

the following observation.

Claim. �(!) \ x" 6= ; for each ! 2 x":

Proof of Claim. Take any ! 2 X with ! < x: Then, ! < S; while, of course,

y 2 �(y) for each y 2 S: As � is weakly <-preserving, therefore, for each y in S there is
a zy 2 �(!) with zy < y. We wish to complete the proof of our claim by showing that

z :=
W
fzy : y 2 Sg is an element of �(!) \ x": As (�(!);<) is a subcomplete sublattice

of (X;<) by hypothesis, we have z 2 �(!): Moreover, z < zy < y for each y 2 S; so

z < S; and hence z <
W
S = x: It follows that z belongs to �(!) \ x"; as we sought.

We now follow the strategy suggested right before the statement of Zhou�s Fixed

Point Theorem. De�ne the self-correspondence � on x" by

�(!) := �(!) \ x":

By the Claim above, � is well-de�ned, that is, �(!) 6= ; for each ! 2 x": We wish to

show that � is weakly <-preserving. To this end, take any y and z in x" with y < z; and

pick any w 2 �(z): As � is weakly <-preserving, there is a v in �(y) such that v < w:

As w < x by de�nition of �; we also have v < x; that is, v 2 �(!): Conclusion: � is

upper <-preserving. That � is also lower <-preserving is analogously proved.
It is also readily veri�ed that both (x";<); and for any ! 2 x"; (�(!);<) are subcom-

plete sublattices of (X;<): We may then apply Lemma 7.1.1 to � to �nd that Fix(�)
contains a <-minimum element, say, x�: But Fix(�) is none other than the collection of
all <-upper bounds for S in Fix(�): Thus, x� is the <-supremum of S in Fix(�): Con-

clusion: Every subset of Fix(�) has a <-supremum of S in Fix(�): In view of Proposition
8.1.2 of Chapter 1, therefore, (Fix(�);<) is a complete lattice.
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7.2 An Application to Game Theory: Supermodular Games

Let G := (X1; X2; u1; u2) be a 2-person strategic game (Application 3 of Section 1).

For any two lattice orders <1 and <2 on X1 and X2; respectively, we say that G is
(<1;<2)-supermodular if

� u1(�; x2) and u2(x1; �) are <1-supermodular and <2-supermodular, respectively, for
each (x1; x2) 2 X1 �X2;

� u1 and u2 have increasing di¤erences (relative to <1 and <2).

As an application of Zhou�s Fixed Point Theorem, we next show that under reason-

ably general conditions, the set NE(G) of Nash equilibria of a supermodular game G is
not only nonempty, but it also possesses the structure of a complete lattice (relative to

the product of <1 and <2).

Theorem 7.2.1. Let (X1;<1) and (X2;<2) be two lattices such that X1 and X2 are

compact subsets of Rm and Rn; respectively, and let (X1�X2;<) be the product of these
posets. Let G := (X1; X2; u1; u2) be a (<1;<2)-supermodular game such that u1(�; x2)
and u2(x1; �) are upper semicontinuous functions for each (x1; x2) 2 X1 � X2: Then,

(NE(G);<) is a complete lattice.

Proof. De�ne the best response correspondences �1 : X2 � X1 and �2 : X1 � X2; and

the self-correspondence � on X1 � X2, as in Application 3 of Section 1. The proof is

based on the elementary, yet penetrating, observation that

NE(G) = Fix(�);

which brings Zhou�s Fixed Point Theorem into action.

What we have found in Example 8.2.5 of Chapter 1, both (X1;<1) and (X2;<2);
and hence (X1�X2;<); are complete lattices. Furthermore, by Theorem 4.1 of Chapter
2, �1 and �2 are compact-valued and strongly order-preserving correspondences, and

(�1(x2);<1) and (�2(x1);<2) are sublattices of (X1;<1) and (X2;<2); respectively, for
each (x1; x2) 2 X1 �X2: As �1(x2) is compact, (�1(x2);<1) is a subcomplete sublattice
of (X1;<1) for each x2 2 X2; and similarly, (�2(x1);<2) is a subcomplete sublattice of
(X2;<2) for each x1 2 X1: (Recall, again, Example 8.2.5 of Chapter 1.) It follows that

(�(x1; x2);<) is a subcomplete sublattice of (X1 �X2;<) for each (x1; x2) 2 X1 �X2:

Furthermore, as �1 and �2 are strongly order-preserving, so is �: The present theorem is

thus established upon applying Zhou�s Fixed Point Theorem in the context of (X1�X2;<
) and �:
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Remark. We used the hypothesis that X1 and X2 are subsets of a Euclidean space

above only to be able to deduce the subcompleteness property from compactness. It

is thus not surprising that we can extend Theorem 7.2.1 outside the Euclidean realm.

First, recall that, for any lattice (X;<) with jXj � 2; the <-interval topology on X is

the one generated by using f"x : x 2 Xg [ f#x : x 2 Xg as a subbasis (Example 1.2.5 of
Appendix). By the Birkho¤-Frink Compactness Theorem, which is covered in the next

chapter, (X;<) is complete i¤ X is compact under the <-interval topology. It is thus
evident that we can relax the requirement that X1 be a compact subset of a Euclidean

space in Theorem 7.2.1 to the requirement that X1 be a compact subset of a Hausdor¤

topological space whose topology is �ner than the <1-interval topology, and similarly
for X2:

Exercises

7.1. (Walker) Let (X;<) be a poset such that there are no in�nite <-chains in X: Let � be a weakly
<-preserving self-map on X such that there is an x� in X with z < x� for some z 2 �(x�): Prove that
� has a �xed point.

7.2. Give an example to show that the previous result is not valid for an arbitrary chain-complete poset
(X;<):

7.3. Let (X;<) be a chain-complete poset, and � be a <-preserving self-map on X such that there is

an x� in X with z < x� for some z 2 �(x�): Prove: If

x � y implies a < b for each (a; b) 2 �(x)� �(y)

for every x and y in X; then � has a �xed point.

7.4. Give an alternative proof of Theorem 7.2.1 by using the Knaster-Tarski Fixed Point Theorem and

Corollary 4.2 of Chapter 2.

7.5. (Milgrom-Roberts) Let (X � �;<) be the product of a complete lattice (X;<X) and a poset
(�;<�). Let � : X ��� X be a weakly order-preserving correspondence such that (�(x; �);<X) is a
subcomplete sublattice of (X;<X) for each � in �: De�ne f : �! X by

f(�) :=
_
Fix(�(�; �));

and note that f is well-de�ned by Zhou�s Fixed Point Theorem.

a. Show that f is order-preserving.
b. Prove: If

V
�(x; �) �

W
�(x; �) for every x 2 X and every (�; �) 2 �2 with � � �; then

f(�) � f(�) for every (�; �) 2 �2 with � � �:
c. Provide a generalization of Theorem 7.2.1 using part a.

7.6. Consider a correspondence � : Rn+ � Rn such that (�(x);�) is a subcomplete sublattice of (Rn;�)
for each x � 0; and �(x�) � Rn+ for some n-vector x�� 0: Assume that

x � y implies x� �(x) �w y � �(y)
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for every x and y in Rn+: Prove that there exist nonnegative n-vectors x and y such that y 2 �(x) and
hx;yi = 0:

Hint. Proceed as in Theorem 4.3.1.
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